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Abstract. We obtain symmetrization inequalities on probability metric spaces with convex
isoperimetric profile which incorporate in their formulation the isoperimetric estimator and that
can be applied to provide a unified treatment of sharp Sobolev—Poincaré and Nash inequalities.

1. Introduction

Let (€, d, ) be a connected metric space equipped with a separable Borel proba-
bility measure u. The perimeter or Minkowski content of a Borel set A C € is defined

Y (A1) — )
+ Ty Ap) — (A
' (A) = lim inf : :
where A, = {x € Q: d(z, A) < h} is the open h—neighborhood of A. The isoperi-
metric profile I, is defined as the pointwise maximal function ,,: [0, 1] — [0, co) such
that
p(A) > I, (u(A))

holds for all Borel sets A. An isoperimetric inequality measures the relation between
the boundary measure and the measure of a set, by providing a lower bound on I,
by some function /: [0, 1] — [0, 00) which is not identically zero.

The modulus of the gradient of a Lipschitz function f on Q (briefly f € Lip(£2))

is defined by

d(z,y)—0 d(SL‘, y)
The equivalence between isoperimetric inequalities and Poincaré inequalities was
obtained by Maz'ya. Maz’ya’s method (see [21], [18] and [8]) shows that given
X = X () a rearrangement invariant space!, the inequality

0 V—Aﬁmxsﬂwmﬂ,fammx

https://doi.org/10.5186/aasfm.2020.4548

2010 Mathematics Subject Classification: Primary 46E35.

Key words: Sobolev—Poincaré inequalities, Nash inequalities, symmetrization, isoperimetric
convex profile.

*Partially supported by Grants MTM2016-77635-P, MTM2016-75196-P (MINECO) and
2017SGR358.

TPartially supported by Grant MINECO MTM2016-77635-P.

!i.e. such that if f and g have the same distribution function then || f||y = ||g||x (see Section 2.2
below).
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holds, if and only if, there exists a constant ¢ = ¢(£2) > 0 such that for all Borel sets
ACQ,

(2) min (¢x (1(A)), x (1 = p(A))) < eu™(A),

where ¢x(t) is the fundamental function® of X:
¢x(t) = lIxally,  with u(A) =t.

Motivated by this fact, we will say (€2, d, ;1) admits a concave isoperimetric estimator
if there exists a function I': [0, 1] — [0, 00) continuous, concave, increasing on (0,1/2),
symmetric about the point 1/2, I(0) = 0 and I(¢) > 0 on (0, 1), such that

L) >I(1), 0<t<l.

In their recent work Milman and Martin® (see [17], [19]) proved that (Q,d, i) ad-
mits a concave isoperimetric estimator 7, if, and only if, the following symmetrization
inequality holds

k% * t k% .
(3) fa (8) = fu(t) < 0 VA @), (f € Lip(2))
where f** =1 fo s)ds, and [, is the non increasing rearrangement of f with

respect to the measure ,u If we apply a rearrangement invariant function norm X on
2 (see Sections 2.1 and 2.2 below) to (3) we obtain Sobolev—Poincaré type estimates
of the form*

4 H(fu 0 - f0) ) <o
% X
Example 1. (See [20], [16]) Let Q@ C R™ be a Lipschitz domain of measure 1,

X =1LP(Q),1<p<n,and p* be the usual Sobolev exponent defined by 1% = %— %,
then®
I(t)

(5) (@) = @) | =M@ = £

follows from the fact that the isoperimetric profile is equivalent to I(t) = ¢, min(¢,1—
t)1=1/" and Hardy’s inequality (here LP"? is a Lorentz space (see Section 2 below)).
In case that we consider R” with Gaussian measure v,, and let X = LP, 1 < p < o0,
then (compare with [12], [10]), since [(rn g, (t) =~ t(log1/t)/? for t near zero, we
have

Lp

(©) |20~ 00) 2

t

= H (f*:(t) o f*n (t)) HLP(logL)P/2 )

L
where LP(log L)P/? is a Lorentz—Zygmund space (see Section 2).

In this fashion in [17], [19], [20] and [16], Milman in collaboration with the first
author were able to provide a unified framework to study the classical Sobolev in-
equalities and logarithmic Sobolev inequalities, moreover embeddings (4) turn out to
be the best possible in all the classical cases. However the method used in the proof

2We can assume with no loss of generality that ¢ x is concave.

3J. Martin is grateful to professor Mario Milman for introducing him, around 2005, in the study
of the conexion between rearrangements and isoperimetry.

4The spaces X are defined in Section 2.2 below.

