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Abstract. In this paper, we study the following nonlinear problem of Kirchhoff type

(0.1) - <a—i—b/Q

where ©,., is a half space with a hole which is related to 7,p in R3, a,b > 0 are constants and

rp

|Vu|2> Au+u=uPu, u>0,z¢€ Qrp, ue H&(an),

3 < p < 5. We prove that problem (0.1) has a positive high energy solution by using a linking
argument with barycenter map restricted on a Nehari manifold.

1. Introduction

Let R? = {(21,29,23) € R? | 23 > 0} be the upper half space. We consider the
following nonlinear problem of Kirchhoff type:

(1.1 - <a+b/Q

where a, b > 0 are constants, 3 < p < 5, r > 0, €2, , is an unbounded smooth domain
such that

|Vu\2> Au+u=ufru, uw>0, €., ueH)(Q,),

TP

o 3
Q., CRY,
and its complement

9., C B,(a,) and 9Q,,"CR3,

where B,(a,) is the open ball in the Euclidean space with center a, = (a,r) & Q,,
and radius p > 0. Indeed, €2, , is a half space with a hole.
Problem (1.1) has two features. Firstly, we consider the following elliptic problem

(1.2) —Au+tu=|ufftu, €, ue HN),

where 1 < p < 5. When 2 is a bounded domain, by applying the compactness of
the embedding HJ(Q2) < LP(2),1 < p < 6, there is a positive solution of (1.2). If
(2 is an unbounded domain, we can not obtain a solution for problem (1.2) by using
Mountain Pass Theorem directly because the embedding Hj(Q) — LP(Q),1 <p <6
is not compact. However, if Q = R3, Berestycki-Lions [3] proved that there is a radial
positive solution of equation (1.2) by applying the compactness of the embedding
H!(R?) — LP(R?),2 < p < 6, where H}!(R?) consists of the radially symmetric
functions in H'(R?). By the Lions’s Concentration-Compactness Principle [13], there
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exists an unique positive solution for problem (1.2) in R3. By the moving plane
method, Gidas—Ni—Nirenberg [5] also proved that every positive solution of equation

(1.3) ~Au+u=|uftu, zeR? ue H'(R?
is radially symmetric with respect to some point in R? satisfying
(1.4) u(r)re" =~v+o0(1) asr — oo.

Kwong [9] proved that the positive solution of (1.3) is unique up to translations.
From the above researches, we believed that the existence of the solution to the
equation (1.2) will be affected by the topological property of the domain 2. In fact,
Esteban and Lions [4] proved that there is no any nontrivial solution of equation (1.2)
when € is an Esteban—Lions domain (for example R? ). Thus, we want to change the
topological property of the domain 2 to look for a solution of problem (1.2). Wang
[15] proved that if p is sufficiently small and 2oy — 00, then equation (1.2) admits a
positive higher energy solution in half space with a hole. Such a problem has been
extensively studied in recent years, see for instance, |2, 12| and references therein.
Secondly, we consider the following Kirchhoff problem

(1.5) — (a + b/Q |Vu\2) Autu=|uflu, €, ue Hy),
which is related to the stationary analogue of the equation
2 L 2 2
presented by Kirchhoff in [8].
When Q2 = R3, Li and Ye [11] proved that
(1.6) — (a + b/R3 |Vu\2> Au+u=|[uflu, xeR? ue H (R?),

has a positive ground state solution by using a monotonicity trick and a new version
of global compactness lemma. There are many works about the existence of nontrivial
solutions to (1.6) by using variational methods, see [6, 7, 14, 17, 18] etc. Li-Peng—
Xiang [10] proved that every positive solution of (1.6) is unique up to translations.
Indeed, they obtained that the positive solutions of problem (1.6) will be expressed

) u(z) = Q (xkt) . zeR’

for some ¢ € R?, where Q(x) € H'(R?) is the unique positive radial function of
problem (1.3), and ¢ > 0 satisfies

Va3 (MVQIR -+ BITQlE + 4a).

which implies that

. ) R
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consists of all the positive solutions of equation (1.6). Therefore, by the similar
method of [10], we get that the following problem

