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Abstract. We continue our study of Sobolev spaces on locally compact abelian groups. In this
paper we mainly focus on the case of metrizable groups. We show the density of the Bruhat—Schwartz
space in Sobolev space. We prove the trace theorem on the cartesian product of topological groups.
The comparison of Sobolev and fractional Sobolev spaces are given. In particular, it is proved that
in the case of any abelian connected Lie group Sobolev and fractional Sobolev spaces coincide. Most
of the theorems are illustrated by p-adic groups.

1. Introduction

Sobolev spaces are the main tools in the modern theory of partial differential
equations. They give a very natural functional analytical framework for the study of
existence, regularity and qualitative properties of the boundary value problems. Such
kind of spaces are well understood on the Fuclidean space R™ and sufficiently regular
subsets of R" (see e.g. |2, 42]), complete Riemannian manifolds [5, 23]. On the other
hand, Hajlasz [21] (see also [22|) and Shanmugalingam [36] introduced the Sobolev
spaces on metric measure spaces. Such kind of spaces have found applications in
differential equations e.g. harmonic functions on metric measure spaces [37]. There
are also some works on Sobolev spaces in the p-adic context (see |28, 33| and references
therein), and in special cases of locally compact groups such as the Heisenberg group
(see [6, 10]).

The purpose of this paper is to continue the investigation of Sobolev spaces
on metrizable locally compact abelian (LCA) groups. The Sobolev spaces on LCA
groups have been introduced by Goérka and Reyes in [20], where Sobolev embedding
and Rellich-Kondrachov theorem have been proved (see also [16]). In [19] we improved
theorems about continuous and compact embeddings (see also [18] for related result
in the case of countable dual groups). Moreover, in [19] we introduced Sobolev spaces
on subsets of LCA groups and we proved analogue of Rellich lemma for those spaces.
In [17] we have studied Sobolev spaces on locally compact abelian groups in the case
when the dual group is metrizable. We hope that the theory developed here will
shed a new light on the theory of differential equations on metric measure spaces,
e.g. harmonic functions |1, 12].

The remainder of the paper is organized as follows. In Preliminaries we review
some definitions from harmonic analysis and the theory of Sobolev spaces on topo-
logical groups. Moreover, some general remarks about metrizable groups are given
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and the Bruhat—Schwartz spaces are introduced. Then, in Section 3 assuming that
the Bruhat—Schwartz space is contained in the Sobolev space we are able to prove
the density of the Bruhat—Schwartz in the Sobolev space. Moreover, we provide the
class of admissible weights, i.e. such that the Bruhat—Schwartz space is contained in
the Sobolev space. Section 4 is devoted to studying the properties of the Bruhat—
Schwartz space on the cartesian product of groups. Such analysis is crucial to prove
the trace theorem in Section 5. In that section we assume that the dual group is
metrizable and the dual measure is upper [-regular (see Preliminaries for defini-
tions). Furthermore, in Section 5 we prove that in the case of p-adic numbers the
trace operator is surjective. In Section 6 we compare our space with the fractional
Sobolev space. Assuming that the group admits invariant metric and the Haar mea-
sure is [-regular, we obtain some general result about the continuous embedding of
the Sobolev space in the fractional Sobolev space. We show that in the case of con-
nected abelian Lie group, Sobolev space and fractional Sobolev space coincide. The
paper is closed with the Appendix, where some basic facts about p-adic numbers are
contained.

2. Preliminaries

2.1. Sobolev spaces. We use standard notations from harmonic analysis (see
[11] and [24]). Let us fix a locally compact abelian group G. We denote by pe the
unique Haar measure of G and by G the dual group of the group G that is, G" is
the locally compact abelian group of all continuous group homomorphisms from G
to the circle group T. We denote by fig Haar measure (Plancherel measure) on G”.
By e (resp. €) we shall denote the identity of G (resp. G). The L? spaces over G are
defined as usual,

(G) = {f: 6= C: [ 1@l duoo) < oo},

1 llzrey = ( / If(x)l”duc(:v))l/p.

Since the definition of the Sobolev space on locally compact abelian group uses essen-
tially the Fourier transform, we also recall that the Fourier transform on G is defined
as follows: if f € L'(G), then it Fourier transform is the function f: G — C given
by

and we set

i) = /G E@)f(2) duclz).

Now, let us recall the notion of the Sobolev spaces on locally compact abelian groups

(see [20], [18] and [19]).

Definition 2.1. Let us fix a map 7: G" — [0, 00) and a nonnegative real num-
ber s. We shall say that f € L?*(G) belongs to the Sobolev space H:(G) if the
following integral is finite:

/GA (149 IF O dpc(€).

Moreover, for f € H3(G) its norm | f|

H3(G) I8 defined as follows:

/]

we=([ 0 +7(5)2)S|f(€)|2dﬂa(€))1/2.
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For the basic properties of this kind of spaces we refer to [20].

2.2. Metric groups. We now briefly recall the theory of metrizable locally
compact groups. Let us recall that the Birkhoff-Kakutani theorem [25] states that
the LCA group is metrizable if and only if it is first countable. On the other hand,
by the Struble theorem [39], we know that on a topological group exists proper!' and
invariant (i.e. d(z,y) = d(gz, gy) for all z,y, g € G) metric if and only if the group
is second countable. Furthermore, if G is LCA and second countable, then the dual
group G” is second countable too (see [8]).

Next, we recall some definitions.

Definition 2.2. [17| Let G be an LCA group. We say that metrics d: G x G —

R, and d: G" x G" — R are dual metrics if for each character £ € G* and every
x,y € G we have

[€(2) = E@)| < d(€, e)d(, y).
One can easily convince oneself that R", T" and Q) with natural metrics satisty
condition of the above definition?.

Definition 2.3. [17]| Let (G, d, 1) be an LCA group with metric d and the Haar
measure p. We shall say that the measure p is upper S-regular if:

e ( is not discrete and there exists a constant Dg > 0, such that for all » > 0
we have
u(B(e,r)) < Dgr”,
e or, G is discrete and there exists Ry > 0 and Dz > 0 such that B(e, Ry) = {e}
and for r > Ry
u(Be,r)) < Dgr”.
Remark 2.1. The number 8 in Definition 2.3 can be treated as an analogue of

the dimension for groups. Very similar condition appears in the analysis on metric
measure spaces (see [26, 22]).