SHere the symbol f = g indicates the existence of a universal constant ¢ > 0 (independent of all
parameters involved) such that (1/¢)f < g < ¢ f. Likewise the symbol f < g will mean that there
exists a universal constant ¢ > 0 (independent of all parameters involved) such that f < cg.
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of the previous results cannot be applied with probability measures with heavy tails,
since isoperimetric estimators of such measures are non concave. Let us illustrate this
phenomenon with some examples (see [7, Propositions 4.3 and 4.4| for Examples 2
and 3 and [22| for Example 4).

Example 2. (a-Cauchy type law) Let aw > 0. Consider the probability measure
space (R" d, ) where d is the Euclidean distance and g is defined by du(x) =
V-t dg with V: R™ — (0, 00) convex. Then there exits C' > 0 such that for any
measurable set A C R"

pH(A) > Cmin (u(A), 1 — p(A) e

Example 3. (Extended p-sub-exponential law) Let p € (0,1). Consider the
probability measure on R" defined by du(x) = (1/Z,)e”""® dx for some positive
convex function V: R™ — (0, 00), then there exits C' > 0 such that for any measur-
able set A C R"

1 1-1/p
) 2 Cmin (). 1= () (tog )

Example 4. Let (M™, g, 1) be a n-dimensional weighted Riemannian manifold
(n > 2) that satisfies the C'D(0, N) curvature condition with N < 0. Then for every
Borel set A C (M™, g)

it (A) > Cmin (u(A), 1 — p(4))

Motivated by these examples, we will say (2, d, u) admits a convex isoperimetric
estimator if there exists a function I: [0,1] — [0, c0) continuous, convex, increasing
on (0,1/2), symmetric about the point 1/2, I(0) = 0 and I(¢t) > 0 on (0, 1), such
that

I,(t) > I(t), 0 <t <1,

The purpose of this paper is to obtain symmetrization inequalities on probability
metric spaces that admit a convex isoperimetric estimator which incorporate in their
formulation the isoperimetric estimator and that can be applied to provide a unified
treatment of sharp Sobolev—Poincaré and Nash type inequalities. Notice that if I is
a convex isoperimetric estimator, then

I(t) R min (t,1 — 1),

therefore (unless I(t) ~ min (¢,1 —t)), the Poincaré¢ inequality

g

never holds, that means from |V f| € L' we cannot deduce that f € L', hence a
symmetrization inequality like (3) will not be possible since fu" is defined if, and
only if, f € L'.

The paper is organized as follows. In Section 2, we introduce the notation and
the standard assumptions used in the paper. This Section also contains the basic
background from the theory of rearrangement invariant spaces that we will need. In
Section 3 we obtain symmetrization inequalities which incorporate in their formu-
lation the isoperimetric convex estimator. In Section 4 we use the symmetrization
inequalities to derive Sobolev—Poincaré and Nash type inequalities. Finally in Sec-
tion 5 we study in detail Examples 2, 3 and 4.

<clIVflllL,  f € Lip(),
It
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2. Preliminaries

We recall briefly the basic definitions and conventions we use from the theory of
rearrangement-invariant (r.i.) spaces and refer the reader to [2], [13] and [23] for a
complete treatment.

We shall consider a connected measure metric spaces (£2,d, i) equipped with a
separable, non-atomic, probability Borel measure p. Let M(Q2) be the set of all
extended real-valued measurable functions on 2. By M(2) we denote the class of
functions in M(2) that are finite p-a.e.

2.1. Rearrangements. For u € M;(f2), the distribution function® of u is given
b
’ pu(t) = p{x € Q: u(x) >t} (t€R).
The decreasing rearrangement of a function w is the right-continuous non-increasing
function from [0, 1) into [0, 00) which is equimeasurable with u, i.e.
p(t) = pf{z € Q: fu(z)| >t} =m{s € (0,1): ui(s) > t}, teR,
(where m denotes the Lebesgue measure on (0, 1)), and can be defined by the formula

uy(s) = inf{t > 0: py(t) < s}

The signed decreasing rearrangement of f is defined by

u:(t) =inf{s € R: p{z € Q: p,(z) > s} <t},
It follows readily from the definition that

*
i

The maximal function uy* of uj, is defined by

W (t) = %/Otu;;(s) ds = %sup{/Eu(s) dp: u(E) :t}.

This operation is subadditive, i.e.
(8) (u+ v);* (s) < uy(s) + v (s).

Moreover, since uy, is decreasing, u;* is also decreasing and u;, < uy’.
When no confusion ensues, because the measure is clear from the context, or we
are dealing with Lebesgue measure, we may simply write v* and u**.

Definition 5. Let f € My(©2). We say that m(f) is a median value if
pf Zm(f)} = 1/2 and  p{f <m(f)} =1/2.

It is easy to see (see for example [17]) that f¥(1/2) is a median of f. Moreover,
if f has 0 median and fX is continuous then fX(1/2) = 0.

