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Abstract. We prove a range of critical Hardy inequalities and uncertainty type principles on
one of most general subclasses of nilpotent Lie groups, namely the class of homogeneous groups.
Moreover, we establish a new type of critical Hardy inequality and prove Hardy–Sobolev type
inequalities. Most of the obtained estimates are new already for the case of Rn. For example, for
any f ∈ C∞

0 (Rn\{0}) we obtain the range of critical Hardy inequalities of the form

sup
R>0

∥

∥

∥

∥

∥

f − fR

|x|np log R
|x|

∥

∥

∥

∥

∥

Lp(Rn)

≤ p

p− 1

∥

∥

∥

∥

1

|x|np −1
∇f

∥

∥

∥

∥

Lp(Rn)

, 1 < p < ∞,

where fR = f(R x
|x|), with sharp constant p

p−1 , recovering the known cases of p = n and p = 2.

Moreover, we also show a new type of a critical Hardy inequality of the form
∥

∥

∥

∥

f

|x|

∥

∥

∥

∥

Ln(Rn)

≤ n ‖(log |x|)∇f‖Ln(Rn) ,

for all f ∈ C∞
0 (Rn\{0}), where the constant n is sharp.

1. Introduction

In a very short note [Har20] related to the convergence of different series related
to an inequality by Hilbert, Hardy proved an inequality (in one variable) now bearing
his name, which in the multidimensional case of Rn can be formulated as

(1.1)

∥

∥

∥

∥

f(x)

|x|

∥

∥

∥

∥

L2(Rn)

≤ 2

n− 2
‖∇f‖L2(Rn) , n ≥ 3,

where ∇ is the standard gradient in R
n, f ∈ C∞

0 (Rn\{0}), and the constant 2
n−2

is
known to be sharp. Nowadays this inequality plays an important role in many areas
such as the spectral theory, geometric estimates, the theory of partial differential
equations, associated to the Laplacian, see e.g. [Dav99], [BEL15] and [RS19] for
reviews of the subject. In the modern analysis of the p-Laplacian and for many other
problems, the Lp-version of (1.1) takes the form

(1.2)

∥

∥

∥

∥

f(x)

|x|

∥

∥

∥

∥

Lp(Rn)

≤ p

n− p
‖∇f‖Lp(Rn) , n ≥ 2, 1 ≤ p < n,

again with the sharp constant p

n−p
.
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We note historically, that for sequences (1.2) was first given as an analogue of
Hardy’s original version of (1.1) in an immediate response by Marcel Riesz to Hardy’s
demonstration of his inequality to Riesz, see [Har20] for an account of this.

In the critical case p = n the inequality (1.2) fails for any constant. In bounded
domains, however, the inequality

(1.3)

∥

∥

∥

∥

∥

f(x)

|x|(1 + log 1
|x|
)

∥

∥

∥

∥

∥

Ln(B)

≤ n

n− 1
‖∇f‖Ln(B) , n ≥ 2,

is valid, with sharp constant n
n−1

, see Edmunds and Triebel [ET99], where such
inequality was also shown to be equivalent to the critical case of the Sobolev–Lorentz
inequality. However, (1.3) is not invariant under scalings in the same way as (1.1)
and (1.2) are, and in Ioku, Ishiwata and Ozawa [IIO16] a global scaling invariant
version of (1.3) was established:

(1.4) sup
R>0

∥

∥

∥

∥

∥

f − fR

|x| log R
|x|

∥

∥

∥

∥

∥

Ln(Rn)

≤ n

n− 1

∥

∥

∥

∥

x

|x| · ∇f

∥

∥

∥

∥

Ln(Rn)

, n ≥ 2,

again with sharp constant n
n−1

, fR = f(R x
|x|
). We refer also to [II15] for the discussion

of (1.3) and (1.4) in bounded domains. In the case of Rn, we extend this inequality
to the whole range of critical Hardy inequalities of the form

sup
R>0

∥

∥

∥

∥

∥

f − fR

|x|np log R
|x|

∥

∥

∥

∥

∥

Lp(Rn)

≤ p

p− 1

∥

∥

∥

∥

∥

1

|x|np−1

x

|x| · ∇f

∥

∥

∥

∥

∥

Lp(Rn)

(1.5)

≤ p

p− 1

∥

∥

∥

∥

∥

1

|x|np−1
∇f

∥

∥

∥

∥

∥

Lp(Rn)

, 1 < p < ∞,

with the sharp constant. In addition, among other things, compared to (1.3), we
show another type of critical Hardy inequality, namely,

∥

∥

∥

∥

f

|x|

∥

∥

∥

∥

Ln(Rn)

≤ n ‖log |x|∇f‖Ln(Rn) ,

for all f ∈ C∞
0 (Rn\{0}), where the constant is sharp.

In the case of homogeneous Carnot groups inequalities of this type have been
also intensively investigated. In this case inequality (1.1) takes the form

(1.6)

∥

∥

∥

∥

f(x)

d(x)

∥

∥

∥

∥

L2(G)

≤ 2

Q− 2
‖∇Hf‖L2(G) , Q ≥ 3,

where Q is the homogeneous dimension of the homogeneous Carnot group G, ∇H is
the horizontal gradient, and d(x) is the so-called L-gauge (a particular quasi-norm)
obtained from the fundamental solution of the sub-Laplacian: d(x) is such that
d(x)2−Q is a constant multiple of Folland’s [Fol75] fundamental solution of L. Thus,
in the case of the Heisenberg group (1.6) was proved by Garofalo and Lanconelli
[GL90], and its extension to p 6= 2 was obtained by Niu, Zhang and Wang [NZW01],
see also [AS06]. On general homogeneous Carnot groups weighted versions of (1.6) are
also known, see Goldstein and Kombe [GK08], and its further refinements including
boundary terms over arbitrary domains were obtained by the authors in [RS17].
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The Lp-versions of (1.6) analogous to (1.2) in the form

(1.7)

∥

∥

∥

∥

f(x)

d(x)

∥

∥

∥

∥

Lp(G)

≤ p

Q− p
‖∇Hf‖Lp(G) , Q ≥ 3, 1 < p < Q,

are also known: on groups of Heisenberg type [DGP11], on polarisable groups [GK08],
see also [D’A05], and [CCR15].