Remark 2.2. Assuming S-regularity of the dual measure [i, the continuity of the
embeddings of the Sobolev space H3 have been proved [17], i.e. Sobolev inequality
(Theorem 1 in [17]), Morrey theorem (Theorem 2 in [17]) and the Moser—Trudinger
inequality (Theorem 3 in [17]).

Example 1. Suppose G and H are LCA groups with metrics d and p respectively.
If pue is upper n-regular and pg is upper k-regular then the Haar measure pgyg on
G x H is (n + k)-regular with respect to the metric

(d X p) ((gb hl)a (92, h2)) = maX{d(gla 92)’ p(h1> h2)}'3

Having in mind the above example, we can produce the next ones.

Example 2. The Haar measure on Q) is upper n-regular.

Example 3. The Haar measure on Z? is upper d-regular.

In the sequel we shall need the following result.

1On a topological space X, metric d is called proper if balls are relatively compact.

2Dual groups of R", T" and Q are R",Z" and Q) respectively.

31 easily follows from the fact that balls with respect to metric d x p are cartesian products of
balls with respect to metrics d and p and the Haar measure on G x H is the product measure of
pe and g
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Lemma 2.1. Let G be an LCA group which is metrizable with metric d. Suppose

that the Haar measure puc on G is upper -regular. If s > 2, then there exists C

27
such that for every R > 0 the following inequality
/ dpc() < ORF
\B(e,r) (1 +d(e,; z)?)
holds.

Proof. The lemma is very similar to Lemma 1 in [17]. Nevertheless, for the
convenience of the reader we shall give the proof. The proof falls naturally into two
steps.

(1) G is not discrete. Since 8 — 2s < 0, we have

o0

[ bole) S f e
a\Be,r) (1+d(z,e)?)° o/ B(e,2H 1 R)\ B(e,2* R) (1 +d(z,e)?)’

= (2¢'R)”  28D,RA

S Dﬁ 22skR2s o 1— 26—23 :
k=0
(2) G is discrete. If R > Ry, then the proof runs as before. Now, for R < Ry we
have

d d 2RI 2P RO
/ L(l’)%g:/ %SDﬁﬁgDﬁW'

\Be,r) (1 +d(7,e)?) G\B(e,ro) (1 +d(z,€)?) 1 =202 1 —2072
[

2.3. Bruhat—Schwartz classes. Bruhat-Schwartz class was first introduced
by Bruhat in [9]. We will use one of the equivalent definition given by Osborne in [32].
It turns out that this class is very suitable for the theory of Sobolev spaces on LCA
groups.

For the convenience of the reader we recall the relevant material from [32] without
proofs, thus making our exposition self-contained.

Assume that S is a symmetric subset of an abelian group G, i.e. S = S~!. Denote
by (S) the smallest subgroup of G containing S i.e.

(S)y ={ajay...a,b byt .. bt a, b € S, nym > 1},
where S ={ay---a,: ay,...,a, € S}.
Remark 2.3. From symmetry of S it follows that
(S) ={a1ay...an: a; € S,n>1} = US".
n>1

Definition 2.4. [32] Let G be a locally compact group. We say that a function
f € L*(G) belongs to the class A(G) if there exists a compact set C(f) C G such
that for all n > 1 there is a positive constant M,, such that for all £ > 1

< Mpk™".

Hf‘G\C(f)’c L°°(G)

Remark 2.4. [32]

(i) Sets C(f) can be enlarged at will i.e. we can add to it any compact set
without changing the inequality in the definition of A(G). From now on we
will assume that C'(f) contains an open neighbourhood of the identity of G.

(i) A(G)L>*(G) C A(G).
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(iii) f vanishes p-a.e., off (C(f)).

In general, when some function f € A(G) is given, it might be very hard to find
a compact set C'(f) from the above definition. This gets even more complicated if
we need to find those sets for more then one function. Next lemma gives us a simple
solution for such problems.

Lemma 2.2. Let G be an LCA group which is compactly generated i.e. there
exists a compact set such that

G=JmuK)"
n=1
Then there exists a compact set C' which is an admissible set for any f € A(G) i.e.
for any n there exists M, such that for every k

< M,k™".
Loo(G)

Proof. Let us take f € A(G). Then there exists a compact set C(f) such that
for all n there exists M, (f) such that for all j the inequality holds
|f(@)] < Mo (f)j"

for almost all € G'\ C(f)’. Since G is compactly generated, there exists an open
neighbourhood U of eg with compact closure C' := U such that

¢=ur=Jo
From this, it follows that there exists m(f) such that C(f) c C™). Thus, without
loss of generality we can assume that C'(f) = C™). Observing that
My (f)j™" = Mu(f)(m(f))" (m(f)7)™"
and denoting M,,(f)" = M, (f)m(f)", we get that

(1) |f(@)] < Mo (f) (m(f)5)™"
for almost all z € G\ C(f)’ = G\ C™). To prove that C can be taken as a compact
set in the definition of f € A(G) we need to show the above inequality for all natural
numbers. In order to do that, we only need to show an appropriate inequality with
E=m(f)j+1,m(f)j+2,....,m(f)j+m(f)—1. To do that fix k = m(f)j + s for
some s € {1,2,...,m(f) — 1} and observe that
My (F)(m(f)g)™" < Mu(f)2"(m(f)j + )"

Denote M/ (f) = 2"M/(f). Since G \ C™Vi*+s ¢ G\ O™ we can apply inequal-
ity (1) to get for almost all z € G\ C™)i*s the inequality

[f(@)] < My (f)(m(f)5)™" < My (f)(m(f)j+ )"
Therefore, we have proved that C'is an admissible set for any function f € A(G). O

|07

From the proof of the above lemma, we get the following corollary.
Corollary 2.1. Let G be an LCA group which is compactly generated. Suppose
that U is a subset of G satisfying

(i) U is an open neighbourhood of the identity,
(ii) U is compact,
(i) G = U™
Then C := U is an admissible set for all f € A(G).
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Lemma 2.3. [32] Let G be a locally compact group. If f € A(G) then for each
positive integer n there exists a constant M, such that for all k > 1 we have

/ (@) dulz) < Mg
C(HFINC(f)F

Corollary 2.2. [32| Let G be a locally compact abelian group. Then A(G) C
LY(@), and for all n there exists a constant M such that for all k > 1

< Mk
L1(G)

Hf‘G\C (f)*
Next, we introduce the Bruhat—Schwartz class S.

