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Abstract. The Kéthe-Bochner spaces L,(E) are the vector valued version of the scalar Kéthe
spaces L,, which generalize the Lebesgue spaces L, the Orlicz spaces and many other functional
spaces. In the present paper we study the linear and continuous operators U: L,(E) — F, giving
integral representations for them. These operators generate operators V': £, — L(E, F) which we
call “natural operators” and study here.

1. Introduction

We study the linear and continuous operators defined on Kdthe—Bochner spaces.
The scalar Kéthe spaces L, (name suggested by Dieudonné) generalize the Lebesgue
spaces LP and a lot of other spaces, e.g. Orlicz spaces, Lorentz spaces, Marcinkiewicz
spaces a.s.0. Primarily they appeared in [13], followed by [12] (as sequence spaces).
The general presentation (as spaces of classes of measurable functions) appeared in
[15], followed by [16], [24], [17], |25] and [3]. The “vector valued” Kothe spaces are
called Kothe-Bochner spaces, being a natural generalization of the spaces L,. In the
present paper we operate with a more general definition of the Kothe-Bochner spaces
than that one used in the autoritative monograph [14], precluding some unnecessary
conditions (see the final considerations of the paragraph “Preliminary facts” and our
previous paper [4]).

The present paper is concerned with the study of linear and continuous operators
on Koéthe-Bochner spaces. Of course, various situations can occur. For instance, in
[10], operators having as range a Kéthe-Bochner space are studied. In [2], one studies
operators having both the domain and the range the same Kothe-Bochner space, in
connection with the property of being multiplicative. The reader can find interesting
and very technical facts concerning operators having the domain or the range Koéthe
spaces, variable Lebesgue spaces LP or Kéthe-Bochner spaces in (the selection is, of
course, subjective) the following papers: [1] (smoothness problems), [5] (boundedness
on variable Lebesgue spaces LP), [18] (integral operators on Kothe spaces, invariance
and commutativity), [19] (narrow operators), [20] (maximal Hardy-Littlewood opera-
tor on variable Lebesgue spaces LP), [21] (geometric properties of operators on Kothe
spaces), [22], [23] (generation of chaos by operators defined on a Kéthe sequence
space).
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We recognize the decisive influence of [7], where linear and continuous operators
on LP(X, ) are studied using g-variation and g-semivariation. Working for Kéthe—
Bochner spaces we generalize these ideas and add new ideas and facts. The present
paper continues our previous paper [4].

2. Preliminary facts

Throughout the paper: N = {1,2,...}, Ry = [0,00), R, = [0,00] = R U {00},
K = R or C. All sequences (z,)nen Or (2,), will be indexed with N. The double
sequences (Zp,)p.n Will be indexed with N x N. For any non empty set 7', we shall
denote by P(T") the set of all subsets of T. If A C T, p4: T — K is the characteristic
(indicator) function of A. For f: T — K (or f: T — Ry, or f: T — X, X normed

space), we define supp(f) oo {teT] f(t) #0}.

Let X be a normed space with norm || || and let 7" be a non empty set. If
f: T — X, we define the function |f|: T — Ry given via |f|(t) = || f(¢)| for any
teT. Ifp: T — K is another function, we define pf: T — X via (o f)(t) = ¢(t) f(¢)
for any ¢t € T. In particular: if ¢ is constant, ¢ = o € K, we have the function af;
if f is constant, f = x € X, we have the function pux.

Let (X, p) be a seminormed space and (Y, || ||) a normed space. The vector space

L(X,Y) oo {V:X — Y | Vis linear and continuous} becomes a normed space (even

a Banach space in case Y is Banach) with the (operator) norm ||V, o sup{||V (2)|| |
reX,plx) <1}. fY =K, L(X,K) = X".

Define Ker(p) oo {z e X |plz)=0}and X oo X /ker(p) and obtain the associated

normed space (X, ||| |||), where, for any Z € X, |||Z]]| d:efp(x) for all x € T (coherent
definition). Then X is Banach if and only if (X, p) is a complete semimetric space.
The normed spaces £(X,Y) and £(X,Y) are linearly and isometrically isomorphic

via the isomorphism Q: £(X,Y) — L(X,Y), acting as follows: Q(V) = V (the

associated operator of V), where V(%) oo V(z) for any 7 € X and any z € ¥

(coherent definition). So, in order to study £(X,Y), one can study £(X,Y’). This
procedure will be used in this paper, namely we shall study linear and continuous
operators V': L,(E) — F instead of linear and continuous operators V': L,(E) — F.

If X, E, F are Banach spaces, we say that X is embedded in L(FE, F') (and write
X — L(E,F)) in case there exists a linear and isometric map H: X — L(FE,F)
(so ||z|| = |[|[H(x)]|, for any x € X). Two conventions are in use: a) Generally, one
omits to explicitely mention the map H; b) There is total identification x = H(z)
for any z € X (e.g. one writes either ||z|| or ||z||, to designate the norm of x). For
any normed space one can find E, F' such that X — L(E, F). The most popular
embeddings are the following two canonical embeddings: a) X — L(K,X) = X,
with H(z) =T, Tp(a) = az for any z € X, a € K; b) X — L(X' K) = X", with
H(z)=V,, Vy(2') =2'(z) for any x € X, 2’ € X".

For supplementary functional analysis facts, one can consult [8]. For vector
measures and integration, the standard texts are [6] and |7].

In the sequel we shall present the Kothe-Bochner spaces. We shall work with a
o-finite and complete measure space (T, T, i), i.e. T is a non empty set, 7 C P(T) is
a o-algebra of sets and p: 7 — Ry is a measure which is o-finite and complete. For
general measure theory, see [11]. In particular, we shall also deal with the countable

discrete measure space (N,P(N),card) or with the finite discrete measure space
(T,P(T), card), where ¢ # T is finite and card(A) = the number of elements in A, if
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A is finite and card(A) = oo, if A is infinite. For Kothe spaces see 3] and [24]. For
Ko6the-Bochner spaces see [4] and [14].

The set of all y-measurable positive functions u: T — R will be denoted by
M, (). A p-function norm (or, simply, a function norm) is a function p: M, (u) —
R, having the following properties (for any w,v in M, (y) and any o € R.):
1) p(u) = 0 if and only if u(t) = 0 p-a.e; 2) p(u) < p(v), whenever u < wv;
3) plu +v) < p(u) + p(v); 4) plau) = ap(u), with the convention 0 - co = 0.
For instance, we can consider the particular example of the Lebesgue function norms
I, 1 <p< oo

For any A € T, we write p(A) o p(pa). We shall write 7, = {A € T | p(4) <
oo}. It is seen that 7, is a d-ring (semitribe).

We say that the function norm p has the Riesz—Fischer property it p (307 u,) <
Yoo pluy) for any sequence (uy), C My(p). In particular, all the function norms
| I, 1 < p < oo have this property.

For any function norm p one can construct the associated function (semi)norm p’
of p. Namely p': M, (u) — Ry acts via p/(u) = sup{ [uvdp | v € My (1), p(v) < 1}.
We feel obliged to remind the fact that in some pathological cases, it is possible to
have p'(u) = 0, even in case the assertion u(t) = 0 p-a.e. is not true. If p = || ||,
1 <p < oo, we have p' = || ||, where g is the conjugate of p, i.e. % + % = 1 with the
conventions é =0 and % = 00.

We say that the function norm p is of absolutely continuous type if it has the
following property: for any w € M, (u) with p(u) < oo and for any decreasing
sequence (), C My (p) such that u,, < u p-a.e. for any n and such that lim,, u,(t) =
0 p-a.e. (we write u, | 0), we have p(u,) - 0 (we write p(u,) | 0). All | [],,

1 < p < o0, are of absolutely continuous type. Notice that, when working with the
finite discrete measure space, any finite function norm is of absolutely continuous
type (because all norms on a finite dimensional vector space are equivalent and the
convergence is normic).