2.2. Rearrangement invariant spaces. We say that a Banach function space
X = X (92) on (,d, u) is rearrangement-invariant (r.i.) space, if

(7) uX(07) =esssupu and  uX¥(oo) = essinfu.

(9) f € X and g is a p-measurable such that f; =g, = g € X and ||f|lx = |lg]|x-

If, in the definition of a norm, the triangle inequality is weakened to the require-
ment that for some constant C, ||z + y[ly < Cx([[z| x+ |yl x) holds for all z and y,
then we have a quasi-norm. A complete quasi-normed space is called a quasi-Banach

6Note that this notation is somewhat unconventional. In the literature it is common to denote
the distribution function of |u| by i, while here it is denoted by ), since we need to distinguish
between the rearrangements of u and |u|.
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space. We will say that X is a quasi Banach rearrangement-invariant (q.r.i.) space
if (9) holds.

If X is a r.i. space, since u(€2) = 1, for any r.i. space X () we have
(10) L>®(Q) C X(Q) c L'(%),

with continuous embeddings.
A ri. space X(2) can be represented by a r.i. space on the interval (0,1), with

Lebesgue measure, X = X (0,1), such that
Ifllx =11/l

for every f € X. A characterization of the norm || - || is available (see |2, Theo-
rem 4.10 and subsequent remarks|).
A useful property of r.i. spaces states that if

/ fu(s)ds < / g,(s)ds, holds for all r > 0,
0 0
then, for any Banach r.i. space X = X (),

1fllx <llgllx -

Classically conditions on r.i. spaces can be formulated in terms of the boundedness
of the Hardy operators defined by

P =g [ 16ds Q= [ 5%

The boundedness of these operators on r.i. spaces can be best described in terms of
the so called Boyd indices” defined by

_ . hth(S) o hlhx(s)
(11) ax = gg Ins and - ax = Sslill) Ins

)

where hx(s) denotes the norm of the compression /dilation operator E, on X, defined
for s > 0, by

f*(ﬁ), 0<t<s,
0, s<t<l1.

It is well known that

P is bounded on X <= ay < 1,

(12) Q is bounded on X <= ay > 0.

The next Lemma will be useful in what follows (see [15, Lemma 1]).

Lemma 6. Let Y be a r.i. space on (0,1). Let ¢y be its fundamental function.
Assume that ¢y (0) = 0. Then:

(1) If @y < 1, then for every @y < v < 1 the function ¢y (s)/s” is almost
decreasing (i.e. ¢ > 0 s.t. ¢y (s)/s? < coy(t)/t” whenever t < s).

(2) If ay, > 0, then for every 0 < v < ay the function ¢y (s)/s” is almost
increasing (i.e. 3¢ > 0 s.t. ¢y (s)/s” < coy(t)/t” whenever t > s).

A~

(3) If ay > 0, there exists a concave function ¢y and constant ¢ > 0 such that

~ N

Br(t) = bv(t) and oy ()t < Sdv(D) < cor (D

"Introduced by Boyd in [6].
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Associated with an r.i. space X there are some useful Lorentz and Marcinkiewicz
spaces, namely the Lorentz and Marcinkiewicz spaces defined by the quasi-norms

! 0
1y = Sgpf;(tWX(t)a [NAGS :/0 Fut) 5, 0x(0).

Notice that
dux)(t) = dax)(t) = ox (1),
and that

(13) AX)Cc X Cc M(X).
2.2.1. Examples. Classical Lorentz spaces. The spaces L7 ({2) are defined by

the function quasi-norm
1 1/q
% q ds
£ = ([ o))
0

_ 1/p £x
’ = Su S ’ S),
H ||p,oo 0<t£)1 u( )

when 0 < p,q < oo, and

when ¢ = co. Note that |[f][, , = [ f]l,- (We use the standard convention [|f|_, ., =
1 1l0)-

Lorentz—Zygmund-spaces. Let 1 < p,q < oo and o € R. The spaces LP(log L)*
are defined by the function quasi-norm

1 1 q d 1/q
11l = (/0 (Sl/p(l +In ?)af;(s)) ?S) .

Weighted q.r.i-spaces. Given X a r.i. space on 2 and w a weight (i.e a positive
measurable function), we define

X(w) = {f: 1flx =

It is easy to see that X (w) is a q.r.i-space. For example if X = LI(Q2) and w(s) =
s9/P=1 then

fiwll < oo}

LU(w) = [P (Q) .

3. Symmetrization and isoperimetry

We will assume in what follows that (€2, d, i) is a connected measure metric spaces
equipped with a with a separable, non-atomic, probability Borel measure p which
admits a convex isoperimetric estimator.