Definition 2.5. [32| Let G be a locally compact abelian group. We say that f
belongs to the Bruhat-Schwartz class S(G) if f € A(G) and f € A(G").

Remark 2.5. From Corollary 2.2 we have that A(G) C L'(G). Since A(G) C
L>(G) it follows that A(G) C LP(G) for any p > 1. Indeed, from the Holder

inequality we have
/G\f(x)\p dp(x) < || fl= I fllz -
It follows that if f € S(G), then f € LP(G) and f € LP(G") for any p > 1.

Indirect application of Corollary 2.1 leads us to the following examples.

Example. *
e S(R") = {f € C*(R"): Va, 8 sup,egn |2°0° f(x)| < 00},
e S(Z')={f:2"'— C: VM >0 sup,cz (1 + ||:)3||2)M|f(:)3)| < oo},
o S(T") =C>(T"),
e 5(Q)) = { f:Q, — C, fislocally constant function with compact support}5.

3. Density of Bruhat—Schwartz class in Sobolev spaces

In the celebrated paper [30] Meyers and Serrin proved the fundamental result
about density of regular functions in Sobolev spaces on R™. In [17] we have proved
that H:(G)NC(G) is dense in H3(G). Nevertheless, the mentioned theorem from [17]
is not enought to develop the theory of Sobolev spaces on LCA groups. Therefore,
in this section we prove the density of Bruhat—Schwartz space in Sobolev spaces.

First of all, we need to recall the following crucial theorem.

Theorem 3.1. |9, 32| Let G be a locally compact abelian group.

(1) The space S(G) is a dense subset of L*(G).
(2) The Fourier transform is a bijection from S(G) onto S(G").

Now, we are in position to formulate and prove the main result of this section.
Theorem 3.2. If S(G) C H3(G), then S(G) is dense in H3(G).

Remark 3.1. Let us stress that in the above theorem we do not assume metriz-
ability of the group G.

4Presented examples are known in mathematical community. Although, to the best our knowl-
edge, the proofs appear in no academic publication except for [29]. We are maintaining this tradition
and we aren’t also presenting the proofs.

SComplex-valued function 1 is locally constant if for each point x there is an integer I(z) € Z
such that 1(z + 2') = ¢(z) for each 2’ € By, ) = {z: ||z[l, < p! @} (for details see [3]).
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Proof. Let us assume that u € H3(G) and (u, f)gs(@) = 0 holds for all f € S(G).
Since

(U, f)H;(G) = (F(U) (1 + 72)Sa F(f))LZ(G/\)a
we get that for all f € S(G)
(F(U) (1 + 72)87 ‘F(f))LZ(GA) = 0.
Moreover, because F: S(G) — S(G") is onto, we have that for all h € S(G")
(F (1427 ) sy =

Hence, by density of S(G") in L*(G"), we get that

Flu)(14++%)" =0,
and v = 0. This finishes the proof. O

3.1. Admissible weights. In Theorem 3.2 we have seen that the sufficient
condition for density of S(G) in H3(G) is the inclusion S(G) C H3(G). Therefore we
will study the class of weights « for which the inclusion S(G) C H3(G) holds. Let
us start our journey with the following counterexample.

Example 4. Let us consider H3 (R") with 7,(§) = exp (LEIF) Then the func-
tion p(x) = exp(—ml/z||?) is in Schwartz class S(R™) but does not belong to the
Sobolev space H3 (R"). Indeed, the Fourier transform of ¢ is

(&) = exp(=l|€]]*).
Therefore, v¢(€)¢(€) = 1, which clearly does not belong to L?*(R™). Thus, ¢ is not
an element of the Sobolev space HS (R").

The example shows that the weight can not grow too fast at “infinity”. Now,
assuming that the weight is sublinear, we prove that the Bruhat—Schwartz class is
contained in the Sobolev space.

Proposition 3.1. Let G be an LCA group. Suppose that v: G" — [0, +00) is
bounded on compact sets and is subadditive i.e. for each £,m € G" we have
v(&n) < (&) + ().
Then for any s > 0 the inclusion holds S(G) C H3(G).

Proof. Let us take f € S(G) and let C' C G” be a compact set from the definition

of f e A(G"). Since 7 is bounded on compact sets, there exists a constant ¢ > 1
such that
v(&) <c¢ forall £ € C.

From the subadditivity of ~ follows that for £&,n € C

V(&n) < 2¢.
Therefore, by induction for ¢ € C* we get that
(2) 7(§) < ke

We have
| G2 @) 1P diae

= / (122 ©)IF©F dita(€) + / (1) 1F QP ditc(€) = I + L.
GMN\C

C
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The second integral I, can be estimated as follows
I = /C (1+72E)) 1FOP dic(€) < (14 A) | fIPmionyia(C) < oo,

Since f = 0 a.e. on G\ (C), by Remark 2.3 we can rewrite I; as follows

o0

n=3 [ 0O VOP e

Lemma 2.3, inequality (2) and Corollary 2.2 allow us to estimate the integrals in the
following manner

/W\Ck (1+ ) ()P dic(e)

<O+ e ) W lion [ 1)

< (1 (k4 1)°¢) || fll oe oy My
< 23SC2SM;L||f||Lm(GA)k2s_n,

where n can be chosen arbitrarily large. Thus, taking n > 2s + 1, we get

B=3 [ @ HO) IO P dic(€) < M Flaman 3R < e,
p—1 7 CFTI\Ck k=1
which ends the proof. O

Remark 3.2. In fact, we have proved that

{f € L}G): f € A(GM)} C H:(G).
As a corollary we obtain the following result.