In this paper we establish the global version of the critical Hardy inequality (1.3)–
(1.4) on general homogeneous groups. Homogeneous groups are Lie groups equipped
with a family of dilations compatible with the group law. The abelian group (Rn; +),
the Heisenberg group, homogeneous Carnot groups, stratified Lie groups, graded Lie
groups are all special cases of the homogeneous groups. Homogeneous groups have
proved to be a natural setting to generalise many questions of the Euclidean analysis.
Indeed, having both the group and dilation structures allows one to introduce many
notions coming from the Euclidean analysis. We note that homogeneous groups are
nilpotent, and the class of homogeneous groups gives almost the class of all nilpotent
Lie groups but is not equal to it; an example of a nine-dimensional nilpotent Lie group
that does not allow for any family of dilations was constructed by Dyer [Dye70]. Thus,
our methods of proofs are not specific to R

n and so it is convenient to work in the
generality of homogeneous groups. However, already in the case of isotropic Rn some
of our estimates are new while other results also provide new insights because of the
freedom of the choice of a quasi-norm | · | which does not have to be the Euclidean
norm.

Thus, in particular, we show that for a homogeneous group G of homogeneous
dimension Q ≥ 2 and any homogeneous quasi-norm | · | we have the inequality

(1.8) sup
R>0

∥

∥

∥

∥

∥

f − fR

|x|log R
|x|

∥

∥

∥

∥

∥

LQ(G)

≤ Q

Q− 1
‖Rf‖LQ(G)

for all f ∈ C∞
0 (G\{0}), where R := d

d|x|
is the radial derivative. Here we denote fR =

f(R x
|x|
) for x ∈ G and R > 0. The operator R appearing in (1.8) is homogeneous of

order −1 and can be interpreted at the radial operator on the homogeneous group
G.

In fact, we will show more than the inequality (1.8). Namely, we will show the
whole range of inequalities

(1.9) sup
R>0

∥

∥

∥

∥

∥

∥

f − fR

|x|
Q

p log R
|x|

∥

∥

∥

∥

∥

∥

Lp(G)

≤ p

p− 1

∥

∥

∥

∥

∥

1

|x|
Q

p
−1

Rf

∥

∥

∥

∥

∥

Lp(G)

,

for all 1 < p < ∞, where R = d
d|x|

. For p = Q this is the same as (1.8). For p = 2,

in the abelian case G ≡ R
n the estimate (1.9) was shown by Machihara, Ozawa and

Wadade in [MOW16]. The abelian case of (1.9) in principle can be obtained from
[MOW15, Theorem 1.1], when | · | is the Euclidean norm.

Consequently, (1.9) implies critical versions of uncertainty principles on homoge-
neous groups that will be given in Corollary 4.3.

The inequalities (1.9) are all critical with respect to the weight in the left hand

side, namely, all the weights |x|−
Q

p in Lp give |x|−Q which is the critical order for the
integrability at zero and at infinity.
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The constant p

p−1
in (1.9) is sharp but is in general unattainable (see [II15, IIO16]

for the Euclidean case). In fact, the proof of Theorem 3.1 yields also the precise form
of the remainder, i.e. of the difference between two terms in (1.9).

One can readily see that the inequality (1.8) extends the critical Hardy inequality
(1.4). Indeed, in the case of G = R

n, we have Q = n and if |x| is the Euclidean
norm, (1.8) reduces to (1.4). Our proof of (1.9) is based on the Euclidean ideas [IIO16]
and [MOW15] combined with further analysis on homogeneous groups developed by
Folland and Stein [FS82], and later in [FR16] as well as [RS19].

Since we are dealing with general homogeneous groups there may be no grada-
tion nor stratification available in its Lie algebra—therefore, the appearance of the
operator R in (1.8) or (1.9) is rather natural. Moreover, we note that we do not have
to rely on a particular gauge d(x) as in (1.6) and (1.7), but can use any homogeneous
quasi-norm |x| in (1.8) and (1.9). In fact, also in the stratified case, one does not
always need to work with the gauge (a particular norm) coming from the fundamen-
tal solution, and we refer to [RS17c] for critical Hardy and other inequalities in the
horizontal setting of stratified groups.

We also note that (1.8) is the critical case of Lp-Hardy inequalities on homoge-
neous groups that were established in [RS17a], taking the form

(1.10)

∥

∥

∥

∥

f

|x|

∥

∥

∥

∥

Lp(G)

≤ p

Q− p
‖Rf‖Lp(G) , 1 < p < Q.

This inequality can be regarded as an extension of (1.2) and (1.7) to the setting
of homogeneous groups, we refer to [RS17a] for explanations (see also [RS17b]). From
this point of view the inequality (1.8) is the critical case of (1.10) with p = Q in the
same way as (1.4) is the critical case of (1.2) with p = n.

Thus, the main aim of this paper is to obtain a critical Hardy inequality on ho-
mogeneous groups generalising the known critical Hardy inequality of the Euclidean
case as well as critical Hardy inequalities that would be already new also on R

n.
Moreover, such inequalities will also imply the corresponding versions of critical un-
certainty principles on homogeneous groups.

