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Abstract. In this short note, we extend a local T theorem that was proved in [4] to a full
multilinear local T'b theorem.

1. Introduction

In [4], we proved (in collaboration with Grau de la Herran) a multilinear local T'b
theorem for square functions, and applied it to prove a local T theorem for singular
integrals. The local Th theorem for singular integrals had “local Tb type”’ testing
conditions for the operator 1" on pseudo-accretive collections b = {b’@}lgigm, but
tested the adjoints of 7" on the constant function 1; see [4] for more details on this.

There has been interest recently in multilinear local T'b theorems for square func-
tion and singular integrals, for example in the works [6], [1], [5] and [7]. In particular,
in [7], the authors are interested in multilinear local Th theorems that test all ad-
joints of a multilinear operator 7" on pseudo-accretive systems, rather than only on
the operator itself; two examples are in [7] and the authors cite these as a feature
of their multilinear local T'b result for a class of n-linear forms known as perfect
Calderén—Zygmund operators. In this note, we show that our result from [4] can be
easily extended to a local T'b theorem for Calderéon—Zygmund operators where 7" and
all of its adjoints are tested on pseudo-accretive systems.

The following local T'b theorem for multilinear singular integral operators, which
is an extension of Theorem 1.2 from [4], is the main result of the article.

Theorem 1.1. Let T' be a continuous m linear operator from . x - -- x . into

" with a standard Calderén—Zygmund kernel K. Suppose that T € W BP and for

each j = 0,1,...,m there exist 2 < g < oo and 1 < ¢; ; < oo with % =YY" L and
J

. =1y
an m-compatible collection of pseudo-accretive systems b; = {bz’gj H<i<m indexed by
dyadic cubes () such that

@ IR
(1) // QTP Pa @) dr S 1)
Q 0

Then T is bounded from IP* x --- x LP™ into LP for all 1 < p; < oo such that

]lj = pll + -+ z%' Here we assume that this estimate holds for any approximation to
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the identity P; with smooth compactly supported kernels and any Littlewood—Paley—
Stein projection operators (); whose kernels also are smooth compactly supported
function.

The precise meaning of (1) is the following: For any ¢, € C§° such that p(0) = 1

and ¥(0) = 0, (1) holds for P,f = p, *x f, Quf = Uy x f, pi(x) = tinap(%), and
Yy(z) = (%), where the constant is independent of the dyadic cube @, but may
depend on ¢ and .

We prove this theorem by applying the square function estimates that were also
proved in [4], but with a few minor modifications to allow for the extension to The-
orem 1.1. This note is intended to be an addendum to the article [4]. So the reader
should refer to that article for definitions, discussion, and history related to these
results.

2. A few definitions and results from [4]

Define the family of multilinear of operators {©;}:~¢
(2) @t(fla--'afm)(x) :/ et(zay1>aym)Hfz(yz)dyz
mn Z:1

where ,: R(™*)" — C and the square function

(3) S(Fi ) ) (@) = (/OOO|@t(f1’-~~,fm)(x)|2%)%

associated to {O;}i~0, where f; for i = 1,...,m are initially functions in C§°(R").
Also assume that 6, satisfies for all z,yy,...,ym, 2", ¥}, ...y, € R"

t—mn

4 O (2, Y1, Um)| S = ,
W S | K e P e
(5) |9t(x>yla .. '>ym) _et(xayla .. -ayga .. '>ym)| ,S t_mn(t_1|yi _y;|)“{’
(6) 10 (2,91, - ym) — 02 1, y)| ST 2 — 2 ])

for some N > n and 0 < < 1. The following results were proved in [4].
Theorem. Let ©; and S be defined as in (2) and (3) where 0, satisfies (4)—

(6). Suppose there exist ¢;,q > 1 fori = 1,...,m with % = Z;Li and functions

b = {b} }1<i<m indexed by dyadic cubes Q@ C R™ such that for every dyadic cube Q

) | 1t

(8) B% <

1 /ﬁ ,

— bo(x) dx
Q

1Rl Jri

o SBl|¢2|>

1 LS

— b d
|@|/Q,.Ul alw)dr

<B — [ bp(x)dx
’ H (R /@
for all dyadic subcubes R C @,

Y

g

{Q) dt \ 2
(10) / ( / |@t<bg,...,bg><x>|2{) I < BAjQl
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Then S satisfies

(11) 1SCh oo Fdller S T A om

i=1

fora]]l<p,~<ooand2§p<oosatisfying%:7%1+---+1%.