Proposition 3.2. Let G be a Iocally compact abelian group and s > 0. Suppose

that there exists an invariant metric d on G" and define v(§) = d(¢,é). Then S(G) C
H(G).
s

Proof. Due to Proposition 3.1, it is enough to prove that () = aAl(f,é) is
subadditive. Since d is invariant, we obtain

v(&n) = d(én,é) = d(n, &)

) n’
d(n, ) +d(e,&") = d(n,e) +d(£,) = 7(n) +7(&),
and the proof follows. O

>

~

o =

IA

Proposition 3.3. Let G be an LCA group. Suppose that v: G" — [0, +00) is
such that for each compact set C' C G there exists § > 0 and M > 1 such that for
each number k > 0 we have

HV‘CkHLoo(G (MF)"”.

Then S(G) C H3(G) for each s > 0.
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Proof. Let ¢ € S(G) and let C C G” be a compact set from the definition of
A(G") for ¢. Let us fix n > 2s5 + 1, then from Lemma 2.3 we have

/G (1) RO diel€)
:/C@ﬂ()) GO diia(€) +z/ (1+72() 16 dia(€)

k+1\ck
<@+ ) [ P dic)
“+00
F3 M) el [ 10 i)
k=1 CH+1\CF
+oo
< (14 M) lpl3 + 2202 e Y (2K Mk
k=1
+oo
= (1+ M%) llll3 + 202N M| @l|oe D KT < oo,
k=1
and this proves that ¢ € Hi(G)' O

4. Bruhat—Schwartz class on cartesian product of groups

Let G and H be locally compact abelian groups. We will study the properties of
the spaces A(G x H) and S(G x H). Let f: G x H — C and let us fix z € G. We
denote by f,: H — C the following function

fz(y) = f(x,y) forally e H.

Let us recall some basic properties of multiplication of compact sets (see [32]),
which will be needed in the proof of the next theorem.

Lemma 4.1. Let G be a locally compact abelian group with Haar measure .
If C' is a compact set containing an open neighbourhood of the group unit, then

(a) there exist a natural number m and points z1, ..., z,, € G such that
C?*czCU...x,C,

(b) there exists a natural number m such that for each k > 1 the inequality holds
p(C*) < K" pua(0).

Now, we are in position to formulate and prove the properties of restriction for
functions from the space A(G x H).

Theorem 4.1. Let G and H be LCA groups, then:
(i) If f € C(G x H), then f, € C(H).
(i) If f € A(G x H), then f, € A(H) for a]most allz € G.
(iii) If f € A(Gx H)NC(G x H) and g(z) = [, fo(y) dupu(y), then g € A(G) N
C(G).
Proof. Let us denote by mg and my the projections of G x H onto G and

H respectively. If C(f) is a compact set from the definition of A(G x H), then
C(f) C ma(C(f)) x mu(C(f)). Therefore, we can assume that C(f) = A x B for
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some compact sets A and B. We can also enlarge those sets if needed so they contain
an open neighbourhood of the group unit.

(i) The continuity of f, is obvious.

(ii) From the definition of class A(G x H), we have that for all n there exists M,
such that for all k£ the following inequality holds

Hf‘(;xH\AkxngLoo(GxH) < M, k™"

In particular, we obtain

Hf‘GX(H\Bk)HLOO(GXH) < M"k_n'

Hence, by the Fubini theorem we get the existence of sets A, C G and B, 1, C
H\ B* with z € A, such that uc(G\ Anr) =0, ug(H \ B¥\ B,x.) = 0 and for
all x € A, and y € B, ., we have

Next, we define the set A = ﬂnk A, i, of full measure. Therefore, for each z € A, all
k,n and all y € B, j » we have

f(z,y)| < Mnk™".
In other words, we get that for almost all x € G and for all n, k

Hf(:c, '>‘H\BkHLo<>(H) < Mk,

and from that the proof of (ii) follows.

(iii) Assume that f € A(G x H)NC(G x H). From the proof of (ii) we see that
f. € A(H) for all z € G. Therefore, by Corollary 2.2 we have that f, € L'(H) and
so forallz € G

|g(z)| < +oc.

First of all, we will show that ¢ is a continuous function. For this purpose we fix a
point o € G'and € > 0. Let V C G be an open neighbourhood of z, such that V is a
compact set. Furthermore, let A := AUV where A is a set from the proof of part (ii).

Then, we have

Hf‘GXH\AlXBlHLOO(GxH) S anl—n

Since f is continuous, from the above inequality we get in particular that for all
ze Al and all y € H\ B

|f (@, y)| < Myl
Since f, € A(H) for x € G, we have f, = 0 almost everywhere outside (B). There-
fore, for each fixed k£ we have

[e.e]

z, )| dup(y) = z,y)| dpg z,y)| dpg
[l = [ el 3 [ ) dn

=3 [ el o)

By Lemma 4.1, we get that there exists mg such that for all [ > k and each 2 € A
the following inequality holds

/ . |f (2, )| dpn(y) < Mol " pg (BT < Mol7" (14 1) pp (B)
Bi+1\B

< 9mo N, u(B) o™,
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Next, let us take n = mg + 2 + N, then

/ \ 1 y)l dpnly) < 22 O Mg o v p(B)T2 N < 270 My o npp(BYEN D 172
H\B 1=k

Denoting My = 2™ Moy nymei(B) Yo, 172, the above inequality takes the following
form

[ 15 dty) < 2
H\BF

for all k, N and any x €~f~1k. Subsequently, we fix N = 1 and taking k large enough,
we get that for all z € A*

g [, 5wl o) <

| ™

Furthermore, since f is a continuous function on a compact set V x B¥_ it is uniformly
continuous. It follows that there exists an open neighbourhood U,, of z( such that
for all y € B* and all z € U,, we have

(4) f(2,y) = f(xo,y)| < e/2u(BY).

Therefore, gathering (3) with (4), we get for x € U,, C A" the following inequality

@) ~9(eo)| < [ VGl 150wl ) + [ 17) = fGan, )ty
H\B

< 2e/4+ p(B*) - e/2u(B*) =¢,

which completes the proof of continuity of g.
Next, we will show that g € A(G). By assumptions, for all n there exists M,, > 0
such that for all &

Hf‘GxH\A’“Xy“ L>(GxH) < gMah™"
Therefore, we obtain
(5) |flz,y)| < Muk™  for (z,y) € (G\ A*) x H
and
(6) |f(z,y)] < My k™ for (z,y) € G x (H\ B*).

Reasoning just like in the proof of continuity of g, by inequality (6), we get that
for all n there exists a constant M), such that for all £k and all x € G

(7) /H Ml dunty) < M

Let us recall that by Lemma 4.1 there exists a constant ny such that for all &
u(B") < k"u(B).

