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Abstract. In this paper, we study the dimension theory of a class of piecewise affine systems
in euclidean spaces suggested by Barnsley, with some applications to the fractal image compression.
It is a more general version of the class considered in the work of Keane, Simon and Solomyak [42]
and can be considered as the continuation of the works [5, 6] by the authors. We also present some
applications of our results for generalized Takagi functions and fractal interpolation functions.

1. Introduction and statements

The self-affine fractal graphs, an example of which, the Takagi function, is de-
picted in Figure 1, are defined as function graphs which are equal to the finite union
of their own affine copies. Motivated by a question of Barnsley, in this paper, we
consider a more general family of dynamically defined fractal graphs. A conspicuous
example can be the generalized Takagi-like function x — T'(x), see Figure 2, for the
precise definition see [8, Section 4]. The graph of the function 7" is the union of
affine images of certain subsets of the graph of 7. Namely, the left-hand side of the
graph is an affine image of the part of the graph above interval J; and similarly, the
right-hand side is the affine image of the part above J5. If the graph was self-affine,
the left- and right-hand side of the graph would be the union of the images of the
whole graph. This causes significant difficulties in understanding of the underlying
dynamics. The novelty of the paper is that we introduce techniques with which these
more complicated objects can be treated. A friendly presentation to the ideas, intro-
duced in this paper, without any technical details but with more examples, can be
found in the survey papers [7| and [8].

Our research was motivated by a fractal image compression problem. A mono-
chrome picture can be imagined as a function G: [0,1]? ~ [0, 1], where G(z,v)
represents the tone at the point (x,y). Similarly, a colored picture can be imagined
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as G: [0,1]? — [0,1]® using RGB colors as coordinates. One way to encode the pic-
ture is the fractal image compression method, which concept was first introduced
by Barnsley, see [10, 11] and Barnsley and Hurd [13] and Barnsley and Elton [12].
Later, the theory developed widely, see for example Fisher [27|, Keane, Simon and

Solomyak [42], Chung and Hsu [19], Jorgensen and Song [40].
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Figure 1. Self-affine Takagi function.
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Figure 2. The generalized Takagi-like function with non-Markovian structure.

The idea behind the fractal image compression is that a natural image, such as
a face, landscape etc., contains a kind of self-similarity. Part of the image is similar
to another part of the image. It does not contain rigorous self-similarity, the image
does not appear to contain affine transformations of itself. So, rather than having the
image be formed of copies of its whole self (under appropriate affine transformation),
the image will be formed of copies of properly transformed parts of itself. This is not
to mean that every natural image is such a fractal—surely they are not. However,
we can approximate the original image with images that can be encoded with as the
attractor /repeller of such piecewise affine dynamical system, and those images can
then be decoded by the coefficients of the maps used to construct them. If we started
with an image that is locally self-similar (or at least some parts of it are), this can
be a very short code, see Lu [44].
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Jacquin [37] proposed to partition the image into non-overlapping blocks called
range blocks and find an appropriate partitioned iterated function system for each
range. More precisely, the fractal image compression decomposes [0,1]? into axes
parallel rectangles {I;} and finds uniformly expanding linear functions f;: I; — [0, 1]?
and F;: I; x R — [0,1]*> x R such that F;({(z,y,G(z,v)): (z,y) € L;}) is close to
the set {(z,y,G(x,y)): (z,y) € fi(L;)}. Then repeller A of F; is close to the set
graph(G), which had to be approximated.

The fractal image compression requires each range block to be compared with all
possible domain blocks within the image. Several papers proposed to use the local
fractal dimension of image partitions to check for similarity, see Conci and Aquino
[20] and Revathy and Jayamohan [51]. This leads to the question, raised by Barnsley
[9], which motivates our paper.

Question. What is the Hausdorff dimension of the set A?

Some of the fractal image compression algorithms use the “fractal dimension”
to cluster the original picture and to find the best fitting maps F;, see [44] and
[17]. Usually, the box counting dimension is used in the applied papers on the
fractal image compression, however, from the theoretical point of view, the Hausdorff
dimension plays important role. We answer the question for the case, when f; are
linear, conformal maps such that the map f(z,y) = fi(z,y) if (z,y) € I; is Markov.
Moreover, we give a complete answer on the line, namely, when {/;} is an interval
decomposition of the unit interval and f;: I; — [0, 1] arbitrary, expanding linear
functions. The previously known results on such objects were almost every type,
namely, there is a set of parameters with full measure so that the dimension could
be calculated on this set. We give here every type results, namely, under some mild
conditions, the dimension can be calculated. This gives a feedback for the algorithm
given for example in [17|, how the chosen parameters approximate the original picture
in sense of dimension. On the other hand, if we want to find a certain picture in
a large collection of pictures coded with fractal image compression then it helps if
we know the value of the dimension of the corresponding repeller. Namely, one can
restrict the collection of the pictures (with fast algoritms) to a subcollection, which
dimension is close to the searched picture. To do so, we need to apply some very
recent tools from fractal geometry and one dimensional dynamics. For instance,
considering the generalized Takagi-like function x — T'(z), see Figure 2, the graph
is not self-affine, the corresponding dynamics does not admit a Markov partition,
as opposed to the traditional generalized Takagi-function, see [8]. Hence, we need
to admit the techniques introduced by Hofbauer to tackle the problems caused by
the non-Markovian structure together with the recent techniques in the study of
self-affine sets.

Let us now describe the setup of our paper in more details. Let d > 1 and let
{I;}M, be a partition of the unit cube I := [0,1]%. Assume that all the elements are
regular sets in the sense that ]_f = [, for every i = 1,..., M, where A° denotes the
interior and A denotes the closure of the set A. For simplicity, we assume that all
the sets of the partition are simply connected.

Moreover, for every ¢ = 1,..., M let f; be a uniformly expanding similitude of
the form

filz) = Uiz + v;,

where v; > 1, U; € O(d) and v, € R, such that f;: I; — I and f; can be extended to
I;, and we consider the uniformly, piecewise expanding dynamical system f: [ — I,
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where
We say that f is Markov if f(I;) is equal to a finite union of elements in {I;}M,

for every i = 1,..., M. We call the set & = Uf\il 0I; the singularity set and let

Soo = Unso /7T(S).
We define a skew-product dynamics in the following way. Let Fj: I;xR* — I xRF
be such that

where g;: I x R* — R” is an affine mapping such that for every = € I, the function
gi(r,.): R¥ — RF is a similitude of the form

gi(z,2) = Az + N0z + t,
where A; € R4 O, € O(k), \; > 1 and t; € R¥. We can define an uniformly
expanding map F on the whole region I x RF in the natural way,
(1.3) F(z,2z) = Fy(z,z) ifzel,.

We call the dynamical system f: I — I the base system of F'. For an example with
base system on the real line, see Figure 3. In case of fractal image compression, if
G: [0,1]? = RP* is the representation of the picture (with & = 1 or 3) which we want
to approximate, the role of g; is to find the parameters A;, A\;, O; and t;, for which
gi(z, G(z)) = Aiz + N;O;G(x) + t; fits the best to G(f;(z)) for z € I; in some sense.

(L,1) (1,1) (L,1)

(0,0) (0,0)

(A) Ri=F ' (i< [0,1]) (B) Ag:= (C) Ag =
Ar=UL R Ui B ((ex[0,1) N Ar) Uiy B (i x [0,1]) N Ag)

Figure 3. The dynamics of f and the local inverses of F' with non-Markovian base system.
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Figure 4. The dynamics of f and the local inverses of F' with Markov base system.

By hyperbolicity, there exists open, bounded and simply connected set U C Rtk
and a uniformly contracting functions Fj, defined on R%* such that for every i =

1,....,.M
ﬁ[l(g) = F(z) for z € I; x RF,
and
M ~
(1.4) UFr@ cu
i=1

We call the functions ﬁ, the local inverses of F. Thus, the system F' has a unique,
nonempty and compact repeller A, for which

M
(1.5) JE(ANF(I x RF)) = A

i=1
By the construction, for every x € I\ G and y # z € R, ||F"(z,y) — F"(z, 2)| — o0
as n — oo, thus A is a graph of a function G: I\ &, — RF. That is, G is the
function for which

G(z) = z, where {F"(z,2)}>, is bounded.
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The dimension theory of non-conformal repellers (like A) is a widely developing
topic in fractal geometry, see for example Chen and Pesin [18| and Falconer [24]. In
our setup, the dimension of A can be approximated by the dimension of self-affine
sets (see precise details later). Falconer [25] showed a general upper bound on the
dimension in terms of the singular values, called affinity dimension. Many authors
have obtained matching lower bounds in special cases. Falconer [25], Solomyak [53]
and Jordan, Pollicott and Simon [38] studied the case of self-affine sets in which
the translation parameters are chosen Lebesgue-typically. For planar self-affine sets,
Hueter and Lalley [36] and K&denméki and Shmerkin [41] showed that the dimension
is equal to the affinity dimension for special classes, such as those satisfying bunching
conditions. Later for planar systems, it was shown that under the assumption that
the Furstenberg measure of the associated matrix random walk is sufficiently large,
the Hausdorff dimension equals to the affinity dimension, see Morris and Shmerkin
[46], Rapaport [48], and Barany and Kédenmaéki [4]. Most recently, Barany, Hochman
and Rapaport [3] solved the problem on the plane under separation condition and
positivity of the dimension of the Furstenberg measure. This paper highly relies on
these results.

Throughout the paper, the Hausdorff dimension of a set A is denoted by dimy A,
and the (lower) Hausdorff dimension of a measure y is denoted by dimy p too. For the
definition and properties of the Hausdorff dimension, see Falconer [23] and Mattila
[45].

Let u be a F-invariant, ergodic measure on I x R¥. Let us denote by i (u) the
Lyapunov exponent of f w.r.t. measure (proj),u, where proj: I x R¥ — I. Moreover,
let x2(p) be the Lyapunov exponent w.r.t. the skew product. That is,

M
1(0) = [ 108 | Dy dle) = >l x R log s and
i=1
M
() = [ 1og]12eg()] dnle) = 3 ulh x R log
i=1
where 0, and 0, denotes the derivative matrix w.r.t. the z and z coordinates respec-
tively.
If 0 < xa(u) < x2(p) then
hl‘
xi(p)’
without any further restriction. Indeed, the upper bound is trivial and the lower
bound follows from the fact that proj,u is f-invariant and ergodic and the result of
Hofbauer and Raith [33, Theorem 1].
Let us define the Lyapunov dimension D of an ergodic measure p for which
X1(1) > x2(u) > 0 in the usual way,

(1.6) D(p) = min{ LT b €1 } .
X2 (1) x1(p)
This definition corresponds to [38, Definition 1.6]. We note that for our system
D(p) < d+ k.
Unfortunately, our methods do not allow us to handle the case x1(u) > x2(p) for
some ergodic, invariant measure, in complete generality. Throughout the paper, we
every time assume that

dim p =

[ Dprosa f1| > 1029(2)l| for every z € I x R,
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that is, the expansion is much stronger on the base system than in the second coor-
dinate.
Let us denote the pressure function induced by the potential

slog [|(Dg(2)) || if 0 <s <k,
klog |[(929(z)) | + (s — k) log [|(Dprojiwy f) | ik < s <d+F,

by Puot: [0,d + k) — R. This pressure Pyo is defined in the same way as the
pressure given by Hofbauer [32, Section 3|. We give the precise definition and further
properties of this pressure later in Section 2.3.