In order to balance generality with power and simplicity, we will assume through-
out the paper that our spaces satisfy the following:

Condition 7. We assume that  is such that for every f € Lip(Q2) and every
¢ € R we have that |V f(z)| =0, a.e. on the set {z: f(z) = c}.

Theorem 8. Let I: [0,1] — [0,00) be a convex isoperimetric estimator. The
following statements are equivalent:

(1) Isoperimetric inequality: for all Borel sets A C (2,
(14) e (A) > I((A)).
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(2) Ledoux’s inequality (cf [14]): for all f € Lip(Q2),
(15) |t < [ vr@ldn

(3) For all function f € Lip(£2), f:‘ is locally absolutely continuous, and

(16) / (~f*VI(s))" ds < / VAL (s) ds.

(The second rearrangement on the left hand side is with respect to the

Lebesgue measure).
(4) Bobkov’s inequality (cf |3]): For all f € Lip(Q2) bounded with m(f) = 0, and
for all s > 0

(17) / @) du < Buls) / 1V f ()| dp+ 5 Osc(f).

t—s

where Osc,,(f) = esssup f — essinf f and Bi(s) = sup, ;<1 O

Proof. (1) = (2) By the co-area inequality applied to f (cf. [4, Lemma 3.1]), and
the isoperimetric inequality (14), it follows that

/Q‘Vf(xﬂdﬂ > /_OO pt({f > s};Q)ds > /OOO I(ps(s)) ds.

o0

(2) = (3) Let —oo < t; <ty < oo. The smooth truncations of f are defined by

tg — tl lf f(l‘) Z tg,
n(@) =9 fla)—t ift < flz) <t

Obviously, fff € Lip(Q2), thus by (14), we get

/Z Hppa(s)) ds < /Q [V 112()| dp.

By condition 7
t
‘vftlz‘ - |Vf‘X{t1<f<t2} ’
and moreover,

[ ttugpenas= [ (o as

—00 t1

Observe that, t; < z < tg,
p{f > ta} < Mz (2) < pf{f >t}

Consequently, by the properties of I, we have
t2
09 [ M) 2 (= ) min{Iulf > ). TS > 0]},
t1 1

Let us see that f:‘ is locally absolutely continuous. Indeed, for s > 0 and A > 0, pick
b= [¥(s+h), b = fX(s), then

(19) s < p{f(@) 2 X)) < pyals) < p{f (@) > fF(s+ M)} < s+
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Combining (18) and (19) we have,
(20)  (f¥(s) = £¥(s + ) min{I(s + h), I(s)} < / IV f ()] dp,
{rxs)<f<f¥(s+h)}

which implies that fX is locally absolutely continuous in [a,b] (0 < a < b < 1).
Indeed, for any finite family of non-overlapping intervals {(a, by) };._, , with (ay, by) C
[a,b], and >, (b — ai) < 0, we have

p{JLFx ) < < fXa)} =D X)) < f < fFa)} < (b — ax) < 6.

k=1 k=1 k=1
therefore, combining this fact with (20), we have

T

> (FF(ar) = £X (b)) min{(a), 1(b)} < Z (f (ar) = £ (b)) min{7 (ax), I (i) }

<Z/ 1V £(2)|dp

X (o) <F<fX(a)}

IVf ()l du

/u;_l{f,f(bk)<f<f;f(ak)}
> k=1 (br—ar)
</ IV FL (¢ dt

/IVﬂ

and the local absolute continuity follows.
Now, using (20) we get,

* %
(£,(5) {Lﬂ (s+h) min(I(s + h), 1(s)) S/ gy V)
{FX (s+h)<f<fi(s)}
1
< v .
__hu/;ts+m<f<h($}\ f(@)| du

Letting h — 0,

0
— X (s)I(s) < = V()| dp.
S CLOE oy BN\ ICIT

Let us consider a finite family of intervals (a;, b;), i = 1,...,m, with 0 < a1 <
b1§a2<bgS---Sam<bm<1,then

! 0
/U1<i<m(ai7bi) ( fﬂ ) (S) (S) ’ S /U1<i<m(lli bi) (88 /{f>f;f(3)} | f(x)| M<x)> ’

V(@) dp(z)

Il
Ms

1 /{fu (b <|f‘<fu (az }

7

|V f(x)| du(x) (by condition 7))

[
NE

1 /{\fu (b <|f‘<fu (az }

.
Il
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IV f ()] dp(x)

/Ul<z<m{fu <‘f|<f,uz (a’b)}
ity (bi—aq) .