Therefore, gathering the above inequality with estimates (5) and (7), we obtain for
all z € G\ A* the following inequality

o< [ o)+ [ 150l din(o) < Mk B M

Bk
< (M, + u(B) M, )k

From this, we obtain that g € A(G) and the whole proof follows. O
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Next, we formulate and prove the properties of restrictions from the Bruhat—
Schwartz space S(G x H).

Theorem 4.2. Let G and H be LCA groups. If f € S(G x H), then

(a) If € € G" and g(y) == f,(€), then g € S(H).
(b) For ally € H and £ € G the equality holds

A = [ alF€n) it
(c) Ify € H, then f, € S(G).

Proof. (a) Since each £ € G” is a bounded continuous function, it follows that
multiplication of f by such a function is still in A(G x H) N C(G x H). Therefore,
by virtue of Theorem 4.1 we get that

/5 (2, ) du(x) € A(H) 0 C(H).

Furthermore, from the definition of the Fourier transform we have

fle) = /G ) ducnle ) = / / @) 1)/ () duc(e) dun(y)
Z/H@f(ﬁ)dxm() /Hn<><>duH<> i),

Above equality means that § is a restriction of f to the dual group H”. Hence, since
f e A(G" x H") N C(G" x H"), by Theorem 4.1 we conclude that §j € A(H").
Therefore, g € S(H) and this finishes the proof of (a).

(b) Let us note that the Fourier inversion formula is valid for functions from the
Bruhat—Schwartz class. Thus, for all y € H we have

®  LO=a)= [ awat)diutn = [ o) dinto),

(c) Since f € A(Gx H)NC(Gx H), from Theorem 4.1 we get f, € A(G)NC(G).
On the other hand, we have that the following function
u(€,m) = n(y) f(€n)

belongs to A(G" x H") N C(G" x H"). Thus, application of Theorem 4.1 to (8)
yields f, € A(G), which completes the proof of Theorem 4.2. O

5. Trace of Sobolev functions

In this section we prove the trace theorem on the product of groups. For the
classical trace theorem in the Euclidean space we refer to the paper of Gagliardo [13]
(see also [31, 41, 42]).

Our main result of this section is the following claim.

Theorem 5.1. Let G, H be LCA groups such that H" is metrizable with a
metric d and equipped with an upper [3-regular measure fig. Suppose that v: G" X
H" — [0,+00) and 7: G" — [0, +00) satisfy, the following relation:

Ve e G e HY (& m) > 7(6) +d(n.en).
If s > 3/2 and S(G' x H) C H5(G x H), then there exists a linear operator

. s 3—6/2
T: H(G x H) — H7*(@)
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such that
1) VfeS(Gx H)Vz e G(Tf)(z) = f(x,eq).
2) Vf € H3(G x H) TS| yz-s3) < CllF e

Proof. Let us take f € S(G x H) and define g € S(G) as follows
Vre G g(r) = f(z,en).
From point (b) of Theorem 4.2 we get the equality
§&) = | & m) dju(n).

Furthermore, it follows that

? (1L+2m)" P

dirg
(152,

< [ e 1R it [ 026 m) o)

F(&,m) dita(n)
H/\

f&m)
H/\

H/\
Now, we claim that there exists a constant C' > 0 independent of £ such that
-5 .. ~ 2—s
(10) [ €m) dimtn) < (14 7).
H/\

Indeed, using assumption on vy we have

/ dfizn (1) / dfin (1) |
wn (L+22Em)" ~ Jun (1+32(8) +d(em,n)?)

From Lemma 2.1 we get that for any » > 0 we have

| i) _ o
HM\B.r) (14 d(éw,n)?)
We need to consider two cases.

1) When H” is not discrete, then taking r = 1+ 4(§) we get

[ i (1)
(14 3%(8) + d(ém,m)?)”
[ L — i 1)
Bens) (1+75%(€) +dew,n)?)”  Jumbean (1+32(8) +d(én,n)?)’

< mﬂH(B(éH, r)) + CrP=2

< Ds(1+7(9) "(14+59)" + C(1+5(€)" "
< 2°2D,(1+5%(9)) (1 +5%(9)" + 27 (14 77(€)
= (2°2Dg + C2°1%) (1 +3%()) >,

2) If H" is discrete, then we have two possibilities.

(i) If Ry <7 =1+7(&), then we repeat the proof for not discrete groups.
(ii) If Ry > r =1+ 5(&), then from Definition 2.3 we have

dﬂH(U) o 1

/B(éHﬂ“) (1+752) +d(ém,m)?)”  A+7%(E)*
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Therefore we can finish the proof of (10) exploring the methods from 1). This
finishes the proof of inequality (10).

Now, if we combine (9) and (10) we get
HOP<C+7€) " [ (L4 en) e P din(o)

The process of multiplying the above inequality by (1 4+ 42(£))*~#/2

over G" leads us to the following inequality

and integrating

HgHHﬁ/’ﬁ/Q(G) < C||f||H§(GxH)-

This shows the continuity of the linear operator T': H3(G x H) N S(G' x H) —
@)
5 :

Finally, using Theorem 3.2 we get that S(G' x H) is a dense subset of H(G x

H), thus by the usual limiting argument we can extend our operator to the whole
H3(G x H). This completes the proof of the theorem. O

It is well known that the trace operator 7: H*(R™) — H*"'/2(R"7!) is surjective
(see e.g. [42, 31]). In the next subsection we shall prove that the trace operator is
surjective in the case of p-adic numbers. Nevertheless, it is not clear if the surjectivity
of the trace operator holds for the product of any two LCA groups. Even it is not
at all clear in the case of the torus T". Hence, it is natural to state the following
problem.

Open problem 1. Is T: H*(T") — H*'/2(T""!) surjective?

5.1. Trace theorem on Q7. In this section we shall study the Sobolev space
H*(Qp) on p-adic group Qp [33, 40]. Let us recall that

Q) = {u e IAQ): /Q

Remark 5.1. There are many equivalent norms on H*(Qy). We shall use the
following equivalent norms

ol = [ max(1 el i) e

(1+ [1€12) a(e)|? de < oo}.

n
P

and

ol = [ [ (L) + b a0 e

Our goal is to show that the Trace operator T: H*(Qr) — H*"*/*(Q:~") con-
structed in the previous section is surjective.