Furthermore, we establish a new type of critical Hardy inequality on general
homogeneous groups, and also give improved versions of the inequality (1.2) for p = 2
on quasi-balls of homogeneous (Lie) groups. This also generalises many previously
known results on subclasses of nilpotent Lie groups. Such inequalities are also called
Hardy–Sobolev type inequalities.

In fact, the Euclidean case of our homogeneous group results says that for each
f ∈ C∞

0 (B(0, R)\{0}), B(0, R) = {x ∈ R
n, |x| < R}, we have

(1.11)

ˆ

B(0,R)

|f(x)|n
|x|n dx ≤ nn

ˆ

B(0,R)

| log |x||n|∇f |n dx,

with the optimal constant, which can serve as a new critical version of the Hardy
inequality (1.2), while it is also generalised to arbitrary quasi-balls of homogeneous
(Lie) groups.

In Section 2 we very briefly review the main concepts of homogeneous groups and
fix the notation. In Section 3 we prove critical Hardy inequalities and uncertainty
type principles. In Section 4 a new critical Hardy inequality is given. In Section 5
we discuss a class of improved Hardy–Sobolev type inequalities on quasi-balls of
homogeneous (Lie) groups.
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2. Preliminaries

Following Folland and Stein [FS82] we briefly recall the main notions concerning
homogeneous groups. We adopt the notation from [FR16] and refer to it for further
details.

A family of dilations of a Lie algebra g is a family of linear mappings of the form

Dλ = Exp(Alnλ) =
∞
∑

k=0

1

k!
(ln(λ)A)k,

where A is a diagonalisable linear operator on g with positive eigenvalues, and each
Dλ is a morphism of the Lie algebra g, that is, a linear mapping from g to itself
which respects the Lie bracket:

∀X, Y ∈ g, λ > 0, [DλX,DλY ] = Dλ[X, Y ].

Definition 2.1. A homogeneous group is a connected simply connected Lie
group whose Lie algebra is equipped with dilations.

Homogeneous groups are nilpotent, the exponential mapping is a global diffeo-
morphism from g to G, thus leading to the dilations on G which we continue to
denote by Dλx or simply by λx.

If x denotes a point in G the Haar measure is denoted by dx. The Haar measure
of a measurable subset S of G is denoted by |S|. One easily checks that

(2.1) |Dλ(S)| = λQ|S| and

ˆ

G

f(λx) dx = λ−Q

ˆ

G

f(x) dx,

where

Q = TrA.

Let us denote by {X1, . . . , Xn} a basis of the Lie algebra g of G, so A is a n-diagonal
matrix

(2.2) A = diag(ν1, . . . , νn),

where νk is the homogeneous degree of Xk. The number Q is larger (or equal) than
the usual (topological) dimension of the group:

n = dimG ≤ Q,

and may replace it for certain questions of analysis. For this reason the number Q is
called the homogeneous dimension of G.

Definition 2.2. A homogeneous quasi-norm is a continuous non-negative func-
tion

G ∋ x 7→ |x| ∈ [0,∞),

satisfying

• (symmetric) |x−1| = |x| for all x ∈ G,
• (1-homogeneous) |λx| = λ|x| for all x ∈ G and λ > 0,
• (definite) |x| = 0 if and only if x = 0.

Every homogeneous group G admits a homogeneous quasi-norm that is smooth
away from the unit element but we do not need it here. The | · |-ball centred at x ∈ G

with radius R > 0 can be defined by

B(x,R) := {y ∈ G : |x−1y| < R}.
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We also use notation

Bc(x,R) := {y ∈ G : |x−1y| > R}.
The following polar decomposition was established in [FS82] (see also [FR16, Sec-
tion 3.1.7]).

Proposition 2.3. Let G be a homogeneous group equipped with a homogeneous
quasi-norm | · |. Then there is a (unique) positive Borel measure σ on the unit sphere

(2.3) S := {x ∈ G : |x| = 1},
such that for all f ∈ L1(G), we have

(2.4)

ˆ

G

f(x) dx =

ˆ ∞

0

ˆ

S

f(ry)rQ−1 dσ(y) dr.

We now fix a basis {X1, ..., Xn} of g such that

AXk = νkXk

for each k, so that A is given by (2.2). Denote by e(x) = (e1(x), . . . , en(x)) the vector
that is determined by

exp−1
G
(x) = e(x) · ∇ ≡

n
∑

j=1

ej(x)Xj.

Then one has

x = expG (e1(x)X1 + . . .+ en(x)Xn) ,

rx = expG (rν1e1(x)X1 + . . .+ rνnen(x)Xn) ,

e(rx) = (rν1e1(x), . . . , r
νnen(x)).

Thus, since r > 0 is arbitrary, without loss of generality taking |x| = 1, we obtain

(2.5)
d

d|rx|f(rx) =
d

dr
f(exp

G
(rν1e1(x)X1 + . . .+ rνnen(x)Xn)).

Denoting by

(2.6) R :=
d

dr
,

for all x ∈ G this gives the equality

(2.7)
d

d|x|f(x) = Rf(x),

for each homogeneous quasi-norm |x| on a homogeneous group G. The formula (2.7)
plays a role of radial derivative on G and will be useful for our calculations. We note
that the operator

(2.8) Euler := |x|R
is homogeneous of order zero and can be thought of as the Euler operator on the
homogeneous group G characterising the homogeneity of functions: a continuously
differentiable function f is positively homogeneous of order µ, i.e. f(rx) = rµf(x)
for all r > 0 and x 6= 0, if and only if Euler(f) = µf .
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3. Critical Hardy inequalities and uncertainty type principle

We now present a range of critical Hardy inequalities on the homogeneous group
G. In the isotropic (standard) Euclidean case of R

n with the quasi-norm being
the Euclidean norm, the following result was obtained in [IIO16] for p = Q and in
[MOW16] for p = 2. Thus, already in such setting the following inequalities for the
whole range of 1 < p < ∞ are new.