</ VAT, () ds
0

Now by a routine limiting process we can show that for any measurable set E C
(0,1), with Lebesgue measure equal to ¢, we have

[eapronass | L () ds
Therefore
(1) [icmromoreass [(90) o

where the second rearrangement is with respect to the Lebesgue measure. Now, since
[V f], (s) is decreasing, we have

(1941, )) " (5) = IV £1;, (9)

and thus (21) yields

/0 (= fXY () (s)ds < / N

(3) = (4) Assume first that f € Lip(Q2) is positive, bounded with m(f) = 0.
By 3) we have that fX = f* (since f > 0) is locally absolutely continuous and
fi(1/2) =0 (since m(f) =0). Let 0 < s < z <1/2, then

/If ) dp = 01/2f alz—/m/l/2 z) dedz =
_ / ey () de— s / 1/2(—f,f:)’(2) d+ s / Py
- [T [ Cnree

=S5 12 *\/ 12 *\/
w / (—F2Y()I(2) dz + 8 / (—12)(2) dz

T osca<ie
1/2 1/2
<H) [ RO [ R e
Since

1/2
s / (—F2(2) = s(F2(07) — £2(1/2)) < s Oseulf).
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we get
[ 1r@ldn< s [ (12 (1) d + 5 Ose, ()
<ais) [ PRy OI0) @d + 5 Oseul)
<) [ S @+ s Oseu(s) by (16)
= 515) [ V1) d+ 50s0,(1)

In the general case, we follow [3, Lemma 8.3]. Apply the previous argument to
fT =max(f,0) and f~ = max(—f,0), which are positive, Lipschitz and have median
zero, and we obtain.

/ @) du < Bi(s) / V(@) dyt + 5 Ose,(F+),
{f>0} {f>0}

[ lr@lde<as [ 19s@)dassOse, (s )
{f<0} {f><0}

Adding the two inequalities and since Osc,,(f~) 4+ Osc,(f*) < Osc,(f), we get (17).

(4) = (1) This part was proved in [3, Lemma 8.3|, we include its proof for the
sake of completeness. Given a Borel set A C 2 we may approximate the indicator
function x4 by functions with finite Lipschitz seminorm (see [4]) to derive pu(A) <

Br(s)ut(A) + s, therefore if p(A) =t

t—s<Bi(s)u'(A),
thus the optimal choice should be

0= 0 55

4. Sobolev—Poincaré and Nash type inequalities

The isoperimetric inequality implies weaker Sobolev-Poincaré and Nash type in-
equalities, in what follows we will analyze both.

4.1. Sobolev—Poincaré inequalities. The isoperimetric Hardy operator Q) is
the operator defined on Lebesgue measurable functions on (0,1) by

1/2 ds
t) = s)—, 0<t<1/2,
s = [ o /
where [ is a convex isoperimetric estimator. In this section we consider the possibility

of characterizing Sobolev embeddings in terms of the boundedness of ;.

Lemma 9. Let Y, Z be two q.r.i. spaces on (0,1). Assume that there is a
constant Cy > 0 such that

(22) 1Qiflly < Collfll,-

Then, there exists a constant C7 > 0 such that

HQIfHY <G HfHZv
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where Qg is the operator defined on Lebesgue measurable functions on (0,1) by

1/2
Qs - | f(S)%, 0<t<l
Proof. Since
B 1/2 ds
Quf ) = xoamOQIO +xann® [ 16)755
1/2 ds
X(0,1/2)(0)Qrf(t) + X2, (t) t f(S)m,

it is enough to prove the boundedness of x(1/2,1)(%) ftl/z f(s)%.
For t € (1/2,1), we have that

/ - fors=— [ / o= | / I

1/2 ds
-/, f(1- S)m (since I(s) =1(1 —s))
Thus
1/2 d 1/2 p
X(1/2,1)(t) ) f(s)Tz) ‘ = IX/21)(t) : f(1— S)T;
Y —t v

1/2

ds
= [[xazn(l — t) f(l1— 8)](5) H (since |||y is r.i.)
Y

1/2
= [|X(0,1/2) (t)/ f(1— 3)%
t %

<C HX(O,1/2)(t)f(1 - t)Hz
<C Hf<t>(X01/2)<1 —1))||, (since |5 isr.i)
<C HX(1/2,1) (t)f Hz <Cfl,- U

Theorem 10. Let Y be a q.r.i. space on (0,1), and let X be a r.i. space on §).
Assume that there is a constant C' > 0 such that

(23) 1Q:flly < Cllfllx
then, for all g € Lip(€2) we have that

inf (9~

=V :
=gl

Proof. Given g € Lip(Q2), by part 2 of Theorem 8, g:’ is locally absolutely
continuous on (0,1). Thus, for ¢ € (0,1), we have that

g% (1) — g*(1/2)] = ‘ / R () ds
= |Q: ((=g2) ()10)) (8.
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Then
gz = gx/2lll, = @ (g2 O16) 0|,
<[|(=g%)" (1) by (23) and Lemma 9)
= IVylllx  (by (16)).
Therefore

int||to -9 0], = - @, < gk - axarll,

= Valllx - O

Theorem 11. Let X be a r.i. space on §2. Assume that oy, > 0 or that there is
¢ > 0 such that the convex isoperimetric estimator I, satisfies that

12 g
(24) /t %gc%, 0<t<1/2.