Finally, before we state our main results, we need a generalised version of Hoch-
man’s exponential separation condition (see [5] and [28]), which was introduced in
Hochman [29].

Definition 1.1. (HESC) We say that an iterated function system (IFS) of simil-
itudes {h;: x — \Osz +t; 1M, on R” satisfies the Hochman’s exponential separation
condition (HESC) if

(L7) ¢*(z) = {

log |13, (0) — By, (0)]

(1) limsup,,_,., min;), 4, > —00,

n

(2) the group S({O;}M,) generated by the orthogonal parts is strongly irre-
ducible, that is, there is no finite collection W of non-trivial subspaces of
R* such that OV € W for every V € W and O € S({O;}M,).

Observe that part 2 of the condition is relevant only in the case when k£ > 2. For
example, if & = 1 then the system {x — x/3,x — x/3 +t, 2 — (x + 2)/3}, where
t ¢ Q, satisfies the HESC, see [28]. For more recent results see Rapaport [49].

Now, we are ready to state the main theorems of this paper. We consider the
Hausdorff dimension of A in four cases. Although the statements of the theorems
are quite similar, the proofs differ significantly, thus it is natural to state them into
separate theorems. First, we discuss the case of non-Markovian 1-dimensional base.

Theorem 1.2. (Diagonal, non-Markov) Let f be a piecewise linear expanding
map as in (1.1) with d = 1. Suppose that k = 1 and g; has the form

gi(z,2) = gi(z) = Nz + t;, N >1, t; €R,
and y; > \; for every i = 1,..., M. If the IFS {g; '}, satisfy HESC, then
dimg A= sup D(u) = so,
HEMerg (A)
where sq is the unique number such that Pye¢(so) = 0.
We call the system F': I x R¥ — I x RF essentially non-diagonal if d = k = 1

and the matrices { DF;}, are not simultaneously diagonalisable along the dynamics.
More precisely, there exists finite length words 7,7 and h such that

(1) 7 # 7 and k7 is admissible,
(2) the functions f; and f; have fixed points, and

019; 0195 and (fi = 029:) 0191 + [102910197 0195
fi=09 " f;—0hg; Filfi = O297) f;— 0295
We note that since that f; and ¢; are linear functions, thus, the place of evaluation
is redundant. In particular, (1.8) implies that the eigenspaces corresponding to the
eigenvalues )\; and ); are different and there exists a path A connecting 7 and j so
that the eigenspaces are not mapped into each other by the matrix DFj. Let us note

(18) .
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that DF; is always a lower-triangular 2 x 2 matrix, but we say that we are in the
triangular case when we want to emphasize that DF; is not diagonal.

Theorem 1.3. (Triangular, non-Markov) Assume that d = k = 1 and F is
essentially non-diagonal and f is a topologically transitive, piecewise linear expanding
map. If v; > \; for every i =1,..., M then

dimg A= sup D(u) = so,
PEMerg(A)

where sq is the unique number such that Pyot(sg) = 0.

We have to treat the diagonal and the triangular cases in very different ways, the
proof of the diagonal case is not a special case of the triangular situation. In partic-
ular, in the triangular situation we strongly rely on the assumption that the system
is essentially non-diagonal, and in the diagonal case we use heavily the property
that the projections are self-similar, which is not the case in the general triangular
situation.

Also, the previous results strongly rely on the work of Hofbauer [31, 32|, Hofbauer
and Raith [33] and Hofbauer and Urbariski [35] on piecewise monotone interval maps,
which techniques allows to approximate the set A with Markov-subsets.

In the next theorems, we focus on the cases when d is not necessarily equals to
1 but then we require that the base system f is Markov. In this case, the pressure
Pyiar corresponding to the potential defined in (1.7) is the usual pressure function
defined over subshifts of finite type. For precise definition, see Section 2.2.

Theorem 1.4. (Diagonal, Markov) Let f be a piecewise linear expanding Markov
map as in (1.1) with d > 1. Suppose that g; has the form

and y; > \; for every i =1,..., M. If the IFS {g; '}, satisfies HESC, then

dimgy A =dimgA = sup D(u) = s,
PEMerg(A)

where sq is the unique number such that Py, (so) = 0.

Theorem 1.5. (Triangular, Markov) Let f be a piecewise linear expanding
Markov map as in (1.1) with d > 1. Suppose that k = 1 and g; has the form

gi(g, Z) =Nz + AZ£—|— ti, A > 1, t; € R,
and v; > \; for every i = 1,... M. If F satisfies Rapaport’s condition, then

dimg A =dimpA = sup D(u) = s,
HEMerg(A)

where sq is the unique number such that Py, (so) = 0.

We will specify the Rapaport’s condition later in Section 2.4. In particular,
Rapaport’s condition holds if the Furstenberg—Kifer IF'S, which can be deduced from
the matrices { DF;}M | (see precise definition later in (2.18)), satisfies the HESC and
sp is large (see Corollary 2.12).

Organisation. In the second section, we collect all the tools we require for the
proofs. Namely, in Section 2.1 we give the basic notations on the symbolic dynamics;
in Section 2.2 we give the basic properties of the subadditive pressure function;
in Section 2.3 we collect Hofbauer’s results on piecewise monotone interval maps
and the definition of the pressure Py, especially the approximation with Markov
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subsystems; in Section 2.4 we state recent results on the dimension theory of self-
affine sets. Finally in Section 2.5, we present a method (following Jordan and Rams)
how to approximate Markov subsystems with n-step full shifts. After collecting all
the required tools, we prove the upper bound of the Hausdorff dimension of A for
general 1-dimensional systems, with non-Markovian piecewise monotone expanding
interval maps in Lemma 3.2 of Section 3. In Section 4, we prove the lower bound
for systems with Markov base system (Theorem 4.1), and by using this result, we
prove the general base case in Section 5. Finally, in Section 6, we present some
applications of our results, namely, for fractal interpolation functions (Section 6.1),
for the multivariable- and the g-Takagi functions (Sections 6.2 and 6.3).

2. Preliminaries

2.1. Symbolic dynamics. In this section, we define the corresponding symbolic
space to the dynamics in (1.1) and (4). Let d > 1 and let {I;}}, be a partition of
the unit cube [0, 1]¢ into cubes. Moreover, let f;: I; — [0,1]? and f be defined as in
Section 1.

Let ¥ = {1,..., M}N be the set of all infinite sequences of symbols {1,..., M}.
Denote >* the finite sequences. Let o be the usual left-shift operator on X, that is,
U(io,il, . ) = (’L.l, ig, .. )

For a word i = (ig,11,...), let i|, = (0,...,%n—1), and for i € ¥* let us denote
the length of i by |i|. Moreover, for a finite word j = (jo,...,jn—1) € X* let [j] =
{ieX:i=j,for k=0,...,n—1}. For two finite or infinite words i and j, let iAj
denote the common part of i and j, that is, i Aj = (k1,..., k), where k; = i, = j,
for every £ =1,...,n and 11 # Jni1-

We note that whenever we refer to a probability measure on ¥, it is measurable
with respect to the Borel o-algebra generated by the cylinder sets. We call Y C X
a subshift if it is compact w.r.t. the topology generated by the cylinder sets and
o-invariant. For a subshift Y, let

Y,={ie{l,...,.M}": [iinY #0}.
We define the topological entropy,

|
htop(U|Y) = nlglolo E 1Og #Yn;

see |54, Theorem 7.1 and Theorem 7.11].
Let us define the set of admissible words w.r.t. the map f: [0,1]% — [0,1]%. That
is, let X be the closure of the set

(2.1) {(io,i1,...) € ¥: 3z € I such that Vn >0, f"(z) € I }.

It is easy to see that X is a subshift.
In order to connect the symbolic dynamics on X with the dynamics of the map
f, we define the natural projection m: X + [0, 1]¢ so that

(2.2) i) =" (T).

It is clear from the definition that f and o are conjugated, that is, for every i € X,
moo(i) = fom(i).

We say that a subshift Y is a subshift of finite type, if there exists a finite set of
forbidden words 7' C X* such that i € Y if and only if for every k,n > 0, (o*i)|, ¢ T
We note that the set of forbidden words is not unique. We say that Y is a type-n
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subshift if n is the smallest integer for which there exists a set of forbidden words
such that the longest word has length at most n + 1.

Remark 2.1. We note that if Y is a subshifts of type-n, then we can define
a new alphabet A = {1,...,M"}, and ¥: {1,... ., M}" — {1,..., M"} (defined in
the most natural way) and ¥': ¥ — AN such that for i = (ig,41,...) then ¥'(i) =
(U(igy---yin), V(i1 - ,0n41),.-.). Moreover, there exists an M" x M"™ matrix () with
elements 0, 1 such that j € ¥(Y) if and only if Q;, j,,, = 1 for every £ =0,1,.... We
call () the transition matrix.

2.2. Subadditive pressure on R%. Let d > 1 and let {;}, be a partition of
the unit cube I := [0, 1]¢ into cubes. Moreover, let f;: I; = I and f be defined as in
Section 1. We call a set A C [0, 1]¢ invariant if f(A) C A. Let us also define F; and
F as in Section 1.

We say that a rectangle R is axes parallel, if R = R, x R,, where R, C R% and
R, C R¥ are cubes. Recall that there exists a non-empty, open and bounded set U
such that Uf\il F;(U) C U, where F; denotes the local inverse of F;. Without loss
of generality, we may assume that the set U in (1.4) can be chosen an axes parallel

rectangle. It is easy to see that since F; are in skew product form then ]:;Z has also a
skew product form. That is,

‘Fi - (flu gl)a
where f; is a conformal, unif. contracting mapping on R¢ such that
fi(z) = f N (z) for x € I,

and g;: R™* +— RF is an affine map such that for every z € I, the mapping
gi(r,.): R¥ — RF is a strictly contracting similitude for every i = 1,..., M. For
the visualisation of the local inverses Fj, f;, see Figure 3. B _

Let X be as in Section 2.1. Fori € ¥*, let F; = Fj,0---0F, , and let DF; be the
linear part of the affine mapping Fj. It is easy to see that F;j(U) is a parallelepiped.