Theorem 5.2. Assume that n > 1 and s > 1/2. Then the Trace operator
T2 HY(Qp) = HA(Qp™)

p
is surjective.
Proof. Let us denote
Lo it g, <1,
wl€) = { ’

p~ 7, it |¢'||, = p” for some v > 0.

Then clearly
|w (&)l = max(L, [|€']],),



A second look of Sobolev spaces on metrizable groups 109

and we can write the equivalent norm on H*(Q,) in the following manner
By = [, [ (0@l +16l,lae)? s de'
Q' /Qp
Now, in order to prove that 7' is onto we take v € HS‘%(Q;‘_l) and define

~ el NN INES| &n
€6 = 2O o 2 )
where ¢ € §(Q,) is a characteristic function of a unit ball B(0,1) in Q,.
We claim that o € L2(Q;‘). Indeed, by substituting &, = tw(¢’), with the Jaco-

bian |w(¢')|, we have
T pr—
L ¢ () e = el

iliap = [ / )Pl |“(wfg,))dgndf'

e .
‘/ ey, % = 1Pl

Therefore, there exists v € L*(Qy) such that @ = a.

Now, we shall prove that v € H*(Qy). Using the change of variable formula, we
have

hence

/ (o) + €l L€, E)[2 dés

Qp

— w/ 25ﬁ/2w/—22 fn
= [ @l + b PRl (i ) e

=/ (Iw(€)lp + [t (E)]p)*[0(8) Plw (&), '™ (1) dt

Qp

= Iw(f’)|§s‘1|@(§’)|§/ (14 [tlp) ™ (1) dt < 2% |w (&) 0 (8-

P

From the above estimates, we get that

ull3 qp < 2 /Q @R o) d = 27 ol gy

P

Since the last norm is equivalent to ||v]

He-1/2(qr-1y, we conclude that u € H*(Qp).
Finally, we shall prove that 7w = v. Let us observe that®

(11) / ale &) d, = o(E).

P

Let fr € S(Qy) be such that fi — u in H*(Qp). This implies that T'fy — Tu in
H*'2(Qr~!) and in particular we have

Tf,—Tu in LA(Q7Y).

This follows from the identity |, @ t)dt = 1.
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We will prove that T'f; — 9 in L?(Qp~") which will show that Tw = v. Since
fr € 8(Q}), by Theorem 4.2 we get

Th(&)= | fil.&)dé..
Qp
The Schwarz inequality yields

‘ [ (e e - it &) des] < /Q o€ 6) — il 6,)|de,

dgn . 9 1/2
< (/me/() (1+1&12)° ‘fkf &) —a(é, &) d€n) ‘

P

Since s > 1/2 and Q,, is 1-regular, we have that the integral
d&n

C .= —
Qp (1 + |£n|§7)

is finite. Hence, using (11) we get

/Q o ITfe(e) — 0(&)|* de’ = /Q ‘ /Q p (ful€, &) — Al ) dé, 2
<[ (o e -uecrt )

< Ol fw - UH%{S(Q;);

which completes the proof. O

de’

6. Sobolev versus Aronszajn—Gagliardo—Slobodecki

In this section we deal with fractional Sobolev spaces on LCA grups equipped
with a f-regular Haar measure. We study their connections with Sobolev spaces.

Definition 6.1. Let G be an LCA group with a metric d and let s € (0,1).
We shall say that u € L?(G) belongs to the fractional Sobolev space H, 5(G) if the
following Slobodecki seminorm

//|u ;(;y5+2s d/iG(SC)d/iG(y)

is finite. Subsequently, we define the norm in the following way

s = lull e + [uls s

It is an easy exercise from functional analysis to show that H,3(G) is a Ba-
nach space. On domains of R"™ the above space has been introduced by Aron-
szajn, Gagliardo and Slobodecki (see [4, 14, 38]) and in the literature is also called
Aronszajn—Gagliardo—Slobodecki space. The definition of fractional Sobolev space
uses only the existence of a metric and a measure on LCA group. In order to get
some deeper results we will also require existence of a dual metric.

Theorem 6.1. Let G be a non-discrete LCA group such that d and d are dual
metrics. We assume that d is an invariant metric and p is an upper [3-regular measure.
If s € (0,1) and v = d, then

Hi(G) — ’HS,Q(G).
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Moreover, there exists C' > 0 such that the following inequality holds

o) < Cllu|

H3(G)

for each u € H3(G).
Proof. Let us take u € H3(G). From the definition of a fractional Sobolev

seminorm we have
|u

Since d is invariant and G abelian, by substituting z = x — y and by the Fubini
theorem, we get

|u(z + y) — u(y)?
/ d(z, e)B+2s duc(y) dpc(2).

We claim that
(12) o= [ 1aOPAE (),

where

€(2) —1|2
&= | o ()

Indeed, by virtue of the Plancherel theorem we have

85 (= —iz_ye 57233@)‘ dug(y) dpc(z) = /G (d( ;ﬁ/ —|—s( ) L) dpc(2)
u(z + ) —u(-) 2 . £(z)a(€) —a(é) ’ 5
( G ) ) . dpc(2) —/G d(z, e)B2+s e duc(z)

/ /G 'gz ) ﬁﬂj (&) di (€) dpa(z) = /G QP AE) i ().
Our next goal is to prove the existence of C' such that
(13) A(§) < Cd(g,e)
Let » > 0, then
w0 [ i) [ O e
(£,€)

1
Y 4 -
(z,€)B+2s duc(z) + /G\B(e’%) d(z, e)Btes

dug(Z) = ]1 + 4[2
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Taking r = d(, é) and using S-regularity, we estimate I, and I, as follows:

o0

. d(z,e)?
d(¢, ey’ Z/B( 1 1 )Wdug(z)

i=1 G’E)\B(evgiﬂr
1

7 ~ C 1 ? i B+2s 1 g s 7 ~\2s
d(g, 6)2 (%) (2 +1 ) CB (22 ) = 05254‘2 d(g, 6)2 m
i=1

]2 < Z/ ¥d/~LG < ZC 22+1 —1 (2ir_1)_ﬁ_2s
B

— I Blegitir\Ble2ir1) d(2,€)P T2
1
1 _ 2—28 :
This finishes the proof of (13). Hence, we conclude that

s < C [ dle e di(©)
Furthermore, since v = d we see that

s < C [ AOFIE P dic(o)

and this proves the theorem. O

| N

IA

= Cp2%d(¢, e)™

6.1. Examples. In this subsection we provide examples of topological groups
for which Sobolev space and fractional Sobolev class coincide. We start with a very
natural example, namely with the cartesian product of the n-dimensional euclidean
space R"™ with the m-dimensional torus T™.