(1.7) — <a+ b/Rs ‘VU|2> Au+u=|uf"lu, ze€R3, ue Hy(R3),
+

has no any nontrivial solution. In fact, if there exists a solution @ of problem (1.7),
it implies that Equation (1.2) will also have a solution

Q(z) = u(zv/c) and c:a+b/ |Vl do
R}

in R%. However, by Esteban—Lions’ conclusion, we know that R? is an Esteban-
Lions domain and there is no nontrivial solution of problem (1.2). Thus we get a
contradiction and it is interesting to consider the existence of the high energy equation
for the problem (1.1) in the half space with a hole in R3.

Theorem 1.1. There is py > 0,79 > 0 such that if 0 < p < py and r > rg, then
there is a positive solution of equation (1.1).

From the fact that the ratio
2
Jo,, alVul* +u? dz +b (fﬂm |Vu|? d:)s)

2
+1
(er,p |u|P+1 d!L’) '

is not invariant under scaling, so we can’t deal with it in the set

{ueHam@wm'AWWWﬂmzl}

by the similar argument in [2, 15|. In this paper, we try to consider it in the Nehari
manifold

2
M, ,= ueﬂg(Qr,p)\{O}‘/ a|vu\2+u2dx+b< \vu|2dx) = [ |uftdx
Qr p

Qrp Qrp

The paper is organized as follows. In Section 2, we give some preliminary results.
The compactness lemma will be given in Section 3. At last, we give the proof of
Theorem 1.1.

2. Some preliminary results

It is well known that the solutions for equation (1.1) are the critical points of the
energy function I, ,: Hg(Q,) — R defined as

2
1 b 1

2.1) Ig, (u :—/ alVul*+u?) dz+~ / Vul*de | ——— ulPt da.

21) fo, (=3 | (@Vul+u) 4(mﬂ | i

TP

In order to obtain the existence of solution for equation (1.1), we must consider
the equation (1.6). Now, we denote the energy function I: H'(R?) — R associated
to (1.6) as

2
(2.2) f(u)zl/ (a\Vu|2+u2)dx+Z</ |Vu\2d:c) Y s,
R3 R3

2 p‘l‘l R3
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and we introduce an equivalent norm on H'(R?): the norm of u € H'(R?) is defined

as
|ul| = (/ (a|Vu\2 +u2)dx)
R3

Consider the set of solutions to equation (1.6)
(2.3) m = inf{I(v): v € H'(R?) is a nontrival solution to (1.6)}.
A nontrivial solution u to equation (1.6) is called a ground state solution if
I(u) =m.
First, we recall some known facts from Li, Peng and Xiang [10].

Lemma 2.1. Let a,b > 0 be positive constants and 1 < p < 5 . Let m be the
ground state energy defined as in (2.3). Then, there exists a ground state of (1.6)
which is positive, and there holds

m > 0.

Moreover, for any positive solution u, there hold

(1) (smoothness) u € C®(R?);

(2) (symmetry) there exists a decreasing function v: [0,00) — (0,00) such that
u(x) = v(|z — x¢]) for a point xq € R3;

(3) (asymptotics) for any multi-index o € N™, there exist constants d, > 0 and
C,, such that

(2.4) |D%u(z)| < Chue® 2 for all z € R®.

Lemma 2.2. Let a,b > 0 be positive constants and 1 < p < 5. Then, the
positive solutions of equation (1.6) are unique up to translations [10].

Now, we define the following Nehari manifolds

25 M= {u € Hy(,)\{0} '

2
/ alVul* + u*dr +b </ |Vu|2dx) :/ |u|Pt? dx},
Q Qrp Qrp

(2.6) M = {u c H'(R*)\{0} ‘

2
/ a\Vu|2+u2d:c+b</ |Vu\2d:c) :/ \u\pﬂd:c},

r,p

and
mRrs = ulélJ\fJ I(u), mq,, = uenj\l/lf;p I, ,(u).
Lemma 2.3. (i) Each critical point of I in M is a critical point of I in
H'(R3) and
mgs = m.

