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Abstract. It has been known for some time that the Green’s function of a planar domain can
be defined in terms of the exit time of Brownian motion, and this definition has been applied to
the representation theory. In this paper, we extend the notion of conformal invariance of Green’s
function to superharmonic functions, and use this extension to construct and estimate the cylindrical
Green’s function for Dirichlet boundary value problem. These considerations lead to a new proof
of the representation theory of superharmonic functions defined in cylinders. We also show this
estimation can be used to obtain a covering property of rarefied sets at infinity. Finally, by giving
an example, we show that the reverse of this property is not true.

1. Introduction

In the field of analysis, Green’s function G(V, W) on regions of R" (n > 2) is
formally defined to be the solution of £G(V, W) = 6(W — V), where £ is a linear
differential operator. In complex analysis, where the Laplacian is the differential
operator of most importance, for a given domain D C C and V € D the Green’s
function of the Laplacian is generally defined by the following.

Definition 1.1. The Green’s function Gp(V, W) on a domain D is a function in
W on D\{V'} satisfying the following properties.

(I) Gp(V, W) is harmonic and positive on D\{V'}.
(II) Gp(V, W) — 0 as W — bd(D), where bd(D) is the set-theoretic boundary
of D (note that the boundary is to be taken in the Riemann sphere C =
C U {o0}, so that if D is unbounded then oo € D).
(IIT) Gp(V, W) + 2 In|W — V| extends to be continuous (and therefore harmonic)
at W =V.

In fact, as defined here, it can be shown by standard analytic techniques that Gp
satisfies £Gp(V, W) = §(W — V). Note that the normalization here has been chosen
to align with the probabilistic considerations to follow; removing the multiplicative
constant 7! from (IIT) would result in a solution to £Gp(V,W) = §(W — V). Not
every domain has a Green’s function as defined above, as for instance it can be
shown that no such function can exist on the punctured disk {0 < |[V| < 1}, or
more generally on a domain with isolated singularities. The Green’s function is
of tremendous importance in analysis on R", including complex analysis, and the
question of what domains possess a Green’s function has been keenly studied by
analysts over the years.
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On the other hand, the term “Green’s function" has entered the vocabulary of
probabilists in a way that may seem initially unrelated, namely as a measure the
expected number of times that a discrete process visits a point, or the expected
amount of time that a continuous process spends at a point. The reason that these
two different notions have garnered the same name was discovered by Miyamoto and
his collaborators in [10, 9], who showed that in many cases in R™ these two notions
coincide, with £ the Laplacian and the process in question Markov chains.

The aim of the present article is to construct the cylindrical Green’s function
and study the behaviors at infinity of cylindrical Green’s potential and cylindrical
Poisson integral.

We are motivated by the recent paper of Huang (see [7]) who constructed a
Green-Sch’s function for the Schrédinger operator by using the stand construction
of the modified minimal Green’s function for the stationary Schrédinger operator in
a smooth cone. We refer to [8] and [12, 13] as well as to references therein for more
general Green’s function analysis of Schréodinger operators.

The outline of our paper is as follows. In Section 2 we recall some notations
and definitions. Sections 4 and 4 are devoted to the study of behavior at infinity
of cylindrical Green’s potential and cylindrical Poisson integral, respectively. In
Sections 5 and 6 we discuss two applications of the above results. Section 5 is devoted
to give an explicit representation formula of superharmonic function in cylinders. In
Section 6 we characterise the geometrical properties of rarefied sets at infinity. Finally
the paper ends in Section 7, where we present one explicit example and show the
reverse of the covering theorem obtained in Section 6 is not true.

2. Preliminaries

We keep using the same notations appearing in [9]. Let B(V,r) denote the open
ball with center at V' and radius r in R”, where V' = (X,y) € R" and r > 0. The
unit sphere in R™ is denoted by S"~'. The surface area 27™/2{I'(n/2)}~! of it is
denoted by w,. For positive functions h; and hy, we say that hy < hy if by < chy for
some positive constant c. If hy < hy and hy < hy, we say that hy & ho.

