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Abstract. In this paper we are concerned with existence of positive solution to the class of
nonlinear problems of the Kirchhoff type given by
Le(u)=H(u—p8)f(u)+u® ! in RV,
ue H'RN)nwra1(RN),
where N > 3, q € (2,2%), ¢, 8 > 0 are positive parameters, f: R — R is a continuous function, H
is the Heaviside function, i.e., H(t) =0if ¢t <0, H(t) =1if ¢t > 0 and
1 1
Lc(u) := {M (€N—2 /RN |Vul|? dz + N /RN V(x)|ul? dw)} [~ Au + V(x)u].
The function M is a general continuous function. The function V is a positive potential that satisfies
following hypothesis: or V satisfies the Palais—Smale condition or there is a bounded domain €2 in
RY such that V has no critical point in 9€2. Here we use a suitable truncation to apply a version of
the penalization method of Del Pino and Felmer [16] combined with the Mountain Pass Theorem
for locally Lipschitz functional.

1. Introduction

Problem of the type
(1) —(a—l—b/ |Vul? dr)Au = g(z,u) in Q, u=0 on 9,
Q

where (2 is a bounded domain in R is very known as Kirchhoff problem. Its hyper-
bolic equation version which is given by

uy — (a+0b [, |Vul*dz) Au = g(z,u) inQx(0,T),
u=0 on 92 x (0,7,
U(SL’, 0) = U‘O('r)7 Ut(.f(f, 0) = Ul(flf) in Q7

was studied in the first time by Kirchhoff in [26] with N = 1. This equation extends
the classical d’Alembert’s wave equation by considering the effects of the changes in
the length of the strings during the vibrations.

Many authors have studied problem (1) using Variational methods and exploring
the compactness of Hj(Q) in L*(2) with 1 < s < 2*. Another widely used situation is
the dimension N = 3. In general the dimension N = 3 avoids the competition of the

https: //doi.org/10.5186/aasfm.2019.4453

2010 Mathematics Subject Classification: Primary 35A15, 35B33, 35B25, 35J60.

Key words: Variational methods, critical exponents, Kirchhoff equation, discontinuous
nonlinearity.

*Supported by CNPq, Capes and Fap-Df.



988 Giovany M. Figueiredo and Gelson G. dos Santos

term (a +b [, [Vul? d:B) with the growth of nonlinearity. For more information on
this competition see |20, Introduction|. Since it is impossible to cite all the authors
that study problem (1) with N = 3, we cite the most recent publications, such as [6],
[15], [27], [29] and [31].

Problem (1) in RY is more difficult due to the lack of compactness of Sobolev
immersions. In general, in order to overcome this difficult, the author put a po-
tential which the geometry allows to recover the compactness. See here the latest
publications with these arguments, [11], [18], [24], [25], [32] and [33].

In this paper we are concerned with existence of positive solution to the class of
nonlinear problems of the Kirchhoff type given by

{Le(m = H(u—B)f(u) +u*~! inRY,

@ ue H(RN) N W1 (RY),

where N > 3, ¢ € (2,2%), ¢, 8 > 0 are positive parameters, f: R — R is a continuous
function, H is the Heaviside function, i.e., H(t) =01if ¢t <0, H(t) =1if t > 0 and

L(u) = {M <€N1_2/ IVl da:+—/ )[uf? da:)} —Au+ V().

In order to enunciate the main result, we need to give some hypotheses on the
functions M, V and f. The hypothesis on the continuous function M: [0, +00) —
(0, 00) is the following:

(M;) The function M is nondecreasing.

Now we give some examples of functions that satisfy the hypothesis (M;). The
example M (t) = mg + bt with mg,b > 0 was considered in [26]. Another examples
are M(t) =log(t+ 1)+ 1 or M(t) = expt*.

The hypotheses on the continuous function V: RY — R are the following:

(Vo) There is V > 0 such that V(:B) > Vj, for all z € RV.

(V1) Ve C2(RN) and V, g;/, afav are bounded in R, 4,5 =1,2,..., N.

(V4) V verifies the Palais—-Smale Condition, that is, if (z,) € RY is such that,
(V(zy)) is bounded and VV(x,) — 0, then, (z,) possesses a convergent
subsequence in RY.

(V3) There is a bounded domain  C R”, such that VV (x) # 0, for all z € 9.
The hypotheses on the continuous function f: R — R are the following:
(f1) For all t € R, there are C' > 0 and ¢ € (2,2%) such that

[fO)] < O+t
(f2) For all t € R, there exists 6 € (2,2") such that

0 < OF(t) = e/otf@) ds < tf(t).