(ii) Each critical point of Io, , in M, , is a critical point of I, , in H{ (S, ,).
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Proof. (i) Suppose that w is a critical point of I|y, i.e. (I'(u),u) =0, u € M,
then there is a Lagrange multiplier A € R such that (I'(u), ) — A (¢'(u), ) =0, ¢ €
H'(R?), where g(u) = [gs a|Vul® + v dz 4 b( [gs [Vul* dz)? — [R5 [ulP*! dz and

(=2 [

R3

2
a|Vu|* +u® dx + 4b (/ |Vu\2d:c) —(p+ 1)/ lul[Pt! da
R3 R3

2
= (1 —p)/ a|Vul? +u? dx + (3 — p)b (/ |Vu|2dat) :
RS RS

Since (¢'(u),u) # 0, we get A = 0. Thus (I'(u),¢) = 0,Vo € H'(R?) and u is a
critical point of I in H'(R3). Moreover, u is also a nontrivial solution to equation
(1.6). Then mgs > m. On the other hand, we can get mgs < m. Indeed, if v is a
ground state solution to equation (1.6), it holds v € M.

(ii) By the similar method, we can prove that each critical point of I, ,|u,, is a

critical point of Iq, , in Hy(€2.,). O
Take
(2.7) (€ C*(R™,R), neC*R,R),
such that
0, 0<t<p, 0, t<0,
t — t =
<) {1, t>2p, n(t) {1, £>1,

and 0<(<1,0<n< 1.
Now, we define

fy(@) = &z = ar[)n(zs)u(z —y),
and
fye(w) = t&(|x — ar|)n(zs)u(z —y),
where u(x) is a solution of problem (1.6).
Lemma 2.4. Let y = (y',ys3) , where y' = (y1,12), then we have

(1) | fy —u(x —y)||lerms) = o(1), |y — a,| = o0, and y3 — +00, or y5 — +00 and
p—0;
(2) || fy—u(x—y)|| = o(1), |y —a,| = oo, and y3 — 400, or y3 — +00 and p — 0.

Proof. By Lemma 2.1, and similarly as Lemma 4 of [2]|, we have

Ify =z = 9)oms) = / €l — ar[)n(zs) — 1P[u(z — y)|P da

Qrp

<o / [z — )P da
B2p(ar)U{m3S1}

<o / (e — y)P e+ 27 / (e — y)P de,
BQP(GT)

{z3<1}
and

/ [u(x — y)|P dr < |Bap,)| maxu(x) -0 as p— 0,
B zeR3

2p(ar)

/ @(z — y)|P dr < |Bapa,y| max Che™®¥ -0 as|y—a,| = oo,

B2P(ar) -’EGng(ar)
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[ me-yra= [ me-yrds [ -y
{:(:3§1} {x3<1} {xggl}

/ (Cae")" (Cae®"") da
{z3<1}
! ! 1 p

/ ( s, l2= y\) (Cae_éa(@y)2+ér3y3)2)§) i

M= <<y3—1>2)% P
< fy () (o)
{z3<1}

p
< 5o =D )2) / (C’ae“ga‘”;y‘)p i
{z3<1}

— 0 asys — +oo.

So || fy — u(z — y)||zrwsy = o(1), |y — ar| = oo, and y3 — +o0, or y3 — +oo and
p— 0.
(2) In the same manner we can see that, we have

1fy = a( = )l = I(€(jz — a;)n(zs) — D)z —y)|*

c V(e — o)+ (e - )P do = of1),
P ng(ar)u{:c3<l}

ly — a,| — oo, and y3 — +00, or y3 — +oo and p — 0. O

IN

Now, we will prove that for any y € R3, there exists ¢, € R such that
fy,ty e MTvP’

and
ty —1, as |y_ar| — 00, and y3 — 4o00.
Lemma 2.5. Let u(x —vy), f, and f,: be definition as above, then 3t, € R" s.t.
fyt, € M,., and t, — 1 as |y — a,| = oo and y3 — +00.