We consider the a bounded domain I' in R"~! with smooth boundary dI', and
study the following Dirichlet problem (see [17, p. 41])

(Auy +N)6(X) =0 in T,
»(X)=0 ondr.

In the Euclidean case the above boundary value problem has the least positive eigen-
value, which is denoted by A. The normalized eigenfunction corresponding to it is
denoted by ¢(X).

Let H(I") be the set (see [20, 21])

H(T') =T x R,

which is called a cylinder. Let I C R. The sets I' x I and dI' x I are denoted by
H(T; I) and OH(I'; I), respectively. We will always use the notation n(V') to denote
the distance between a point V = (X,y) € H(I') and 0H(I'), it is well known that

(see [2])
(2.1) n(V) = o(X).
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Definition 2.1. Let £ C H(I"). If there exists a sequence of open balls {B;(V},
) }521 (Vi = (Xj,y;) € H(I)) such that £ C U;B;, then we say that the set £ has
a covering {r;}%22;.

Going forward, we will always use the notation Gr(V, W) be cylindrical Green’s
function of H(I"), where V, W € H(I"). This leads one to the consideration of cylin-
drical Poisson kernel
i ogr(V, W)

PIF(‘/, W) = - 872,1/{/

)

where 0/0nw denotes the differentiation at W € 0H(I'). Here, ¢; = 2 and ¢, =
(n — 2)w, when n > 3. This definitions appears in many different contexts, we refer
the reader to [3, 4, 10, 15, 20| and references therein. It follows from our assumption
on I' that PZp(V, W) is continuous on 0H(I") (see [5, Theorem 6.15]).

For any V = (X,y) € H(I') and a positive measure v in H(I"), we use Grv(V') to
denote the cylindrical Green’s potential by defining

(2.2) Grv(V) = Gr(V,W)dv(W) # +oo.
H(T)

The cylindrical Poisson integral on 0H(I") is defined by PZru(V)

(2.3 PLon(V) = [ PIVIV)du() # +oc
OH(T)

for any V = (X,y) € H(I"), where u is a positive measure on 0H(T").

Definition 2.2. For the measure v in (2.2), two positive measures o;(v) and
o9(v) on R™ are defined by

e (X du(W), W= (X", y) € H(T; (—o0, 1)),
doy (v)(W) = {O, W = (X',/) € R" — H(T: (—o0, —1]),
and
_ e WX dv(w), W= (X',y) € H(T; [1, +00)),
doay(v)(W) = {0’ W= (X',y) € R" — H(T: 1, +00)),
respectively.

Definition 2.3. For the measure p in (2.3), two positive measures oq () and
o9(p) on R™ are defined by

1 dp(X’
eV St dn(),

w
0, w

(X', y') € oOH(T; (—o0, —1]),
(X', y) e R" — OH(T'; (—o0, —1))

doy (u)(W) = {

and

(X", y") € OH(I; [1, +00)),
(X', y') € R" — oH(T'; [1, +00)),

—\Ay’&b(xl)d

e pu(W), W
d — on xr

1) (V) {0’ o

respectively.



1194 Lei Qiao

Definition 2.4. For two measures p and v in (2.3) and (2.2), respectively, two
positive measures oy (i, ) and o3(u, v) on R™ are defined by

eV do(u,v)(W), W = (X',y) € H(T; (—o0, —1])
B uaﬂ(r,( 00, —1]),
= W= (X'.y) € R* ~ H(T (~oc, 1)

_a]H( 7( 00, — ])
and
e do(u,v)(W), W = (X',y/) € H(T;[1, +0))

- U 8]H(F7 [1,400)),
doa(p, v)(W) = 0. W = (X',y') € R" — H(T; [1, +00))
- a]H( [1, +00)),

respectively, where

do(p, v)(W) = o(X")dv(W), W= (X" y) € H(I'; (—o0, —1]) U H(I; [1, +-00)),
a\u, v ) X)) d,U(W)> W = (X/’y/) € 8H(F; (—oo’ _1]) U a]H(F; [1’ —|—OO))

aTLX/

Remark 2.1. It should be noticed that the total masses o;(v) are o1(u) are
finite from Lemmas 3.2 and 4.2, respectively. The proofs of them will be given later
in Sections 3 and 4, respectively. So, it is easy to see that oy(u,v) is also finite.
Similarly, the total masses of o3(v), g2(n) and oy(p, ) are also finite.