Theorem 3.1. Let G be a homogeneous group of homogeneous dimension Q ≥ 2
and a homogeneous quasi-norm denoted by |·|. Let f ∈ C∞

0 (G\{0}) and fR = f(R x
|x|
)

for x ∈ G and R > 0. Then the following generalised critical Hardy inequality is
valid:

(3.1) sup
R>0

∥

∥

∥

∥

∥

∥

f − fR

|x|
Q

p log R
|x|

∥

∥

∥

∥

∥

∥

Lp(G)

≤ p

p− 1

∥

∥

∥

∥

∥

1

|x|
Q

p
−1

Rf

∥

∥

∥

∥

∥

Lp(G)

, 1 < p < ∞,

where R is the radial operator on G with respect to the quasi-norm | · |, and where
the constant p

p−1
is optimal.

It follows from the remainder formula obtained in the proof (i.e. the exact ex-
pression (3.3) for the difference between two sides of (3.1)) that the constant p

p−1
in

(3.1) is the best constant.
We note that for p = Q the estimate (3.1) becomes

(3.2) sup
R>0

∥

∥

∥

∥

∥

f − fR

|x|log R
|x|

∥

∥

∥

∥

∥

LQ(G)

≤ Q

Q− 1
‖Rf‖LQ(G) , Q ≥ 2,

which gives the critical estimate (1.8). In the Euclidean isotropic case inequalities
(3.1) with the Euclidean norm imply (1.5).

Proof of Theorem 3.1. Introducing polar coordinates (r, y) = (|x|, x
|x|
) ∈ (0,∞)×

S on G, where |x| is a homogeneous quasi-norm of x ∈ G (see Definition 2.2) and
using Proposition 2.3 one calculates
ˆ

B(0,R)

|f(x)− fR(x)|p
|x|Q| log R

|x|
|p dx =

ˆ R

0

ˆ

S

|f(ry)− f(Ry)|p
rQ
(

log R
r

)p rQ−1 dσ(y) dr

=

ˆ R

0

d

dr

(

1

p− 1

1
(

log R
r

)p−1

ˆ

S

|f(ry)− f(Ry)|p dσ(y)
)

dr

− p

p− 1
Re

ˆ R

0

(

1
(

log R
r

)p−1

ˆ

S

|f(ry)− f(Ry)|p−2(f(ry)− f(Ry))
df(ry)

dr
dσ(y)

)

dr

= − p

p− 1
Re

ˆ R

0

(

1
(

log R
r

)p−1

ˆ

S

|f(ry)− f(Ry)|p−2(f(ry)− f(Ry))
df(ry)

dr
dσ(y)

)

dr,

where σ is the Borel measure on S and the contribution on the boundary at r = R
vanishes due to the inequalities

|f(ry)− f(Ry)| ≤ C(R− r),

R− r

R
≤ log

R

r
.



1166 Michael Ruzhansky and Durvudkhan Suragan

Using the formula (2.7) we arrive at
ˆ

B(0,R)

|f(x)− fR(x)|p
|x|Q| log R

|x|
|p dx

= − p

p− 1
Re

ˆ R

0

1
(

log R
r

)p−1

ˆ

S

|f(ry)− f(Ry)|p−2(f(ry)− f(Ry))
df(ry)

dr
dσ(y) dr

= − p

p− 1
Re

ˆ

B(0,R)

∣

∣

∣

∣

∣

∣

f(x)− fR(x)

|x|
Q

p log R
|x|

∣

∣

∣

∣

∣

∣

p−2

(f(x)− fR(x))

|x|
Q

p log R
|x|

1

|x|
Q

p
−1

df(x)

d|x| dx.

Similarly, one obtains
ˆ

Bc(0,R)

|f(x)− fR(x)|p
|x|Q| log R

|x|
|p dx =

ˆ ∞

R

ˆ

S

|f(ry)− f(Ry)|p
rQ
(

log r
R

)p rQ−1 dσ(y) dr

= −
ˆ ∞

R

d

dr

(

1

p− 1

1
(

log r
R

)p−1

ˆ

S

|f(ry)− f(Ry)|pdσ(y)
)

dr

+
p

p− 1
Re

ˆ ∞

R

(

1
(

log r
R

)p−1

ˆ

S

|f(ry)− f(Ry)|p−2(f(ry)− f(Ry))
df(ry)

dr
dσ(y)

)

dr

= − p

p− 1
Re

ˆ

Bc(0,R)

∣

∣

∣

∣

∣

∣

f(x)− fR(x)

|x|
Q

p log R
|x|

∣

∣

∣

∣

∣

∣

p−2

(f(x)− fR(x))

|x|
Q

p log R
|x|

1

|x|
Q

p
−1

df(x)

d|x| dx.