Proof. Firstly, we prove that there exists t, € R* s.t. f,; € M, ,. Indeed, let
9(fyr) 1 = <]£2T,p(fy,ty)a fy,ty> = <[£27.,p(tfy)atfy>

2
:t2/ a|ny|2+fjdx+bt4 (/ |ny|2d:v> —tp“/ £, |7 da,
Q Qrp Q

TP TP

then we have ¢(f,:) = —oco ast — +oo if 3 < p < 5. It is easy to prove that there
exists 6 > 0, VO <t <6, s.t. g(fys) >0, and I, € R* s.t. f,, € M,,.
Next we prove that ¢, is unique. We suppose that there are two points 0 < t; < tz,

s.t. g(fyn) = g(fy2) = 0, then

2
0 [ alVAE+ 7o) ( [ fypdx) “p [ g
i=1,2, and
1 1 B )
V< ((t1)2 - 2) / alVf, [+ fy de =[(t,)" 7 — () 3]/ | f, [P dx < 0,
Y Qr p Q

(t2) o
which is a contradiction.
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Secondly, we will prove ¢, — 1 as |y—a,| — oo and y3 — +00. Since u(z—y) € M
and fy ., € M, ,, we get

(2.8) (I'(u(z — y)), u(z —y)) = /R3 a|Vi(z —y)* + u(z — y)* dz

( |Vux— |d:5) /|u y) [P de =0,

2
29)  {To, (fun)s fun)) =2 / AV L+ (f,)? da 4 b (/ |ny|2da:)

TP

—g [ e =o.

P

From f,, € M,, and [g,|f,[PT"dz # 0, we obtain t, - +o0o and there exists a
constant C' > 0 such that ¢, — C. Thus

2
02/ oV £, P dx+ (f,)* dz + bC* / V1, da —Cp“/ £, da
(2]‘0) Q erp erp

r,p
=o(1),

and

(2.11) /RS a|Va(z —y)P* + (@(x — y))* dv + b (/RS \Va(z — y)|2dz)2

— [a(z — y)|P™ dx = 0.
R3

By (2.10), it holds

2
(2.12) /Q alV f, 2+ (f,)* dz+bC? (/Q |ny|2d:£) —Cp_l/Q |f, [P~ dx = o(1).

TP

By (2.11), (2.12) and Lemma 2.4, there hold

213 a-c( [ wut-pPar) == [ - gt

R3

and

(2.14) (/ |Va(x —y)? dI) / [a(x — y)|P da — ||a(z — )|

Then we have
(C* =Dz - y)| = (C* = ") /3 [z — )" da + o(1)
< A(C? - C”_l)TI{ﬂ(JE -y,
which implies that
(2.15) (C*=1) < A(C* = " N|[a(z -y~

By (2.15) and 3 < p < 5, we get
<1
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If C <1, from (2.10) and Lemma 2.4, it holds
2
02/ a|Vi(x — y)|* dz + bC* </ |Va(z — y)|? d:c)
R3 R3

— C'p+1/ u(x —y)P dx = 0.
R3

By (2.6) and (2.16), we have

(2.16)

(2.17) (02—0p+1)/

2
a|Va(z—y)|? do+b(C* —OPTh) (/ |Vu(z — y)|2d93) =0.
RS RS

As 3 < p <5 and

2
(2.18) / o|Vi(z — y)[Pdz > 0, and (/ Ve — y)|2dx) -0,
R3 R3
it implies that there is a contradiction, so C' = 1. O
Lemma 2.6. Problem (1.1) has no ground state solution, that is mq, , is not a

critical value of Ig, .

Proof. The proof is similar to that of Theorem 2.4 of [15], and we only give a
sketch here. Note that mgq, , > mgs since each function in Hj(,,) can be extended
by 0 outside €2, ,. Take a sequence y" in 2, , such that

ly" —a,| — oo, and yj3 — o0 as n — oo.
Then by Lemma 2.4 and Lemma 2.5, we have
Ify =z = y)llr@ws) = o(1), |y —ar| = oo, and ys — +oo,
Ify —u(z —y)ll = o(1), |y — ar| = oo, and y3 — +oo,
‘[Qr,p (fyvty”) - ( ('ZC - yn)) O( )
So
mRS = ](ﬂ('x - y)) = ]Q'r,p (fyvty”l> + O(1> Z mQr,p'

We then conclude that mgrs = mq, .