(f3) There is g > 0, that will be fixed later, such that
H(t—2p) < f(t), forall t €R.

(f1) limsup@ =0and f(t)=0if t <0.

t—0t
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A typical example of a function satisfying the conditions (f1), (f2), (f3) and (fy)
is given by

~ [t
fey=>" o= if t>0 and ¢ €(2,2°) and f(t)=0 if t <0.

Before our main result, we define weak solution and strong solution for problem
q
(2). A weak solution for (2), we understand as a function u, € H'(RN)NW?>#1(RN)
verifying

Le(ue(w)) — uf 7 (2) € [f(uc(2)), f(u(@))] ae. in RY,

where f(t) and f(t) are N-measurable functions (see [9]) defined by
f(t) = lggl essinf,_g<s H(s — B)f(s) and f(t):= lgi%l esssup,_gj<5 H (s — B) f(s).

By a strong solution for (2), we understand as a function u, € H'(RM) N
W21 (RY) verifying

(3) Le(uc(2)) = H(uc(z) — B) fluc(z)) +u® ' (z) ae in RV,
Our main result is as follows:

Theorem 1.1. Suppose that M satisfies (M), f satisfies (f1),(f2), (f3), (f1)
and V satisfies (Vp), (V1) and (V) or (Vy), (V1) and (V3). Then, there exists €* > 0
small, such that for each € € (0,€*), the problem (2) has a weak positive solution ..
Moreover:

(i) The set {x € RN : u.(x) = 8} has null measure and so u. satisfies (3).
(ii) The set {x € RN : u.(z) > B} has positive measure.

Some physical problems are related to discontinuous surface
Ig(u) ={z € Q; u(x) =}

which causes difficulties in analyzing this kind of problems. The interest in the
study of nonlinear partial differential equations with discontinuous nonlinearities has
increased because many free boundary problems arising in mathematical physics may
be stated in this form. Among these problems, we have the obstacle problem, the
seepage surface problem, and the Elenbaas equation, see for example [10, 8, 9|. Still
related to elliptic problems with discontinuous nonlinearity, we cite the papers of
Alves, Bertone and Gongalves [2]|, Alves, Santos and Gongalves [3]|, Badiale [4, 5],
Dinu [17], Radulescu [30], Gazzola and Radulescu [21]| and their references. Several
techniques have been developed or applied in their study, such as variational methods
for nondifferentiable functionals, lower and upper solutions, global branching, and the
theory of multivalued mappings.

Our result is related with the articles [1], [14] and [19]. Alves in [1] used in the
first time the hypotheses on the potential V' in the problem

(4) —2Au+V(z)u = g(u) in RY,

where g was continuous and subcritical. The version of this problem with discontin-
uous nonlinearity was studied in [19]. In [14] was studied a problem with a nonlocal
operator and discontinuous nonlinearity in bounded domain. But in this paper, the
nonlocal term does not contemplate the Kirchhoff function.

We have completed some previous results in the following sense:
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i) Here, we can not use Variational Methods for C' functionals, because in
our case, the energy functional is only locally Lipschitz continuous, and so,
we have to use Variational Methods for for nondifferentiable functionals, see
Section 2 for more details.

ii) In [1] was necessary some estimates involving the boundedness of solution of
an auxiliary problem (see Lemma 2.1 in [1]). Since our problema has a nonlo-
cal term and the functional associated is only locally Lipschitz continuous it
was necessary to develop new arguments to get the boundedness of solution
of auxiliary problemas (see Lemma 3.6).

iii) This paper is a version of [19] considering the Kirchhoff term and critical
growth.

iv) In this paper we consider N > 3. In order to overcome the competition
between the operator and the nonlinearity, we make a truncation the operator
like [20].

This paper is organized as follows. In the Section 2 we make a revision about
functional Lip,,.. In the Section 3 we make a truncation of the operator and another
truncation in the nonlinearity. After that we show existence of positive solution of
an auxiliary problem. Finally, we show that the solution of auxiliary problem is a
solution of original problem in the Sections 4 and 5.

2. Variational framework and preliminary results

In this section, for the reader’s convenience, we recall some definitions and basic
results on the critical point theory of locally Lipschitz continuous functionals as
developed by Chang [10], Clarke [12, 13| and Grossinho and Tersian [23].