It follows that
ˆ

G

|f(x)− fR(x)|p
|x|Q| log R

|x|
|p dx

= − p

p− 1
Re

ˆ

G

∣

∣

∣

∣

∣

∣

f(x)− fR(x)

|x|
Q

p log R
|x|

∣

∣

∣

∣

∣

∣

p−2

(f(x)− fR(x))

|x|
Q

p log R
|x|

1

|x|
Q

p
−1

df(x)

d|x| dx

=

(

p

p− 1

)p

‖v‖p
Lp(G) − p

ˆ

G

I(u,− p

p− 1
v)

∣

∣

∣

∣

p

p− 1
v + u

∣

∣

∣

∣

2

dx,

where

u =
f(x)− fR(x)

|x|
Q

p log R
|x|

, v =
1

|x|
Q

p
−1

df(x)

d|x| ,

and I is defined by

I(f, g) :=

(

1

p
|g|p + 1

p′
|f |p − |f |p−2Re(fg)

)

|f − g|−2 ≥ 0, f 6= g,
1

p
+

1

p′
= 1,

I(g, g) :=
p− 1

2
|g|p−2.

That is,

(3.3) ‖u‖p
Lp(G) =

(

p

p− 1

)p

‖v‖p
Lp(G) − p

ˆ

G

I(u,− p

p− 1
v)

∣

∣

∣

∣

p

p− 1
v + u

∣

∣

∣

∣

2

dx.

This proves the inequality (3.1) since the last term is non-positive. �

Note that in the Euclidean case the equality (3.3) was proved in [IIO17].



Critical Hardy inequalities 1167

Theorem 3.1 implies the following uncertainly type principles:

Corollary 3.2. (Uncertainly type principle on G) Let 1 < p < ∞ and f ∈
C∞

0 (G\{0}). Then for any R > 0 and 1
p
+ 1

q
= 1

2
with q > 1, we have

(3.4)

∥

∥

∥

∥

∥

1

|x|
Q

p
−1

Rf

∥

∥

∥

∥

∥

Lp(G)

‖f‖Lq(G) ≥
p− 1

p

∥

∥

∥

∥

∥

∥

f(f − fR)

|x|
Q

p log R
|x|

∥

∥

∥

∥

∥

∥

L2(G)

and also

(3.5)

∥

∥

∥

∥

∥

1

|x|
Q

p
−1

Rf

∥

∥

∥

∥

∥

Lp(G)

∥

∥

∥

∥

∥

∥

f − fR

|x|
Q

p′ log R
|x|

∥

∥

∥

∥

∥

∥

Lp′(G)

≥ p− 1

p

∥

∥

∥

∥

∥

∥

f − fR

|x|Q2 log R
|x|

∥

∥

∥

∥

∥

∥

2

L2(G)

for 1
p
+ 1

p′
= 1.

Proof of Corollary 4.3. By using the critical Hardy inequality in Theorem 3.1
we have

∥

∥

∥

∥

∥

1

|x|
Q

p
−1

Rf

∥

∥

∥

∥

∥

Lp(G)

‖f‖Lq(G) ≥
p− 1

p

∥

∥

∥

∥

∥

∥

f − fR

|x|
Q

p log R
|x|

∥

∥

∥

∥

∥

∥

Lp(G)

‖f‖Lq(G)

=
p− 1

p







ˆ

G

∣

∣

∣

∣

∣

∣

f − fR

|x|
Q

p log R
|x|

∣

∣

∣

∣

∣

∣

2 p

2

dx







1
2

2
p
(
ˆ

G

|f |2 q

2 dx

) 1
2

2
q

≥ p− 1

p





ˆ

G

∣

∣

∣

∣

∣

∣

f(f − fR)

|x|
Q

p log R
|x|

∣

∣

∣

∣

∣

∣

2

dx





1
2

=
p− 1

p

∥

∥

∥

∥

∥

∥

f(f − fR)

|x|
Q

p log R
|x|

∥

∥

∥

∥

∥

∥

L2(G)

,

where we have used the Hölder inequality in the last line. This shows (4.5). The
proof of (3.5) is similar. �

4. Another type of critical Hardy inequality

In this section we prove another type of a critical Hardy inequality. This estimate,
or rather its corollary (4.3), is analogous to the critical Hardy inequality (1.3) of
Edmunds and Triebel, however, a new feature here is that the logarithmic term
enters the right hand side. As such, this result is new also on R

n, however, our
techniques allow us to establish it also in the setting of homogeneous groups with
arbitrary quasi-norms.

Theorem 4.1. Let G be a homogeneous group of homogeneous dimension Q.
Then for all complex-valued functions f ∈ C∞

0 (B(0, R)\{0}), and any homogeneous
quasi-norm | · | on G we have

(4.1)

ˆ

B(0,R)

|f(x)|Q
|x|Q dx ≤ QQ

ˆ

B(0,R)

|(log |x|)Rf(x)|Q dx,

where the constant QQ is optimal. Here B(0, R) is the quasi-ball with respect to the
quasi-norm | · |.
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Remark 4.2. In the abelian case G = (Rn,+) we have Q = n, so for any quasi-
norm | · | on R

n (4.1) implies a new inequality with the optimal constant: For each
f ∈ C∞

0 (B(0, R)\{0}), we have

(4.2)

∥

∥

∥

∥

f

|x|

∥

∥

∥

∥

Ln(B(0,R))

≤ n

∥

∥

∥

∥

(log |x|) x

|x| · ∇f

∥

∥

∥

∥

Ln(B(0,R))

.

In turn, by using Schwarz’s inequality with the standard Euclidean distance
|x| =

√

x2
1 + . . .+ x2

n, since R is arbitrary this implies the Euclidean version of the
critical Hardy inequality for G ≡ R

n with the optimal constant:

(4.3)

∥

∥

∥

∥

f

|x|

∥

∥

∥

∥

Ln(Rn)

≤ n ‖log |x|∇f‖Ln(Rn) ,

for all f ∈ C∞
0 (Rn\{0}). Here ∇ is the standard gradient in R

n.

Thus, even in the abelian case of R
n, for example, the inequality (4.2) also

provides new insights in view of the arbitrariness of the choice of the not necessarily
Euclidean norm.