Now, let us consider a Banach space X. We shall denote by Mx (u) the vector
space of all p-measurable functions f: T — X. Let also Nx(u) the vector space of
all (of course p-measurable) functions f: T — X having the property that f(t) =0

p-a.e. For any f € Mx(u), write p| f| o p(|f]). Define the vector space

L,(X) =A{f € Mx(p) | plf] < oo}

which is a seminormed space with the seminorm f +—— p(f) o plf|. Then Ker(p) =

Nx(p) and we obtain the associated normed space

def

Lp(X) = cp(X)/NX(#)’

normed with the norm f —s Hﬂ) = p|f]| for any f € /.

We call £,(X) and L,(X) Kéthe-Bochner spaces. In case X = K, we write only
L, (instead of £,(K)) and L, (instead of L,(K)) and call £, and L, Kdthe spaces.
So L,(X)={f e Mx(n)| |f| € L£,}. It is known that £,(X) (respectively L,(X)) is
complete if and only if p has the Riesz—Fischer property (see [4]).

Incase p= || ||, 1 < p < oo, we have, instead of £,(X) and L,(X), the Lebesgue
spaces LP(X, u) and LP(X, u) (respectively L£P(p) and LP(u), if X = K).

If (T, T, 1) is the countable (respectively finite) discrete measure space (N, P(IN),
card) (respectively (" = {1,2,...,n}, P(T),card)), the only negligible set is ¢,
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all functions (sequences or n-tuples) are measurable and £,(X) = L,(X). For
the countable case, we write [,(X) instead of L£,(X), [, instead of L,, I?(X) in-
stead of LP(X,card), [P instead of LP(card). For the finite case, we have £,(X) =
LP(X,card) = X" and £, = LP(card) = K™ (assuming also that p takes only finite
values).

Returning to a general measure space (7,7, u) we introduce some special nota-
tions which will be used further. Let E be a Banach space. A function f: T — F
will be called p-simple if it has the form f = Y"1 | pa,2;, where A; € T, are mutually
disjoint sets and all x; € E. The set of all p-simple functions will be denoted with
Sk(p). Clearly Sg(p) C L,(E). If E = K we write only S(p). For any A C T, write
Se(p, A) = {f € Se(p) | supp(f) C A} (if E = K, write only S(p, A)). Write also
Se(p,1) ={f € Se(p) | p|f| <1} (if E = K, write only S(p,1)). We can consider
also Sg(p, A, 1) ={f € Se(p, A) | p|f| <1} (if E = K, write only S(p, A,1)).

The following basic result will be fundamental for our further study. We give it
here with proof, in order to make our paper to be self-contained.

Density Lemma. If p is of absolutely continuous type, Sg(p) is dense in L,(E).

Proof. We consider an arbitrary f € £,(E) and show how to construct a sequence
(fu)n C Se(p) such that f,, — f in L,(E).

Indeed, for the p-measurable f, one can find a sequence (f,), C Sg(p) such that
(fn)n converges to f p-a.e. and |f,| < |f| p-a.e. for any n (see [7]). Define, for any n,
the function w,: T'— Ry via u,(t) = sup,, || fuam(t) — f(®)|| < 2|f|(t). Then u, | 0
p-a.e. Because p is of absolutely continuous type, it follows that p(u,) | 0. Clearly,
| foe1 — f] < uy, hence p|f, — f] 70and fnjfin L,(E). O

Remarks. 1. The present paper differs from the paper [9] which is concerned
with the same subject: many conditions imposed in [9] do not appear here and the
results (obtained with other methods) are expressed in a different manner. To be
more specific: A. The exposition in [9] relies heavily upon the conditional expectation
generated by a partition (actually, this name does not specifically appear in [9]) and
upon admissible sequences. In our paper, we do not speak about these types of facts.
B. The function norm p is assumed to possess the weak Fatou property, stronger than
the Riesz—Fischer property (which implies the completeness of the Kéthe-Bochner
spaces L,(X)) and the so-called property (J) (related to the conditional expectation
generated by a partition). These two properties are not assumed in the present paper.

2. In the authoritative monograph [14], the space £, is defined adding the fol-
lowing supplementary conditions: a) K = R; b) The functions in £, must be locally
p-integrable; ¢) For any A € T with pu(A) < oo one has pu € £,; d) £, is Banach.
We do not impose these conditions in our paper (see also our previous paper [4]). We
lay stress upon the fact that the lastly imposed condition d) is extreme, excluding
from the study a lot of £, spaces. Linear and continuous operators on Kéthe-Bochner
spaces are not studied in [14]. O

3. Generalization of variation and semivariation

Let (T,7,u) be a o-finite and complete measure space and p: My (1) — Ry
a function norm. We shall consider three Banach spaces X, E, F' such that X <«
L(E,F). Let m: T, — X be a function with the property m(¢) = 0 (in particular,
m can be additive).

Definition 3.1. (Generalization of classic notions) Let A C T.
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1. The (p, (E, F))-variation of m on A is the element m,, g, r)(A) € Ry defined
via

My, (2,r)(A) = sup {ZL [m(Ai) (@)l | D2im, pa,mi € Se(p, A, 1)}-

2. The (p, (E, F))-semivariation of m on A is the element m, g r)(A) € Ry
defined via

My, (5,r)(A) = sup {HZL m(A) ()|

Remark. Clearly, for any embedding X — L(FE,F) and any A C T, one has
M 5,7y (A) <My 2,7 (A). O

We shall see that 72, (g, 7)(A) does not depend upon the embedding X — L(E, F),
being the same for all embeddings.

Z?:l PA;Ti € SE(pv A7 1)}

Theorem 3.2. (Invariance of the variation with respect to the embedding) For
any embedding X — L(E, F) and any A C T one has M, g r)(A) = M,k x)(A) =
sup {3, Joul (A | S50 asce € S(, A, 1)} (7, e (A) s computed for the
canonical embedding (isomorphism) X = L(K, X)).

Proof. 1. Take arbitrarily Y " pa,x; € Sp(p,A,1). Hence > pa, ||z €
S(p, A, 1) and Sy (A3 @) | S50y (AN, Nill, 1. T ) (A 77 6.1 (A)
because m(A)(«) = am(A) for any a € K and X = L(K, X).

2. In order to prove the converse inequality, take Y " | ¢a,c; € S(p, A, 1). Let e >
0. Forany i =1,2,...,n, one has |a;| [|[m(4;)||, = [Jaam(A;)]|, = sup{||m(4;)(cuy)||
y € E, |ly|| = 1}, hence one can find y; € E, ||y;|| = 1 such that |y ||m(A4;) £ <
(A s, hemee

I,

(3.1) Z |aal [[m(A)]l, — e < Z [l (As) ()]

with z; & a;y;. Define f = >7"  oaxi. We have |f| = Y0 oalas] = f €

Se(p, A1) = 32y Im(A:) (@) || < My e, (A) and (3.1) implies 77, |as| [|m(A:)]],
— & <M, p,r)(A). Passing to supremum in the left-hand side of the last inequality,
we get M, (x,x)(A) — e <M, g,r)(A), hence T,k x)(A) < M, (5,r)(A), because ¢ is
arbitrary, a.s.o. O

Notation. According to the preceding result, we shall write 7,(A) o My, (£,7)(A)

for any embedding X — L(E, F') and we shall call m,(A) the p-variation of m on
A.

Definition 3.3. In view of the aforementioned facts, we see that, for any func-
tion norm p and any embedding X <— L(F,F), we have defined the functions
mye,ry: P(T) — Ry (respectively m,: P(T) — Ry) via A — m, g, (A) (re-
spectively A — m,(A)).

Example 3.4. We shall exhibit situations when the general inequality m, (g r(A)
< m,(A) is either strict, or an equality. The examples will be given for T" = [0, 1],
T = the Lebesgue measurable sets of [0, 1] and ¢ = the Lebesgue measure on [0, 1].
The function norm will be p = || [|,, 1 < p < co. We shall work for X = L,, i..
X = LP(u) and for the canonical embedding (isomorphism) X = L£(K, X). Finally
m: T, — X is given via m(A) = ¢4 (o-additive for p < oo and additive for p = c0).
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1. For p=1 (i.e. p=|| ||;), one has m,(T") = m, k,x)(T) = m, &,r)(T) =1 for
any X — L(E, F) (see also Theorem 3.5).
2. For 1 <p<oo(ie. p=|1|,), one has m, i x)(T) =1 <m,(T) = co.