Then, for all g € Lip(2), we have that

. 1(t)
(25) inf -~

inf (g —c),, () = IValllx -

X

Moreover, if Y is a q.r.i. space on (0, 1) such that

(26) 1Qrflly = Ifll%

then for all u-measurable function g on ), we have that

X A
ol = oz
X
In particular, for all g € Lip(Q2), we get
- « : « (1)
int oo -, = ing |- o072 =Wl

Proof. We associate to the r.i. space X, the weighted q.r.i. space Z on (0, 1)
which quasi-norm is defined by

191, =7 %

X

We claim that there is C' > 0 such that

1Q1fll; < Cliflx,

and therefore (25) follows by Theorem 10.
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) [ rv2 ds \
du < / |f(8)|@)

(since Qp | f] (¢) is decreasing)

(@) 1/2 s ds

= T/t | f(s) E;HX

1/2 ds
< / @IS

= Ifllx (since ay > 0).

Case 1. ay > 0:

1/2 s *
Qs = @(/ f<s>%) <

X

(since 7 decreases)

1(s)

Case 2. The convex isoperimetric estimator satisfies (24). Consider Q; defined
by

Qif(t) = @Qlf(t)'

We claim that Q;: L'(0,1) — L'(0,1) is bounded, and @Q;: L>(0,1) — L=(0,1)
is bounded, then by interpolation (see [13]) Q; will be bounded on X. Thus

10151 <@ 1l = 2 @1y

X
— H@Ql |f] () (since Q| f] (t) is decreasing)

= e, =i

and Theorem 10 applies.
We are going to prove now the claim. By the convexity of I, @ is increasing for

0 <t<1/2, thus
/ @dt < I(s),
o U

X

therefore

o], < [ @ntsmwa= [ %(/jﬁf@»%)&
://@ET(/ W) as< [ irnas =151,

@< sw @< s 107y 2

0<t<1 o<t<1/2 1t I(s)

12 g
< £l sup (ﬂ / d—)§0||f||oo (by (24)).

0<t<1/2 t [(3)

Similarly,
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To finish the proof of Theorem it remains to see that

o

Let Cy be the constant quasi-norm of Y, then

(28) K (X014 () + Fu®)Xaa1/2) @) + fi ) X230 ()
+ Fr®)xemn @)y < 4CE [ fi X012 )]s -

(27) |

fully =2

¢ =

Since f; is decreasing,

[i®)x0,1/2)() < 112/ ? 1](12/ Fi(8)x(0,1/4)(8) (s m
Thus
@) £ Oxem®]; < @I(ﬁxoxmu@«y53)<W2>

1(t/2)
t/2

Y

A

Fat/2)x0,1/0)(t/2)—7—

o

= f;(t)X(0,1/2) (t)T )
X

(by (26))

Combining (28) and (29) we obtain (27). O

Remark 12. If g € Lip(Q)) is positive with m(g) = 0, then it follows from the
previous theorem that
iy L)
g0 2 <1Vl
X
4.2. Nash inequalities. In this section we obtain Nash type inequalities. We
will focus in the following type of probability measures.

Definition 13. Let u be a probability measure on €2, which admits a convex
isoperimetric estimator I.

(1) Let o > 0. We will say that u is a-Cauchy type if
I(t) = c,min(t, 1 — )"/,
(2) Let 0 < p < 1. We will say that p is a extended p-sub-exponential type if
1 1-1/p
I(t) = ¢, min(t,1 —t) <10g m) :
In both cases ¢, denotes a positive constant.

Theorem 14. The following Nash inequalities holds:

(1) Let p be a-Cauchy type. Let X be a r.i. space on ) with ay, > 0. Let
1 < g < oo such that 0 < 1/q < ay. Then for all f € Lip(Q2) positive with
m(f) =0, we have

1 = min (¢ 119 AL + 1] 0 6 (7)r/7)
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(2) Let u be extended p-sub-exponential type. Let X be a r.i. space on ). Let
f > 0. Then for all f € Lip(Q2) positive with m(f) = 0, we have