Proof of Theorem 4.1. A direct calculation with integrating by parts gives
ˆ

B(0,R)

|f(x)|p
|x|Q dx =

ˆ R

0

ˆ

S

|f(δr(y))|prQ−1−Q dσ(y) dr

= −p

ˆ R

0

log rRe

ˆ

S

|f(δr(y))|p−2f(δr(y))
df(δr(y))

dr
dσ(y) dr

≤ p

ˆ

B(0,R)

|Rf(x)||f(x)|p−1

|x|Q−1
| log |x|| dx = p

ˆ

B(0,R)

|Rf(x)| log |x|||
|x|

Q

p
−1

|f(x)|p−1

|x|
Q(p−1)

p

dx.

By using Hölder’s inequality, it follows that

ˆ

B(0,R)

|f(x)|p
|x|Q dx ≤ p

(
ˆ

B(0,R)

|Rf(x)|p| log |x||p
|x|Q−p

dx

)
1
p
(
ˆ

B(0,R)

|f(x)|p
|x|Q dx

)
p−1
p

,

which gives (4.1).
Now we show the optimality of the constant, so we need to check the equality

condition in above Hölder’s inequality. Let us consider the function

h(x) = log |x|.
Then a straightforward calculation shows that

(4.4)

(

|Rh(x)|| log |x||
|x|

Q

p
−1

)p

=

(

|h(x)|p−1

|x|
Q(p−1)

p

)
p

p−1

,

which satisfies the equality condition in Hölder’s inequality. This gives the optimality
of the constant QQ in (4.1). �

Corollary 4.3. (Critical uncertainty principle on a quasi-ball B(0, R) ⊂ G)
Let G be a homogeneous group of homogeneous dimension Q ≥ 2. Then for each
f ∈ C∞

0 (B(0, R)\{0}) and an arbitrary homogeneous quasi-norm | · | on G we have

(4.5)

(
ˆ

B(0,R)

|(log |x|)Rf |Q dx

)
1
Q
(
ˆ

B(0,R)

|x|
Q

Q−1 |f |
Q

Q−1 dx

)
Q−1
Q

≥ 1

Q

ˆ

B(0,R)

|f |2 dx.
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Proof. From the inequality (4.1) we get

(
ˆ

B(0,R)

|(log |x|)Rf |Q dx

)
1
Q
(
ˆ

B(0,R)

|x|
Q

Q−1 |f |
Q

Q−1 dx

)
Q−1
Q

≥ 1

Q

(
ˆ

B(0,R)

|f |Q
|x|Q dx

)
1
Q
(
ˆ

B(0,R)

|x|
Q

Q−1 |f |
Q

Q−1 dx

)
Q−1
Q

≥ 1

Q

ˆ

B(0,R)

|f |2 dx,

where we have used the Hölder inequality in the last line. This shows (4.5). �

5. A class of Hardy–Sobolev type inequalities on quasi-balls

This section follows the Euclidean ideas from [MOW13] which can be modified
to suit our setting. In the following inequalities having arbitrary quasi-norms seems
interesting.

Theorem 5.1. Let G be a homogeneous group of homogeneous dimension Q ≥
3. Then for each f ∈ C∞

0 (B(0, R)\{0}) and any homogeneous quasi-norm | · | on G

we have

(5.1)

(

ˆ

B(0,R)

1

|x|2
∣

∣

∣

∣

f(x)− f

(

δR(x)

|x|

)∣

∣

∣

∣

2

dx

)
1
2

≤ 2

Q− 2

(
ˆ

B(0,R)

|Rf |2 dx
)

1
2

,

and
(
ˆ

B(0,R)

1

|x|2 |f(x)|
2 dx

)
1
2

≤
(

Q

Q− 2

)
1
2 1

R

(
ˆ

B(0,R)

|f(x)|2 dx

)
1
2

(5.2)

+
2

Q− 2

(

1 +

(

Q

Q− 2

) 1
2

)

(
ˆ

B(0,R)

|Rf |2 dx
) 1

2

,

where B(0, R) is a quasi-ball with respect to the quasi-norm | · |.
In the case Q = 2 we have the following inequalities

Theorem 5.2. Let G be a homogeneous group of homogeneous dimension Q =
2. Then for each f ∈ C∞

0 (B(0, R)\{0}) and any homogeneous quasi-norm | · | on G

we have

(5.3)







ˆ

B(0,R)

1

|x|2
∣

∣

∣
log R

|x|

∣

∣

∣

2

∣

∣

∣

∣

f(x)− f

(

δR(x)

|x|

)∣

∣

∣

∣

2

dx







1
2

≤ 2

(
ˆ

B(0,R)

|Rf |2 dx
) 1

2

,

and










ˆ

B(0,R)

|f(x)|2

|x|2
(

1 +
∣

∣

∣
log R

|x|

∣

∣

∣

2
)2 dx











1
2

≤
√
2

R

(
ˆ

B(0,R)

|f(x)|2 dx
) 1

2

(5.4)

+ 2
(

1 +
√
2
)

(
ˆ

B(0,R)

|Rf |2 dx
)

1
2

.
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Proof of Theorem 5.1. Introducing polar coordinates (r, y) = (|x|, x
|x|
) ∈ (0,∞)×

S on G, where S is the quasi-sphere in (2.3), and using the formula (2.4) one
calculates

ˆ

B(0,R)

1

|x|2
∣

∣

∣

∣

f(x)− f

(

δR(x)

|x|

)∣

∣

∣

∣

2

dx

=

ˆ R

0

ˆ

S

|f(δr(y))− f(δR(y))|2rQ−3 dσ(y) dr

=
1

Q− 2
rQ−2

ˆ

S

|f(δr(y))− f(δR(y))|2 dσ(y)
∣

∣

∣

∣

∣

r=R

r=0

− 1

Q− 2

ˆ R

0

rQ−2

(

d

dr

ˆ

S

|f(δr(y))− f(δR(y))|2 dσ(y)
)

dr

= − 2

Q− 2

ˆ R

0

rQ−2Re

ˆ

S

(f(δr(y))− f(δR(y)))
df(δr(y))

dr
dσ(y) dr.

