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Abstract. The goal of this note is to give an alternative proof of local Hélder continuity for
functions in DeGiorgi classes based on an idea of Moser.

1. Introduction and main results

Let E be an open set in RY and K ,(y) be a cube of edge 2p centered at y € R”.
When y = 0 we simply write K,. The DeGiorgi classes [DG];t(E; 7v), with some p > 1

and > 0, consist of functions u € W,-?(E) satisfying

;
(1.1) / D(u— k)| do < 7/ (= k)a|P do
Kp(y) (R—p) Kr(y)

for any pair of cubes K,(y) C Kr(y) C E, and all £ € R. We further define
[DGI,(E;7) = [DG]; (E;7v) N [DG, (E;7).

In the sequel, we refer to the set of parameters {p, v, N} as the data and use C' as a
generic constant that can be quantitatively determined apriori only in terms of the
data.

For a function u € [DG],(E;v) and Ks,(y) C E, we set

ut =esssupu, pu- =essinfu, w(2p)=-essoscu=p" —pu .

K2p(y) Kap(y) K2p(y)

When there is no ambiguity, we scratch “ess” in the following.
Now we state the following celebrated theorem of DeGiorgi, c.f. [1, 3, 7].

Theorem 1.1. (I) If u € [DG];(E;7), then there is a constant C' > 0 de-
pending only on the data, such that

C
1.2 sup (u — k Si/ u—k)ydx
(12) Kp(y)( )+ (R—p)N KR(y)( )+

for any pair of cubes K,(y) C Kg(y) C E and all k € R.
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(II) If u € [DG],(E;7), there are constants C' > 0 and 0 < a < 1 depending only
on the data, such that for every pair of cubes K,(y) C Kg(y) C E, we have

st = culm) ()

Although the DeGiorgi classes were originally modelled after linear elliptic equa-
tions with bounded and measurable coefficients, DeGiorgi’s approach to prove local
boundedness and local Holder continuity of their solutions made no reference to any
equation, and such functional classes are general enough to include local minima or
Q-minima of rather general functionals, which may not admit an Euler equation.
A similar theorem, regarding the local boundedness and local Holder continuity of
solutions to quasilinear elliptic equations, was proved by Moser in [8]; see also [9], |7,
Chap. 9]. However, the original proof of Moser kept referring to the equation.

It has been noted in [5] that Moser’s idea can be employed to show local bound-
edness of functions in [DG]!(E;7), i.e., Part (I) of Theorem 1.1. Thanks to the
recent remarks in [4] on properties of DeGiorgi classes, we are able to give an alter-
native proof of local Holder continuity for functions in [DG],(E; ) based on Moser’s
idea [8]. This is the main goal of this note. For a somewhat analogous approach see
also [6].

Acknowledgement. The authors thank Professor Emmanuele DiBenedetto for
suggesting the argument in this note and Professor Ugo Gianazza for discussions and
remarks, which greatly helped to improve the final version of the note.

2. Some lemmas

The generalized DeGiorgi Classes [GDG];'E(E; ) are the collection of functions
u e WP(E), for some p > 1, satisfying

loc

v R\
Du—k)L|Pdx < / u— k)| dx.
/Kp(y) ol & (R—p)P <R N p) Kr(y) ( .

It is noteworthy that the conclusion of Theorem 1.1, Part (I) still holds for functions
in [GDG]}(E;7). One just has to note that the extra term on the right-hand side of
the definition of [GDG] ! (£;+) is “homogeneous” with respect to the diameter of the
cubes, then one could repeat the proof in [3, Theorem 2.1, Chap. 10|, [5, Lemma 2.1]
or [7, Lemma 5.4, Chap. 2|.

For ease of notation, we write w = w(2p). We introduce two functions that are
due to Moser [8]:

720#_“), wy = po(u) :lnz(u_,u_)‘

Lemma 2.1. Suppose u € [DG|(E;~). The two functions wy and ws, are both
in [GDGIf(E;7) for some 7 depending only on the data.

wy = @1(u) =1In

Proof. Since 1, : (—oo, u™) — R is convex and non-decreasing, the function
wiy € [GDGJY(E;%) by Lemma 2.1 in [4]. Since @y : (u7,00) — R is convex,
non-increasing and vanishes for « > p~ + %, the function wyy € [GDG]!(E;7) by
Lemma 2.2 in [4]. O

Next we need a lemma whose proof can be found on p. 356 of [3] or p.54 of [7].
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Lemma 2.2. Let v € WH (K, (y)) and assume that the set [v = 0] has positive
measure. There exists a positive constant C' depending only on N, such that

PN+
/ lv|dx < C——=x |Dv| dzx.
Kr(y) \W:m|m@

Finally, we recall Proposition 3.3 from [4].

Lemma 2.3. Let u € [DG];(E;v) be non-negative and bounded above by a
positive constant M. Then

M
/ IDInul do < L/ In — dx
Kp(y) (R —p)* Kr(y) U
for any pair of cubes K,(y) C Kgr(y) C E.

3. Proof of Holder continuity

Without loss of generality, we may take y = 0. Let us first apply Lemma 2.3 to
wy and wy. Indeed, since u € [DG|,(E;~y) we have both ut —u and u — 4~ members
of [DG], (E;7v). Therefore, Lemma 2.3 yields

p
y w
dr < 7/ In dx,
/I{p (R_p)P Kgr :u+ — U
N

v R
3.1 / Dw pdxﬁi/ wy| de + y——m—.
(3-1) o NPonltde < g [ Tl de T

Similarly, we have

w

Dln——
"2 )

that is,

g RY
Duw degi/ wa| d + Ay
/Kp‘ [ de < o [ el T TR

Now we go with two alternatives: either

1 1
oo =gl =0l o oz 3]0k ] > i

In terms of wy and ws, this may be rephrased as either
1 1
lwn SO)N K, > 5K, o [lwy < 0[N K| > S|

Suppose the first alternative is in force, the second alternative being similar. We may
employ Lemma 2.2 and the fact that w; > —In2 to obtain that

/|w1|dx:/ w1+dz+/ wl_deC'p/ | Dwy | dx + Cp”.
K, K K K

p P p
The integral term on the right-hand side is estimated by Hélder’s inequality, Young’s
inequality and (3.1) as

Cp/ | Dw | dx < C’pHN_%(/ |Dw1+|pd:c)p
K K

p p

14+N-X g RN z
< S v
<O <<R—p>p /KR'wl'd“WR—p)p)
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1+N-Z 5 1+N

P p P P R
<cb— / i dx) +C (—)

R—p ( o R—p\p

p1+N—% 5 4N /R N
3.2 / w deCi(/ w d:c) +C <—) + Cp™.
82) [ e t( [ — (-

An interpolation argument (see |2, Lemma 4.3, Chap. I|) yields that

1
P UK,
An application of Lemma 2.1 gives that w1, € [GDG];(E;%). As a result,
Theorem 1.1, Part (I) holds for w;y. The supreme estimate together with (3.3)
yields that

N
P

Thus we obtain

sup wyy < C][ w4 dx < C(data),
Ky

Kp
2

which implies
1
esssupu < ut — —w.
Ky pux>pu 9¢C

1
essoscu < (1 — —) w.

Kp 2e¢
2

A standard iteration finishes the proof.

Therefore
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