Definition 2.5. Let v > 0 and p be any positive measure on R" satisfying
|lo|| < oo. For each point V' € H(I"), we define the maximal function M(V; 0,~) by

o(B(V, p
M(V;o,7) = sup w
ocp<2P P
This leads one to the following exceptional set
E( 0,7) =A{V e H(I'); M(V;0,7) > e},
where € is a sufficiently small positive number.

Remark 2.2. Let V' € H(I') satisty o({V}) > 0. Then M(V;p,v) = +oo. It
follows that

E(e0,7) D {V € H(I'); 0o({V'}) > 0}.

3. Behaviors at infinity of the cylindrical Green’s potential

In this section we show how calculating the asymptotic behaviors at infinity
of cylindrical Green’s potential can yield two inequalities. Let us first introduce
the following estimates of cylindrical Green’s function, which are fundamental (see
[20, 21]).

Lemma 3.1. Let V = (X,y) € H(I') and W = (X',y') € H(I') such that
y >y -+ 1. Then

(3.1) Gr(V.W) = e/ Mem N g(X)p(X).
Let V = (X,y) € H(I') and W = (X', y') € H(I") such that y' <y — 1. Then
(32) Gr(V.W) = e VeV §(X)(X7).
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As was alluded to earlier, the following proposition and its proof must certainly
be known (see [9, Lemma 1]), but it seems difficult to locate a simple statement in
the literature (perhaps for want of applications). For the benefit of the reader, we
therefore provide a quick proof.

Lemma 3.2. Let V; = (X;,vy;) € H(I'), y; = —o0 (i = +00) be a sequence of

points such that Grv(V;) < +oo for i = 1,2,..., where v is a positive measure on
H(T"). Then we have
3.3 VM (XY dv(X',y') < 400
( y
H(T;(—00,1))

and
(3.4) lim €2V P / eV (XY dv(X',y) =0

R——o0 H(T;(R,+00))

for a real number |.

Proof. Let [ be a real number such that V; = (Xy,y;) € H(I'; [ + 1, +00)). Then
we have

6_@“’1@5()(1)/ eV (X' dv(X',y) S Grv(Vi) < +o0
H(I;(—o00,1))
from (3.2), which gives (3.3). It follows from (3.3) that
(3.5) / N G(X) (X' ) <
H(I'5(—00,4))

where A is a sufficiently small number.
Let V; = (X;,y;) € H(T'; (—o0, A — 1)). Then we have

(3.6) e\/xyigb(Xi)/ e_ﬁy/gb(X’) dv( X', y) < Grv(V;) < +o0
H(T;(A,+00))

from (3.1).
Let R < A. Then we have

aon [ e (XY (X,
H(T;(R,+00))

s [ G0 () e (X (X,
H(T;(R,A)) H(I';(A,+00))

S / e S(X) dv(X',y) + ezﬁR/ eV (X ) (X', y) S e
H(T;(R,A)) H(I';(A,+00))
from (3.5) and (3.6), which gives (3.4). O

Lemma 3.3. Let v and p be as in Definition 2.5. Then the exceptional set
E(€; 0,7) has a covering {r;}32, satisfying

o0

Z(rj)V < +00.

j=1
Proof. Let j be a positive integer such that j > 2. Then we define
Eile0,7) = E(e0,7) NI,

where

I ={V=(X,y) e H();j < |yl <j+1}.
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Let V = (X,y) € (e 0,7). Then

(3.7) {p(V)}" < e o(B(V,p(V))) < e lell,

where p(V') is a positive number satisfying 0 < p(V) < @
Since &;(€; ,7) has a trivial covering {B(V, p(V)); V € &;(¢; 0,7)} such that

sup  p(V) < €7 ||ol|7 < +oo,
VeE;(e0,7)

by the Besicovitch covering theorem there exists a countable subfamily {B(V},,
pii) Y pji = p(Vii)) (see [11, Theorem 10.3|), which covers &;(e€; 0,7y) and intersects
each other at most N times, where N depends only on the dimension n.