For i € X, we call Fj, (U) the nth level cylinder set.
Similarly to 7, we define the natural projection II: X — R*** so that

(i) = () £,(0).

By using the symbolic expansion, we define a pressure, which is called the sub-
additive pressure introduced by Falconer [25], which will be used in the Markov
situation. First, denote ¢° the singular value function: for a matrix A

¢°(A) = QTs] (A)s~ el H;Lijl a;(A) if 0 <s <rank(A),
| det(A)|s/rank(4) if rank(A) < s,

where «;(A) denotes the ith singular value of A. For any compact invariant set
B C[0,1]% let

(2.3) P(s, B) = lim ~log Yo (Dﬁi> ,

n—oo N,
ieﬂ'_l(B)n

where 7 is the natural projection defined in (2.2), and thus, 7~*(B),, denotes all the
admissible words with length n in B. The pressure s — P(s, B), defined in (2.3), is
the pressure we referred as s — Pyjar(s) in Theorem 1.4 and Theorem 1.5.
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We define the singularity dimension over B as the unique root of the equation
(2.4) P(s,B) = 0.

Let us denote the unique root by so(B). The singularity dimension plays a natural
role in the covering of the cylinder sets, which are ellipsoids, with balls, see Fal-
coner [25]. For completeness, we verify here the upper bounds. For simplicity, for
a potential function ¢: ¥ — R and n € N denote S, the Birkhoff sum, that is,

Sw(i) = 335 ¥ (o).
Lemma 2.2. Let f;, f and F;, F be as defined in Section 1 such that || Dpyoj(z) f|]
> ||Oag(2)|| for every z. Then,

(2.5) dimg {z: {F"(2)}>°, is bounded} < s0([0,1]%),

where s([0, 1]%) is the root of the pressure defined in (2.3). Moreover, for every s > ()

~ lim & S (n(0)
(2.6) P(s,B) = nh_)ngoﬁlog Z e :
icr=1(B)n
where ¢° is the potential defined in (1.7).

Proof. First, let us introduce an intermediate pressure. Let R(i,U) be the
smallest closed axes parallel rectangle, which contains F;(U). Moreover, let

) |R(i,U).|*, if s <k,
1, U) =
r(1,U) {|R(i, U).IFIRG,U) |57, ifk<s<d+k.
For a compact invariant set B, let

(2.7) Pg(s, B) := lim inf = log | Y ¢n(0)

n—oo M
ier=1(B)n
Because of the skew-product structure of F' of conformal maps both in the base

and in the fiber and because ||Dpoj) f|| > ||029(2)|| for every ¢ = 1,..., M and
x € I, there exists a constant ¢ > 0 such that for every n > 0 and i € X,,,
¢ (DR) < 03(1,U) < cd*(DF),
where the constant
max 1019@l
X 92 o) |

; dag(@)| -
1 — min 1229
x HDpI‘O‘]<£)fH

C =

Thus,
P(s,B) = Pg(s,B) for every s > 0.

Observe that for every i € X and n > 1, the cylinder set ﬁiln(U) can be covered
by at most ¢%(i, U) many squares of side length at most 7", where v = max; ||029:/|-
Hence,

(A< Y o (DFi|n> .
ieXx,
Thus, the proof of (2.5) can be finished by letting n — oc.

Finally, by using again the skew product structure of F' and the assumption that
| Dproj) f1I > |02g(2)]] for every i = 1,..., M and z € I;, there exists a constant
¢ > 0, which can be chosen as the same constant in the previous estimate, such that
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for every i € X,, and every n > 1 the ratio of the eigenvalues of DF; and the side
lengths of the rectangle R(i, U) is bounded away from 0 and infinity with c. In other
words,

(2.9 50 < 7 (DR, ) < e 00

which finishes the proof. 0

2.3. Piecewise monotone maps. A priori, the upper bound given in the pre-
vious section may be heavily suboptimal in the case of non-Markovian base systems.
However, in our setup this is not the case. In order to present this, let us present
here the basic notions and results for piecewise monotone interval maps following
Hofbauer [32].

Let f:[0,1] + [0, 1] be a uniformly hyperbolic, piecewise monotone interval map.
We call a collection of connected intervals D a partition of [0, 1], if for every I, J € D
either INJ =0 or I = J, and J;cpI = [0,1]. Let us denote by Z = {I;} the
partition of [0,1] w.r.t. the monotonicity intervals of f. For two partitions D, D’
of [0,1], we say that D is finer than D’ if for every I € D there exists J € D’
such that I C J. We define the common refinement DV D’ of two partitions D, D’
in the usual way, that is, DV D = {InNnJ: 1 € D, J € D'}. We say that a
partition Z of monotonicity intervals is generating if \J,_ ;e f7"(01) is dense in
0, 1]. Equivalently, if \/;~, f~*Z generates the Borel o-algebra on [0, 1].

If Ais a f-invariant, compact set then let Ay, (fla) := htop(0]r-1(a))-

Now, we introduce a special family of compact invariant sets. A compact in-
variant set B is called Markov subset if there exists a finite collection D of closed
intervals such that

(1) J C I for every J € D and some i = 1,..., M,

(2) JenJg =0,

3) Ujep JN B = B,

(4) either f(J;NB)NJoNB=0or J,NBC f(JyNB) for every Jy, Jo € D.

We call D the Markov partition of B. For a compact invariant set A, let us denote
all the Markov subsets of A by M(A). For a Markov subset B with Markov partition
D, let D,, denote the nth refinement of D with respect to f|g. That is,

D, = {nﬁ fYLNB): J; € D}.

=0

Moreover, for a partition D and an z € [0, 1], denote D(x) the unique element of D
for which € D(x).

Let ¢: I — R be a piecewise continuous potential function such that its continu-
ity intervals contained in a refinement of Z. We define the pressure of ¢ with respect
to a Markov subset B such that

1
— T E Sup, ey Snep(z)
(2.9) P(fls, ¢) r}grc}onlog JED. o .

Also, we can represent the pressure P(f|p,¢) in a symbolic way. Observe that D
defines a finite partition of 77!(B) w.r.t. cylinder sets.

1 .
_ . - supj [i]r‘lTrfl(B) Sn@(ﬂ—(.]))
(2.10) P(flp.¢) = lim ~log  » = €™ ‘

i€7T_1 (B)n
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We note that for a given Markov subset B, there are plenty of choice of the
Markov partition but the value of the pressure does not depend on this choice.

Proposition 2.3. Let f: [0,1] — [0,1] be a uniformly hyperbolic, piecewise
monotone interval map. Let A be a compact invariant, uncountable set such that
fla is topologically transitive and hiop(f|a) > 0. If By, By C A are topologically
transitive Markov subsets then there exists B such that B;|JBs C B C A and f|g
is topologically transitive.

The proof of the proposition can be found in [31, Lemma 7 and Lemma §|.
We define the pressure of ¢ over a compact invariant set A as the supremum over
all Markov subsets. That is,

(2.11) P(fla, ) = sup P(f|s,»).
BeM(A)

For a compact invariant set A, let  be a probability measure such that supp(u) =
A. For a point z € [0, 1] set

() = {0 > 12 u(F(Za0)) > p}.
Let N,(A,p) ={z € A: #A,(z) < oo}

Proposition 2.4. Let f: [0,1] — [0,1] be a uniformly hyperbolic, piecewise
monotone interval map. Let A be a compact invariant, uncountable set such that
fla is top. transitive. Then for every u probability measure with supp(u) = A,

plir& dimy N,(A, ) = 0.

The proof the proposition is the application of [32, Lemma 14| for uniformly
hyperbolic, piecewise monotone maps.
We say that a probability measure pu is p-conformal over a compact invariant set

A if supp(p) = A and

(2.12) p(f(I)) = /ep(flf"‘")” dp for every I € U Z,,

1 n=0

where ¢: I — R is a piecewise continuous potential such that the continuity intervals

contained in a refinement of Z. Since f is hyperbolic, the partition Z is generating.
Thus, we get

o
p(fr(I)) = /e”P(flA’@)_S"‘P du for every I € U Z,.

I n=0
Theorem 2.5. Let f: [0,1] — [0, 1] be a uniformly hyperbolic, piecewise mono-
tone interval map with monotonicity intervals Z. Let ¢: [0,1] — R be a piecewise
continuous potential function such that its continuity intervals contained in a re-
finement of Z. Then for every compact invariant, uncountable set A, for which f|a
topologically transitive, there exists a p-conformal, non-atomic probability measure

over A.

This theorem is a special version of [35, Theorem 2| in the uniformly hyperbolic
setting. The proof of the theorem coincides with the verification on [32, p. 118|.

Throughout the paper, we usually work with the potential ¢° defined in (1.7).
By reformulating (2.6), we get

P(fls,¢") = P(s,B)
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for every Markov subset B and s € [0, 00), where P(s, B) is defined in (2.3).
Moreover, the pressure s — P(f|r,¢®), defined in (2.11), is the pressure we
referred as s — Pyof(s) in Theorem 1.2 and Theorem 1.3.

Remark 2.6. Let B be a Markov subset such that 7—!(B) is a subshift of type-1,

and for every I; N B let z; € (I; N B) x R*. Then we can define a matrix A®) such
that

) _ [ 109 1 Dy Y 61,0 B € £, B),
J 0 otherwise.

Then P(s, B) = p(A®), where p(A) denotes the spectral radius of A.

By Remark 2.1, every subshifts of type-n can be corresponded to a type-1 subshift
by defining a new alphabet, and subdividing the monotonicity intervals into smaller
intervals.

Let us finish this subsection with the variational principle over Markov subsets.
For a compact invariant set B, let us denote collection of all o-invariant measures on
7 Y(B) by Puy(B), and similarly, the set of ergodic o-invariant measures by Peye(B).

Lemma 2.7. Let f:[0,1]? — [0,1]¢ be a uniformly hyperbolic, piecewise linear
and conformal map and let B be a Markov set. Let sq be the root of the pressure
s — P(s, B), defined in (2.4). Then

B) = D
i) = i, DO

where D(u) is the Lyapunov dimension of p.
Proof. 1t is straightforward that

sup  D(p) < s0(B).
HEPerg (B)

Thus, it is enough to show that there exists a measure pu, for which equality holds.

However, the potential i — ¢°(7(i)) is piecewise constant and thus, Hélder con-
tinuous on 7~ !(B). Hence, by [16, Theorem 1.2] and Lemma 2.2(2.6), there exist a
constant C' > 0 and a unique ergodic measure such that

—1 fisi]n]
C S e—P(s7B)n+Sn(i) S C.