Sketch of the proof. 1. We have m,(T) = 1, because p(1) = 1 and, for ¢ €
Sy ¢ =30 @ipa,, one has 350 o] [[m (A, = plel < 1.

We have m, k x)(T) = 1, because p(1) = 1 and, for ¢ € S(|| [|;,1), ¢ =
2imy Qitpay, ome has |3y m(Ai)(as)ll, = ple| < L.

2. The idea is to express, for any n € N, the constant function ¢
S(p, 1), as follows: ¢ = 7" @anaf, where all of = 1 and A} = (=L
i=1,2,...,n—1and A" = [2=1 1].

We have m,, (x,x)(T) = 1 in all cases (same proof as at point 1.).

We have m,(T") = oo in all cases, considering the above mentioned expression of

1
p = 1. Namely, for 1 < p < oo, 331, [lafm(AD)|, = 320, [m(AD)], = n- (3)* =
n'"3 = o0, For p = oo, Y0, lafm(AD)], = S, [m(A7)| =n oo, O

Considering the values of m, g py for different embeddings X — L(E,F), we

obtain, for any m: 7, = X with m(¢) =0

Theorem 3.5. L myr,x) < My (B,F)-
2. Incase F = K,ie. X = E' = L(E,K): m, Kk =M,

3. Consequently: m, k x) < My (g,F) < My (x7,K) = Mp.

Proof. Let ACT.

1. Considering ¢ = >, aipa, € S(p, A1), we have |37 a;m(A)|, =
SUP |z <1 |12 2imy 2im(A) ()] = supyg<1 12272 m(Ai) (qux)|| < My, (s,r)(A), because
S e € Sp(p, A1), if x € E, ||zf] < 1. We pass to supremum with respect to
’ 2. Use the equalities

ZSOAiai € S(p,A,l)}.

1=1

mp(A) = Mp,(k,x)(A) = sup {Z |l [[m (A5,
i=1

Then, for any o = > pa,o; € S(p, A, 1), any i = 1,2,...,n and any ¢ > 0, we
find z; € E with [|z;|| = 1 such that

£ £
il m(Adl, = llawm(Anll, < (aam(Ad)) (@)l + — = m(A)(eizi) + —.
It is seen that |Y ;| ¢a,q;z:| = |p|, hence Y0 wa,qiz; € Sg(p, A,1). Con-
sequently, 0 Jau] [[m(Agll, < 3200, m(A)(cuw:) + & = [320, m(Ai)(aizi)| + e <
)

|
My, (5,x)(A) +¢€. Because ¢ € S(p, A, 1) is arbitrary, we get m,(A) < m, gx)(A)+¢.
But € > 0 is arbitrary, hence m,(A) < m, 5 x)(A) a.s.o. O

The following four properties will be used further, especially to prove Proposi-
tion 3.6, Proposition 3.7 and Theorem 3.8.

Property 1. m, g r)(¢) = m,(¢) = 0.

Property 2. For AC B C T, m, gr(A) <m, e r(B) and m,(A) < m,(B).

Property 3. If ACT: (m,(A) =0) < (m,Er(A) =0) < (Forany T,> B C
A, one has m(B) = 0). In particular, if A € T,: (m,(A) =0) = (m(A) =0).

Property 4. Let A e 7,.

a) (u(A) = 0 and m(A) # 0) = (u(A) = 0 and My, (,F)(A) = M,(A) = 00).
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b) Assume p(A) = 0. Then: i) (m, @ r)(A) < 00) & (M, Er)(4) = 0);
i) (m,(A) < 00) & (m,(A) = 0).
Proposition 3.6. Let A C T and f = Y ;' ¢a,z; € Sg(p, A). Assume that
cither p|f| 0, or i () (A) < 00, Then: o) [57y m(A:) (@)l < ey (Aol
b) Doia Im (AL, [lzll < mp(A)plf.

Proof. We prove a), the proof of b) being similar. Assume first p|f| # 0, hence

S, P € Splp, A1) = lef\ Com(A) @)]| < e (A).

In case p|f| = 0, we have mpv(E,F)(A) < oo and, for any i, p|oa,zi| = ||z p(A;)
< p|lf| =0, hence either z; = 0, or p(A;) = 0. We shall see that one has m(A4;)(z;) =0
for any n. Indeed, if x; # 0, we have p(A;) = 0, hence pu(A;) = 0. We also have
My g7 (Ai)) < My r)(A) < oo (Property 2) and this implies m, g r)(A4;) = 0
(Property 4). Using Property 3 we get m(A4;) = 0, hence m(A;)(z;)=0. It follows
that >, m(A;)(z;) =0 a.s.o. O

Proposition 3.7. Let A € 7,. Consider the propositions: P;: Either i(A) # 0,
or m(A) = 0; P5: Either u(A) # 0, or m, g,r)(A) < oco. Then P; = (|[m(A)
My, (.7 (A)p(A) ST, (A)p(A)) (i =1,2).

Proof. First, we prove that P, = (||m(A)||, < m, &,r(A)p(A)), in the non
trivial case u(A) # 0 (if u(A) = 0, we have m(A) = 0). Take 0 # z € E. Then
f=ax € Sp(p, A) with p|f| = p(A) ||z|| # 0. Proposition 3.6 implies ||m(A)(z)| <
My (2,0) (APl | = 1,217 (A)p(A) [[z]|, hence [[m(A)l, < 1,7 (A)p(A). Tt re-
mains to prove P, = ([m(A)ll, < m,m.r)(A)p(A)), in case p(A) = 0. Because
My, (5,r)(A) < 0o, we have (Property 4. b)) that m, g r(A) = 0 and this implies
m(A) = 0 (Property 3.). O

lo <

Theorem 3.8. Assume that p is of absolutely continuous type, m: T, —+ X —
L(E, F) is additive and m,, (g ry(A) < oo for any A € T,. Then m is o-additive and m
is locally absolutely continuous with respect to p, i.e. for any A € T, and any € > 0,
there exists 4 > 0 such that (For any A D B € T, and u(B) < §4) = (|/m(B)|| < ¢).

Proof. Take a decresing sequence (A,), C T, such that A, | ¢ (ie. (), A4, =
®). Then ¢4, | 0 and this implies p(A4,) | 0, because p is of absolutely contin-
uous type. Proposition 3.7 and Property 2. say that ||m(A4,)||, = [[m(A,)| <
My (5,7 (An)p(An) < My e,r) (A1) p(An) - 0, hence m(A,) - 0. This proves the

o-additivity of m. Now, let A € T, with u(A) = 0. With Property 4. b), we have
My, e,7)(A) = 0, hence m(A) = 0 (use Property 3.). This fact, together with the
facts that m is o-additive and 7, is a d-ring imply the local absolute continuity in
the enunciation. U

Comment. (Connection with the standard variation and semivariation) Let us
consider a non empty set 7" and a o-algebra T C P(T). Also let X, E, F' be Banach
spaces such that X — L(F, F) and m: T — X such that m(¢) = 0. Then, for any
A C T, one can construct (see [7]): M(A) =sup{d> ., [[m(A,)| | T 2 A; C A} = the
(standard) variation of m on A and mg py(A) = sup{||> 7, m(A;)(z)]| | T 3 A C
A, z; € E, ||z;]] <1} = the (standard) (E, F')-semivariation of m on A.

Theorem 3.9. The standard constructions from above are particular cases of
the constructions exhibited in this section.
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Proof. One considers the measure space (T, T, \), where \: T — Ry, M\(A) =
card(A), if A is finite and A\(A) = oo, if A is infinite. Also, one considers the function
norm p: M,(\) — R, given via p(u) = sup{u(t) | t € T} for any u € M, (\)
(actually, p = || ||, for this A). Then 7, = 7 and one has, for any A C T m(A) =
mp(A) and ﬁz(E,F) (A) = ﬁzp7(E,F) (A) ]

4. Linear and continuous operators on L,(F). Integral representations

Throughout this section, we shall consider a o-finite and complete measure space
(T, T, p), a function norm p: M, () — Ry and an additive measure m: 7, - X —
L(E,F), where X, E, F' are Banach spaces.