Now using Schwarz’s inequality, we obtain
ˆ

B(0,R)

1

|x|2
∣

∣

∣

∣

f(x)− f

(

δR(x)

|x|

)∣

∣

∣

∣

2

dx

≤ 2

Q− 2

(
ˆ R

0

ˆ

S

|f(δr(y))− f(δR(y))|2rQ−3 dσ(y) dr

)

1
2

·
(

ˆ R

0

ˆ

S

∣

∣

∣

∣

df(δr(y))

dr

∣

∣

∣

∣

2

rQ−1 dσ(y) dr

)
1
2

=
2

Q− 2

(

ˆ

B(0,R)

1

|x|2
∣

∣

∣

∣

f(x)− f

(

δR(x)

|x|

)∣

∣

∣

∣

2

dx

)
1
2 (ˆ

B(0,R)

|Rf |2 dx
)

1
2

.

This implies that
(

ˆ

B(0,R)

1

|x|2
∣

∣

∣

∣

f(x)− f

(

δR(x)

|x|

)∣

∣

∣

∣

2

dx

)
1
2

≤ 2

Q− 2

(
ˆ

B(0,R)

|Rf |2 dx
)

1
2

,

that is, the inequality (5.1) is proved.
To prove (5.2) let us recall the triangle inequality in the form

(
ˆ

B(0,R)

1

|x|2 |f |
2 dx

)
1
2

(5.5)

=

(

ˆ

B(0,R)

1

|x|2
∣

∣

∣

∣

f(x)− f

(

δR(x)

|x|

)

+ f

(

δR(x)

|x|

)∣

∣

∣

∣

2

dx

)
1
2

≤
(

ˆ

B(0,R)

1

|x|2
∣

∣

∣

∣

f(x)− f

(

δR(x)

|x|

)∣

∣

∣

∣

2

dx

)
1
2

+

(

ˆ

B(0,R)

1

|x|2
∣

∣

∣

∣

f

(

δR(x)

|x|

)∣

∣

∣

∣

2

dx

)
1
2

.
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On the other hand, we obtain
(

ˆ

B(0,R)

1

|x|2
∣

∣

∣

∣

f

(

δR(x)

|x|

)∣

∣

∣

∣

2

dx

)
1
2

=

(
ˆ R

0

ˆ

S

|f(δR(y))|2rQ−3 dσ(y) dr

)

1
2

=

(

RQ−2

Q− 2

ˆ

S

|f(δR(y))|2 dσ(y)
)

1
2

=

(

RQ−2

Q− 2

Q

RQ

ˆ R

0

ˆ

S

|f(δR(y))|2rQ−1 dσ(y) dr

)

1
2

=

(

Q

Q− 2

)
1
2 1

R

(

ˆ

B(0,R)

∣

∣

∣

∣

f

(

δR(x)

|x|

)∣

∣

∣

∣

2

dx

)
1
2

≤
(

Q

Q− 2

)
1
2 1

R





(

ˆ

B(0,R)

∣

∣

∣

∣

f

(

δR(x)

|x|

)

− f(x)

∣

∣

∣

∣

2

dx

)
1
2

+

(
ˆ

B(0,R)

|f |2dx
)

1
2





≤
(

Q

Q− 2

)
1
2

(

ˆ

B(0,R)

1

|x|2
∣

∣

∣

∣

f

(

δR(x)

|x|

)

− f(x)

∣

∣

∣

∣

2

dx

)
1
2

+

(

Q

Q− 2

)
1
2 1

R

(
ˆ

B(0,R)

|f |2 dx
)

1
2

,

that is,
(

ˆ

B(0,R)

1

|x|2
∣

∣

∣

∣

f

(

δR(x)

|x|

)∣

∣

∣

∣

2

dx

)
1
2

≤
(

Q

Q− 2

) 1
2

(

ˆ

B(0,R)

1

|x|2
∣

∣

∣

∣

f

(

δR(x)

|x|

)

−f(x)

∣

∣

∣

∣

2

dx

)
1
2

+

(

Q

Q− 2

)
1
2 1

R

(
ˆ

B(0,R)

|f |2dx
)

1
2

.(5.6)

Combining (5.6) with (5.5) we arrive at

(
ˆ

B(0,R)

1

|x|2 |f |
2 dx

) 1
2

≤
(

1 +

(

Q

Q− 2

) 1
2

)(

ˆ

B(0,R)

1

|x|2
∣

∣

∣

∣

f(x)− f

(

δR(x)

|x|

)∣

∣

∣

∣

2

dx

)
1
2

+

(

Q

Q− 2

)
1
2 1

R

(
ˆ

B(0,R)

|f |2 dx
)

1
2

.(5.7)

Now using (5.1) we obtain (5.2). �

Proof of Theorem 5.2. Introducing polar coordinates (r, y) = (|x|, x
|x|
) ∈ (0,∞)×

S on G, where S is the quasi-sphere in (2.3), and using the formula (2.4) one
calculates

ˆ

B(0,R)

1

|x|2| log(R/|x|)|2
∣

∣

∣

∣

f(x)− f

(

δR(x)

|x|

)∣

∣

∣

∣

2

dx

=

ˆ R

0

ˆ

S

|f(δr(y))− f(δR(y))|2
1

r (log(R/r))2
dσ(y) dr

=
1

log(R/r)

ˆ

S

|f(δr(y))− f(δR(y))|2 dσ(y)
∣

∣

∣

∣

r=R

r=0

−
ˆ R

0

1

log(R/r)

(

d

dr

ˆ

S

|f(δr(y))− f(δR(y))|2 dσ(y)
)

dr



1172 Michael Ruzhansky and Durvudkhan Suragan

= −2

ˆ R

0

1

log(R/r)
Re

ˆ

S

(f(δr(y))− f(δR(y)))
df(δr(y))

dr
dσ(y) dr.