It follows that (3.7)
Zpﬂ <Z (Viispja)) < No(lj—1 UT; Ul )

from B(V,p(V)) NIj1oa =0 and B(V,p(V))NIj—s = 0 for any V € &;(€; 0, 7).
So we know that U;E;(e; 0, 7) is covered by a sequence of balls { B(V};, pji)} (4 =
2,3,4,...;1=1,2,3,...) such that

> (pia)” < 3N|lolle™
7,

Since

U (e:07) ={V =(X,y) e HD): ly| > 2} N (& 0,7),

j=2

it follows that E(e; o, ) is covered by a sequence of balls { B(V;;, p;:), B(V1,3)} (j =
2,3,4,...;1=1,2,3,...) such that

S (pra)” < 3N|[olle +37 < +oo,
jri
where B(V7,3) (Vi = (X,0) € R") is the ball which covers the set H(T'; (—2,2)). O

In 2014, Wang (see [18]) presented the existence and uniqueness of solutions of
the Neumann problems with bounded harmonic for the boundary value problems in
a half plane. Similar results for solutions of the Dirichlet problems with a rapidly
growing functions in certain unbounded domains, we refer readers to the papers by
Ramachandran (see [16]) and Ren & Yang (see [19]). Motivated by the above results,
our first aim is to obtain boundary behaviors of cylindrical Green’s potential.

Theorem 3.1. Let v be as in (2.2) and v > n—2. Then the subset E(¢; 01(v),7)
(resp. E(€;02(v),7)) of H(T') has a covering {r;}32, satistying

(3.8) D ()" < o0

§=0
such that
3.9 lim e\/Xy n—y—1 X g (V) = 0.
( ) y——00,V=(X,y)€EH(I")—-E (01 (v),7) ¢ ( ) r ( )
(3.10) (resp. lim VMg (XVGr(V) = 0.)

y_>+007VZ(X7y)€IH(F)_6(E§U2 (V) 77)
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Proof. Let R be a sufficiently small number such that R > y+1and V = (X,y) €
H(T; (—o0, R)) — E(€;01(v), y). If we can show that

(3.11) Grv(V) S eV (X)e,
then we obtain that (3.9) holds.

We write
(3.12) Grv(V) = (V) +U(V) + Us(V),
where

U (V) = / Ge (V. W) du(W),
(T;(—o00,y—1))

Up(V) = / G (V, W) dv(W)
(T;ly—1,y+1])

and
Us(V) = / Ge(V. W) du (W),
(T;(y+1,+00))

We obtain the following estimates

(313) (V) < e VMH(X) / N (XY (X' o) S eV VH(X)e

H(T;(—o00,y—1))

and
(314) (V) < VV(X) / VW (XY d(X ) S V(X )e
(T5(y+1,400))

from Lemmas 3.1 and 3.2.
Since

(3.15) Gr(V.W) S|V —wp
for any W € H(I"), we have

Up(V) S e / W)V = W2 don () (W),
(Ts[ly—1,y+1])

Now put
H;y(V) ={W € H(; [y — Ly + 1]); n(V) < 27V = W[ < 2n(V)},
where i = 1,2,3,.... For V ¢ £(¢;01(v), ), it follows that

\/_y d0'1 W)
Z/ V=W )

from Remark 2.2.
It is easy to see that 2n(W) > n(V) for any W € H;(V) (i = 1,2,3,...), which
together with (2.1), gives that

/ doy(v)(W)

(i+1)(n—2)0,1 v ’ 1-n
V) |V — W|r=2n(W) 2 W) (H; (V) (V)

A

20002 (w)(B(V, 27 "(V)))n' (V)

<
S M(Vioi(v),7)¢ " (X)20 72,



1198 Lei Qiao

It follows that

(3.16) Us(V)

< e—\/Xy(bw—n—l—l(X)E Z 9i(n—y-2) < e—ﬁy¢’y—n+1(X)€
i=1
because V = (X,y) ¢ E(€; 01(v), 7).
Combing (3.12), (3.13), (3.14) and (3.16), we know that (3.11) holds. It is easy
to see that there exists an additional finite ball By covering C,(I'; [R,0]). So (3.8)
holds from Lemma 3.3 and Remark 2.1. Similarly, we prove that (3.10) holds. These
complete the proof. O

Corollary 3.1. If the condition (2.2) is replaced by a weaker condition
(3.17) / e VWX dv(X',y') < oo.
H(T)

Then the conclusions of Theorem 3.1 still hold true.