1. For any f = >""  pa,x; € Sp(p), we define the elementary integral of f with

respect tom via [ fdm = o v m(A;)(z;) € F. One can see that the definition of the
elementary integral [ f dm is coherent, i.e. it does not depend upon the representation
of f.
We can define the elementary operator U: Sg(p) — F, via U(f) = [ fdm.
Clearly U is linear and there is a bijection between the additive measures m: 7, —
X — L(E,F) and the linear operators U: Sg(p) — F, given via m — U, where

U(f) = o [ fdm. The inverse of this bijection is given via U — m, where, for any

AeT,and any z € E, m(A)(x) oo Ul(paz).

A special situation is the following. We can consider, for a given Banach space
X, the canonical embedding (isomorphism) X = £(K, X) and an embedding X <
L(E,F). Then, for any ¢ = > " a;pa, € S(p), we consider X = L(K,X) and
[odm =>"" am(A;) € ﬁ(E F). This fact implies that, for any z € E and any

¢ € S(p), one has ([ ¢dm) (z) = [pzdm.
2. Let us rewrite the deﬁmtlons. Namely, one has, for any A C T

(12) e () =swn{ | [ fde ' resp A},

Theorem 4.1. Let A C T and f € Sg(p, A) (respectively ¢ € S(p, A)). As-
sume that either p|f| # 0, or m, @ r)y(A) < oo (respectively either plp| # 0,
or m, (Ep)(A) < 0). Then we have Hffde < my,r)(A)p|f| (respectively
1 edml|, < i ex) (A)plie] < g .0 (A)plio]):

Proof. Tt follows from Proposition 3.6 and Theorem 3.5. U

Theorem 4.2. Assume that m, g m (1) < co.

1. If (fn)n is a Cauchy sequence in Sg(p) C L,(E) (respectively in S(p) C L,),
then (f fndm)n is a convergent sequence in F' (respectively in L(E, F)).

2. Assume that (f,), and (g,), are sequences in Sg(p) (respectively in S(p)) with
the property that there exists f € L,(E) (respectively f € L,) such that f, — f

and g, — f in L,(E) (respectively in L,). Then lim [ f, dm = lim [ g,, dm.

Proof. 1. Using Theorem 4.1, we get, for any 4,7, Hf fidm — [ f; de

Hf Ji— fJ de < my, (EF< )| fi— f]| (respectively Hf Jidm — ffy de = H f(
1) de < My, (T)plfi — f;]) and this shows that the sequence ([ f;dm), is
Cauchy, i.e. convergent.
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2. Hf fadm — [ g,dm| = Hf(fn — gn) dm|| < M, 5,7y (T)p| fr—9n)| - 0 (respec-
tively || [ fodm — [ godm||, = || [ (fu = gn) dm||, < 70y .7)(D)plf — gul —0). O

Fundamental assumption. From now on, in the remainder of the paper, we
shall assume that p is of absolutely continuous type. This assumption implies (see
Preliminary facts, Density Lemma) that Sg(p) is dense in £,(E). Hence, for an
arbitrary f € L,(F), there exists a sequence (f,), C Sg(p) such that f, — f in

L,(E). Then, Theorem 4.2 says that the sequence ([ fudm) is Cauchy (in F or
in L(E, F)) and the limit lim, [ f,dm does not depend upon the sequence (f,), (it
depends only upon f). We arrive at the natural

Definition 4.3. Assume that m, g ) (T) < co. For any f € L,(E) (respectively
f € L,), the integral of f with respect to m is the element [ fdm ' lim, [ fudm e F
(respectively [ fdm = lim, [ f,dm € L(E,F)), where (f,), C Sr(p) (respectively
(fa)n C S(p)) is a sequence with the property that f, — f in L,(F) (respectively in
L,).

Remark. The integral just defined extends the elementary integral. U

Previous facts lead to

Theorem 4.4. Assume that m, g r)(1) < co. We have the linear and continu-
ous operators U: L,(E) — F, given viaU(f) = [ fdm and V: L, — L(E, F), given
via V(¢) = [ ¢ dm. Then:

1. For any ¢ € L, and any x € E, one has V(p)(z) = U(pz).

2. a) |Ull, = mp,m,m)(T); b) [V, = .30 (T) < (2,1 (T).

Proof. 1. Let ¢ € L, and (¢,), C L, such that ¢, — ¢ in £,. Then
P — pT in £,(E). Hence, for any n, one has V(p,)(z) = U((pilx) and V(p)(x) =
lim, V(¢,)(x) = lim, U(e,x) = U(px).

We used the continuity of U and V', which results from Theorem 4.1.

2. For U one has ||U||, < m, ,r)(T) with Theorem 4.1. The equality in the
enunciation follows from equality (4.2): [|U]|, = sup{||[U(/)|| | f € L,(E), p|f| <
1} = sup{[[U(H)I] | | € Selp), plf] <1} = mp,5,7)(T).

As concerns V, we remark again its continuity. Using this fact, the density
of S(p) in L, (because p is of absolutely continuous type) and equality (4.2), we

have: [|[V|, = sup{[[V(o)ll, | ¥ € Ly plol < 1} = sup{[V(9)ll, | ¢ € S(p),
plel <1} =my, k,x)(T). Finally, we use Theorem 3.5. O

Remark. The measure m occuring in Definition 4.3 and Theorem 4.4 is o-
additive and locally absolutely continuous with respect to pu (Theorem 3.8). ([l

The results in this subsection show that, starting with the integral, one obtains
linear and continuous operators.

3. In this subsection we do the converse study, starting with linear and continuous
operators and representing them as integrals. We start by considering a linear, not
necessarily continuous operator U: L,(E) — F. Let us define the elements ||U]|, and

|HU|Hp of R, as follows:

1Ull, = Sup{

ZQOAixi € SE(p> 1)} 5

i=1

i=1
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ZQOAixi € SE(p> 1)} :

i=1

U], = sup {Z 1U(@a,)]

i=1
Clearly, one has the following properties:
0 < Ull, < lUlll, < oo; [U+VI, < U, + IVI,; U+ VI, < [IUIll, +
VI NleUll, = lal[Ull; [lleUlll, = lal{[U]]l, (for any linear U,V': L,(E) — F
and for any « € K, with the convention 0 - co = 0).
Proposition 4.5. Let f = Y1 o,z € Sp(p,1). Assuming that either U, <
oo, or p|f| # 0 (respectively either [[|U|[|, < oo, or p|f| # 0), one has [[U(f)| =

|5, Ueaad| < 101, 111 (respectively S U ozl < U], o111

Proof. First, we work for ||U]|,. Assume that either [|U|, < oo, or p|f| # 0.
The case [|U]|, = oo (hence p|f| > 0) is trivial, so let us assume that [|U]|, < co. If
plf| # 0, we have ﬁf € Sg(p,1), hence HU (ﬁf)H < [|U]],. Now, assume that
plf| = 0 and prove that U(f) = 0. Indeed, if U(f) # 0, because p|nf| = 0, we have
n[UHI = Unf)]| < [|U]|, for any n € N, leading to ||U]|, = oo, absurd.

What concerns [||U]| ,, we work on the non trivial case [[|U]||, < oo. If p|f| #
0, use again ﬁf = Zle gpAiﬁ:Ei € Se(p,1) to obtain Zle HU (gpAiﬁa:i) ‘ =
A U (aa)ll < U], Finally, if pl f| = 0, we have nf = Y1, pana; €
Se(p,1), hence 331U (panas)| = n 20, 1U(ai)|l < |IU]]l, for any n € N.
This implies > [|U(pa,7:)| = 0 as.0. O

Sometimes, the inequality ||Ul|, < [[[U][|, is actually an equality, as in

Theorem 4.6. If F' = K or if p = || [|;, we have ||U|| , = [[|U]]],,

Proof. 1. Assume that F' = K (hence U € (L,(F))’). We must prove that
WU, < [|U]l,. Take an arbitrary f =3 7, ¢a,2; € Sp(p,1). Foranyi=1,2,...,n
find 0; € K with |6;| = 1 such that |U(pa,z;)| = ;U(pa,x;) = U(pa,biz;). Clearly
9= 2im1pabizi € Sp(p, 1), hence [3 0 Ulpabizi)| < U], But 320, [U(pa,i)]
=i Ulpabixs) = 3201, Ulpa0izi)| < ||U]|,- Because f is arbitrary, we can pass
to supremum with respect to f and get [[[U][|, < [|U][ .