Now let us suppose that there is a ug € M, , such that I, ,(uy) = mgrs. By
putting ug = 0 in R*\ Q,,, we see that uy could be regarded as an element of
H'(R3). Thus uy would be a minimizer for M and a solution of (1.6) strictly positive
in R? (by the strong maximum principle): a contradiction. In other words, if ug is a
solution of (1.1) satisfying ug € M, ,, then Iq, (ug) > maq, . O

3. A compactness lemma

The arguments of the above Lemma 2.6 provide a picture of how the Palais—
Smale condition may fail. Now, we will state a decomposition theorem for a (PS),
sequence of problem (1.1).

For 7 € R, a sequence {u,} is a (PS), sequence in Hj(Q,,) for I,  if

I, (up) = 7, g, (u,) =o0(1) strongly in H ().
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Lemma 3.1. (Palais-Smale decomposition lemma for I, ,) Let {u,} be a boun-
ded (PS), sequence in Hy(S,,) for I, , with T > 0. Then there exists u € Hj(Q,,)
and A € R such that J) o (u) =0, where

a+ bA?
B Jaa, =" [
Q

1 1
|Vu|2dzv+—/ u?dr — —— |u|P™ da,
o 2 Ja,, p+1Jg,
and either
(1) wp — win Hy(Qy,), or
(ii) there exists | € N and {y*} C R3, |y*| — +oo asn — +oo foreach 1 < k <1,

nontrivial solutions w',--- ,w' of the following problem
(3.2) —(a+bAM)Au+u = |uf"'u, u>0, r€R

with its related functional

a+bA2/ 9 1/ 9 1

3.3 Jars(u) = Vul|® dx + - do — —— P de,
33 dawl) =G [ Vet [ atdee—— [ uptas

such that

pA* ’
(34) T+ T = JA,QM) (u) + Z JA’RS (wk),
k=1
and
l
(3.5) Up — U — Zwk(x—yﬁ) — 0,
k=1

l
(3.6) A2=/ |vu\2dx+2/ V" [? da.
R3 1 /R3

Moreover,

bA*
(3.7) Jars(w') = mq,  + -

Proof. Note that each function in Hj(€2.,), by extending it to be 0 outside €, ,,
can be considered as a function in H*(R?) . Since {u,} is bounded in H}(£2, ,), there
exists a u € Hj(9,,) and A € R such that

(3.8) Uy, — u In HS(QW),

and

(3.9) / (Vu,|? de — A%
Q

TP

Then I, (u) — 0 implies that

(3.10) / aVuV + up dr + bA? VuVpdr — / lulP"rup dr =0
0

TP Qrp Qrp

for all p € Hy(,), ie. Jyqo (u) =0, where

a+ bA? 1 1
(311) JA,QW)(U) = 2 /Q |VU|2CZ1’ + Q/Q U2 dx — ﬁ o |U|p+1 dzx.

P TP
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Since
a+ bA? 1 1
a 2 1 2 b 2 172
=— |Vu,|*dx + = u; dx + —( |Vu,|* dx)
2 Jq 2 /o 4" Jq
(3.12)
b lu |p+1dz+%/ |Vu,|? dz + o(1)
p _I_ 1 Q'r,p " 4 an "
bA*
= ]Qr,p(un) _'_ T + O(1>7
and
(nggryp(un), ©) = (a+ bA?) Vu,Vo+ u,pdr — / | [P~ o de
Q) Qo p
= / aVu,V 4+ up,p dr + b/ Vu,|? Vu,Vodr
(3.13) Qr,p Qr,p Qp

B / |un|p_1un90 dx +o(1)
Q

TP

= (Ig, (un), ) + o(1).
We conclude that

A R
Jag, () =7+ == Jho, (un) = 0 in Hy'(Qy,).

We next show that either (i) or (ii) holds. The argument is similar to [11].