Theorem 6.2. Let G = R" x T™, then for s € (0,1)
Hoi(G) = H3(G), 7
where | = n +m and d is a canonical metric on the dual group G".

Remark 6.1. If it is well known (see |27, C Theorem|) that any abelian con-
nected Lie group G of dimension [ has the following form

G=R"xT"
for some n, m > 0 such that n +m = [. Thus, from the above theorem follows that
Hsi(G) ~ H*(G), where | = n + m.

Proof. If m = 0, then the theorem is well known in the literature (see e.g. [31]),
if n =0, then Theorem 6.2 has been proved in [7].

Since for G = R™ x T™ the assumptions of Theorem 6.1 are satisfied, we have
H3(G) = Hsnim(G). Hence, we need to show that there exists a positive constant C
depending only on dimensions n and m such that

(14) ]
Let us stress that the quantity A introduced in the proof of Theorem 6.1 has the

following form
sin? 7(éx + ky)
A& k) / / d"xzd™y,
(1am Jre T2 4 f|y|[2stntm

where £ € R" and k € Z™ .

aes@rxrm) < Ollwflag, o ®exTm)-

"This equivalence means equality of sets and equivalence of corresponding norms.
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We shall show that there exists C' such that for (¢€,k) € R™ x Z™\ R" x {0}
(15) A& k) = C (Il + [1k1*).
For this purpose we define the following quantity
M := max (max|&|, max [k;|).
Now we can assume without loss of generality that £ = (&1,...,&,), k= (k1,. .., k),

where §; > 0 for 1 <7 < pand k; > 0 for 1 < 5 < g, and other position of those
vectors are negative. Then we can estimate from below A(¢, k) by

[ |ty e

|2s+n+m + ||y || 2s+n+m

o[- AT R
A A A A A A A A ’
and A = 4M(m + n).

On the set D we have

(16)

where

1

3
- < < —.
4(m +n) Slrthy < 4

Indeed, let us write
+ (gp—l-lxp—l—l + -+ gnxn + kq—l—lyq—i—l + -+ kmym>

and notice that all ingredients in the first bracket are non-negative since all ingredi-
ents of the sum are factors of two non-negative numbers, and all components of the
second bracket are non-negative since each product is a factor of negative numbers
by assumption of numeration of coordinates of £ and k. It follows that from non-
negativity of each ingredient that £x + ky is bounded from below by any &;x; and
kjy; for any i = 1,...,nand j = 1,...,m. From the choice of M there exists ¢ or j
such that |§;| = M or |k;j| = M. It follows that §& = M or §, = —M or k; = M or
k; = =M, so
Myj, if ]{Zj > 0,

x4 ky > —Myj, if k‘j < 0,

Each term on the right side of this inequality we can estimate from below by
1/4(m + n). To estimate £x + ky from above we observe that

3 3
<M s 0
Ex+ ky < (m+n)4M(m+n) 1
Therefore, from (16) we get
T

m2200>0.

sin®(m(&x + ky)) > sin®

Hence, we can bound A as follows

dx, ...dxydy, . ..dy;
A(g’ k) Z CO/ o '/Hx||2s+n+m + ||y||2s+n+m'
D
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Next, by changing variables M (n +m)x; = z;, M(n+m)y; = t; we get that the RHS
of the above inequality is equal to

zd™t
2s 2s = 2s
(m_'_n M 1 3 m /1 3 n || ||2s+n+m + ||t||2s+n+m ClM ’
ZZ 71
where
zd™t
Cl = Co 2 2
l g l § n ||Z|| s+n+m_|_ ||t|| s+n+m’

Moreover, from the definition of M we have

S 1 S S
M? > m(“ﬁ“z + [|&[**).

Thus, inequality (15) follows with C' = — +ms.
Subsequently, we consider the case k = 0, £ € R". We have the following string
of inequalities

102
sin(wéx)
A= / / d*xd™y
g Jpag<r ofPrmtm 4 [y [2ernm
sin?(réx
_ / / RN i
lefi<1 J - (|l Tyl
sin?(méx)
§ / / d"yd"z
lali<t i<y Nl2tmtm 4 [|y|[2etntm

S / / sin?(7éx) Iy Win / sin?(méx) i
> yd'sr = — —————=d"x
lel<t i<y 122 mtm 4 ||z ||2stntm 2 Jgpcr lzffPtm

where by w,, we denoted the volume of unit ball in R™. Thus we proved that

Win sin?(réx)
9 |2|[2s+n

(17) d"z < A(€,0)

2 Jipi<a |
for £ € R™.
Now, we are in position to prove inequality (14). We have

lullZs = Z/ (L + 111 + [1&]*) (e, k)[* "¢

keZm

=5 [ e it P

k#0
* / (1 + IEI*)ae, 0 dve = Jy + Ja.

From inequality (15) we get

Ji < max(1,1/C) Z/ (14 A(&, k))|a(E, k)2 dne.

k0

Furthermore, let us recall the identity (see [31, Equality (3.12)])

sin?(7éx)
[ e = Culier®
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o= (2%)5/ 1 —coszy dx
Rn

2 HLU||”+2S

In this way, combining the above fact with inequality (17) we have

where

S T — / €12 li(e, 0)2dne

sin? 7T T R "
= e + g [ ) afae, 0)P e

<1 ]t

sin?(réx)
d"zla(€, 0)]* d"¢
C'ns/"/|gc||>1 Hx||2s+n

2 X C. N n
S ||u||L2(R"><Tm) + Cn,SCm /R" A(§,0)|u(§,0)|2 st /n |u(€>0)|2d 5?

1
Cy = / L
lzl>1 [1][25T

2 C2 ~ 2 gn 2
nzmax( o2 ) ([ ACOREOP T+ lulre )

Combining estimates for J; and J, we get

%{s < (max(l,%) —I—max(c 20 ,1—|—CC,72 ))
(X [ AR DR e+ Tl )
keZ'm

Therefore, taking into account identity (12) from the proof of Theorem 6.1, we get
inequality (14) and this finishes the proof of the theorem. O

where

Hence, we obtain

]

Next, we consider a little more exotic example. Namely, we shall prove the
equivalence of fractional Sobolev and Sobolev spaces on Q.