4. Behaviors at infinity of the cylindrical Poisson integral

The present section is devoted to the study of limiting behavior of the cylin-
drical Poisson integral near infinity. We first state a simple lemma which follows from
Lemma 3.1.

Lemma 4.1. Let V = (X,y) € H(I') and W = (X',y') € OH(I") such that
y' >y + 1. Then we have
/ X'
PIr(V, W) ~ eV eV gb(X)M.
8nxr
Let V = (X,y) € H(T') and W = (X', y') € OH(I') such that y’ <y — 1. Then we
have
/ X’
PIr(V, W) x eV weV ¢(X)M.
8nxr
Let V = (X,y) € H(I') and W = (X',y') € 0H(T") such that y — 1 <y <y + 1.
Then we have (see [1, p. 124])

G(X) 96(X)
(4.1) PLVIV) S 5 g

Lemma 4.2. (see |9, Lemma 4]) Let V; = (X;,v;) € H(I'),y; — —o0 (i — +00)
be a sequence of points such that PZru(V;) < +o0o (i = 1,2,...), where yu is a positive
measure on OH(I"). Then we have

/
/ eV 96(X) du(X',y") < +o0
OH(I';(—o00,1))

8nxr

and
 0p( X'
lim ezﬁR/ e~V % du(X',y') =0
R——oco OH(T;(R,+00)) nx

for a real number |.

Proof. We can prove above result by the same method as we did in the proof of
Lemma 3.2 and using Lemma 4.1 in place of Lemma 3.1. U
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Lemma 4.3. (see [1]) Let Gury, 4.)) (-, -) be cylindrical Green’s function in the
truncated cylinder H(T'; (y1,y2)), where —oo < y; < yo < 0o. Then we have

a . V, X>
gIH(F,(yl,yz))a(yO (X2, 42)) ~ —d(Xo)P(X2)

and
ag]I—I(F;(y1,yz)) (%7 (X1> yl))

dy
for any Vo = (Xo, yo) € H(L; (y1, y2)).-
With the help of above lemmas, next we state the main theorem of the present

section. Similar results for asymptotic behaviors of conical Poisson integrals and
their applications, we refer readers to the papers by Qiao (see [15, 14]).

Theorem 4.1. Let p be as in (2.3) and v > 0. Then the subset E(e;01(1),7)
(resp. E(€;02(p),7)) of H(T') has a covering {r;}52, satisfying (3.8) such that

(4.2) lim VN (XY P (V) = 0.

y—)—OO,V:(X7y)E]H(F)—€(€;O'1 (u)vy)

~ ¢(Xo)p(X1)

(4.3) (resp. e VY X)PIru(V) = 0.)

lim
y—r—+oo,V= (va)E]H(F) _5(5;02 (u)vy)

Proof. We only prove (4.2). The proof of (4.3) is similar. Let R is a sufficiently
small number such that R > y 4 1. For any point V = (X,y) € H(I'; (—o0, R)) —
(e:01(11), ), we write

(4.4) PLrp(V) = Us(V) + Us(V) + Us(V),

where

U(V) = / PLo(V.W) du(W),
OH(T;(—o0,y—1))

Us(V) = / PIe(V, W) du(W)
OH(T;[y—1,y+1])

and
Us(V) = / PLo(V.W) du(W).
OH(T;(y+1,+00))

We have the following estimates

(45)  U(V) < eVg(X) / VIO X ) < V(X
OH(T(—o0,y—1)) Onx:
and
p X’
@0 UV S o) | e~ I (X ) < g (x)e
OH(T;(y+1,+00)) onx:

from Lemmas 4.1 and 4.2. To estimate Us(V'). For any V = (X, y) € A(k), where k
is a sufficiently small positive number and