2. Now, assume that p = || [|;. We work in the non trivial case [|U]|, < oo. Take

an arbitrary f = > 7, 04,2 € Sg(p,1). Then p|f| = ||fll; = 251, p(Ad) [zl =
>or i lpa;zill,- Because HUHP < 00, we can apply Proposition 4.5. We get

Yo Uaa)ll < D MU, ploaal = U, Y Neawill, = U, ol f1 < U,
i=1 i=1 i=1

Passing to supremum with respect to arbitrary f, we get [[|U]||, < [[U]],. O

From now on, we shall deal in this subsection with linear and continuous operators
U: L,(E) — F. For such an operator U, we have

(4.3) 1U1l, = U1l -

Indeed, because Sg(p) is dense in L,(E) (due to the fact that p is of absolutely
continuous type), it follows that Sg(p, 1) is dense in {f € L,(E) | p|f] < 1}. Hence,
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due to the continuity of U, we have |U||, = sup{||U(f)|| | f € L,(E), p|f| < 1} =
sup{|U(S)II | f € Sr(p,1)} = U],

The following fundamental result makes more precise Theorem 4.4 and expresses
the main idea (integral representation) of this paragraph. We shall deal directly

with measures m: 7, — L(E, F'), omitting the explicit reference to the embedding
X = L(E,F).

Theorem 4.7. (Integral representation of linear and continuous operators on
L,(E)) There exists a linear isomorphism U <— m between the vector space of all
linear and continuous operators U: L,(E) — F and the vector space of all o-additive
measures m: T, — L(E, F') with m, g (1) < oo which are locally absolutely con-
tinuous with respect to u. This isomorphism is given as follows: If U and m are in
the correspondence described above, then

(1.4) U(r) = [ fam

for any f € L,(E). Supplementarily, we have ||Ul|, = [|Ul|, = m, & r)(T) and
WU, = m,(T).

Proof. A. Theorem 4.4 furnishes the first part of the proof. Namely, starting
with a measure m like in the enunciation, we obtain the linear and continuous op-
erator U: L,(EF) — F acting as in (4.4). As we have seen (equality (4.3)), we have
1Ull, = U1, But [Ul, = sup{lI2_2, Ulpaa)ll | 222, eawi € Sp(p, 1)} Because
Ulpaxi) = [ azidm =m(A;)(x;) it follows that [|U]], = sup{|[>Z;_; m(A;)(x:)] |
dimipazi € Sp(p, 1)} = My, ) (T). The equality [||U]||, = m,(T) is obtained
likewise.

B. Conversely, take an operator U: L,(E) — F which is linear and continuous.
Hence [|U||, = [|[U]|, < oc. Using U we define m : 7, — L(E, F), m(A)(z) o Ul(pax)
for any A € 7, and any x € E. The linearity and the continuity of all m(A): E — F
follow from the linearity and the continuity of U as well as the additivity of m. For
any f = 0 ga,zi € Sp(p, 1), one has: |0, m(Aq) ()] = ISy Ulpazo)] =
|U(f)||. Passing to supremum with respect to f € Sg(p,1), we obtain the equality
mye,m(T) = ||UJ|,, hence m, g p(T) < co. Theorem 3.8 asserts that m is o-
additive and locally absolutely continuous with respect to p. In the same way, we
obtain the equality m,(T') = [[|U]]],.

C. The final part of the proof consists in proving that the correspondences ex-
hibited at points A and B, i.e. m —— U and U — m are mutually inverse.

a) Start with the measure m: 7, — L(E, F) as in the enunciation. Construct
the operator U: L,(E) — F,viaU(f) = [ fdm for any f € L,(E). Then define the
measure n: 7, — L(E, F), via n(A)(z) = U(paz) for any A € 7, and any =z € E.
We see that n(A)(z) = [ pazdm = m(A)(z), hence n = m.

b) Start with the linear and continuous operator U: L,(E) — F. Construct
the measure m: 7, — L(E, F), given via m(A)(z) = U(pax) for any A € 7, and
any * € E. Now, define the linear and continuous operator V: L,(E) — F, via
V(f) = [ fdm for any f € L,(E). For any A € T, and any = € E, V(pax) =
[ paxdm = m(A)(x) = U(paz). Hence V(f) = U(f) for any f € Sg(p). Because
Se(p) is dense in L£,(F) and V,U are continuous, it follows that V = U. O

Corollary 4.8. There exists a linear and isometric isomorphism U <+— m
between the Banach space LL(L,(E),F) of all linear and continuous operators
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U: L,(E) — F with the property that |[|U[||, < oo, equipped with the norm
U — |[||U[||, and the Banach space cabv(T,, (E, F),n) of all o-additive measures
m: T, = L(E, F) which are locally absolutely continuous with respect to u, with the
property that m,(T") < oo, equipped with the norm m —— m,(T). The correspon-
dence U <— m is that one given by Theorem 4.7.

Proof. The linear isomorphism in the enunciation is clear. On LL(L,(E), F)
one has the norm U — [|[U|[|, > [[U||, = ||U]|, and this leads to the fact that
on cabv(7,, (E, F), 1) one has the corresponding norm m +—— m,(T) = [[|U]|, (if
U <— m). So, the isomorphism is an isometry too.

It remains to be proved that LL(L,(E), F) is a Banach space for the norm
U — [|U]ll,- To this end, take a Cauchy sequence (U,), in this space. Because
U, = U]l it follows that (Uy), is Cauchy in the Banach space L(L,(E), F)
(equipped with the norm U +— [[U||, = |U]|,). Let U € L,(E) be the limit (in
L(L,(E),F))of (Uy,)y. First, we show that U € LL(L,(E), F'). Indeed, the sequence
(Upn)y is bounded in LL(L,(E), F), being Cauchy. Let M > 0 be a number such that
[IUalll, < M for any n. Take an arbitrary f = S oaxi € Sp(p,1). Then, for
any n € N, one has Zle [Un(pa,z)|| < [|UA]ll, < M. Because ||U, —U||, = 0, it
follows that U,, — U pointwise, hence U, (¢a,2;) — U(pa,z;) for any i. This leads
to S8 ||U(pa,x:)|| < M and f being arbitrary, we have UM, < M < oo, ie.
UeLL(L,(E),F).

The final step consists in proving that |[|U,, — Ul||, — 0. Indeed, take an arbitrary
e > 0 and an arbitrary f = Zle va,x; € Sp(p,1). We consider py € N such that, if
p = po and g = po, one has [[U, — Uylll, < 5. Then 327, [Up(pa,zs) — Uyl <
10y = Uglll, < 5. Passing to ¢-limit, we get S U (pa,zi) — Ulpa,z)| < s
Because f is arbitrary, this leads to [[|U, — Ul||, < § < ¢ a.s.o. O

The following example illustrates the concrete application of the theory.

Example 4.9. We refer to the construction of the operator V' in Theorem 4.4.

Namely, we take p = || [|,, 1 < p < oo, hence £, = LP(u). Also, we take X =
LP(p), E = K, FF = X, hence X = L(K,X). The measure m: 7T, — LP(u) is
given via m(A) = 4. For the non trivial case p # 0, we have m, k x)(T) =

sup{[|>2in; cidall, | Doim, qipa, € S(p,1)} = 1 and we can construct V: £, —
L, = LP(pn) = X, via V(o) = [pdm. For any p = ;' asoa, € S(p), we have
Vip) = [pdm =", aipa, = @. Due to the continuity of V and to the fact that
S(p) is dense in L, it follows that V() = ¢ for any ¢ € £,. Also, it follows that the
associated operator V : L, — L, acts via V(@) = V() = &, hence V is the identity
operator of L,,. O

5. Natural operators

Again, in this section, we shall consider a o-finite and complete measure space
(T, T, ), a function norm p: M (u) — Ry and an additive measure m: 7, — X —
L(E, F), where X, E, F' are Banach spaces. We add the fact that p will be assumed
to be of absolutely continuous type. The basic result of this section is

Theorem 5.1. There exists a linear, injective and continuous map 2: L(L,(E),F)
— L(L,, L(E,F)) acting via Q(U) = U* for any U € L(L,(E), F'), where U* is defi-
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ned as follows: for any ¢ € L, and any x € E, U*(¢)(x) = U(pz). We have
1U*1], = U], < U], = N, hence 2], < 1.