By [16, Theorem 1.22],

P(s.B) = by, + [ *(r(0) dpa()
= hy, — min{s, d}x1(ps) — max{s — d, 0} x2(ps)-
Thus, by using the definition of sq(B), we get
50(B) = Do) .

2.4. Tools for the dimension theory of self-affine sets. In this section,
we state the results in the dimension theory of triangular self-affine iterated function
systems (IFS), which we are going to use later. Let ® = {F;: R¢xR* — RI¢xRF}Y,
be a finite collection of contracting affine transformations such that

(2.14) Fi(z,z2) = (vUiz + v;, \iOiz + Biz + w;)

where 1 > \; > ;> 0, U; € O(d), O; € O(k), A; € R4 v, € R? and w; € RF for
everyt=1,..., N.

(2.13)
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Denote the attractor of ® by A. Moreover, for a probability vector p = (p;)¥,
let i be the self-affine measure. In the study of the dimension theory of self-affine
measures, the Furstenberg—Kifer measure and Ledrappier—Young formula plays an
important role. In this section, we state the corresponding definitions and theorems.

First, let us define the Furstenberg-Kifer measure, which is supported in the
Grassmannian manifold of d-dimensional subspaces of R4**. Let us denote the Grass-
mannian manifold by G(d,d+ k). Let v be a Bernoulli measure on ¥ with probability
vector p. It is easy to see that in this case there are only two Lyapunov exponents
X2 =—> ;pilogyi > x1 = —)_,pilog\; > 0. By Oseledets” multiplicative theorem
[2, Theorem 3.4.1] there exists a unique measurable map V: 3 — G(d,d + k) such
that

(2.15) V(i) = A,V (o),
1
(2.16) lim —log||A4;, - - - Aiyvl| = X2,
n—oo N

for v-almost every i € ¥ and v € V(i). We call the measure up = Viv the Fursten-
berg—Kifer measure. We show that in the case of IFS of the form (2.14), the mapping
V: Y+~ G(d,d+ k) is Holder continuous, everywhere defined mapping. We give the
heuristic way to define it in the simplest case d = k = 1, where G(1,2) = RP'.

For matrices A; of the form

T 0
s (1 0)

we have
(1 1 1

Since v;/A; < 1, the IFS {h;: x — Jtw — 2—1} is strictly contracting, and the limit
o(i) = Tim Ay 0+ 0 hy (0)

is well defined for every i € 3. Moreover, v: ¥ +— R is Holder continuous. In other
words, the action of A;" is contracting on RP'\ {(])} with respect to a well chosen
metric. Thus, by using the invariance of V(i) and the uniqueness, V(i) = span{ (U(li)) }.

In the general situation, the Furstenberg—Kifer measure can be associated with
a self-similar measure on R%*. Let £ = {V € G(d,d + k): dimV N W > 1},
where W is the k dimensional invariant subspace w.r.t. the matrices A;. That is,
W = span{é,}¢*h |, where &, is the (th element of the natural basis of R“*. One
can associate the set G(d,d + k) \ E with the set

d
{/\ (?):QER’“, 521,...,d}CAde+k,
£

/=1

which can be associated with R%. Let Ul ® O denote the usual Kronecker product
of the matrices U, OF. That is, U} ® O is the dk x dk blockmatrix defined as

uyOF whOF - ughOf
w07 ufor u{H0r

Ul @0; =| S B
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where U; = (u!” é)ﬁl —1- It is easy to see that Ul ® O is also an orthogonal matrix.
Associated to the system defined in (2.14), let

(2.18) hi(x) = %Uf ® OTx + t;,
fori=1,...,M and x € R% where
-1
ti - : )
by :
Of Bie,

where ¢, is the £th element of the natural basis of R%. We call the IFS {h;}M, the
Furstenberg—Kifer IF'S. Similarly, to the previous calculations,

A () = A )

(=1

where h;(zT, ... 2D)T = (2T, ... 20)T. Since v;/\; < 1, the IFS {h;} M, is strictly
contracting on R% hence
v1 (i)

. n—oo
Ud<l)

d
is well defined, and by the uniqueness of V' (i), we have V(i) = span { (vfé)) }g . The
=1

measure up = V,v is called the Furstenberg-Kifer measure.
Let us define the orthogonal projection from R*** along a subspace V € G(d,d+

k) by projy .
Theorem 2.8. |4, Corollary 2.7] Let ® = {F,}}, be the IFS of the form (2.14)
with 1 > \; > ~; > 0 and with SOSC. Then for every u self-affine measure
dim g = D(p) if and only if dim(projy ).p = min{k, D(u)} for up-a.e. V.
In the literature, this condition has been confirmed in the following two situations.
We note that in Theorem 2.8 we do not require that B; # 0 for some i = 1,..., M.

Theorem 2.9. |3, Proposition 6.6] Let ® = {F;}, be the IFS of the form (2.14)
with 1 > \; > 7; > 0 and with SOSC. Assume that d = k = 1. If the maps h; do not
have a common fixed point, then

dim po = D(p).
In higher dimensions, we have to add an extra condition on the Furstenberg—Kifer
measure.
Theorem 2.10. [48, Section 1.2] Let ® = {F;}X, be the IFS of the form (2.14)
with 1 > \; > 7; > 0 and with SOSC. If
D(p) + dim pp > (d + 1)k,
then
dim p = D(p).

In general, the dimension theory of the Furstenberg—Kifer measure is far from
being well understood. For the case of general SL,(R) matrices, Hochman and
Solomyak [30] gave a condition, which allows us to calculate the dimension of the
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measure. However, in higher dimension, it is unknown whether the Furstenberg—
Kifer measure is exact dimensional. In our case, the Furstenberg-Kifer measure can
be associated with a self-similar measure, thus, by using the result of Hochman [29],
we can compute the dimension of the measure under some conditions.

Theorem 2.11. [29, Corollary 1.6] Let {h;: R* — R¥*}M  be a IFS of simi-
larities of the form (2.18), and let p = (p;)}L, be a probability vector with p; > 0 for
every i =1,..., M. If HESC holds (see Definition 1.1) and pp = V*]_jN, then

. . — > pilog pi
dim pp = min < dk, T .
- Zizl pilog(vi/ i)

Corollary 2.12. Let ® = {F;}M, be the IFS of the form (2.14) with 1 > ); >
~vi > 0 and with SOSC. Let s be the unique root of the pressure defined in (2.3). If
the IFS {h;: R%* s R¥*}M, defined in (2.18) satisfies HESC,

(d+2)k

Ty

then
dimy A = s.

Proof. Observe that if s is the unique root of the pressure defined in (2.3),

if s <k, then Z)\S—l else Z/\f%s .=

Observe that our assumption 1rnphes s> k. Let v be the Bernoulli measure associ-
ated to the prob vector p = (Aeys=8)M “and let pp = V,v and p = I,v. Thus,

— >ty pilogps
D(u) =s and T >s—k.
— iz pilog(vi/Ai)
Hence, by Theorem 2.11, dim up > s — k, and therefore D(u) + dim pp > 2s — k >
(d + 1)k. Thus, by applying Theorem 2.10, the statement follows. O

Remark 2.13. We note that the condition s > (d+1)k/2 given in Corollary 2.12
holds if £ =1 and d > 2. For k > 2, we have (d + 2)k/2 > d+ k > s. On the other
hand, in our case s > d > d/2 + 1.

2.5. Approximating Markov systems with IFSs. In this section, we ap-
proximate the subshifts Y of finite type with full-shifts in the sense of entropy plus
weak*-topology. By Remark 2.1, we may assume that Y is of type-1, that is, Y is
a Markov-shift. Throughout the section, we use the method given by Jordan and
Rams [39].

Let @ be the M x M transition matrix corresponding to the subshift Y of type-1.
Let us denote the set of allowed words of length ¢ by 28). We say that a measure
o is Markov if there exists an M x M stochastic matrix P such that if P, ; # 0 then
Qm‘ 7é 0 and

p(lio, -5 in)) = Pig Pigiy ** Pi_yin
where (p;)M, is a left-eigenvector of P of eigenvalue 1. We say that p is generalized

Markov, if there exist ¢ > 1 and M? x M9 stochastic matrix P such that if P, ;, # 0

then 7,,7, € Zg) and (71), = (72)1, moreover,

:u([i()v s 7iqn]) = :U'([iO’ cee jn]) = piopioﬂl T ’Pinflin7
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where (pl) ex is a left eigenvector of P with eigenvalue 1. We note that generalised

Markov measures are not necessarily o-invariant, but they are g?invariant. By taking
W =1 Zk oo o~" one can show that 4 is o-invariant.

We say that a symbol j € {1,...,M} is recurrent if there exist n > 1 and
(41, ..., 1,) that Q;;,Qi, 4, - - - Qi,j 7 0. Denote R the set of recurrent symbols. Let
us define a new alphabet for all j € Rg. Namely,

(2.19) 0 = {resfio=i,=j}.

Each element of Qg% corresponds to a g¢-step loop with source and target 7 in our
Markov system, and we may concatenate such loops. Let us denote the set of such

(@)

infinite words by L. In that way we obtain a o%-invariant subset, which we can

identify with Q := ((25%) that is (Q, ) is conjugated to (L(Q) 7). Let us denote

(9)

the conjugation by ¢, : L;” — (2. We can define Bernoulli measures on it by attaching

to each w € Qﬁqgg a probablhstlc weight p,,. Denote this Bernoulli measure by . The
measure (@, )./ is only o%invariant and ergodic, to make it o-invariant and ergodic,
we need to consider

152

(2:20) pi==Y (pg)fioo™.

q k=0

We call the measure u as ¢g-step Bernoulli measure for the recurrent element j. Let
us denote the set of g-step Bernoulli measures for the recurrent symbol j by B;,

Moreover, let
Bg = U U Bj,

JjE€ERg q=1

Now, we state a modified version of Bernoulli approximation, proven in |39,
Lemma 6], for Markov systems. We say that a sequence p, € Pi,(Q) converges
to p € Pmy(Q) in the entropy plus weak*-topology if u, converges to u in weak*-
topology and h,, — h, as n — co. We note that the entropy plus weak*-topology is
indeed a topology, since Y is a separable metric space and thus, the weak™-topology
is metrisable with metric dy., and d(v, ) = dy (v, ) +|h, —h,,| is a metric generating
the entropy plus weak*-topology.

Lemma 2.14. For any primitive matrix @, Bg is dense in Py, (Q)) in the entropy
plus weak*-topology. If () is not primitive, B is dense in Pey,(()) and its convex hull
is dense in P, (Q).

Proof. 1t is enough to prove the first statement, the second is an easy corollary.
Thus, assume that () is primitive and let £ > 1 be such that all elements of Q* are
positive. Let p be an arbitrary invariant measure. Choose ¢ > 2k. Let i € Rg be
arbitrary but fixed. Let us define a g-step Bernoulli measure v, for i as follows: for
any 7 € Qg% we decompose 7 = 7172 for which [3;| = [zo| = k.