AR) = {V = (X,9) € H(T: (=00.0)): _inf [(X,9) = (X,2)| < k},

Then we have v
oy — Ly +1)) € B, ")

And we divide H(T") into two sets A(k) and H(T") — A(k).
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It is easy to see that |V — W/| >k for any V = (X,y) € H(I') — A(k) and any
W € OH(T"), where k' is a positive number. It follow from (4.1) and Lemma 4.1 that

Us(V) S e N(X)e.
Now we consider the case V' € A(k). Define
L(V) ={W € OH(T; [y — 1,y +1)); 27 'n(V) < [V = W[ < 2'n(V)},
i=0,1,2,3,.... Let i(V) be a positive integer satisfy I;(V) = 0 for i > i(V) + 1.
Then it follows that

i(V)
Us(V) < VMY W (X)) d W
IEX [ W WX don i)

from {W e R": |V —-W| <n(V)} NnoH(') = @.
We have

VY WI0( X do o~V gr-nt o1 () (L:(V))
[ W WX o)1) g 00 T

SM(V501(p),7) Se

~Y

for i =0,1,2,...,4(V) from (2.1) It follows that
o1 ()
(

(Li(V) o o(m)(B(V,2'n(V)))
(V) (2n(V))r

fori=0,1,2,...,i4(V) —1 and

o1()Li)(V)) _ on(w)(B(V.27'n(V)))
2Wn(V))r ™ 2= tn(V)) ~

where V = (X,y) ¢ E(e;01(1),7). So

€,

(4.7) Us(V) < e Vg4 (X)e,

For any V = (X,y) € H(I'; (=00, R)) — E(&;01(1),y), combining (4.4), (4.5),
(4.6) and (4.7), we have

PLru(V) S e VW (X)e.

It is easy to see that there exists an additional finite ball By covering C,,(T"; [R, 0]).
So it follows that (3.8) holds from Lemma 3.3 and Remark 2.1. These complete the
proof. O

Corollary 4.1. Let y be as in (2.3). Then we have
(4.8) lim VN XVPLrpu(V) = 0.

y——o0,V=(X,y)eH(T")

: —\/Xy n—1 —
(4.9) (resp. y—)—i—oo,Vl:llg}(,y)E]H(F) e V" H(X)PZrp(V) = 0.)
Corollary 4.2. If the condition (2.3) is replaced by
/
(4.10) / e“myl‘M dp( X', y') < 400,
OH(T) Onx

then the conclusions of Corollary 4.1 still hold true.
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5. Applications to the representation theory

As one application of Theorems 3.1 and 4.1, we obtain the representation theory
of superharmonic functions in a cylinder. Let u(V') be a function in H(T"), where
V = (X, y), its Nevanlinna norm is defined by

Na(w)i= [ u(V)o(x)dr.
r
The finite or infinite limits

lim eYVWN,(y) and lim e VVN,(y)

Y——00 Yy——+00

are denoted by %, and 7, respectively.
We turn now to the proof of our main theorem.

Theorem 5.1. Let u(V) be a nonnegative superharmonic function in H(T').
Then we have for any V = (X, y) € H(T)

(5.1) w(V) = Ue V(X)) + VeV (X)) + Grv(V) + PZru(V)

where v is a unique positive measure in H(I") satisfying (3.17) and u is a unique
positive measure in OH(I") satistying (4.10).

Proof. The proof is essentially contained in [9, Lemma 3|. Here we establish a
much more direct approach to prove it, which is different from the previous one.
For harmonic functions %,e~V¥¢(X) and ¥,eV¢(X) in H(I), define

w(V) = u(V) = Ue VVo(X) = VeV Vo(X),

where V' = (X,y) € H(I'). It follows that w(V') is a nonnegative superharmonic
functions in H(I") and

(5.2) Uy =V = 0.

By applying the Riesz decomposition theorem (see [6]) to w(V) on H(I'; (—R, R)),
where R > 0, we know that

where
9 - vV, W
wl(V):/ ng(R(@R,R))( ) )d,uo(W),
OH(T;(—R,R)) nw
’UJ2(V) :/ gIH(F,(—R,R))(V, W) dVQ(W),
H(T;(-R,R))
9 _ V, (X' R
) < [ P VR
r Y
and

_ V(X' —
wy(V) :/ang(R( rr) (V. (X', —R)) "
I ay

where duy is the Riesz measure and dyg is a positive measure on 0H(I').