Proof. The definition in the enunciation is “good”. Indeed, for any ¢ € £, and
any € E, one has |U(px)|| < ||U||, ple|||z||. This shows that: a) The linear map
x — U(px) is continuous; call it U*(¢): £ — F and we have [|[U*(¢)||, < ||U]l, plel;
b) The linear map ¢ — U*(yp) is continuous; call it U*: £, — L(E, F) and we have
U], < U, Hence [U*||, = U], < |Ull, = [IU]l,- Clearly we defined the
linear map Q : L(L,(E), F) = L(L,, L(E, F)) via Q(U) = U* and ||QU)||, < [|U]l,,
hence (2 is continuous with [|Q2]| < 1. Finally, we prove that (2 is injective, showing
that for an arbitrary U € Ker(2), one has U = 0. Indeed, for such U one has
U* =0, hence U*(p) = 0 for any ¢ € L,, i.e. U*(p)(x) = 0 for any ¢ € L, and any
x € E. Take an arbitrary f = >"""  pa,x; € Sp(p). Then U(f) =0, Ulpa,x;) =
S U (pa,)(x;) = 0. We proved that the continuous map U vanishes on the set
Sg(p) which is dense in £,(F), hence one must have U = 0. O

The operators U and U* described in the preceding result are generated by the
same measure, as it is shown in

Theorem 5.2. Use the same notations in Theorem 5.1. For U € L(L,(E), F),
let m: T, — L(E,F) be the c-additive measure defining U (Theorem 4.7), i.e.
U(f) = [ fdm for any f € L,(E) and m,, g r)(T) < co. Then m defines U* too, i.c.
U*(p) = [ pdm for any ¢ € L,. We also have 1T, < [|U][, and [[|U*|[|, = [I[U]]l -

Proof. According to Theorem 4.4 we can define the linear and continuous op-
erator Uy: L, = L(E,F) via Ui(p) = [pdm. We must prove that U; = U*,
i.e. we must prove that Ui(p)(z) = U(px) for any ¢ € L, and any = € E. This
will be proved first for an arbitrary ¢ = Y"1 pa,; € S(p). Indeed, Ui(¢)(x) =
(f (50 $,00) dm) (2) = (g aam(A) (2) — S0y cum(Aq)(@). On the other
hand, Ulpw) — [ (S0, paia) dm = S0 m(Ag)(@sz) = 0y aim(A;)(a). Now,
let ¢ € L, be arbitrary and let (¢,), C S(p) such that ¢, — ¢ in £,. Then, for
any r € E, o,x = T in £,(E), hence Uy (p,)(z) — Ui(¢)(z) and U(p,z) — U(pz)

(continuity of U and U;) and these facts imply U;(p)(z) = U(px).
As we have seen in the previous result, we have [|U*|| ) < ||U]|, and we must prove

that |[|U*]||, = [|[U]]| - To this end take A € 7, and a € K. We have

1U*(paa)ll, = sup [[U"(paa)(@)]| = sup [ [|[U*(0a)(2)]
llzll<1 llzll<1

= sup |a| [|U(paz)| = sup [af[|m(A)(@)] = |af [m(A)]

=<1 flz]|<1

0"

Consequently, if S(p) 3 ¢ = 351, pa,0i, plpl <1, one has 370, [|U*(pa,a5)l,
Yoy lul [[m(A;)]], and passing to supremum over all possible ¢ € S(p), plp| <
we obtain [[|U”][|, = m,(T") = [[|U]]] .

It is time to define the natural operators (special elements in the image of the
embedding 2).

Definition 5.3. A linear and continuous operator V: £, — L(E, F) will be
called (p, E, F')-natural (many times simply natural) in case there exists U € L(L,(E), F)
such that V = Q(U) (i.e. one has V € Q(L(L,(E), F))). We shall denote

=l

Y

U

Nat(p, E, F) ¥ Q(L(L,(E), F)).
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It is seen that L(L,(F), F) and Nat(p, £, F') are isomorphic linear spaces, the
isomorphism €2,.: L(L,(E), F') —=Nat(p, E, F') being given by Q,(U) = Q(U) for any
UeL(L,(E), F).

Now, we shall restrict and corestrict the isomorphism €2,.. Namely, let

def

LLIL,(E), F) = {U € LIL,(E), F) [ [IU]l,, < oo},
LL(ILy, LIE, F)) ={V € LIL,, L(E, ) [ [VI], < o0}

Previous facts say that we have the linear injection I: LL(L,(E),F)— LL(L,,L(E,F)),
I(U)=Q,(U) =QU) for any U € LL(L,(E), F). Actually I is a bijection.

Theorem 5.4. The linear map I is a bijection (linear isomorphism). In par-
ticular, if p = || ||;, we have LL(L,(E),F) = L(L,(E),F), LL(L,,L(E,F)) =
L(L,, L(E,F)), hence I = Q and Nat(p, E, F)= L(L,, L(E, F)).

Proof. Let Uy € LL(L,,L(E,F)). We shall find U € LL(L,(E), F') such that
Uy =I1(U) =Q(U), thus proving that I is surjective.

Writing L(E, F) = X we actually have U; € LL(L,, X) = LL(L,(K),X) C
L(L,(K),X). Because |[|Ui]||, < oo, we apply Corollary 4.8 and find a o-additive
measure m: 7, — L(K,X) = X = L(E, F) such that m,(T) = [||U1][|, < co and
Ui(p) = [@odm for any ¢ € L£,. Using an isomorphic copy we can consider that
m: T, = L(E,F). Because m, g mn(T) < m,(T) < oo we apply Theorem 4.4 to
define U € L(L,(E), F') such that U(f) = [ fdm for any f € L£,(F) and having the
property [||U]||, = m,(T) < co. Hence U € LL(L,(E), F). We finally prove that
Uy = I(U), i.e. we prove that Uy(p)(z) = U(px) for any ¢ € L, and any =z € E.
This is done like in the proof of Theorem 5.2.

The particular case p = || ||, follows from Theorem 4.6. O

Complementary considerations concerning natural operators.
1. Assume that V: £, — L(E, F) is linear. Define the linear operator U;(V):

Sp(p) = FyviaUy(V) (o = S0 oami) 2 S5 V(pa,)(2:). The definition of Uy (V)
is coherent (not depending upon the representation of ) because Uy (V)(¢) = [ ¢ dm,
where m: T, — L(E, F) is the additive measure defined by m(A)(z) = V(¢a)(x) for
any A€ 7, and any z € E.

2. Now, let V e L(L,,L(E,F)) and assume that V' is (p, £, F')-natural. Then,

there exists an unique linear and continuous U(V') U L,(E) — F such that

V = QU), ie. U(px) = V(p)(x) for any ¢ € L, and any € E. So, for any
© =", ax; € Sp(p) one has the formula for the computation of U on Sg(p):

Ulp) = Z Ulpazi) = Z Vi(pa) (@) = Ui(V)(p).

Because U is continuous, there exists 0 < M < oo such that |[U(p)| < Mp|y| for
any ¢ € L,(E), ie.

n

Z PA;Ti| -

i=1

> Vi) ()

1=1

Actually, condition (5.5) is also sufficient for the existence of U. Indeed, if (5.5)
is fulfilled, it follows that the linear operator U;(V'): Sg(p) — F' is uniformly con-
tinuous, hence it can be extended to an uniformly continuous (and, of course linear)

(5.5) < Mp
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operator U: Sg(p) = L,(E) — F. We have Q(U) =V, because (U) and V' coincide
on all 4, A € T,, hence on the set S(p) which is dense in L,.

We proved the following fact: A linear and continuous operator V: L, — L(E, F')
is (p, E, F')-natural if and only if it fulfills condition (5.5).

The reader can check condition (5.5) in case p = || ||;, with M = ||V]|,. O

Before going further, let us discuss three particular cases. In the first two, the
embedding ) is actually a bijection (a linear isomorphism), hence all linear and
continuous operators V € L(L,, L(E, F')) are (p, E, F')-natural. The third particular
case is more interesting and will be studied in more detail.