It is easy to see by the positivity of Q* that there exist 7,7, with length & such
that for every 7 € Zg_%), YRS Qg‘% Let

l}/q(f) — {N(j)a 1= ilﬁ'%

0, otherwise.



Dimension of the repeller for a piecewise expanding affine map 1153

Let v, be as defined in (2.20). First, observe that

1 1 1 _ }
(2.21) hoy = ~hpp.5y = ~hoy = — Y (7)) log (7).
q q q ~ -y (a—2k)
jGEQ

That is, the entropies of measures v, converge to h(u) as ¢ — oo.

Now we show that v, — p in weak™-topology. Let n: Y — R be a Holder-
continuous test function. That is, there exists a constant 0 < x < 1 such that for
every i,j €Y

In(i) — n()| < &M
We have

2% R . . o
< 2 supln(i)] + - 3| [ 00" %) - [ o™ dut
qd icy —
9 L4 1k
< —maxy)]+> D k- > (e ) = > (e 7))
q q n=~k q n=~k 7628_%) 7628_%)
9 L4
= —sup|n(i)|+ - ga—k—n
b+ 2

Thus, [ndv, — [ndu as ¢ — oco. Since this holds for every Holder-continuous test
function, v, — p in weak™-topology. 0

3. Upper bound for the general case with one dimensional base

In this section, we give a more sophisticated upper bound for the Hausdorff
dimension of the repeller A of the system F', defined in (1.3), in the case when d = 1.
Let us recall some definitions.

Let Z = {I;}}, be a finite partition of the unit interval [0, 1] into proper intervals.
Moreover, for every i = 1,..., M let f; be a uniformly expanding similitude such that

fi: I; = [0, 1], and we consider the uniformly, piecewise expanding dynamical system
f:10,1] — [0, 1], where

We denote the nth refinement of the partition Z w.r.t. f by Z,.
We define F': [0,1] x R+~ [0,1] x R as
(3.2) F(z,2) = (fi(x),g9i(x,2)) if x € I,

where ¢g;: [0,1] x R — R is an affine mapping such that for every = € [0,1], the
function g¢;(x,.): R — R is a similitude and

|fi(z)| > ||02gi(x, 2)|| > A > 1 for every (z,2z) € [0,1] x Randi=1,..., M.
Denote the local inverses of f and F' by ﬁ and ]:;Z as in Section 2.2. We may assume

without loss of generality, that there exists a closed and bounded interval J C R
such that F;([0,1] x J) C [0,1] x J.
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Let so be the unique root of the pressure P(f,»*) = 0, where ¢° is defined in
(1.7) and P is defined in (2.11). Let s > sp and let u be a ¢®-conformal measure on
[0, 1], that is,

p( (1)) = /e"P_S”‘PS dp for every I € U Z,.

I n=0

By Theorem 2.5, there exists such measure p. For p > 0, let

Gpn) = {I € T, u(f"(1)) > p}.

Moreover, let

[ BN o]

M= U U)I.

N=1n=N IeG,(n
Lemma 3.1.
limdimy A\ (M, xR) < 1.
p—0

Proof. Since A\ (M, x R) C ([0,1] \ M,) x R, the statement follows by Propo-
sition 2.4. U
Lemma 3.2.
dimy A < max{1, so},
where sg Is the unique root of the pressure defined in (2.11).

Proof. For every p > (0 we have
dimy A < max{dimy A\ (M, x R),dimy AN (M, x R)}.
Thus, it is enough to show that
lim dimy AN (M, x R) < s.

p—+00

Observe that the Birkhoff sum S,,® is constant over the intervals in Z,,. So with
a slight abuse of notation, we write S,¢°: Z,, — R for every s > 0.

Let s > so and p be the ¢®-conformal measure. We note that in this case,
P = P(f,¢*) < 0. Since p is non-atomic and compactly supported, we get that
there exists k = k(p) such that |f"(I)| > k for every n > 1 and I € G,(n). Hence,
by the piecewise linearity of f

e~ Snlog|f'| < |[| < o Snlog|f']
Let i € X,, the word which corresponds to f™(I). Since |f!| > |02¢:|, then E([O, 1]xJ)

can be covered by (|J| 4 1) - e~ n1oglf291+Sulog|f'l ;many balls with radius e~ 108!/l

Hence, the impact of fi([O, 1] x J) in the s-dimensional Hausdorff measure is at most
eSn#*()  Thus,

S 1 Sne*(I)
H(MprﬂA)gCNh_rgOZ d e :

n=N I€G ,(n)

But by using the ¢° conformality of the measure p,

(1)) = e (1)
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and hence,

H (M, x JNA) <CN11£OZ Z <CN113;OZ Z

n=N IeG,( n=N IcG,(n)

. 0 enP
< (C lim — =0.
N—o0 P

n=N

Since s > sy was arbitrary, the statement follows. 0

Lemma 3.3. Let f: [0,1] — [0,1] be a uniformly hyperbolic, piecewise C1*<
piecewise monotone interval map with a finite set 7 of monotonicity intervals. More-
over, suppose that for each I € T, there exists an open interval I C J such that f|;
can be extended to a C'*® map to J. Then there exists a constant K > 1 such that
for every n > 1, every I € Z,, and for every z,y € I,

1 Y@L
() ()]

Indeed, the branch of f~"|sm () is a composition of contracting uniformly C'+®
maps. Hence, by [47, Proposition 20.1(1)], it has distortion uniformly bounded by
a constant depending only on «, the Hoélder-constant and the uniform contraction
ratio.

Lemma 3.4. Let f:[0,1] — [0,1] be a uniformly hyperbolic, piecewise C1*2,
piecewise monotone interval map with a finite set Z of monotonicity intervals. More-
over, suppose that for each I € I, there exists an open interval I C J such that
flr can be extended to a C'™ map to J. Let Sy be the unique root of the pressure
defined in (2.11) with respect to the potential —slog|f'|. Then 1 = 5.

Proof. To prove the claim of the lemma, it is enough to construct a Markov-
subsystem B such that the root of P(f|g, —slog|f’|) = 0 is arbitrary close to one.
In order to construct such a system, we apply a modification of the construction
in Hofbauer, Raith and Simon [34]. We call the set &, = U'_, f (&), where
S = UIEZ or.

First, let us fix N large. Since f is uniformly hyperbolic, by taking a sufficiently
high k we may assume that |(f*)'(z)] > N for every z € [0,1] \ &;. By subdividing
the intervals in Z, into smaller pieces, we can define a partition J refinement of Z,
such that |1;|/| 2] < 2 for every I} # I, € J.

For every I € J we define a subinterval J C I to be the maximal interval such
that f*(J) is a union of intervals contained in J. It is easy to see that f*(I)\ f*(J)
consists of at most two intervals, both contained in intervals in J. Since |f*(I)| >
N|I|, f*(J) is formed by at least N/2 — 2 many intervals from 7. Moreover,

|fA) N\ R ()] <4
5 TN
Let K denote the set of intervals J defined above. Let
By, = {z € [0,1]: for every £ > 0 there exists J € K such that f*(z) € J}.

It is casy to see that By is a Markov subset for f* and hence, |J5_ f™(By) is a
Markov subset for f. Denote IC,, the nth refinement of the intervals in C by the map

fk|Bk'

Let K > 1 be the distortion constant from Lemma 3.3. So, for every n > 1
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(1) E(UJeICn J) > ( B %)n>
(2) [J] < (%)" for every J € K,.

By Lemma 3.3, for s = bgii\;—_ﬁm and for all n > 1

K max ¢S 10817 (@) > Z |J|* = Z 1J] T

zeJ
JEK, JeK, JeK,

AK\" 1 (s—1)n
>11—— — > 1.
=(-%) () =
Hence, P(f|p,,—slog|f’|) > 0. Thus, by taking N — oo, s — 1 and we get 55 > 1.

The upper bound for §; is obvious. 0]

We note that an immediate corollary of Lemma 3.4 is
(3.3) 1< sg,

where sq is the unique root of the pressure defined in (2.11) with respect to the
potential ¢*. Indeed, P(f|g,¢®) > P(f|s, —slog|f’|), since ¢* > —slog|f’|.

4. Conformal base with Markov structure

Let f:[0,1]¢ — [0,1]? be as in (1.1) Markov with d > 1 such that f; are simili-

tudes. Let F;: I; x R~ [0,1]? x R be such that
Fi(x,2) = (fi(z), gi(x, 2)),

where g;: I x R — R is an affine mapping such that for every z € [0, 1]¢, the function
gi(z,.): R+~ R is a similitude and
(4.1) IDfil| > [0agi] > 1.

Theorem 4.1. Let us assume that one of the following conditions holds.

(i) The functions g; has the form
gi(x,2) = gi(z) = Nz + t;, [N >1t; €eR

for every i = 1,..., M, and the IFS {g;'}M, satisfies HESC (see Defini-
tion 1.1);

(ii) d > 2, and {h;}, (defined in (2.18)) satisfies HESC;

(iii) d = 1, F' is essentially non-diagonal and the base system f is topologically
transitive.

If (4.1) holds, then
dlmH A= So,
where s is the root of the pressure defined in (2.6).

Proof. In all the three cases, the upper bound follows by Lemma 2.2.

For the lower bound, it is enough to show that there exists an IF'S, which attractor
is contained in A and has dimension arbitrary close to sg. As a combination of
Lemma 2.7 and Lemma 2.14, for every € > 0 there exists an IFS ® with attractor A’
and invariant measure p such that

D(u) >s9p—¢e, ADA and dimgA > dimg p.

Moreover, the functions of ® are finite compositions of the local inverses F, of F.
Hence, it is enough to prove that dimy pu = D(p).
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By Theorem 2.8, it is enough to show that
dim(projy ). = min {1, D(p)} for pp-a.e. V,

where pp is the Furstenberg—Kifer measure corresponding to p and @, defined in
Section 2.4.

It is easy to see that if the IFS {g; '}, or {h;} M, satisfies the HESC then every
finite subsystem, which is formed by finite compositions of the functions, remains to
satisfy the HESC.

Hence, in case (i), ur supported on one point of G(d,d + 1) and the claim
dim(projy ). = min {1, D(p)} follows by |28, Theorem 1.1|, and the case (ii) follows
by Corollary 2.12.

Finally, we turn to the case (iii). In order to show this we use Theorem 2.9. So,
it is enough to show the following claim holds, which is the remaining part of the
proof.

Claim. If (iii) holds, then the IFS ® can be chosen such that the corresponding
Furstenberg system {hi};, i 4 has at least two distinct fixed points.