Let X be a real Banach space. A functional 7: X — R is locally Lipschitz
continuous, I € Lip,,.(X, R) for short, if given u € X there is an open neighborhood
V .=V, C X and some constant KX = Ky > 0 such that

| I(vy) = I(v1) S K g —v1 ||, v €V, i=12
The directional derivative of I at u in the direction of v € X is defined by

I h —1I h
I°(u;v) = lim sup (uthtov) = I{uth :
h—0 o0 g

Hence °(u;.) is continuous, convex and its subdifferential at z € X is given by
TO(u;z) = {p € X*; I°(u;v) > I°(u;2) + (p,v —2), veE X},

where (.,.) is the duality pairing between X* and X. The generalized gradient of [
at u is the set

oI (u) = {,u e X*; (p,v) < I°(ujv), v e X}.

Since 1°(u;0) = 0, dI(u) is the subdifferential of I°(u;0). A few definitions and
properties will be recalled below.

O0I(u) C X™ is convex, non-empty and weak*-compact,

(5) A(w) = min { || o -5 € 91 (w)}
and
l(u) = {I'(w)} if I € C*(X,R).
A critical point of I is an element uy € X such that 0 € 0I(up) and a critical
value of I is a real number ¢ such that I(ug) = ¢ for some critical point ug € X.
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We say that I € Lip,,.(X, R) satisfies the Palais-Smale condition at level ¢ € R
((PS).-condition for short), if the following holds: Every sequence (u,) C X, such
that I(u,) — ¢ and A(u,) — 0 has a strongly convergent subsequence.

Theorem 2.1. Let X be a Banach space and let I € Lip,,.(X,R) with 1(0) = 0.
Suppose there are numbers o, > 0 and e € X, such that

(i) I(u) > o, for allu € X; ||ul| =,

(ii) I(e) < 0 and ||e|| > r.
Let

¢ = inf max I(y(t)) and I'={vy e C([0,1],X): v(0) =0 and (1) = e}.

~vel t€]0,1]
Then ¢ > o and there is a sequence (u,) C X (named a (PS).-sequence) satisfying
I(u,) - ¢ and A(u,)— 0.

If, in addition, I satisfies the (PS).-condition, then c is a critical value of I.

3. An auxiliary problem

Using the change variable v(x) = u(ex), it is possible to prove that (2) is equiv-
alent to the following problem

L(u)=Hu—p)f(u)+u* " inRY,
ue H'®RY) nw?a1(RY),

To(u) = [M (/RN Vul? + /RN V(ex)\uﬁ)} —Au + V(ex)].

In this section, we fix some notations and an auxiliary problem, which are key
points in our arguments. To establish the existence of positive solutions, we will
make a truncation on the function M as in [20] and we will adapt the penalization
method due to Del Pino and Felmer [16], which consists in considering an auxiliary
problem. To this end, we need to fix some notations.

In this section, on the function V, we assume only (V;) and (V4). From (M),
there exists to > 0 such that M(0) < M(t,) < $M(0) where 6 is given by (fs). We
set

(6)

where

(7) My(t) = {M(t)’ 0 <t<t,

M(ty), ift >t
Using (M) and (7), we get
(8) M(0) < My(t) < gM(O), for all ¢ > 0.
Note that by (f4) we have
lim {@ + tz*_Q] =0 and lim {@ + t2*_2] = +o00

t—0 t—-+o00
Then there exists a > 0 such that

fla)  oa_ Vo
(9) T+CL2 2—?,
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where Vj is given in (V) and
20
OM(0) — 2M (o)’
where 6 is given in (f2). In (f3) we choose 5 > 0 such that f < a < 20.
Using the above numbers, let us define the function

(10) k>

0 if +<0,
f)=< Ht—8)ft)+t*~ 1 if0<t<a,
Yot if t > a.

Fixing @ € R" a bounded domain and using the function f, let us consider the
function

(11) g(w,t) = xa(@) (H(t = B)F (1) + ) + (1 = xa(@)) [ (1),
where xq is the characteristic function related to 2. Now consider the auxiliary
problem

2) Mo ( fun IVl + Vew)|ul) ) (~Au + V (ex)u) = glew, u),
o we HYRN) N Ww2a (RY).
A weak solution for (P.),, we understand as a function u, € H'(RY) N W*a1(RY)

verifying

M0</ (V0?4 V(e ) ) (~Au (@) + V(e (z)
RN
€ [g(ex,uc(x)),g(ex, uc(x))] ae in RV,
where
g(z,t) = lgi%l ess inf_g<s59(z,s) and g(z,t) := lggless SUD|;_s|<69(7, 8),

which are N-measurable.
By a strong solution for (P.),, we understand as a function u, € HY(RY) N

Wit (RY) verifying
My ( /R (Vu+ V(ez)|ue|2)) (—Au(x)+V (ex)uc(x)) = glex, u(x)) ae. in RY.