Case I. w(V) < 4o0. It is easy to see that Gur,(—rr)(V,W) = Gr(V,W) as
R — +00. So we have
w1 (V) = PZrpo(V) < +o00
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and
U)Q(V) — gr‘l/o(V) < +00,

as R — +oo.
It follows from (5.2) that there exist two sequences of points V! = (X} yl) €
H(I'; (=R, R)) (y; — +00) and V* = (X?,7) € H(I;(—R, R)) (y7 — —o0) as

7 7
1 — +00, such that

(5.3) w(V) < eV o(X])e;
and
(5.4) w(V?) < eV p(XP)e,

respectively, where ¢; — 0 as i — +o0.
If we take y;* = y! + 1 and y?* = y? — 1, then we have

89“ B R (V;;la (Xil*a yzl*))
w(V}) 2 - / R dr 2 ¢(X}) / O(X{") dr
r T

Y
and
OG5(r (g2 ey (V2 (X, 577))
’LU(‘/E) z/ HT, (- 3112 yzz )éy dF > ¢ /¢ X2*
r
from Lemma 4.3, which together with (5.3) and (5.4), yield that
(5.5) oy ar i
r
and
(5.6) /¢(Xi2*> dr' S eV Mie,
r
respectively.

Combining (5.5) and (5.6), we obtain

(5.7) ws (V') < eV o(X e
and
(5.8) wa(V2) S eV p(X2)e;

from Lemma 4.3, respectively, which tend to 0 as ¢ — +o00.
By letting ¢ — 400, we know that

(5.9) w(V) = PZrpo(V) + Grn(V)
for all Ve H(T').

Case II. w(V) = +o0. Note that the sum of w; (V) and wy(V') is infinite. We
see that ws(V') and w4(V') are bounded from (5.7) and (5.8). This implies that w(V)
remains infinite as R — +o0, which shows that (5.9) holds.

It is evident that dug and dyy are same for the functions w(V') and u(V), re-
spectively. Thus they are simply denoted by du and dv, respectively. Finally, we
complete the proof of Theorem 5.1. O

Theorems 3.1 and 4.1 immediately give the following result.
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Corollary 5.1. Let u(V) (# +o0) be defined by (5.1) and v > n — 2, where
V = (X,y) € H(T"). Then the subset £(¢;01(p,v),7) (resp. £(€;02(u,v), 7)) of H(I")
has a covering {r;}32, satisfying (3.8) such that

Jim NG XV = U™ H(X) — Ve (X)) = 0.
V=(X,y) EH(D) — (6501 (1))
(resp. lim e_\/xyqﬁ"_“’_l(X){U(V) — ‘?/ue_\/xyﬁb(X) — %eﬁyﬁb(X)} =0.)

y—r—+00,V=(X,y)EH(T)
—E&(e;o9(p,v),Y)

6. Applications to the geometrical property of rarefied set

As another application of Theorems 3.1 and 4.1, the present section is to devoted
to the study of the geometrical property of rarefied set at +o0o. To this end we first
recall the following definition.

It is known that the Martin boundary of H(I") is the set 0H(I') U{+o0}, and the
Martin function at +o0o with respect to a reference point chosen suitably is given by
(see [10])

Mr(V, +00) = e/ Me(X),
where V = (X, y) € H(T).

Definition 6.1. (sce [9]) If there exists a positive superharmonic function v(V)
in H(T") such that

. oV)
(6.1) vl MV o0y 0
and
(6.2) EC{V=(X,y) € HI);v(V) > eV},

then a subset E of H(I") is said to be rarefied at +oc in H(T').

With this definition in mind, we state the main theorem of the present section.
We refer the readers to [10, Theorem 3.1| for the geometrical properties of minimally
thin set at 4-o0.