BX the construction of ® in Lemma 2.14, there exist finite words 7; and 7, such
that F; € @ if and only if 7 = 7,715, where 73715 is admissible and [j| = n with some
large n chosen according to the precision of the approximation. Let us argue by
contradiction. That is, assume that A;, A;4;, can be simultaneously diagonalised for
every n > 1 and every [j| = n, for which 7,7z, is admissible. That is, there exists
Q) € GLy(R) such that @ is triangular matrix with diagonal entries 1 and

QAil Ainz Qil = Dilﬁz s

where D 7, is a diagonal matrix with the diagonal elements of A; A;A4;,.

By the essentially non-diagonal property of F', there exist hi, ho and @ finite
admissible words so that f, and f5, have fixed points, A;, and A;, are not simulta-
neously diagonalisable, hyahsy is admissible and Agvy, # vp,, where vy, and vy, denote
the eigenvector of the matrix Ay, and v, respectively, different from (0, 1) and with
first coordinate 1. (see (1.8)). Let Ry, be the triangular matrix, with diagonal entries
1 so that R, 'Ap, Ry, = Dy,. That is Ry, = [vy,, (0,1)7].

Since f is topologically transitive, there exists 7;,7, and 7;,7, such that 717, A1,
h1Jyta, 117 he and hyJhie are admissible. By the fixed point property, 2,7, h1h17572 is
admissible too. Hence,

Di1§1 hih1gt2 — QAil Ah Aﬁl Aﬁl Ajz AiQ Q_l
= QAfl A71 Aﬁl AjzAiQQ_lQAi_QlAj_QlAﬁlAEAb Q_l
= DiﬂﬁljﬂzQAi_glAj;lAmAﬁgAiz Q_l'
Thus,
Dy, = (A72A52Q_1)71 Ap, (A5,4;,Q7")  and similarly,
-1
Dhl = (QAilAjl) Ahl (QAilAjl) .

Moreover, similar argument shows that

(43)  Dp = (A34,Q7Y) " Ay, (A7 4,Q7Y) = (QA, A3 As, (QA;,A5) .

(4.2)
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Therefore, the matrices Rh_llAkAgQQ*l, Rh_;AjéA;QQ*l, QA Az Ry, and QA Ay, Ry,

are diagonal matrices. Hence,
Diljl hiahajyia — QAil Ajl Ahl AEAﬁg Ajg Aig Q_l
= QA3 A5 Ry, Ry M Ap Ry, Ry ARy, Ry Ay Ry Ay Az, Q71

= DR, AgRp, Do,
where D; and D, are diagonal matrices. Thus Az maps the eigendirection vy, to vy,
which is a contradiction. O

Theorem 1.4 and Theorem 1.5 are immediate corollaries of Theorem 4.1.

5. Lower bound for the general case with one dimensional base

In this section we give the two remaining proofs.

Proof of Theorem 1.2. The upper bound follows by the combination of Lemma 3.2
and equation (3.3).

To show that the lower bound holds, first by the definition (2.11) of the pressure
P(f,¢%), let B be a Markov subset of f such that P(f|g,¢®) is sufficiently close
to P(f,¢*). Since k = 1, if {g;'}M, satisfies the HESC then every subsystem,
formed by composition of functions in {g; '}, satisfies it too. Thus, by applying
Theorem 4.1(i), we get the assertion. O

Proof of Theorem 1.3. Similarly to the previous case, the upper bound follows
by the combination of Lemma 3.2 and equation (3.3).

To show that the lower bound holds, first by the definition (2.11) of the pressure
P(f,¢%), let B be a Markov subset of f such that P(f|g,¢®) is sufficiently close to
P(f,¢%).

We may assume that F|gxgr is essentially non-diagonal. Indeed, let 7 and j
be the finite length words corresponding to the essentially non-diagonal condition in
(1.8), and let x; and x5 be the two corresponding fixed points. Since {x;} and {z;} are
trivially Markov subsets of f, we can find a Markov subset B’ such that {z7, 2;}UB C
B’ by Proposition 2.3. Trivially, P(f|s,¢*) > P(f|s,¢°) and F|p«gr is essentially
non diagonal. Thus, the assertion for the lower bound follows by Theorem 4.1(iii). O

6. Examples: Fractal functions

Let a data set {(x;,4;) € [0,1] x R: 4 = 0,1,..., N} be given so that xy = 0
and xy = 1. Barnsley [10] introduced a family of iterated function systems whose
attractors A are graphs of continuous functions G': [0, 1] — R, which interpolate the
data according to G(z;) = y; for i € {0,1,...,N}. This IFS contains only affine
transformations with triangular matrices. The dimension theory of the interpolation
functions was studied in several papers, see for example Bedford [14], Keane, Simon
and Solomyak [42] and Ruan, Su and Yao [52]. Here we present a generalised version
of fractal interpolation functions G: [0, 1] — R constructed with Markov systems,
similar to Deniz and Ozdemir [22].

A particular fractal interpolation function is the Takagi function G : [0, 1] — R,
which is a well known example for a continuous, but nowhere differentiable function,
introduced by Takagi, where

Ga(z) =) N'di(2"x,2Z),

n=0



Dimension of the repeller for a piecewise expanding affine map 1159

1/2 < A < 1 and dy(x,y) = |x — y|. It is easy to see that the graph of G, is the
repeller of the dynamics

(20, 52) if0< e <4,
F(!E,y)—{@x_l’?ﬁ_f\—l) jfégmgl,

which is a Markov system. The dimension of the graph of the Takagi function was
studied in several papers, see for example Ledrappier [43] and Solomyak [53], and
the complete answer was given in the recent paper [3]. For further properties, see
Allaart and Kawamura [1].

In the next application, we consider a generalized version of the Takagi function
from [0, 1] to R, which is not associated to a Markovian system.

A generalisation of the fractal interpolation functions are the fractal interpolation
surfaces. For precise definitions, see Feng [26] or Bouboulis and Dalla [15], Dalla
[21]. For d > 2, the defining IFS contains non-linear functions in general. Thus, our
method is not suitable for the general case. So, in our last application of our main
theorems, we consider an important special case of fractal interpolation surfaces, the
graph of multivariable Takagi function.

6.1. Fractal interpolation functions. Let {(x;,y;) € [0,1] x R:i=0,1,...,
N} beadatasetsuchthat 0 =29 <2y < -+ <an_1 <zy = landlet [; = [x;_1, ;).
For every ¢ = 1,..., N, let us choose 0 < k; < ¢; < N such that

Xy, — Tk

- > 1
Ti — Ti—1
We define the base system f: [0, 1] — [0, 1] such that
Ty, — T, :
(6.1) f(z) = E’—kz(x — 1)+, fxel.
Ti — Ti—1
It is easy to see that f is Markov with respect to the Markov partition {I;}¥ ;.
For every : = 1,..., N, let us choose real numbers \; such that
Ty, — T,
(6.2) SR S\ > L
Ti — Ti—1
Let
(6.3) a; = Yo — Yk A Yi — Yi—1 and d, = Yeili — Yo, Ti—1 I )\iyixi—l - yi—lxi’
Ty — Ti—1 Ti — Ti—1 Ty — Ti—1 Ty — Ti—1

and let us define g;(z,y) = a;x + \jy + d;. Simple calculations show that the system

has a unique repeller A, which is a graph of a continuous function G such that
G(z;) = y; for i =0,..., N. For an example, see Figure 5.
Finally, by using Remark 2.6, we define the matrix A®) so that

s—1

T; — Tj_

(—1) IN|if ks << 4
.I‘gi — ZEki

0 otherwise.

(6.4) AP =

%,J

Hence, the root sy of the pressure defined in (2.9) satisfies p(A®°)) = 1, where p(A)
denotes the spectral radius of A.
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08 08

r
I I I L L Ay I i I L
0.z 0.4 0.e 0.8 10 0.2 0.4 oe 0.8

Figure 5. The graph of fractal interpolation functions with data set {(0,0), (1/3,2/3), (2/3,1/3),
(1,1)}, and parameters A; = 3/2, A2 = 2 and A3 = 3/2. The colors represents which interval is
mapped onto which interval by the base system. By Theorem 6.1, since (1 + A2)/(1 — o) #
(1 —=2X3)/(2 — A3) the Hausdorff dimension of the graphs are approximately 1.39024 and 1.45156.

Theorem 6.1. Let {(z;,y;) € [0,1] x R: i =0,1,...,N} and F be such that
all the assumptions hold above. If \1, ..., Ay are chosen such that there exist i,j €
{1,..., N} such that

Yo, — Yk — Ni(Yi — Yic1) Yo, — Yk, — Ny — yi-1)
Xy, — Tk, — )\1(.731 — 137;_1) .Tg]. — l’kj — )\j(l’j — xj—1)7

then
dlmH A= S0,
where p(A®)) = 1 and A® is the matrix defined in (6.4).
The proof of the theorem follows by Theorem 1.3.

i /W/ /W”f/ f i ’M
f

il

02 0.4 0.8 08 1.0

Figure 6. The graph of the S-Takagi function with parameters 8 = 3/2 and A = 3/4. The
Hausdorff dimension of the graph is 3 — log2/log(3/2) ~ 1.2905.
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6.2. B-Takagi function. Now, we consider the §-Takagi functions. That is, let
g>1 and 0 < A < 1sothat A3 > 1, moreover, let fz be the usual S-expansion on
1

[0,1],
fs(x) = Sz mod 1.
Then let Hs » be the function so that

(6.5) Hpg\(x andl f5(x),Z),

where di(z,y) = |v — y|. Simple calculations show that the graph of Hg, is the
repeller of the system

(Bx—z+1 —f'f), ifze [5h5) fori=1,..., 4],
( if z € ng,é),

(6.6) F(r,y) =14 (8z — H =), ifae -%’ mﬂ)’
(
(

=™
H
L
I_
y|.
N—"

Ba — i, v 1)’ ifxE_%,%) foriZ{gww-qWJ_l?
Br—|p], 5=, ife e [ 1}'

For an example, see Figure 6.

Theorem 6.2. Let 3 > 1 and 0 < A < 1 so that A3 > 1, and let Hg ) be as in
(6.5). Then
log A
d h(Hg,) =2
imy graph(Hg,) = +1g6

where graph(Hg ) = {(x, Hz\(z)): = € [0, 1]}.

Proof. 1t is well known that the S-expansion is topologically transitive for every
B > 1. Moreover, let X C {0,1,...,[8]}N defined in (2.1), and X,, be all the nth
level cylinders intersecting X. Then by Rényi [50, equation (4.9) and (4.10)],

log X,
hiop(f) = lim B0 log
Now, we show that F'is essentially non-diagonal. Let us choose n > 1 such that
(B1-1 1
6.7 —_— < =
( ) Bn—i—l -1 Bn

[8]-1

For short, let z, = g7 and let y, = Hgx(z,). Inequality (6.7) implies that

[ (z,) = x,. Let
k=min{¢ > 0: f’(x,) > 1/2}.