Theorem 6.3. Let s € (0,1), then
Hon(Qp) ~ HY(Qp).

Proof. Since the Haar measure on Qj is n-regular, from Theorem 6.1 we have

H*(Qp) — Hsn(Qp). Thus we need to prove the opposite embedding. But let us
see that it is enough to show the existence of a constant C' = C'(n, p, s) such that for

all € € Q7
(18) A(¢) > Clig|z

where ,
1

Let us fix £ € Q. If £ = 0, then inequality (18) is satisfied. Thus, we assume that
€11, = [|€]]p- Note that simple algebraic operations give

[(x) — 1* = 4sin®(7{¢ - a},),
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where {-}, is a p-adic fractional part. Subsequently, we define the following set
D= {x €Qy: &1l :p} N {x € Qy: x| > |72]p = zrgﬁ)gxﬂp}.
For z € D we have
o2 4+ + &ualy < mix izl < [kl < [61]pJaly = p.

Thus
€ x|, = |§121], = p.
Hence, for x € D we have
pi g e, <1-p T

and
sin®(7{¢ - a},) > sin®*(mp ") = sin®(w|&ya [ 1).

i )
A(g) > /D dsin (rlaal, )

[ P

Next, exploring the change of variables formula with z; = £ 21,20 = §122, ..., 2, =
{12, and jacobian [§;])" we get

4 sin® —1 1 4sin? —1
/ in®(7|§121 ], )d”x:/ in®(7|21, )d"z
D D

It follows that

||l»||12?8+n ) |€1|;‘ . . 2s+n
&,
[l sotelalt
= . z
el R
. 9 -1
=gz [ )
P Jy TR 7

where
D' = {Z < QZ: |21]p :p} N {Z € QZ: |21]p > |22], = ggfgﬂzzh?}

Furthermore, by the elementary inequalities

1 2
|Zl|;1=p_1§§’ sin:)sz%x forxe<0,g)’

we get
4 sin? (|2 |t 2|52
/ %d% > 16/ | 12";” d"z = 161.
N [E1 o |21
Denoting
Sli ={z€Qp: |zlp :pk}>
we get

SIx Sy x--xScD,
Since |21, = ||z]|, by the Fubini theorem we get

d"z 1 .
I= /D, [2[2 2 = prstnt? /,d “

1 1 n—1
> s | d"z:i/da(/dz) .
PP Jsixsixexs) PPt J S

1
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Finally, the fact that u(S}) = p* — p*~! leads us to the inequality

1 0 -t (=17
I= pRetnt2 =1 @"-p)" = pE+ndl’
This finishes the proof of (18) and the theorem follows. O
7. Appendix

Let Q be the set of all rational numbers and let p € N be any prime number.
We define p-adic additive valuation v, in the following way:

(i) If x € Z, then v,(x) is equal to the highest power of p which divides =.
(ii) If z = a/b, where a,b € Z, then v,(x) = v,(a) — v,(b).
(ili) We set v,(0) = +o0.
Next we define a map |-|,: Q = Ry

2], = pr®,if x £ 0,
P70, if z = 0.

This map is a non-Archimedean norm® on Q. We define the field of p-adic numbers
Q, as the completion of the field of rational numbers Q in p-adic norm (for details
of this construction see [3, 34]). The p-adic norm | - |, extends to the norm on the
whole Q,. The set of values which this norm takes is discrete and equal to

{p":n e Z}U{0}.

The set Q,, together with p-adic addition and topology induced by p-adic norm is a
locally compact abelian group. We choose a unique Haar measure on Q, satisfying

the condition
/ de =1,
ZP

where Z, := B; = {z € Q,: |z|, < 1} is the set of p-adic integers. Denoting by
the Haar measure on Q, we have

1 (Bn) =p",

where B, = {z € Q,: |z|, < p"}. Measures of spheres S, = {x € Q,: |z|, = p"} are
given by the formula

1(Sn) =p"(1—1/p).
The dual group of Q, is Q, and each character { € Q, has the following form
£(z) = exp(2mi{&z},),

where {-}, is p-adic fractional part i.e. each p-adic number x € Q,, can be written in
the following form (see [3])

(19) x = i cnp”,

n=uvp(z)

8Let F be a field. A norm on F is a map || - ||: F — R such that for all 2,y € F we have
(D) ||z =0 < 2 =0; (2) |lzyll = ||zl lyll; 3) |lz+y|| < ||z||+]ly||- A norm is called non-Archimedean
if it satisfies the additional condition (3') ||z + y|| < max{|z|, [|y||}
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with ¢, # 0 and ¢, € {0,1,2,...,p — 1}. If x has the form (19), then its p-adic
fractional part is

—1 n .
{x}p — n=uvp(x) CnP s lf UP(I) < 0’
0, if v,(z) > 0.
One can easily check that if v,(x) < 0, then
pvp(m) < {x}p < 1 _pUp(w).
We define Q) as a product of n copies of Q, with the product topology and

component-wise operations. Norm on this group is given by

Izl = max .

The Haar measure on Qp is the product of Haar measures on Q,. Balls Bj(a) =
{r € Q}: ||z —all, < p*} are product of balls By(a;) in Q, i.e.
Bg(a) = Bk(al) X X Bk(an),

where By(a;) = {z € Q,: |x — a;], < p*}.
For z,y € Q) we define x - y = x1y1 + - - - + ZnYn, and every character on Qy is
of the form
E(z) = exp(i2n{€ - x},).
Finally, we recall the change of variables formula.

Theorem 7.1. [3] If x is an analytic diffeomorphism of a clopen set K, C Qp
onto K C Qp, and

dx(y)\ _ Dy (y)

then for any f € L'(K) we have
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