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Abstract. We show that there is no Ck+1 diffeomorphism of the k-torus which is semiconjugate
to a minimal translation and has a wandering domain all of whose iterates are Euclidean balls.

Introduction

Answering (in the negative) a question raised by Poincaré [17], Denjoy proved
one of his most famous theorems [4], namely the action of every C2 (orientation
preserving) diffeomorphism of the circle with irrational rotation number is minimal.
This result can be considered as one of the the starting points of the theory of
differentiable dynamics, and many generalizations have been proposed in the context
of one-dimensional dynamics (see, for example, [3, 5, 6, 19, 20, 25]). The search for
higher dimensional analogues of the Denjoy Theorem is a natural problem that has
attracted some interest in recent years. Although there is some partial evidence in
the positive direction, no definitive result is known.

Let us be more precise. As is well known, the C2 (or C1+Lip) hypothesis is nec-
essary in the statement of the Denjoy Theorem. Indeed, Denjoy himself gave C1

counter-examples for his result. (It should be noticed that the first C1 counter-
examples were constructed by Bohl in [2].) These examples were improved by Her-
man in [8] up to the class C2−ε for every ε > 0 (se also [22]), thus showing that the
Denjoy Theorem is sharp in the Hölder scale. The blowing-up method of Denjoy
and Herman is classical and direct. However, circle diffeomorphisms with similar
properties can be obtained as holonomy maps along stable manifolds of Anosov dif-
feomorphisms of the 2-torus. McSwiggen extended this construction in [11, 12] to
higher dimensions and showed that, for each k ≥ 2, there exists a dense family
(θ1, . . . , θk) of Q/Z-independent numbers in R/Z such that, for any ε > 0, there is
a Ck+1−ε diffeomorphism of the k-torus that has a wandering (topological) disk and
is semiconjugate to the translation by (θ1, . . . , θk). Unfortunately, the family of ro-
tation vectors which appear in McSwiggen’s constructions is countable (they are all
algebraic, and therefore Diophantine), and it is unclear whether similar examples do
exist for any translation vector with the above properties.

McSwiggen’s examples show that the natural differentiability where we should
look for an analogue of the Denjoy Theorem on the k-torus is Ck+1. This is confirmed
by the fact that, by a straightforward application of the KAM Theory, if f is a small
Ck+1+ε perturbation of an irrational Diophantine translation of the k-torus, then f
is Ck conjugate to it [7].
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In the one-dimensional case, the blowing-up procedure for the construction of
counter-examples is necessarily “conformal”: one replaces points along orbits by in-
tervals. In higher dimensions, one should replace points by continua, and the case
where these continua are not topological disks is interesting by itself: see, for instance,
[1, 18]. (We should point out that, in this case, perhaps a Denjoy type theorem holds
in regularity smaller than Ck+1.) In the case of wandering topological disks, several
partial results are known in dimension 2 (see for example [14, 15, 16]). For instance,
in [15], Norton and Sullivan show that it is impossible for a C3 diffeomorphism of
the 2-torus to be semiconjugate and non-conjugate to a minimal translation, pro-
vided that the preimages of points have some “uniform” conformal geometry along
the orbits.

The aim of this Note is to show how a simple modification of some of the ideas of
[15] allows proving similar results for Ck+1 diffeomorphisms of the k-torus. It should
be emphasized that these do not follow from Norton-Sullivan’s arguments, as these
strongly rely on the Morrey–Bojarski–Ahlfors–Bers integration theorem, which is no
longer available in higher dimensions. In particular, one of the key arguments of
[15] uses Sullivan’s integrability theorem, which states that every uniformly quasi-
conformal group of homeomorphisms of a surface is quasiconformally conjugate to a
group of conformal maps [21], and which is known to be false in dimension greater
than two [23].

For the sake of concreteness, we only prove the following theorem, which is some-
what the core of [15].

Theorem. Let k ≥ 2, and let f be a diffeomorphism of the k-torus that is
semiconjugate to a minimal translation without being conjugate to it. If the preimage
by the semiconjugacy of each point is either a point or an Euclidean ball, then f
cannot be of class Ck+1.

Note that this result is still true in dimension one (where it follows from the
classical Denjoy Theorem), but our arguments only work in higher dimensions (see,
however, [13, Exercise 3.1.4], which is somewhat related to our arguments here).

We should stress that we do not know whether the Ck+1 regularity hypothesis
is actually needed for our Theorem (assuming that the wandering domains are Eu-
clidean balls). Indeed, in McSwiggen’s examples, the wandering domains have a very
irregular geometry, and there is even no uniform bound for the diameter of their lifts.
See also [10] for a recent interesting result concerning topological entropy of this kind
of maps.