Here we have used the fact

log(R/r) = log

(

1 +

(

R

r
− 1

))

≥ R

r
− 1 =

R− r

r
,

|f(δr(y))− f(δR(y))|2 ≤ C|R− r|2.
Using Schwarz’s inequality we obtain
ˆ

B(0,R)

1

|x|2| log(R/|x|)|2
∣

∣

∣

∣

f(x)− f

(

δR(x)

|x|

)∣

∣

∣

∣

2

dx

≤ 2

(
ˆ R

0

ˆ

S

1

r (log(R/r))2
|f(δr(y))− f(δR(y))|2 dσ(y) dr

)

1
2

·
(

ˆ R

0

ˆ

S

∣

∣

∣

∣

df(δr(y))

dr

∣

∣

∣

∣

2

r dσ(y) dr

)
1
2

= 2

(

ˆ

B(0,R)

1

|x|2| log(R/|x|)|2
∣

∣

∣

∣

f(x)− f

(

δR(x)

|x|

)∣

∣

∣

∣

2

dx

)
1
2 (ˆ

B(0,R)

|Rf |2 dx
)

1
2

.

This proves (5.3). To prove (5.4) we notice

(
ˆ

B(0,R)

1

|x|2 (1 + | log(R/|x|)|)2
|f(x)|2 dx

)
1
2

(5.8)

≤
(

ˆ

B(0,R)

1

|x|2 (1 + | log(R/|x|)|)2
∣

∣

∣

∣

f(x)− f

(

δR(x)

|x|

)∣

∣

∣

∣

2

dx

)
1
2

+

(

ˆ

B(0,R)

1

|x|2 (1 + | log(R/|x|)|)2
∣

∣

∣

∣

f

(

δR(x)

|x|

)∣

∣

∣

∣

2

dx

)
1
2

.

On the other hand, we have
(

ˆ

B(0,R)

1

|x|2 (1 + | log(R/|x|)|)2
∣

∣

∣

∣

f

(

δR(x)

|x|

)∣

∣

∣

∣

2

dx

)
1
2

=

(
ˆ R

0

ˆ

S

1

r (1 + | log(R/r)|)2
|f(δR(y))|2 dσ(y) dr

)

1
2

=

(
ˆ R

0

1

r (1 + | log(R/r)|)2
dr

ˆ

S

|f(δR(y))|2 dσ(y)
)

1
2

=





1

1 + | log(R/r)|

∣

∣

∣

∣

∣

R

0

ˆ

S

|f(δR(y))|2 dσ(y)





1
2

=

(
ˆ

S

|f(δR(y))|2 dσ(y)
)

1
2

=

(

2

R2

ˆ R

0

ˆ

S

|f(δR(y))|2r dσ(y) dr
)

1
2
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=

(

2

R2

)
1
2

(

ˆ

B(0,R)

∣

∣

∣

∣

f

(

δR(x)

|x|

)∣

∣

∣

∣

2

dx

)
1
2

≤
√
2

R





(

ˆ

B(0,R)

∣

∣

∣

∣

f

(

δR(x)

|x|

)

− f(x)

∣

∣

∣

∣

2

dx

)
1
2

+

(
ˆ

B(0,R)

|f(x)|2 dx
)

1
2





≤
√
2

(

ˆ

B(0,R)

1

|x|2 (1 + | log(R/|x|)|)2
∣

∣

∣

∣

f

(

δR(x)

|x|

)

− f(x)

∣

∣

∣

∣

2

dx

)
1
2

+

√
2

R

(
ˆ

B(0,R)

|f(x)|2 dx
) 1

2

,

where we have used the fact
1

R2
≤ 1

r2(1 + log(R/r))2
, r ∈ (0, R).

That is
(

ˆ

B(0,R)

1

|x|2 (1 + | log(R/|x|)|)2
∣

∣

∣

∣

f

(

δR(x)

|x|

)∣

∣

∣

∣

2

dx

) 1
2

(5.9)

≤
√
2

(

ˆ

B(0,R)

1

|x|2 (1 + | log(R/|x|)|)2
∣

∣

∣

∣

f

(

δR(x)

|x|

)

− f(x)

∣

∣

∣

∣

2

dx

)
1
2

+

√
2

R

(
ˆ

B(0,R)

|f(x)|2 dx
)

1
2

.

Combining (5.9) with (5.8) we arrive at
(
ˆ

B(0,R)

1

|x|2 (1 + | log(R/|x|)|)2
|f(x)|2 dx

) 1
2

(5.10)

≤ (1 +
√
2)

(

ˆ

B(0,R)

1

|x|2 (1 + | log(R/|x|)|)2
∣

∣

∣

∣

f(x)− f

(

δR(x)

|x|

)∣

∣

∣

∣

2

dx

)
1
2

+

√
2

R

(
ˆ

B(0,R)

|f(x)|2 dx
)

1
2

.

Finally, using (5.3) we obtain (5.4). �
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