Since 4! > % and f"(x,) € [M 1} we get that k& < n. Moreover,

k times n—k+1 times

<6
1
A

X)

Bn—i—l 0
k /Bn+1fé + n+1 6n+172 1 ) .

_22:1 P I=k+1 )\ Nl

>= O
N—

S
\|
3
<
3
|
3
£
|
A —)
>/|L
= O
~
VRS
> L=
>= O
N~~~
VRS
>
=)
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On the other hand, 0 is a fixed point of f, and thus,
. BnJrl 0
D(O,O)F +1 _ (_ nl grti=t g ).
/=1 e Tl

Since k < n, the eigendirections of D, ., F™™ and Do) F"t" have differ-
ent eigendirections. On the other hand, fsj,1/5 has full stripe and therefore the
path 0"*100¥[5]"~**! is admissible and D()F does not map the eigendirection of
D(o,0)F™ to the eigendirection of Dy, ,.)F"**. Thus, (1.8) holds.

By applying Theorem 1.3,

dimy graph(Hg ) = So,
where s¢ is the unique root of the pressure P(fg, »*) = suppeam(a) P(f5]B, ¢°). By

Lemma 2.2, sy < 24162 Thus, it is enough to find a sequence of Markov subsets B,,,

log 8
for which s,, — 24182 where s,, is the unique root of the pressure s — P(f|p. ,¢°).

log 8
Let us denote the set of continuity intervals of fz by Z, that is,

z:{[é,igl} :izO,...,LﬁJ—l}U{[%,l}},

and the nth refinement of Z by Z, = \/7— 5 (Z).
Claim. For every € > 0 there exists m > 1, a set B,,, C [0, 1] and D,,, C Z,, such
that

(1) f3(By) = By, and fs|p,, topologically transitive,
(2) B, is a Markov subset with Markov partition D,,,
(3) Pop(f5lB,) > iop(f5) — &
The claim follows from Hofbauer, Raith and Simon [34, Proposition 1(a),(b),(c)
and Lemma 2.
Let A®) be a #D,, x #D,, matrix such that
A {Aﬂ‘(s‘l) if J N By, C f5(I N By) for I,.J € Dy,
L=

0 otherwise.

By Remark 2.6, p(AGm)) = 1, where s,, is the root of s — P(fs|g,,,¢*). Since fs|s,,

is topologically transitive, there exists K > 1 such that every element of (A(Sm))K

is strictly positive and by the Perron—Frobenius Theorem, limy_,, (A(sm))k = w?,

where u and v are the right- and left-eigenvectors of Am) with eigenvalue 1 so that
vy = 1.

For, I, J € D,,, let
I5 J={(,....,1,): I; €Dy, L =1,1,=1,
f8(I; N By) 2 1is1 N By, for 1 <j<n-—1}
Thus,

log#ULJeDm IS5

heop(fol,) = lim <

But for every k > 1, and I,J € D,,,
() = (e )" g1 5 ).

1,J



Dimension of the repeller for a piecewise expanding affine map 1163

Hence,

1T(A<Sm>)k1

log <A67<Sm71))k
k

o83 = < hunlsls) = Jin ——log (3570,

which implies that s,, > 2 + }gg g — e. Since ¢ > 0 was arbitrary, the statement
follows. [
6.3. Multivariable Takagi function. Let d > 1 and let D = diag(p1, ..., B4)
be a diagonal matrix such that (; > 2 integers for i = 1,...,d. For (max; 3;)™! <
A< 1, let Gyp: [0,1]¢ — R be such that
Gap(z) = X'dy(D"z, 2%,
n=0

where di(z,y) = S°% |z — i|. Denote graph(Gy p) the graph of Gy p, i.e.

graph(Gyp) = {@, y) € 0,1 x R : Gy p(z) = y} .
See Figure 7, for an example of the multivariable Takagi function.

Similarly to (6.6), graph(G, p) is the unique invariant repeller of the map
F: 0,1 x R+ [0,1]7 x R, where

_ A
(68) F(l’l, <oy g, y) - (ﬁlml mod 1, Ce ,Bdl‘d mod 17 —y dl§\£7 )) .

Moreover,
(69) G,\,D(xl, Ce ,xd) = Hgl’)\(xl) + -+ Hgd,)\<$d).

The main statement of this section is the following.

1000
0.5 — T

Figure 7. The graph of the multivariable Takagi function with parameters d =2, 51 = o = 2
and A\ = 2/3.



1164 Balézs Barany, Michal Rams and Karoly Simon

Theorem 6.3. Let d > 1 and let D = diag(fh,...,04) be a diagonal matrix
such that 3; > 2 integers fori =1,...,d. For (max; 3;))"! <A< 1
dimy graph(Gyp) =d+ 1+ ﬁ.

’ log max; 3;

However, the proof of Theorem 6.3 is quite ad-hoc and using deeply the special
structure (6.9) of the function G, p. Thus, to illustrate the application of Theo-
rem 1.5, we present here a weaker result also, which might be instructive for further
applications.

Proposition 6.4. Let d > 2 and D' = diag(2,...,2). Then there exists a set
E C (3,1) such that dimp E = 0 and

log A
dimpy graph(Grp/) =d+ 1+ log 5 for every A € (1/2,1) \ E.
0g
Moreover, ifﬁ < A <1, then dimy graph(Gp) =d+ 1+ i‘;i;‘
By (6.8), observe that graph(G, p) is the attractor of the IFS
/2 0 - 0 ih/2
6.10) @ = { Fi(z) = 0 0 Ol z+ :
(=D"/2 - (=1)"/2 A > ik

7€{0,1}4

By using the definition of the pressure (2.6) and (2.9), we get for the root of the
pressure that
log A

=d+1 )
S0 + +10g2

Moreover, the equilibirum measure p (defined in Lemma, 2.7) is the uniform Bernoulli
measure on the symbolic space ¥ = ({0, 1}d)N.

According to Section 2.4 and to (2.18), the Furstenberg-Kifer measure pz on R?
is associated to the uniform Bernoulli measure with the IFS

(—1)" /2
Op = hi(z) = 5g+ ;i .
1712 ) oy
It is easy to see that @z does not satisfy Definition 1.1(2) for d > 2. So, we cannot
apply Theorem 1.5 and we need a more sophisticated analysis.
By Theorem 2.10, it is enough to show that sy + dimy pup > d+ 1. Since so > d,
in order to prove Theorem 6.3, it is enough to show the following lemma.

—_

Lemma 6.5. Let pup be the Furstenberg—Kifer measure defined above. That is,

1 _
Hp = Z ﬁﬂFohil'

7€{0,1}4

Then there exists a set E C (1/2,1) such that dimp F = 0 and dimg pp > 1 for
every A € (1/2,1) \ E. Moreover, dimy pup > 1 for A € (1/(v/5 —1),1).

Proof. Let us prove the first assertion. Observe that the orthogonal projection
of ur to the first coordinate axis is the self-similar measure on the real line with

respect to the IFS {z — six + 3,2+ S~o — 1} and probability vector {3, 3}. Thus,
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by applying |28, Theorem 1.9], we get dimy pp > dimg proj,ur = 1 outside of a set
with 0 dimension.

In order to show the second assertion, let us introduce a few notations. Let
A =[0,1]¢ and let us denote the nth cylinder sets by A; = hi(A) for i = (71, ...,7,).

Observe that if % + (%)2 < 1 then for every z € [0, 1]¢

#{Ailhz €T € Ailh} S 2d.

Thus, by choosing £ = min{d(Asz,A;,3,): Mim N A
z€[0,1]¢and n > 1

= (}/2 > 0, for every

jl 7‘72

# {i e ({0, 1}d)2" AN BK( )zn(m) #* @} 1

=
M(BR(%)Q"(‘I)) S 22dn S 2%7
and hence,
log,uF(BH<L)zn(x)) dlog 2
dimgy pp > inf lim inf 22 o —
T n—00 logm(%) 2log?2 + 2log A
for A\<1landd>2. O

Finally, we turn to the proof of Theorem 6.3, which follows by the next two
lemmas.

Lemma 6.6. Let d > 2 and let g;: [0, 1] — R be functions for i = 1,...,d such
that

dimpy{(z,y): z € [0,1] and g¢;(z) =y} >2— ;.
Then

d
dimpy {(:cl,...,xd,y): (z1,...,1q4) €[0,1]% and Zgl(xl) = y} >d+1— mind;.
i=1

Proof. For simplicity, let G(z1,...,24) = ¢1(x1)+- -+ ga(zq). Leti e {1,...,d}

be arbitrary. Then for every fixed 2’ = (z1,...,2_1,Tit1,. .., Ta)
F;/ ={(x;,y) € [0,1] x R: G(x1,...,24) =y}
d
=4 (@, y) €[0,1] x R: gi(x;) =y — Zgz(wz)
k=1
ki

is a translation of graph(g;) = {(z,y): = € [0,1] and g¢;(z) = y}. Hence, for every
ie{l,...,d} and 2’ € [0,1]%, dimp I}, = 2 — 4.
By [45, Theorem 7.7], there exists C' > 0 such that for every € > 0

00 = /7—[2_61'_5(%,) dLq_1(2') < CHI1%7¢(graph(G)).

Thus, dimy graph(G) > d + 1 — min; 6;. O

The following lemma is folklore but for completeness, we give here the complete
proof.
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Lemma 6.7. Let 3, ..., 84 > 2 integers and let 1 > \ > (max; 3;)~!. Then the

function G p is Holder continous with exponent —loglfai‘( 7 and
. log A
dimpgraph(Gyp) <d+ 1+ _ o84
log max; 3;

Proof. First, we show that for every 8 > 2 integer and 57! < X < 1, the function
Hg y is Holder continuous with exponent %gg g It is easy to see that

n — mi n,. < B"yp — : n, — ANy n
d(f"z,Z) glelglﬁx k| < " y|+glelg|ﬂy k| = "z —y| +d(B"y, Z).