Step 1. Set u! = u,, —u , by (3.8) and the Brezis-Lieb Lemma of [16] we get that

a.l |Vull? = |[Vu,|3 — |Vul + o(1);

b.1 [upl3 = [unl3 — [ul3 + o(1);

c.1 JA,RS(U}L) — MR3 + % — JAﬂr,p(u);

d.1 JARS(u}@) — 0 in HY(R?).

Decompose R? into nonoverlapping countable cubes Q; with centres (z/, m+1/2)
for integers m and side length 1. Let

112
h, = sup lu, |* dz,
|Z|:071727 Ql
and

o' = limsup hy,.
n——+o0o

Vanishing: If o' = 0, then it follows from the Brezis-Lieb Lemma that u. — 0
in L*(R?) for s € (2,2%). Since J) gs(u') — 0 in H~'(R?), we see that u, — 0 in
H'(R3) and the proof is completed.

Non-Vanishing: If ¢! > 0, then we can find a sequence {Q}} with centre y. of

the form {x/,, m, + 1}, such that
1
o
/ lut[*de > —.
0 2

1
n
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Set wl = u}(x + y}), then {wn} is bounded in H'(R?) and we may assume that
wy, — w' in H'(R?). It implies J, ps(w') = 0. By

/|w d:B>—

where Q@ = {(2/,235) € R* x R | |2/| < 3,-1/2 < 235 < 1/2}, we see that w' # 0.
Moreover, w! — 0 in H'(R?) implies that {y!} is unbounded. Hence, we may assume
that |yl| — oo.

Step 2: Set u? = u,, —u —w'(z —y) , we can similarly check that

a.2 |Vupls = [Vun|3 — [Vul; — [Vw'[5 + o(1);

b2 fug3 = funl3 — lul3 — w3 + o(1);

.2 Jams(ub) = mps + 40— Jaq, (u) — Jags(wh);

d.2 JARg(ui) — 0 in H1(R?).

Similar to the arguments in Step 1, let

o? =limsup sup |u? | d.
n—voo [i]=0.1.2.-/Q;

2 = 0, ie. |lup, —u —w(z —yl)|]| = 0. Moreover, by
(3.9) and (a.2) (c.2), we see that

If vanishing occurs, then|u?

4

bA
= |Vul3+ |[Vw'? and 7+ - = Jars(wh) + Jag., ().

If non-vanishing occurs, then there exists a sequence {y2} C R? and a nontrivial
w? € H'(R?) such that w? = w?(z +y.) — w? in H'(R3). Then by (d.2), we
have J)) ps(w?) = 0. Furthermore, u, — 0 in H'(R?) implies that [y,| — oo and
Y5 — Yol = 00 .

We next proceed by iteration. Recall that if w” is a nontrivial solution of .J ARS,
then J4 grs(w”) > 0. So there exists some finite [ € N such that only the vanishing
case occurs in Step 1. Then the lemma is proved.

Next, we prove that

JA’RB(’Ujl) = anp + T

Let {u,} C M, , be a minimizing sequence for mq, ,, then by the Ekelands variational
principle (see Theorem 8.5 in [16]), there exists a sequence {v,} C M, , such that

IQT',p — mQr,p? (IQT',p|Mr',p)/(Un) - 0 ln H_l(Q?“7p)> ||,Un - u”” - O

By Lemma 2.3(ii), (Iq,,) (v,) = 0in H1($,,). Since {v,} is a bounded (PS)ma,,,
sequence for I, , either (i) or (ii) holds. However, since Lemma 2.6 has showed that

m,., is not a critical value of I, (ii) holds.
If w# 0, then J) o (u) =0 and

0= (J\o, (u),u):(a+bA2)/ \vu|2dx+/ u2dx—/ P da
e Q) Q) Q)

2
> / alVul® + u*dx +b (/ \Vu|2dx) — / lulPT dz = g(u).
R3 R3 R3
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Hence there exists an unique ¢ € (0, 1] such that u; € Mg, ,. So