Remark 3.1. The problem (P.), is strongly related to (6), because if u. is a
solution of (P,), verifying ||uc|| <ty and uc(z) < a in RN \ Q, where Q. = Q/e, then
by definitions of M, and g, u. will be a solution for (6).

From (f1)—(f4), the function ¢ satisfies the following conditions uniformly in
reRY:

(91) g(x,t) = 0 for all £ <0 and lim supy,_,, g(‘f"t) = 0.

(92) g(z,t) = H(t — B)f(t) +t¥ L forallz € Q, t >0, or z € Q° and t € [0, a].
(g3) gz, t) < f(t) +t¥ _1foralla7€RN teR.

(94) 0 < 0G(z,t) = Qfo r,8)ds < g(z,t)t, forall z € Q, ¢ > 0, and 0 <

2G(x,t) < gz, t)t < gla, t)t < $Vot?, for all € Q, t > 0.
We note that from (V) and (V}), we can work in H'(R”Y) with the norm

1/2
ull = (/ |Vu\2+v<ex>|u|2) ue H'(RY),
RN
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which is equivalent to the usual norm.
Let U, be a functional given

U (u)= [ Glew,u), forall ue L (RN).
RN
Using (¢2), (f1) and (11), we obtain a constant C' = C(f) > 0, such that
(12) lg(ex,t)] < Ct|* 7!, forall z € RN, t € R.

As an immediate consequence of (12), we obtain the following version of Theo-
rems 2.1 and 2.2 due to Chang [10]| and its proof will be omitted.

Lemma 3.2. The functional \TIE satisfies:
(1> {I\IE S Liploc(LT (RN)7 R) and
V. (u) C 0G(ex,u), forall ue L* (RN),
RN

in the sense that for every £* € OW,(u) there exists £ € L2*2—i1(RN), such that,
£(x) € 0G(ex, u(x)) C [glex,u(x)), g(ex, u(x))] a.e. in RN and

(€, )= /RN Ep, forall p € L¥ (RN).

(i) If W, = U, |1 mny, then U (u) = V. (u), for all u € H'(RV).

The functional associated with (Ps)a is given by J.(u) = Q. (u) — ¥ (u), u €
HY(RY), where

1~

Q(u )—§M0(||u|| MO / My(s)ds and \Ife(u):/RN G(ex,u).

The functional Q. € C*(HY(R"Y),R), J. € Lip,,.(H*(R"),R) with
(@) 0)= MoJull) [ (VuT+ Vieayup), foral u,p € H(RY)
RN
and

0J.(u) = {Q.(u)} — OV (u), forall uec H'(RY).

Lemma 3.3. Let (u,) be a (PS). sequence for J., then (u,) is bounded in
HY(RN).

Proof. Let (w,) C HY(RY) be such that A(u,) = ||w,|l« = 0,(1), where A
appeared in (5). Since w,, € 0J(uy,), there exists & € OV (u,,) verifying

(13) <wn, <p>: <Q;(un),gp>—<§;, <p>, for all ¢ € H'(R").
From (13), (M;) and (g4), we have

1) ) = o> (2 =20 )l [ [ )]

2 0

where &, € [g(ex, u,), lex, uy)].
Since 6 > 2, the relation (g4) imply that

-0
(15) /g [%fnun —G(ez,un)} > %%/CV(@)WNF.
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Using (14) and (15), we obtain

M(0)  M(to) s 2—-01 2
> _ ‘
C+ Clluy|| > ( 5 p |lun]|® + 7 2]{;||un||

By choice of k, see (10), we have,

1/ M©O) M(t) )
> — — .
C+ Cllunl > 5 ( 5 g ) luall

Therefore, (u,) is bounded in H!(RY). O

Lemma 3.4. Let (u,) be a (PS). sequence for J.. Then for each 6 > 0, there
exists R = R(6) > 0, such that

n—o0

limsup/ [[Vu,|? + V(ex)|u, ] <.
RN\BRr/(0)

Proof. Let (wy,), & and &, used in the proof of the previous lemma and ng €
C>=(RN,[0,1]), such that ng(z) = 0 in Br(0), nr(z) = 1 in Bor(0)° and |Vng(z)| <
C/R in RY, where C' > 0 is a constant independent on R.