Case 1. (Finite dimensional case) We shall work with the finite discrete measure
space (T, 7T,p) = (T,P(T),card), where T' = {1,2,...,n}, n € N. The function
norm will be assumed to take only finite values, hence p is of absolutely continuous
type. We shall take £ = K? p € N and F will be any Banach space.

Within this framework, we have £, = K" (namely ¢ = (¢(1),9(2),...,¢(n))
for any ¢ € £,) and L,(E) = L,(K?) = (K?)" (namely f = (f(1), f(2),..., f(n))
for any f € L,(E) = L,(K?); writing f(j) = (21, Zaj, ..., Tpj) € K?P for any j =
1,2,...,n, we have f = (Tup)1<u<pi<v<n € KP"). Define, for any j = 1,2,...,n,

ejdﬁfgo{]} €eL,=K"(ie. e =(0,...,0,1,0,...,0), 1 on the j — th place) and, for

any i = 1,2,...,p, the vector X; = (0,...,0,1,0,...,0) (1 on the i —th place). Then,
for a given V € L(L,, L(KP, F)), one has, for any ¢ = (¢(1),¢(2),...,¢(n)) € L,
and any ¥ = (v1,22,...,7,) € KP?, the equality V(p)(z) = Y27, > 7 2:ip(4)Vij,
where V;; = V(e;)(X;) € Fforany 1 <i<p, 1<j<n.

One can prove that, for a given V', one has V = Q(U), where U € L(L,(K?), F)
is given via U(f) = >0, Z?:l x;;Vi; for any f = (245)1<i<pi<j<n in L,, hence V' is
(p, KP, F)-natural.

Case 2. (E = K) All operators are natural: Nat(p, K, F) = L(L,, L(K, F)).

In our opinion, the most interesting particular case is the next one.

Case 3. (F = K) Starting with U € L(L,(E),K) = L,(E)’, we obtain Q(U) =
U* € L(L,, L(E,K)) = L(L,, E'). According to Theorem 4.6, we have ||U]|, =
U, < oo, hence LL(L,(E),K) = L,(E)'. Consequently, we have the linear
and continuous isomorphism I: £,(E) — LL(L,, E') = Q(L,(E)"), which gives the
equality Nat(p, £, K)=LL(L,, E'). This equality leads to the following

Theorem 5.5. A linear and continuous operator V: L, — E' is (p, E, K)-
natural if and only if [[[V][|, < co.

From now on, we shall work only with the countable discrete measure space

(T,T,un) = (N,P(N),card). We shall accept the following
Assumption A. 7, = {A C N | A is finite}.
Assumption A is fulfilled e.g. in case p= || ||, 1 < p < oc.

For further purposes, we shall consider, for any m € N the function e, o
¢©imy: N — K, hence e, €1,
It is to be seen that, for any f € [,(E) we have the pointwise equality

(5.6) f=> enf(m

m=

[y

Equality (5.6) is valid also in {,(E). Indeed, defining pointwise for any m € N the

function un, = Y27 eif(i), we have |f| > |um| | 0. Because p is of absolutely
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continuous type, it follows that p(u,,) J 0. Consequently, for v, = > " e;f(i) =
f — U, we have v, — fin [,(E), i.e. we have (5.6) in [,(E). So, if U € L(I,(E), F),

we have, for f € [,(E), U(f) =>_°_, U(emf(m)), hence

(5.7) IU1l, = sup {

> U(emﬂm))‘

‘mumwsq

Formula (5.7) should be compared with the formula in the next theorem.
Theorem 5.6. For any U € L(l,(E), F') one has

U1, = sup {Z 1U(em.f(m))]

Proof. For any ¢ # A € T, and any = € E: ||U(paz)|| = ||U (X,caent)| =
HzneA U(enx)H <> nea llU(enx)| and this implies, for f=>"", @a,2; € Sp(p, A):
Dima 1UCpa @)l < 3200 3 ea, MU (emzi)|| = D201 > men, IU(emf(m))]l. We pro-
ved that Y37, |U(pa,2:) || <32, caupp(r) U (€mf(m))]| and this implies that [||U]||, =
SU{Y_esupp(p) U (Emf (M)l | f € Selp, 1)} = sup{d_, cqupp(r) 1U(Emf (m))[] |

f: N = E, supp(f) is finite and p|f| < 1} < M = sup{So_, [Ulenf(m))]
| f: N = E, p|f| <1}

It remains to prove that [||U]|, > M.

Case 1. (M = o0) In the situation when there exists f: N — FE such that
plfl < 1and > ||U(enf(m))]| = oo, take an arbitrary A > 0. Find p € N
such that 37 _ [|U(enf(m))|| > A, hence >° o IU(emp(m))|| > A, where
@ => " _enf(m). Because supp(¢) C {1,2,...,p} and p|¢| < 1, we proved that
[IU[ll, > A, hence [|U]|[, = oo, because A is arbitrary. In the situation when
Yo lU(emf(m))|| < oo for any f: N — E with p|f| < 1, take again an arbitrary
A > 0and find f: N — E with p|f| < 1and ) °_ [[U(enf(m))|| > A+ 1. Find
p € N such that 37 _, [|[U(emnf(m))|| > A, hence ||U][|, > A and, again, it follows
that [||U][[, = oo.

Case 2. (M < oo) Take an arbitrary € > 0 and find f : N — E such that p|f| <1
and Y% |U(em f(m))|| > M —5. The series >, ||U(en f(1m))]] being convergent,
find a large enough p € N such that Y7 | [|U(en f(m))|| > M—5—5 = M —¢. Using
again the function p = Y7 _ e, f(m), we notice that > mesupp(e) IV (€mp(m))|| >
M — ¢, hence ||U[||, > M — e. Because ¢ is arbitrary, we have [[|U][|, > M. O

fel,(E), plfl < 1}-

Let us consider in Theorem 5.6 the particular situation when E = K, hence
l,(E) =1, and we have a linear and continuous operator U: [, — F. Theorem 5.6
gives [[[U[ll, = sup{3 ., [f(m)[[U(em)|| | £ € L, plf| < 1}. To say that [[|U]], <
oo means sup{> ., am |U(en)|| | @ = (am)m € 1, all a;, >0, pla) < 1} < co. In
case p has the Riesz-Fischer property, this means that the sequence (|U(en)||),, is
in [, (see [3], [24]). We proved

Corollary 5.7. Assume that p has the Riesz—Fischer property. Then, for any
linear and continuous U: 1, — F, one has the equivalence: (|||U]||, < oo) &

((Uem))m € Ly (F)).
We shall apply Corollary 5.7 to the case when p= || ||, 1 <p < oo and F' = E',

E’ being the dual of the Banach space E. Then, adapting the proof in [6] for the
case of the countable discrete measure space, we have (I?(E))" = [9(E’), q being the
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conjugate of p. Namely, the duality is defined as follows: for any = = (x,,), € I?(E)
and any ¥’ = (2)), € l4(E') = (I’(F)), one has 2/(z) = > 2, o/ (x,). It is not

n n=1"n

necessary for £’ to have the Radon—Nikodym Property.

Taking into account that for V': I — E’ to be (p, £, K)-natural means [[|[V][| , <
oo (here p = || ||,)) according to Theorem 5.5 and, using Corollary 5.7, we have

Corollary 5.8. Let 1 < p < oo and E a Banach space. Then, a linear and
continuous operator V: I — E' is (|| ||, , E, K)-natural if and only if (V(em))m €
[9(E"), where q is the conjugate of p.

The framework for the remainder of the paper is the following:

a) We continue to work with the countable discrete measure space, accepting

Assumption A.

b) Supplementarily, from now on, we shall take F = [?) hence E’ = [?>. At the
same time, we shall work for p = || ||,, hence p' = p = || ||,.