Tag,, (W), u)  bA? bA?
Tago,(0) = Vg, (o) — 2200 O [ iy O [ g
Q Q

4 4 4 .
5P 0
1 1 bA?
= g/ |Vu\2d:c+/ “ulPtt de — ——|u[Ptt do + —— |Vul? dx
4 Q. p Qr.p 4 P + 1 4 Qrp
at? 1 1 bA?
> — Vuzd:)s+/ —tuPtt — ——Jtu|P do + —— Vu|* dx
> QWI | QW4| | ijl| | 1 QWl |
1 bA?
=Io,, () — —(Jhq (u),u) + —/ |Vu|? de
4 P 4 Qrp
bA?
> mq,, + —— |Vul|* dx.
, 4 o,
Since JA,RB (w) =0 (i =1,2,---,1), similar to the above process, we have
i bA? 0|2 bA? 012
(3.14) Jars(w') > mps + — |IVw'|*dz = mgq, , + — |[Vw'|* dx.
’ 4 R3 o’ 4 R3
Then
hA ’
me, —+ T = JA,Qr,p (U) + ; JA,R3 (wk)
bA? , A% .
2 mQT.,p + T o |VU| dx + lme) + T ;/Rg |Vw | dx
bA*
> 2mq, , + W

which is a contradiction. So u = 0, by (3.14) we have

bA2 Zl i bA2 Z’ .
mQr',p + 4 = Pt JA,R3 ('UJ ) Z mQT.,p + lmQT.’p + T e RS |V’w | dZE
- . bA*
m [
= Qrp 4 )
which implies | = 1. Thus J4 gs(w') = mq, , + %47 O

Lemma 3.2. Let {u,}C M, , be (PS), sequence for I, , with T € (mq, ,,2mq, ,),
then up to a subsequence, u, — u in H}($,,) for some u € Hg (. ,)\{0}.

Proof. Let {u,} C M,, be (PS), sequence for Iy , with 7 € (mq, ,,2mq, ),
then {u,} is a bounded in Hj(f,,). Applying Lemma 3.1, either (i) or (ii) holds.
We next show that (i) holds with v # 0 by discussing the following two cases.

Case 1. u=0. If u = 0, then (i) dose not occur since 7 > 0, hence (ii) holds.
Similar to (3.15), we have

bA* bA*
T+ — = Z JA7R3(wk) Z lanp —+ T
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Then [ = 1. Since 7 < 2cq,,, and by (3.7), we have

bA* 1 bA*
T+T—JAR3( ):mgw—l—T,
which contradicts to 7 > mq, ,. So Case 1 does not occur.

Case 2. u # 0. If (ii) holds, then we still have (3.14) and (3.14) hold. Hence if
[ # 0, similar to (3.15), we have

bA*

bA?
T+ — =Jag,,(u +ZJAR3 >2mQTP+Tv

4

which contradicts to 7 < 2cq, ,. Thus, l =0, (i) holds and the lemma is proved. [

4. Proof of Theorem 1

In order to get such (PS), sequence given in Lemma 3.1, we try to use linking
arguments with a barycenter map restricted to the Nehari manifold M, ,.

Recall the definition and some properties of the barycenter map, which can be
also found in [1]. The barycenter map 3: H'(R3)\{0} — R? is defined as: for any

= HI(R?’)\{O}, )
() = /R V() dr,

where V(2) = (u(x) — § mauers u(x))* and p(e) = b [y uly)] dy.
Since V' (z) has compact support and is contmuous B(u) is Well deﬁned and has
the following properties:

(a) S(u) is continuous;

(b) If w is radial, then (u) =

(c) For any y € R?, then S(u(- —y)) = B(u) +y;

(d) If w is radial, then for any y € R?® and t > 0, B(tu(- — y)) = y.

Set
M, p = {u S Mr,p | ﬁ(u) = ar}
and
mq,, = inf I(u),
M.,
we have

Lemma 4.1. mq,, > mq,,.