By Lemma 3.3, (uy,) is bounded in H*(RY) and (wy,, ngu,)= 0,(1). From (13),

we obtain

M(O)/ NR [|Vun\2 +V(6m)\un|2] §/ fnnRun—M0(||un||2)/ U, VNrVu,+o0,(1).
RN RN RN

Fixed R > 0, such that Q. C Bg(O). Since &, € [g(ex, un), glex, un)], by (ga),

1
EnNRU, < E/ nrV (ex)|u,|?,
RN RN

combining this with (8), we find

(30 =) [ (9P + Vel ) < a5

§E|un|L2|Vun|L2 + On(]-)

Since k > see (10), we conclude the proof. O

o
Let S be the best constant for Sobolev’s embedding DV2(RY) — L2 (RY).
Proposition 3.5. The functional J. verifies the (PS). condition in H'(R") for

o< (M2 - ) (M0)s )
Proof. By Lemma 3.3, (u,) is bounded in H'(RY). Taking a subsequence, we
may assume that u, — u in H'(RY), u,(x) — u(z) a.e. in RV,

Vu,|> = |[Vul> +p and  |u,|* — [ul* +v (weak*-sense of measure).

Using the concentration compactness-principle by Lions [26, Lemma 2.1|, we obtain
at most countable index set 3, sequences (z;) C RY, (1), () C [0, 00), such that

2
(16) v = Z V0T, b > Z,ui&vi and Sv» <,
i€y iEX
for all 7 € X, where ¢,; is the Dirac mass at z;.

Now we claim that ¥ = (). Arguing by contradiction, assume that ¥ # () and fix
1€ X. Let wy, & and &, used in the proof of the Lemma 3.3.
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Consider ¢ € C°(RM,0,1]), such that, ¢ = 1 in B1(0), ¢ = 0 in RV \ By(0)
and |Vp|r~ < 2. Defining ¢,(z) = gp(x_gx"), where ¢ > 0, we have that (p,u,) is
bounded in H'(RY), that implies

M0(||un||2) /I{N(vunv(¢gun) + V(E:L’)QOQUEL) = o Enpolin + o EnPolin + on(1).

Using (M), (g3) and (g4), we obtain

MO) [Vl < Mollal®) [ (090,90, + Vier)oyid)

+C/ |un|q909+/ ‘un‘?@g""c/ |un‘2909’
RN RN RN

Since (uy,) is bounded in H'(RY), the support of ¢, is contained in By, (z;),

(17)

0—0n—oo

lim lim Mo (||u,|?) / (unVua Vi, + V(ex)pul) =0,
RN

lim lim |un|*p, =0 and lim lim [t |Tppt, = 0.
o—0n—o0 RV o—0n—o0 RV

Thus, by (17)
M(O)/ Podp < / Po dv 4 0g(1).
RN RN

Letting 0 — 0 and using standard theory of Radon measures, we conclude that
M(0)p; < v;. From (16), p; > (M(0)S~—2) 5"
Once that (u,) is a sequence (PS),, arguing as in the proof of Lemma 3.3,

c=J(u,) — %<wn7un>+0n(1)

> (Méo) _ MétO)) /RN Vaun %0, + Co /RN V() [un 2, + on(1).

N-2
Thus, we conclude that ¢ > (@ — % (M(O)S%) > | which is a contradiction.

Therefore, > is empty and it follows that
(18) u, —u in LE (RMY).
Recalling that

(19) Mo ([lta )l I :[RN Entin + 0n(1)

and since &, € [g(ex, uy), g(ex, uy)|, by (12) and the boundedness of (u,) in H'(RY),
we obtain that (&,) is bounded in L#= (RY). Thus, up to a subsequence,

(20) lug| = o in R, & —¢€ in L¥T(RY) and u, —u in H'(RY).
From (13),
(21) My (02 Jul? = / u.
RN
Since

Y

BRr(0) BRr(0)

T /B PRCSEE

< |un — U|L2*(BR(0))|§n|L23j1 (RY)
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using (18), (20) and the Riesz representation theorem, we have

(22) / G — | cu.
Br(0) Br(0)
The Lemma 3.4 implies that
/ Enin,
B5(0)

(23) lim sup

n—oo

= OR(l).

Noting that

RN RN Bgr(0) Br(0) B%(O)
using (22) and (23), we conclude that
(24) Enlly, — Eu.
RV RY
Combining (19), (21) and (24), we obtain M (||u,||?)||un|* = M(c?)|ul]® + 0,(1).
Therefore, u, — u in H*(RY). O

Lemma 3.6. Let (u,) be a (PS). sequence for J. g with ¢ < %(@ — Mffo))tg.
Then, there exists ng > 0, such that

|lun|| < to, for all n > ny,
where t is given by (7).