1fllx = IV AIE IIfII"“ ey

Proof. Part 1. Let f € Lip(Q) positive with m(f) = 0 and let w(t) = ¢t~/
(0 <t<1/2). Let r > 1 and let 8 > 0 that will be chosen later. Then

w(t) o (@Y
80 1l =1l < |02 e @] + |50 (25) xent )
e ¢ +r X0 (1)]| ¢
Fr@O| 8 gyt —ﬁ/a—l/qx( O
Fa@ | 7P sup@ £ ) 777 X0 (1| 5
ML P B”f”q,oo 17277 X 0oy ()| [y (B (13))
tl/aHX + 78 ||f||%C>O /OT t_ﬁ/a_l/q—(éxt(t) (by Lemma 6)
=7 || 2O | ¢+ fll o T(r)-

Let 0 <1/q¢ < v < ay, by Lemma 6,

—a o

' t—B/a=1/q ¢x(t) (bX(T_a) " 4—B/a—1/q+7—1
0 trel— — 0 )

T

At this stage we select 0 < 8 < a(y —1/q), then

/T t—Pla=1/q+y-1 < 7,—a(—ﬁ/a—1/q+'y)7
0

thus
T(r) < bx (e
Inserting this information in (30) and by Remark 12, we get
/1y = (O] ¢+ 1] oo Dx ()
< IVl + 1 Flly o @x (r=)re7.

Part 2. Let f € Lip(Q) positive with m(f) = 0 and let w(t) = (In %)%_1
(0<t<1/2). Let r > 1 and 8 > 0.

¢ )\ "
171 = 145l < [/ 420 2 xracn @ | (%) o)
-5 8(3-1)
<r|[fi(t) <ln %) 4P fa(t) (ln %)
X X
=<7V f||| 16 ,1))+7“ B||f||X (by Remark 12).

We finish taking the inf for r» > 1. U
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Remark 15. Let X be a r.i. space on €2 with ay > 0. Let 1 < ¢ < oo such that
0<1/q < ayx. Then

L¥*(Q) C A(X) C X ().
Effectively, by Lemma 6

1
Il = [ O <51, [5G ar

The last integral is finite since taking 0 < 1/¢ < v < ay, we get

1 1 1
Ox(t) dt:/ ¢l/atr= 1¢);()dt</ a1 o
0 0

0 t1+1/q

5. Examples and applications

In this section we will apply the previous work to the probability measures in-
troduced in Examples 2, 3 and 4.

5.1. Cauchy type laws. Consider the probability measure space (R"™,d, )
where d is the Euclidean distance and p is the probability measure introduced in Ex-
ample 2. Such measures have been introduced by Borell [5] (see also [3]). Prototypes
of these probability measures are the generalized Cauchy distributions®:

1 1/2\ ~(n+a)
d,u(:)s):E<(1—|—|x|2) /> ., a>0.
A convex isoperimetric estimator for these measures is (see |7, Proposition 4.3]):
I(t) = min(t, 1 — t)+e,

Obviously for 0 < t < 1/2, we have

12 ds = t
. gltl/a — ¢1+1/a”

Thus by Theorem 11, given a r.i. space X on R"™ we get

. min(t, 1 —t)+/e . mn
(9—o0), ; = IVyllly, (g € Lip(R")).
X

Proposition 16. Let 1 < p < 00,1 < g < oo. Forall f € Lip(R™) positive with
m(f) =0, we get

(1)

inf
ceR

11l ey = NIV AL
(2) For all s > p

1
11l = IV A7 1172
where § = a(% - 3.

8These measures are Barenblatt solutions of the porous medium equations and appear naturally
in weighted porous medium equations, giving the decay rate of this nonlinear semigroup towards
the equilibrium measure, see [24] and [9].
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Proof. (1) By Theorem 11 we get
e L

I

Now by [13, page 76| we have that

|, = /ol (rz0) )" = /01 (*35:0)" T = Wl

(2) is a direct application of Theorem 14. O

=< |V .
29l

frte

Remark 17. If in the previous Proposition we take p = ¢ = 1, we obtain

(31) 11y 2 NV AL -
1 _ 1 1
If - = + 5, then we get
(82) 11, e = VA1l v

For p > 1 and s = oo, we have that

_B_ 1
(33) 1L, S NIV A Al
Inequalities 31 and 32 were proved in [22, Proposition 5.13]. Inequality 33 was
obtained in [22, Proposition 5.15].
We close this section with the following optimality result:

Theorem 18. Let a > 0. Let X be a r.i. space on (0,1) and let Z be a q.r.i.
space on (0,1). Assume that for any probability measure u be of a-Cauchy type in
R", there is a C,, > 0, such that for all f € Lip(R") positive with m(f) = 0, we get

A PR
Then for all g € Lip(R™)
» A
} gu 7z — gu(t)¥ 0
X
Proof. Let pu be the Cauchy probability measure on R defined by
du(s) = a ds = ¢(s)dz, se€R.