The following identifications are obvious: L,(E) = [,(E) = I*(1?), L(L,(E), K) =
(L,(E)) = (I*(1*)) = I>(1*). This means that, for U € (L,(E))’, one has U = (a”),
with a® € [? for any n. If a™ = (a,,), it follows that U = (auy )., with

(5.8) Z ||an||§ = Z Z |apn|? < o0,
n=1

n=1 p=1

The action of U upon ¢t = (t"),, € L,(E) = [*(1?) is (writing t" = (tpn)p):

(5.9) é Z (") = Zzapn pn-
=1

n=1 p=1

As a matter of fact, we have

(5.10) U(t) = i i Uyt o,

p=1 n=1

because the double series occuring in (5.9) is absolutely convergent:

I/ 3
ZZ |apntpn| < Z la™ [l 1" ]l; < <Z ||a"||2) ' <Z ||t"||§> < 0.
n=1 p=1 n=1

Continuing with the identifications, we have £, = >, L(E,K) = E' = [?,
hence L(L,,L(E,K)) = L(I?,1?). Then, considering some V € L(L,,L(E,K)) =
L(I1?,(1?)") = L(I%,1?), we apply the general theory and consider the matricial form
of V' = (vpn)pn, where the numbers vy, are such that, for any ¢ = (p,), € £, = 2,
one has V(p) =y = (y,), € I>. Namely, for any p, one has
(5.11) Yp = vanSOn-

n=1

In particular, taking ¢ = e, in (5.11), we get V(e,) = (Vin, Van, - -+, Upny - - .) =
(vpn)p € 1% for any n. Applying Corollary 5.8 we see that V' is natural if and only if
(V(en))n € I2(E') = I2(1%), i.c. if and only if

(5.12) DD fvpnl® < 0.

n=1 p=1
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Remark. Relation (5.12) says that V' is a Hilbert—Schmidt operator when it is
viewed as acting in the standard separable Hilbert space [2. We proved that, with
this identification, the (|| ||, ,?, K)-natural operators are exactly the Hilbert-Schmidt
operators in L(I%,1%). O

Now, we can describe in a concrete manner the embedding Q: L(L,(E), K) —
L(L,, L(E,K)) in this case, L.e., via identification, Q: (*(1%) — L(I%,1?).

Theorem 5.9. With the previous notations, let U = (apn)pn € *(1?) and V =
(Vpn)pm € L(I?,1?) be in correspondence, i.e. V. = U* = Q(U). Then, one must have
Upn, = Qpy, for any p and n.

Proof. We start with an element V' in Q(1*(1%)) = Nat(| ||,,/? K), hence V =
(Vpn)pm € L(I?,1?), with (5.12) valid. We shall prove that the unique element U =
(apn)pn € 1*(1?) such that V = Q(U) is that one given by the fact that a,, = v,, for
any p and n.

First, we shall see that the postulated construction of U is possible. Indeed,
for any n, one has V(e,) = (vpn), € (> and we also have 3227 ||V (e,)||5 < oo (see
(5.12)), hence one can take a" = V(e,) and (5.8) is true for these a”. So, one can
take U = (a"), = (V(en))n € 1*(1?). Clearly, U = (vpn)pn-

It remains to prove that Q(U) = V, i.e. it remains to prove that, for any ¢ =
(01,02, s@n,...) € L, =1* and any x = (z1,22,...,%p,...) € E = [? one has
Ulpx) = V(p)(x).

Clearly, pz € L,(E) = >(1?), with px = (t"),,, hence px = (tyn)pn = (PnTp)pn-
From (5.10) we obtain for this U: U(px) =72, > " | vpnntp. On the other hand,
using (5.11), we get V(p)(x) = 3202 ypp = 2021 (D021 Vpnn) ¥, and everything
is proved. To be very precise, we conclude that, concerning the linear isomorphism
Q.. L(L,(F),K) —=Nat(p, £, K) considered in this particular case, we proved that,
for any V = (vp,)pn €Nat(p, E, K), one has Q1 (V) = U = (vpn)pn. This implies
that, for any U = (apn)pn € L(L,(E), K), one has Q,.(U) = QU) =V = (apn)pn,
thus perfectly describing €. O

In view of the preceding facts, we shall give some concrete examples.

Example 5.10. (A linear and continuous operator V': [* — (I?)’ = [ which is
not (|| ||, ,#?, K)-natural) Take V' = (v,,),, (matricial diagonal representation with

Vpn = 0, if p # n and v,, = % for any p). Then Y777, > [vpnl” = Z;;% = 00
and V' is not natural, in view of (5.12). O

Example 5.11. (Linear and continuous operators V: [* — (I?)’ = [ which
are (|| [,,% K)-natural such that either [ain I, < IV ), < 00, or [ain l, =

VI I, < o0) In order to construct such examples, recall that, in case K = R, for

St >4ay i) >

one has

1
Wy, =W, = 3 (\/(all +as)? + (413 — an)? ++/ (a1 — a)? + (12 + 021)2>~

The idea is to consider “two-dimensional” operators V: [* — (I?)’ = [2, namely
V = (Vpn)pn with vy, = 0if p > 3 or n > 3 (here, we work with K = R, so all

St>4 i) >

means that, for ¢ = (1,02, . .., @n,...) € [?, one has

V(p) = (virp1 + v1202, Vo191 + Vo202, 0,0, .. )
(1e V(el) = (’011, V12, O, .. .), V(e2) = (Ugl, V22, O, .. .), V(en) = (0, O, .. ) for n > 3)
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It follows that one can compute [[V],  “using only values |[V(¢)], for ¢ € 12

©=(v1,02,-+,Pn,...) with ¢, =0, if n > 3:
||V(S0)||(2, = o111 + V1292 + V2 P1 + Va2 s’
Consequently [[V]|, I, = W,

At the same time, one can see that [[|V]], l, = sup{> o7, |zal |V (e,
(€n)n € 12, 2, = 0 for n > 3 and ||z, = (jz1 2 + |22]2)? < 1} = sup{|z| [V (e1)]], +
2ol [V(e2)l, | 21,22 € R, 2% + 2F = 1} = sup{cos 0 ||V (e1)|, + sin @ [[V(e2)l|, | 0 €
0,51} = \/||V(€1)||§ +|V(e2)lly = V/vh + vfy + 03y + 03, Taking vy = 1, vp = 2,
vi2 = 3, va1 = 4, we get [|V]], I, = 1 (V10 + v/50) < v/30 = IV -

For the equality construction, we use the following equivalences:

s

VAL g, = VL, < vfy + vy + Vi, + 3
= % (\/('Ull +092)2 + (V12 — v21)? + /(011 — v22)2 + (V12 + U21)2)
< V11U22 — V12021 = 0.
The last equivalence can be proved by direct elementary computations. O
Example 5.12. (showing that, in general, the subspace LL(L,(E), F) is not
closed in L(L,(E),F)) Here p = || ||l,, £ = K, F = [* and we shall exhibit an

element V' € L(I?,1?) which is in the closure of LL£(I? %), but is not in LL(I%,1?).
To this end, we consider a sequence (t,), C K such that ¢, — 0, but (¢,), ¢ 2,

e.g. one can take ¢, = ﬁ for any n. Let M = sup, |t,| < oco. The linear and

continuous V': [? — [? has diagonal matricial representation V' = (v,,),, given as
follows: wv,, = 0, if p # n and v,, = t, for any n. The action of V: V(z =
(n)n) = (tn®n)n, hence |[|V||, < M. Using the considerations following Theorem 5.6,
one has [V, = sup{Sy 1Fm) | [V(em)lly | £ € 2, [fll; < 1} and this gives
VI, = #'(u) = [lully, where u = (|V(€m)|ly)m- Because V(ey) = tinem, we have
IV (€m)lly = |tml], hence u & 17, consequently [[[V[||, = oo and V' ¢ LL(I?,1?).
Finally, we construct a sequence (V,,),, C LL(I%1%) such that V,, — V in

L(1?,1%). Namely V,,: > — [ will have diagonal matricial representation, for any
m, as follows: Vi, = (v )pn, Where vl = 0, if p # n, v}, = t,, if n < m and
v =0, if n > m + 1. Because V,(e,) = tpe,, if n < m and V,,(e,) = 0, if
n > m+ 1, it follows that (||[Vi.(e,)|,), € 1* and all V,, € LL(I*,1*). We have

Vin — Vin L(I?,1%), because the diagonal matricial representation of V — V;,, gives
IV Viall, < 5Dy Il 0. =

Remark. Theorem 5.5 and this example show that, in general, the subspace of
(p, B, K)-natural operators is not closed in £(L,, E'). O
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