Proof. Suppose, that the lemma is false, then we obtain a subsequence of (u,),
that we are still denoting by (u,), that satisfies |u,| > to, for all n € N. Using
wy, € 0J(uy,), we get

e+ 0u(1) = ) = ) 3 (H20 = 2L 2.

20 2 ¢

Since M (to) < £M(0), we have

2z

which is a contradiction. O

The number

(25) ¢ = min {8, (M(0)572) "+ } % <M2(0) - Méto))

is important in order to prove that the functional satisfies the (PS). condition and
that a solution of the auxiliary problem (P.), is a solution of the original problem

(6).

In the next result we choose the constant 5 of the condition (f3).

Lemma 3.7. Suppose that (f1), (f2), (fs), (fa), (Vo), (V1) are satisfied. Fixed
€*, 8 > 0 small, for each ¢ € (0,¢*), there are g > 0 and vy € H'(R"), which are
independent of €¢* and (3, such that

(1) maxyepoqo Je(tvo) < c*.
(ii) There are r, o > 0, such that, J.(u) > o, Yu € H'(RN); ||ul| = r.
(iil) Je(yovo) < 0 and yyvy € B,(0)°.
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Proof. Without any loss of generality we may assume that 0 € €. Fixed ¢* €
(0,1), consider vy € Cg°(R™), such that, [ (|Vo|*+Va|vo|?) =1, 1o > 0, supp vy C
Bgr(0) C Q. Since V(ex) < Vi, for each € Br(0) and € € (0,€"), we have ex € Q,
then, using (8) and (g2), we get

(26)  J.(two) < j(t) — /B . /wo H(s — B)f(s)dsdz < j(t), forall £ >0,

where j(t) = 2M(0 f B
Note that, the functlon Jjis 1ncreasing in (0, ¢*), for some t* > 0. Since lim;_0 j(t)
= 0, there exists vy > 0, independent on ¢* and [ such that,

Yo < t* and II[loaX Je(tvg) < j(m) < ¢
te

where ¢* is given in (25), which prove ().
Let us prove (ii). Note that J.(0) = 0. By (g3), (f1), (M;) and choosing ||u|| =
r < 70/2, there exists o > 0 such that J.(u) > o, Vu € H'(R"Y); |lu|| = r. Moreover,

using (f3)
Yovo ()

By (26) we obtain

(27) Je(vovo) < j(70) — /B o [Yovo + 28] dx

for 79 > 0 and g > 0 small enough. O

Theorem 3.8. Suppose that (M), (f1), (f2), (f3), (f1), (Vo) and (V}) are satis-
fied. Then, there are €*, f > 0 small, such that for each € € (0, €*), problem (FP,), has
a positive solution u. satisfying:

(i) u, is a weak solution of problem (P,), and ||u| < to, Ve € (0, €*).

(ii) The set {x € R": u.(x) = B} has null measure, and so u, is a strong solution

of (P.),.
(iii) The set {x € RN : u.(x) > B} has positive measure.

Proof. (i) Let ,vy and 7o be as in the Lemma 3.7. By Lemma 3.7, J. has
the mountain pass geometry, it follows that there exist sequences (u,) C H*(RY),
(wn) C 0Jc(uy) and (&) C OV (u,), such that, w, = Q.(u,) — & in H1(RY),
|wp [« = 0n(1), Je(un) = cc+o0p(1), where c. = inf,cr max;epo1) Je(7(t)) and I' = { €
C([0,1], HY(RY)): v(0) = 0 and (1) = vvo}. Since (u,,) is bounded in H'(RY) and
n € [g(ex, uy), glex, uy)], by (12) we obtain (§,) bounded in Lz*=1 fl(RN)

Now, the Proposition 3.5, implies that u, — u, in HY(RY) and &, — & in

L%(RN). Thus,
(28) MO(HueHz)/ Vu Vo + Viex)ucp] = S, forall g € HI(RN)
RN RN

where & € [g(ex, uc), g(er, uc)]. By the Lemma 3.6, we get
lluel| <to and  Mo(JJucl]) = M(||uc]]), for all e e (0,€").
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Once that &, € L (RY), from elliptic regularity theory, u, € W2 (RY) and
(29) Lo(u)(z) € [g(ex, uc(x)), glex, uc(z))] ae. in RY,

where
Le(ue) := M(|Juc]?) [~ Aue + V(ex)ud.