Let z,y € [0,1] and k£ > 0 such that 37%7! < |z — y| < 87*. Hence,

k
)\k+1
(6.11) [Hpa(z) — Hoa(y)| <Y N|d(8"w, Z) — d(B"y, Z)| + 27
n=0
k )\k—f—l
12 < "Bz —y| + 2
(6.12) _nfgkﬁlx yl+27—
)\k—i—lﬁk—i—l k+1
Nl <7 | 92
(6.13) Y | =yl + 27—
5 2 —log A/ L
14 < _ ogA/log B
(6.14) < (et )l

Similarly, one can show if A < 87! then Hg ) is (1 —)-Hélder for every e > 0. Thus,
by choosing £ > 0 sufficiently small,

d
Grn(z) — GapW)] <D |Haa(w:) — H a (i)l
i=1

d
< Zcz‘xz . yi|—log)\/logmaxiﬁi < C«/”g _ng—log)\/logmaxi,Bi.
=1

To show the second claim of the lemma, let us divide [0,1]% into cubes {U;}2"]

with sidelength 27". For A C R4 denote N,(A) the minimal number of cubes with
sidelength 27" needed to cover A. By the Hélder-continuity of G p, G p(U;) can
be covered by at most C72-"(~legA/ logmax; fi)=n 4 1 intervals with length 27", Thus,

Nn(graph(GA7D)) < (CIQ—n(—log)\/ log max; B;)—n + 1)2—nd7
which completes the proof. O
Proof of Theorem 6.3. The bound dimy graph(G,p) < d+1+ —losX _ follows

log max; [3;
by Lemma 6.7. The lower bound follows by the combination of Le%mma 6.6 and

Theorem 6.2. O

References

[1] ALLAART, P. C., and K. KAWAMURA: The Takagi function: a survey. - Real Anal. Exchange
37:1, 2011/12, 1-54.

[2] ARNOLD, L. Random dynamical systems. - Springer Monogr. Math., Springer-Verlag, Berlin,
1998.

[3] BARANY, B., M. HocHMAN, and A. RAPAPORT: Hausdorff dimension of planar self-affine sets
and measures. - Invent. Math. 216:3, 2019, 601-659.



4]
5]
[6]
7]
18]
191
[10]

[11]
[12]

13]
14
15]
[16]
17]
18]
[19]
[20]

[21]
[22]

23]
[24]
[25]
[26]

[27]
[28]

[29]

Dimension of the repeller for a piecewise expanding affine map 1167

BARANY, B., and A. KAENMAKI: Ledrappier-Young formula and exact dimensionality of
self-affine measures. - Adv. Math. 318, 2017, 88-129.

BARANY, B., M. RAwms, and K. SIMON: On the dimension of self-affine sets and measures
with overlaps. - Proc. Amer. Math. Soc. 144:10, 2016, 4427-4440.

BARANY, B., M. Rams, and K. SIMON: On the dimension of triangular self-affine sets. -
Ergodic Theory Dynam. Systems 39:7, 2019, 1751-1783.

BARANY, B., M. RaMms, and K. SIMON: Dimension theory of some non-markovian repellers
part i: A gentle introduction. - Preprint, arXiv:1901.04035, 2019.

BARANNY, B., M. Rawms, and K. SIMON: Dimension theory of some non-markovian repellers
part ii: Dynamically defined function graphs. - Preprint, arXiv:1901.04037, 2019.

BARNSLEY, M.: Private communication.
BARNSLEY, M. F.: Fractal functions and interpolation. - Constr. Approx. 2:4, 1986, 303-329.
BARNSLEY, M. F.: Fractal image compression. - Notices Amer. Math. Soc. 43:6, 1996, 657—-662.

BARNSLEY, M. F., and J. H. ELTON: A new class of Markov processes for image encoding. -
Adv. Appl. Probab. 20:1, 1988, 14-32.

BARNSLEY, M. F., and L. P. HURD: Fractal image compression. - A K Peters, Ltd., Wellesley,
MA, 1993.

BEDFORD, T.: Holder exponents and box dimension for self-affine fractal functions. - Constr.
Approx. 5:1, 1989, 33-48.

BouBouLls, P., and L. DALLA: Fractal interpolation surfaces derived from fractal interpola-
tion functions. - J. Math. Anal. Appl. 336:2, 2007, 919-936.

BoweN, R.: Equilibrium states and the ergodic theory of Anosov diffeomorphisms. - Lecture
Notes in Math. 470, Springer-Verlag, Berlin-New York, 1975.

CHAMORRO-P0SADA, P.: A simple method for estimating the fractal dimension from digital
images: the compression dimension. - Chaos Solitons Fractals 91, 2916, 562—-572.

CHEN, J., and Y. PESIN: Dimension of non-conformal repellers: a survey. - Nonlinearity 23:4,
2010, R93-R114.

CHUNG, K.-L., and C.-H. Hsu: Novel prediction- and subblock-based algorithm for fractal
image compression. - Chaos Solitons Fractals 29:1, 2006, 215-222.

Conci, A., and F.R. AQuiNo: Fractal coding based on image local fractal dimension. -
Comput. Appl. Math. 24:1, 2005, 83-98.

DALLA, L.: Bivariate fractal interpolation functions on grids. - Fractals 10:1, 2002, 53-58.

DEeNIz, A., and Y. OzDEMIR: Graph-directed fractal interpolation functions. - Turkish J.
Math. 41:4, 2017, 829-840.

FALCONER, K.: Fractal geometry. - John Wiley & Sons, Inc., Hoboken, NJ, second edition,
2003.

FALCONER, K.: Dimensions of self-affine sets: a survey. - In: Further developments in fractals
and related fields, Trends Math., Birkh&user /Springer, New York, 2013, 115-134.

FALcONER, K. J.: The Hausdorff dimension of self-affine fractals. - Math. Proc. Cambridge
Philos. Soc. 103:3, 1988, 339-350.

FENG, Z.: Variation and Minkowski dimension of fractal interpolation surface. - J. Math. Anal.
Appl. 345:1, 2008, 322-334.

FISHER, Y. (ED.: Fractal image compression. Springer-Verlag, New York, 1995.

HocHMAN, M.: On self-similar sets with overlaps and inverse theorems for entropy. - Ann. of
Math. (2) 180:2, 2014, 773-822.

HoCHMAN, M.: On self-similar sets with overlaps and inverse theorems for entropy in R?. -
Preprint, arXiv:1503.09043, 2015.



1168

[30]
[31]
[32]
[33]

[34]

35]
36]
37)
38]
39]
40}
1)

[42]

[43]

a4
5]
6]
j47]
48]
9]
50}

[51]

Balézs Barany, Michal Rams and Karoly Simon

HocHMAN, M., and B. SOLOMYAK: On the dimension of Furstenberg measure for SLs(R)
random matrix products. - Inv. Math. 210:3, 2017, 815-875.

HOFBAUER, F.: Local dimension for piecewise monotonic maps on the interval. - Ergodic
Theory Dynam. Systems 15:6, 1995, 1119-1142.

HorBAUER, F.: Multifractal spectra of Birkhoff averages for a piecewise monotone interval
map. - Fund. Math. 208:2, 2010, 95-121.

HOFBAUER, F., and P. RAITH. The Hausdorff dimension of an ergodic invariant measure for
a piecewise monotonic map of the interval. - Canad. Math. Bull. 35:1, 1992, 84-98.

HOFBAUER, F., P. RAITH, and K. SIMON: Hausdorff dimension for some hyperbolic attractors
with overlaps and without finite Markov partition. - Ergodic Theory Dynam. Systems 27:4,
2007, 1143-1165.

HOFBAUER, F., and M. URBANSKI: Fractal properties of invariant subsets for piecewise mono-
tonic maps on the interval. - Trans. Amer. Math. Soc. 343:2, 1994, 659—673.

HUETER, 1., and S. P. LALLEY: Falconer’s formula for the Hausdorff dimension of a self-affine
set in R?. - Ergodic Theory Dynam. Systems 15:1, 1995, 77-97.

JACQUIN, A.E.: Image coding based on a fractal theory of iterated contractive image trans-
formations. - IEEE Trans. Image Process. 1:1, 1992, 18-30.

JorDAN, T., M. PorLicoTT, and K. SIMON: Hausdorff dimension for randomly perturbed
self affine attractors. - Comm. Math. Phys. 270:2, 2007, 519-544.

JORDAN, T., and M. Rams: Multifractal analysis of weak Gibbs measures for non-uniformly
expanding C'' maps. - Ergodic Theory Dynam. Systems 31:1, 2011, 143-164.

JORGENSEN, P.E.T., and M.-S. SONG: Analysis of fractals, image compression, entropy
encoding, Karhunen-Loéve transforms. - Acta Appl. Math. 108:3, 2009, 489-508.

KAENMAKI, A., and P. SHMERKIN: Overlapping self-affine sets of Kakeya type. - Ergodic
Theory Dynam. Systems 29:3, 2009, 941-965.

KEANE, M., K. SIMON, and B. SoLoMYAK: The dimension of graph directed attractors with
overlaps on the line, with an application to a problem in fractal image recognition. - Fund.
Math. 180:3, 2003, 279-292.

LEDRAPPIER, F.: On the dimension of some graphs. - In: Symbolic dynamics and its applica-
tions (New Haven, CT, 1991), Contemp. Math. 135, Amer. Math. Soc., Providence, RI, 1992,
285-293.

Lu, G.: Fractal image compression. - Signal Processing: Image Communication 5:4, 1993,
327-343.

MATTILA, P.: Geometry of sets and measures in Euclidean spaces. - Cambridge Stud. Adv.
Math. 44, Cambridge Univ. Press, Cambridge, 1995.

MORRIS, 1., and P. SHMERKIN: On equality of hausdorff and affinity dimensions, via self-affine
measures on positive subsystems. - Trans. Amer. Math. Soc. 371, 2019, 1547-1582.

PESIN, Y. B.: Dimension theory in dynamical systems. - Chicago Lectures in Mathematics,
University of Chicago Press, Chicago, 1L, 1997.

RAPAPORT, A. On self-affine measures with equal Hausdorff and Lyapunov dimensions. - Trans.
Amer. Math. Soc. 370, 2018, 4759-4783.

RAPAPORT, A.: Proof of the exact overlaps conjecture for systems with algebraic contractions.
- Preprint, 2020.

RENYI, A.: Representations for real numbers and their ergodic properties. - Acta Math. Acad.
Sci. Hungar. 8, 1957, 477-493.

REvaTHY, K., and M. JAYAMOHAN: Dynamic domain classification for fractal image com-
pression. - International Journal of Computer Science & Information Technology (IJCSIT) 4:2,
2012, 95-102.



Dimension of the repeller for a piecewise expanding affine map 1169
[52] RuaN, H.-J., W.-Y. Su, and K. YAO: Box dimension and fractional integral of linear fractal
interpolation functions. - J. Approx. Theory 161:1, 2009, 187-197.

[63] SoLOMYAK, B.: Measure and dimension for some fractal families. - Math. Proc. Cambridge
Philos. Soc. 124:3, 1998, 531-546.

[64] WALTERS, P.: An introduction to ergodic theory. - Grad. Texts in Math. 79, Springer-Verlag,
New York-Berlin, 1982.

Received 10 January 2019 e Accepted 13 February 2020