If {bg} satisfies (7) and (8), we say that {bg} is a pseudo-accretive system. We
say that b = {bé)}lgigm is an m-compatible, or just compatible, collection of pseudo-
accretive systems if they satisfy (7)—(9).

In Theorem 1.1, we only impose that b, = {bgj H<i<m is an m-compatible pseudo-
accretive system for each j = 0,1,...,m. In particular, b; must satisfy (7)-(9) for
each 7 = 0,1,...,m, but there is no dependence between pseudo-accretive systems

b, and by, for j # k.

3. Proof of Theorem 1.1

Proof of Theorem 1.1. Let P; be a smooth approximation to identity operators
with smooth compactly supported kernels. Then it follows that P2f — f ast — 0T
and P?f — 0 ast — oo in .&¥ for f € /. Here % is the subspace of Schwartz

functions satisfying | f(€)| < Ca|¢|™ for all M € N. There exist Littlewood—Paley—
Stein projection operators le) for i = 1,2 with smooth compactly supported kernels
such that t%Pf = §2)Q§1) = ;. Using these operators, we decompose T for f; € .7,
1=0,...,m

> d

TG b fo) = [ (TR P2 PER)

Z < /0 QT (P2 f1, ..., Pificy, Pifo, Pifisa - - Pffm>7t, fi>

=0

M

Il
=)

(12) <,Ti(f17"’7fi—17f07fi+17---7fm)7fi>7

)

where we take the last line in (12) as the definition of T; for i = 0,1, ..., m. It follows
that T; is a multilinear singular integral operator with standard kernel

Ki(xvylu"'aym):/ <T (gp?tﬂvagp% )7¢t>77
0
Also let ©} be the multilinear operator associated to

0,1,y ym) = QT (V. @) (@),

and let S; be the square function associated to ©i. Note that 0:(z,y1,...,Ym) #
(T* (oY, ..., 0f™),9F), and that T; is not actually the integral of ©} (one has @y

and the other has le)). Furthermore, by the hypotheses on 7% and by the local T'h
theorem for square functions from [4], it follows that S; is bounded from L*™ X - - - x
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L?" into L?. Therefore we have

@b dih = [ [ QIR PR @Rl

= [T [ et e R @Q
0 Rn

< ISi(f1s- -, f)llz2 (/0 \Q§2)*fo\2%>2

S falleem == | foll 2w ] foll 22-

Hence Tj is bounded from L?™ x - - - x L*™ into L?, and by the multilinear Calderén—
Zygmund theory developed by Grafakos and Torres in |2, 3|, it follows that T; also

L2

bounded from LP' x --- x LP» into L? for all 1 < py,...,pm < oo with % = p% +
s ﬁ for each ¢ = 0,1,...,m. In particular, it follows that 7T; is bounded from
L™ x oo x L™ into L™ for each i = 0,1,...,m. Then continuing from (12),
we have

| <T(f1a - '>.fm)>.f0> | < | <Zrl(.fla - '>.fi—1>.f0>.fi+1> . afm)?fl> |

-

~
Il
o

Lm+1

-

~
Il
o

ITi(frs - s fimrs fos firns - )|l maa |1 i)

s

S

151

Lm+1 .
0

<.
Il

Therefore T is bounded from L™*! x --- L™+ into L™ . Then it again follows

from the multilinear Calderon—Zygmund theory in |2, 3| that T is bounded from
LPr x - .- x [P into LP for all 1 < py,...,pm <oosuchthat%:pil+---+li. U
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