Taking as test function u_, we obtain u. = u” > 0. By Harnack inequality, see [22,
Teorema 8.20], we conclude that u, > 0. Therefore, u, is positive solution of (P,),
and we prove (i).

Now, suppose that the set Q.5 := {z € R": u(z) = 8} has positive measure.
By Stampachia Theorem, see [28], we can deduce that, —Au.(x) = 0 a.e. in Q. 3.
From (29)

(30) M (||luc||*)V (ex)B € lg(ex, B),g(ex, B)] a.e.in Qg.
Once that § < a and
(31) lg(z,t)| < Vot/k, forall z€ RN, t€[0,a,

thus by (30), M(0) < 1/k, but this contradicts (10). Thus, | | = 0, which proves
(ii).

Now, suppose, by contradiction, that [{x € RY: u.(x) > 8}| = 0, then

(32) u(z) < B ae in RY,
it follows from (28), (31) and (32), that (M(0) — 1/k)||ucl|* < 0, then u, = 0, but
this contradicts J.(u.) = ¢. > 0. O

Lemma 3.9. Assume the same hypotheses of Theorem 3.8. Let u,, be a positive
solution of (P.)a, €, — 07 and (x,) C RY. The sequence v,(z) := u., (v + z,) €
C(RY) and has a subsequence such that converges uniformly on compact sets to its
weak limit v € W71 (RN) N C(RN).

Proof. First, we adapt for our problem some ideas found in Brezis-Kato [7], for
obtain v, € LP(RY), for all p > 1. For this end, fixed n € N. Using the change
variable z = x + x,,, defining v, (z) := u.,(x + x,) and &,(z) := m&en(x + Z),
we have

—Av, () + V(epx + enxn)vn(x) =&z +2,) ae in RY,
v, € H'(RN) 0 W71 (RN,
where &, (2) € [g(€nz; Ue,(2)), G(€nz, U, (2)) ae. in RV,

Consider s > 0,L > 0, A, = {z € R": |v,|* < L}, B, = A, and the
functions

Up, L, i= min{v,|v,|*, L?v,} and Wy, 1, := min{w,|v,|*, Lv, }.
Using the test function v, 1, we have
(33) Vu,Vu, 1 + V(ens + €,2,) 00, 1 = / EnUn, L.
RN RN
With an elementary calculation we obtain

(34) Vo Von 1 = (25 + 1) /

RN AnL

o || V2 + L2/ Vo, 2

Bn,L
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and

(35) / Vw, > = (s + 1)2/ |05 |2 | Vo, |2 + L2/ |V, |2
RN An,L Bn,L

Combining (33), (34) and (35), we find

/ |an7L‘2 S (28 + 1) §nvn,L.
RN

RN
From (12) there exists a constant C' > 0, independent of L, such that, |p,| <
Clvn|* 7. For 0 < K < L, we obtain

/ Vsl < (25 + 1)C / ol v 1
RN RN

2
%
026D 4 (25 + 1)C(K) ( [ bk ) |
{vn>K}

2*—2

oF

where n(K) = (f{vn>K} ‘UnP*) — 0 if K — oo. Thus,

< (25 + 1)0[(2*—2/

{on<K}

/ V12 < (23+1>0K2*—2/
RN

[un |26+ + (25 4+ 1)Cn(K)S \Vw, 1|2,
RN RN

where Sy is the best constant in inequality

(/ |u|2*) gso/ Vul, Vue DY2(RY).
RN RN

Choosing K, such that, (2s + 1)C1Son(K) < 2, we have

2
7
</ ‘wL,n‘?) < 2(2s + 1)CK2*—2/ |Un‘2(s+1)-
RN .

Since |wy, | = |va|**t in A, 1 and |w, 1| < [v,[*t! in RV, thus, if v, € L2EHD(RN),
by the dominated convergence theorem, with L — oo, we obtain v, € L2 C+)(RN).

By iteration about s, we have v, € LP(RY), forall p > 1. From regularity
elliptic theory, for p sufficiently large, we get v, € W2P(RYN) — Ch*(RY), for some
0 < a < 1. The boundedness of v, in H*(RY), see Theorem 3.8 (i), implies that
l|vn]| cie is bounded. From the Schauder estimates, there exists v € C(RY), such

that
vp, — v uniformly on K,

for each compact K C R". O

Remark 3.10. As a consequence of the proof of the above lemma we have that
the solution u, of (P.), belongs to W71 (RN) N C1*(RY), for some o € (0,1).