Proof. It easy to see that mgq, , > mq, . By contradiction, we just suppose that
mq,, = mgq,,. Let {u,} C M, , be a minimizing sequence for g, ,, then {u, } is also
a minimizing sequence for mgq, ,. Then there exists a bounded (PS )mnrp sequence
{v.} C ]\;[W for I, , such that

(4.1) |vn — uy|| — 0.
Moreover,
(4.2) v, = w'(-—yl) in H'(R?)

with y! € R3 and |y!| — +o00. By the continuity of 8 and (4.1), we have 3(v,) —
B(u,) = a, However, by (4.2), we see that

_ . _ . 1 1 .
o, = Tim_[8(e)| = lim_|5(w') + k| = +oo,
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which is impossible. Hence mq, , > mq, . U

Proof of Theorem 1.1. Let u be the radial and positive ground state solution of
(1.6). By Lemma 2.5, we have

Jt, € R" s.it. fy4, € My, and t, — 1 as |y —a,| = +00 and y3 — +00.
Then,we define a continuous map K: R* — M, , as
K@)(@) = fyu, (@) = (1 — a, (st i — ).
By Lemma 2.4, we have

(4.3) Ify =tz —y)l =o(1), |ly—a]— o0, and y; — +oo.
By the continuity of § and (4.3) and Lemma 2.5,
(4.4) B(K(y) = Bu(z —y)) =y, as|y—a[— +oo and y3 — +o0.

By (4.4) we see B(K(y)) = y # a,, as r — +00, fory € dBr(ay), and there exists
ry >0, if r > r; , then we have

(45) B(K () # ar for y € 9B; (a,)
and
(4.6) (B(K(y)),y) >0 for y € 9Bz(a,).
From Lemma 2.6, it shows that
(4.7) Ig, (K (y)) = mq,,, as|y—a,| — +oo and yz — 400
and there exists r9 > 0, if » > r9 > rq, it holds
(4.8) lo, ,(K(y)) < 2mq,, for y € 0Bz (a,).
Since mq, , > mq, ,, by (4.7) there exists 73 > ry > 0 and r > 73 such that
(4.9) 8ma§)lgryp(K(y)) < maq,,.

A

From Lemma 2.4 and (4.8), fix pg > 0, 19 > r3, if 0 < p < pg, r > 79, then

lo, (K (y)) < 2mq,, for y € B:(a,).
From now on, fixing pg, 7, for r > ro. Let set Q = K(B:(a,)), and S = Mr,p,

which is given in (4.1). Now, we prove dQ) and S are linf{ing. Indeed, for any
u € 0Q, by (4.5) we see B(u) # a,, hence u ¢ S, and 9Q NS = . For any

he H={hecC(Q, M,,)lhlag = id}, we define a map G: B:(a,) - R?, as

G(y) = (BohoK)(y), Vy€ Bz(ar).

Then G is continuous since it is a composition of continuous maps. Moreover, consider
the homotopy, for 0 <¢ <1

(4.10) F(t,y) = (1 -t)G(y) +ty, for ye R>
Ify € 0B:(a,), by (4.6),

(B(K(y)),y) > 0.
It implies that

(F(t,y),y) = (1 =)G(y),y) + ({ty,y) = (1 = )BK(y)), y) + t{y, y) > 0
Thus F(t,y) # 0 for y € 9Bz (a,). By the homotopic invariance of the degree
d(K(y), Br(a,),a,) = d(I, Br(ar),a,) = 1.

r
2
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There is § € Br(a,) such that G(§) = a,, which implies that h(K(7)) € S. Then
K(g) € ( )N S. So S and 9Q link. By (4.8) and (4.9), we see that

inf Io. = mq. > maxlq and suplq. (u) < 2mgq. .
ucsg TP TP wedQ = mF ueg T,p( ) TP

Applying the Linking Theorem, there exists a (PS); sequence {u,} for Io,,, where

T = églf{ max Io, ,(h(u)).

Since h(Q)NS # @ forany h € H, 7 > mq, ,. On the other hand, 7 < max,cq o, , (u)
< 2mq,,. So {u,} is a (PS), sequence for I , with 7 € (mq,,,2mq,,). By
Lemma 3.2, there exists u € Hj(,,)\{0} such that u, — u in Hj(Q,,). So u is a
nontrivial solution of problem (1.1). O
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