Theorem 6.1. Let a subset E be rarefied at +oo in H(I'). Then it has a covering
{ri}32, satisfying

(6.3) 3 ()" < oo

j=0
Proof. Definition 6.1 gives that there exists a positive superharmonic function
v(V) in H(I") such that (6.1) and (6.2) hold. And then it is represented as

o(V) = U™ H(X) + Grt/ (V) + PIrd (V)

from Theorem 5.1 and (6.1), where ¢/ is a unique positive measure in H(I") and p' is
a unique positive measure in OH(I").
Three sets

{V = (X,y) € HI): 3%, > ™M(X) > 1}, {V = (X,y) € H(I); 3G/ (V) > e¥™}
and

{V = (X,y) € H(D); 3PZrp (V) > eV}
are denoted by EM | E® and E®)| respectively. It follows that

(6.4) Ec EVUE®UE®
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from (6.2).
For each E® (i = 1,2,3), it is evident that there shall exist a covering which

covers it. It follows that the set £() has a covering {7’9)} satisfying
(6.5) ril) < 400

from the boundness of E™M).
We apply Theorems 3.1 and 4.1 with two measures v and p, where v = 31/ and
i = 3/, respectively. And then there exist two positive constants L and e satisfying

E® NH(T; (L, +00)) C E(e;02(v),n — 1)
and
E® NH(T; (L, +00)) C (& 02(p),n — 1),

respectively.
It follows from Lemma 3.3 that two subsets E(€; 02(v), n—1) and E(€; 02(p), n—1)

have two coverings {rj(.z)};?‘;l and {7’§3) 221, respectively, which satisfy
Z(rj(-z))”_l < +o0o and Z(r](.?’))"_l < 400,
j=1 j=1

respectively.

Hence E® and E® have also two coverings {7’52) 220 and {7’§3) 521 with an
(2)

additional covering 7y~ covering H(I'; [0, L)), respectively, which satisfy

(6.6) S < oo and Y ()" < oo,
j=0 J=1
respectively.
By rearranging three coverings {7’9)}, {7’](-2) 220 and {7’](-3) 321, the set E has a
covering {r;}52, from (6.4), which satisfies (6.3) from (6.5) and (6.6). O

7. Example

As mentioned above, usually it is very hard to obtain geometrical properties of
the rarefied set at +00. The new results proved in this paper provide us an efficient
way to obtain the covering theorem. We end the paper with following example, which
will show that the reverse of Theorem 6.1 is not true.

Example 7.1. Let
rj:jﬁ and y; =j+1,
where j =1,2,3,.... And the covering {r;}52, satisfies

Sy t=Y 7 < e
j=1 j=1
Put IV ¢ T'. Suppose that
B; CH(I") and y; > 2r,

for every j > jo, where jy is an integer.
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If we define

= U B
J=jo
then it is not rarefied at +oo in H(I'").

Proof. There exist a positive integer jo such that Mp(V, +00) 2 eV i for any
J > Jjo, where y; > 2r;. And hence we have for any V' € B;

(7.1) Ry ooy (V) 2 €™,
where j > jo.

There exists a measure 7 on C,, (") such that supp 7 C B; and 7(B;) = 1. So we
have for any W € B;

(7.2 / VW) = (Con By

Combining (3.15) (7.1) and (7.2), we have

(Can(B,)} s B0 = [ ([ v = WP ar () ans, o)

2 / ( / Gr(V, W) dABj(W)) dr(V)
N /RABir(~,m) dr(V) 2 eV,

which gives that

(73) )\Bj (]H(F)) Z Cap(gj)eﬁyj Z 7ﬂ]rlz—2€\/ij’

because Cap(B;) = i 2.

Since Ag,(H(T')) = Ap, (H(I'")), we have
Z 6_\/ij )\8 Z 6f(y3 —2 Z]_l OO,
J=Jo J=Jo J=Jjo

which together with Theorem 1 in [9], gives that E is not rarefied at 400 in H(I'). O
Example 7 and Theorem 6.1 immediately give the following result.

Corollary 7.1. Let u(V) be as in Theorem 5.1. Then u(V)eY™ uniformly con-
verges to cyoo(u)p(X) as y — +oo outside a set which has a covering {r;}52, satis-
fying (6.3), where

: u(V)
Croo(tt) = Vel%f(r) Mp(V, +00)
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