o 1T
2(1+1s]%) 2
It is known (see |7, Proposition 5.27| and [11]) that its isoperimetric profile is given
by
L(t) = o (H\(t)) = a2 min(t, 1 — )"/, t€0,1],
where H is the distribution function of u, i.e. H: R — (0, 1) is the increasing function
given by

Consider on R" the product measure u", by Proposition 5.27 of [7] the function

_ Ca . 1+1/a
[(t) = W mln(t, 1-— t)

is a convex isoperimetric estimator of u™ (¢, denotes a positive constant depending
only of «).
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Given a positive measurable function f with supp f C (0,1/2), consider

Ft):/tf(s)%, t e (0,1),

and define
w(x) = F(H(z)), z€R”
Then,
Va(z)| = fl @) = |-rt@) s | = se)

[ At i) = [ A due) = [ A) ds

Therefore, by [2, Exercise 5, page 88|
|Vu

o () = [7(2).

=/1f<s> &

Since m(u) = 0, by the hypothesis we get

Similarly

| / P67 = il < € = Cpo 5Bl = Con Il
Finally, from
a2l/apt/e
I,(t) = 07] t
we have that
HQIfHZ = 21/a 1/a ||f||X
and the results follows by Theorem 11. 0

5.2. Extended p-sub-exponential law. Consider the probability measure on
R™ defined by

du(z) = Zie_v(x)p dx = p(z)dz
p

for some positive convex function V: R™ — (0,00) and p € (0, 1).
A typical example is V(z) = |z|P, and 0 < p < 1, which yields to sub-exponential
type law.

A convex isoperimetric estimator for these type of measures is (see |7, Proposi-
tion 4.5] and [11]):

1 1-1/p
[(t) = Cp min (t, 1-— ) (10g m) .

By Theorem 11, given a r.i. space X on R" with ay, > 0, we get

1-1/p
%nmmul—ﬂ(bgamTﬁ)
2| t

= IVylllx, (g€ Lip(R")).

In the particular case that X = L™ we obtain
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Proposition 19. Let 1 <r < oo, 1 < g < co. For all f € Lip(R"™) positive with
m(f) =0, we get

(1)
||fHL7"v‘I(logL)1*1/P = H‘vfmr,q
(2) For all 5 >0

L
1A 0q = VA IIfIIZfi (log L)5(-1/7)

Theorem 20. Let p € (0,1). Let X be a r.i. space on (0,1) and let Z be a q.r.i.
space on (0,1). Assume that for any extended p-sub-exponential law ;1 in R™, there
is a C), > 0, such that for all f € Lip(R") positive with m(f) = 0, we get

I7ll, <@

Then, for all g € Lip(R™), we get

g;(t)@ .

Proof. Let i be the probability measure on R with density

o lsl?
Zp
Its isoperimetric profile is (see |7, Proposition 5.25])

du(s) = ds = p(s)ds, seR.

1-1/p
L(t)=¢(H™'(t)) =c,min (t,1 1) (log m) , te]0,1],

where H is the distribution function of y, i.e. H: R — (0, 1) is defined by

Hir) = / ")t

—00
Consider on R™ the product measure p", by Proposition 5.25 of [7], there exists a
positive constant ¢ such that the function

I(t) = cmin (t,1 — ) (log %)1 l/p,

min (¢,1 — ¢

is a convex isoperimetric estimator of "
Let f be a positive measurable function f with supp f C (0,1/2), consider

Ft):/t f(s)%, te(0,1),

u(z) = F(H(x1)), x€R"™

Using the same method that in Theorem 18, we obtain
Yl (=0 and w0 = [ 56)
Since m(u ) =0, by the hypothesis we get

:‘UZ"}Z<C

and define

POl =Cun I fllx-

= Cyp
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Finally, from

we have that

1Qrfllz = Il % -
and Theorem 11 applies. O

5.3. Weighted Riemannian manifold with negative dimension. Let
(M"™, g, 1) be a n-dimensional weighted Riemannian manifold (n > 2) that satisfies
the C'D(0, N) curvature condition with N < 0. (See [22, Secction 5.4]).

A convex isoperimetric estimator is given by

I(t) = min(t,1 — )Y,
Obviously for 0 <t < 1/2, we have

12 ds t
/t s 1/N = +—1/N"

Thus by Theorem 11, given a r.i. space X on R" we get

., min(t, 1 — )YV . o
(9—0), ; = IValllx . (g € Lip(R")).
X

In particular, if 1 <p < oo, 1 < g <o0)and X = LP9 then for all f € Lip(R")
positive with m(f) =0, (1 <p < o0, 1 < ¢ < 00)

1f1lq = !||Vf|||,,q,

where v = m for any p, ¢ satisfying 7+ <p < -N and
And by Theorem 14, we have that

1f1lq = VA 17175

where s > p and = a(% - 1.

inf
ceR
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