4. Proof of Teorem 1.1 in the case (Vp), (V1) and (V3)

In this section we assume (V4), (V1) and (V5),
1
Q:=DBg(0), m.:= max wuJ(zr)>0 and R.:=-,
€

x€0B R, (0)

where u, is a solution of the problem (FP,), given by Theorem 3.8.
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Lemma 4.1. Suppose that (M), (f1), (f2), (f3), (f1), (Vb), (V1) and (V3) are
satisfied. Then, given n > 0, there exist €* > 0 such that

me <m, forall e € (0,€).

Proof. Proceeding by a contradiction argument, suppose that there exists dy > 0,

such that, for each n, = %, we obtain €, > 0 small, such that,
me, = max uy(xr)>3d >0 and €, — 0,
SCE@BRﬂ (0)

€n

where u,, :=u,, € HY(R¥)nW?*71(RY). By elliptic regularity theory u, € C(RY),
then, there exists x, € 0Bz, (0), such that, u,(x,) = m,,. Therefore, u,(x,) >
50 > 0. "

Now, note that for v,(z) := u,(x + z,,) and g,(x) := &, (x + x,),

M([lunll®) (= Ava(2) + V(€ + €uxn)vn(2)) = 0n(2) a.e. in RY,
v, € HY(RN) N W71 (RY).
The Theorem 3.8 (i), implies that (u,) is bounded in H'(RY). Therefore, by (12)

*

the sequence (&,) C [g(ex, uy,), g(€ex, uy,)] is bounded in L%(RN).

Thus, up to a subsequence, v, — v in H*(RY), o, — o in L%(RN), M (||un]|?)
— my and by (V}), V(e z,) — ;. Taking the limit of n — oo, let us deduce that v
is a weak solution solution of the problem

mi(— Av+ aqv) = o in RV,
v e HYRN) nW>a1 (RY).

Using the same argument as in the proof of Lemma 3.9 we obtain v,,v € C(R") and
a subsequence of v,, which converges uniformly on compact sets of R" for v. Then,
v(0) > 6o > 0 and v # 0.

Since (u,) is bounded in H*(RY), M is continuous with M(t) > M(0), using
similar argument as in [19, proof of the Lemma 5.1] or [1, proof of the Lemma 3.1],
we obtain a sequence (e,7,) C R, such that,

VV(e,x,) — 0 and V(e,z,) — aq,

for some a; >V > 0. Thus, (e,7,) C RY is a sequence (PS),, with |e,z,| = R
i. This contradicts (V5) and so the lemma is true.

Proof of the Theorem 1.1 for (V), (V1) and (V3). Let the constant a of (9).
Combining the Theorem 3.8 with the Lemma 4.1, we obtain €* > 0, such that, for each
€ € (0,¢"), the problem (%), has a positive solution u. with max,cop ,_(0) ue(7) < a.
The function uc(z) := 0 in Br.(0) and @ (z) := (ue — a)4+ () in B&((e))c, belongs in
H'(RY). Since

€n

Ol

M(|Jue]) / Vu Vo + Vier)us] = | €, forall e H'(RY)
RN

RN
and 0 < & < V(ex)u/k in Br.(0), using ¢ = ., we have

(M(0) - %) /B o V(ex)u,(u, — a)s <0,
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thus, u.(x) < a a.e. in Bg.(0)°. Therefore, u, is a solution of (6). Moreover, we
conclude the proof with the Theorem 3.8. O

5. Proof of Teorem 1.1 in the case (Vy), (V1) and (V3)
In this section we assume (V4), (V1) and (V3),

Q:=A and m,:= max u.zx) >0,
€0

where u, is a solution of the problem (FP,), given by Theorem 3.8.

Lemma 5.1. SUppOSG that (M1)7 (fl)v (f2)7 (f3)7 (f4)7 (%)7 (‘/1) and (‘/3) are sat-
isfied. Thus, given n > 0, there exists € > 0, such that,
me <m, forall e € (0,€).

Proof. Suppose that the lemma is not true. Then, repeating the arguments of
proof do Lemma 4.1, we can find a sequence (z,) C JA,, , such that, VV (e,u,) — 0.
Once that (e,z,) € OA and V € CY(RY,R), we obtain 2o € R”, such that, xy € A
and VV (z¢) = 0. But this contradicts (V3). O

Proof of the Theorem 1.1 for (V;), (V1) and (V3). Using Lemma 5.1 and arguing
similarly as in the proof of the case (V4), (V1) and (V2) we conclude the proof of the
theorem. O]
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