Combining the methods of this Note with those of [9], one can show that if fi,
i∈{1, . . . , d}, are respectively C1+ki diffeomorphisms of the k-torus that are semicon-
jugate to minimal translations and whose translation vectors are independent over
Q/Z, then one has k1 + . . . + kd ≤ k provided the fi’s commute and the preimages
of points by the (simultaneous) conjugacy to translations are either points or Eu-
clidean balls. (The constants ki’s are supposed to be positive but not necessarily
integer numbers). Actually, the same statement holds without the hypothesis that
the fi commute but asking for the commutativity of their permutation action along
an orbit of balls arising from the blowing-up procedure.
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Proof of the Theorem

Let Conf(k) ∼ GL(k,R)/(SO(k,R)×R) denote the space of conformal structures
on Rk. This is a simply-connected space that carries a nonpositively curved metric
which is invariant under the GL(k,R)-action given by A · [B] := [AB]. In particular,
the distance function distk on it is smooth. For simplicity, we denote σ0 := [Id].

Lemma 1. If f is a Ck diffeomorphism satisfying the hypothesis of the Theorem,
then there exists a constantM such that distk([Dfn(x)], σ0) ≤M holds for all x ∈ Tk

and all n ≥ 1.

Proof. Let ϕ denote the semiconjugacy of f to the corresponding translation.
Then

Γ := Tk \
⋃

interior
(
{ϕ−1(x) : x ∈ Tk}

)
is a connected, nonwhere dense, minimal invariant set for f (see [16]). Moreover,
since all the wandering topological balls are Euclidean, [Df(x)] is identically equal
to σ0 on Γ. Furthermore, as distk is smooth, the derivatives of the function x 7→
distk

(
[Df(x)], σ0

)
vanish up to order k. By a successive application of the Mean

Value Theorem, this implies that there exists a constant C such that, if x belongs to
the interior of a ball Bx that collapses to a single point under ϕ, then

distk([Df(x)], σ0) ≤ C`(x)k,

where `(x) is the half of the length of the shortest chord of Bx through x. Since
`(x)≤radius(Bx), this shows that

distk([Df(x)], σ0) ≤Mvol(Bx)

for a certain constant M . This yields, for each n ≥ 1 and every x /∈ Γ,

distk([Dfn(x)], σ0) = distk(Dfn(x) · σ0, σ0)

≤
n−1∑
i=0

distk
(
Df i+1(fn−i−1(x)) · σ0, Df i(fn−i(x)) · σ0

)
=

n−1∑
i=0

distk(Df i(fn−i(x))) · [Df(fn−i−1(x)], Df i(fn−i(x)) · σ0)

=
n−1∑
i=0

distk([Df(fn−i−1(x))], σ0)

≤
n−1∑
i=0

Mvol(Bfn−i−1(x))

≤M,

where the last inequality holds because the balls Bfj(x) are two-by-two disjoint. Since
Γ is nonwhere dense in Tk, the estimate above holds for every x∈Tk. �
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Remark. The dilatation of an invertible linear map A : Rk → Rk is defined as

dil(A) :=
max‖v‖=1 ‖A(v)‖
min‖w‖=1 ‖A(w)‖

.

This induces a function on Conf(n) that measures the degree of non-conformality of
matrices. In the 2-dimensional case, this is a smooth function, as is shown by the
well-known formula

dil(A) =
1 + ‖µ‖
1− ‖µ‖

= exp(disthyp(0, µ)),

where µ denotes the Beltrami differential and disthyp stands for the hyperbolic dis-
tance on the Poincaré disk. However, in higher dimension, this function is no longer
smooth (yet it is locally Lipschitz). This is why, unlike [15], we do not deal with the
function dil, and we directly consider the function distk.

Lemma 2. For each M > 0 there exist λ > 1 and λ′ > 1 with the following
property: if g is a diffeomorphism of Rk that commutes with the translations by
vectors in Zk and such that distk([Dg(x)], σ0) ≤M for all x ∈ Rk and g(B(x0, α)) =
B(y0, β) for some x0, y0 in Rk and some positive numbers α, β, then

g(B(x0, λα)) ⊂ B(y0, λ
′β).

Proof. This follows directly from the equicontinuity of the family of restrictions
to B(x0, 2α) of the maps g satisfying the properties above; see [24, §19]. �

To complete the proof of the Theorem, we will use an argument that, in the one-
dimensional context, goes back to Schwartz [20]. Fix a wandering ball B = B(x0, α0),
and denote by xn (resp. αn) the center (resp. the radius) of fn(B). Clearly, αn goes
to zero as n goes to infinite, and for each ε > 0 one has fnk(B) ⊂ B(x0, α0 + ε) for
an increasing sequence (nk) of positive numbers. Fix such an n = nk so that

αn <
(λ− 1)α0

2λ′
and dist(x0, xn) < α0 +

(
λ− 1

2

)
α0.
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We can apply Lemma 2 to any covering map f̃ of f , thus obtaining

f̃nk

(
B(x̃0, λα0)

)
⊂ B

(
x̃n, λ

′αn

)
⊂ B

(
x̃0, α0 +

(λ− 1

2

)
α0 + λ′αn

)
⊂ B(x̃0, λα0).

Therefore, fn(B(x0, λα0)) ⊂ B(x0, λα0), and by Brouwer’s fixed point theorem, fn

has a fixed point in B(x0, λα0). However, this is absurd, since f is semiconjugate to
a minimal (and therefore periodic-point free) torus translation. This contradiction
completes the proof. �
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