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Abstract. In this paper we prove a refinement of Schwarz’s lemma for holomorphic mappings
from the unit ball B™ C C™ to the unit disk D C C obtained by Kalaj in [3]. We also give some
corollaries of this result and a similar result for pluriharmonic functions. In particular, we give an
improvement of Schwarz’s lemma for non-vanishing holomorphic functions from B" to D that was
obtained in a recent paper by Dyakonov [2]. Finally, we give a new and short proof of Markovi¢’s
theorem on contractivity of harmonic mappings from the upper half-plane H to the positive reals.
The same result does not hold for higher dimensions, as is shown by given counterexamples.

1. Introduction and notation

1.1. Notation. We use terminology and notation from Rudin [7]. Let B"
denote the unit ball in C”, B,, the unit ball in R™ and let H,, denote the upper
half-space in R". Specially, H is the upper half-plane in C. By #H(2) we denote
the space of holomorphic functions on 2 C C". The complex scalar product of

2= (21,22, ., 2n), W= (W, Wy, ..., w,) € C"is given by
n
(z,w) = szw_j.
=1

1.2. Bergman and hyperbolic distance. As is well known, the hyperbolic
distance on B" is given by the expression

d(z,w) = log
where

(1= [wf*) (z = w) = |2 — w*w
1+ |2]?|w|?> — 2Re (z,w)

Tw(z) =
It is easy to check that

(1.1) L= 1T = 1+(1|;‘2\|u;=2)_(12;{\:<|27)w>_

For more information on the hyperbolic distance and Mo6bius transformations, one
can consult [1].
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We also use hyperbolic distances in some other domains in C and R"™. Let us
recall that the hyperbolic distance on H is given by

Z—Ww

dp(z,w) = 2tanh™

)

Z—w
and on R™ by
dr+(z,y) = log%,
for y > x > 0. The hyperbolic distances on B,, and H,, are given by
2|z — ylf?
(L= [l) (X = llylI*)

) ,  where x,,y, > 0.

dg, (z,y) = cosh™" (1 +d(x,y)), where §(z,y) =

|z —yl?
22pYn
We will use an involutive biholomorphic automorphism ¢,,: B" — B" given by

Ao)= T (v~ a0 (5= )

Note that ¢, (0) = w. An easy verification gives
(1= Jwf?) (1= |2*)
1~ (2 w))”
Bergman distance on B” is given by the expression
1= w)l + Iz —wP +[{z w)P? — [2P[w]?.
1=z w)| = ]z = wl* + [{(z,w)[? = [2[[w]?
it can be also written in the following form, using ¢,,(2):
1+ [ (2)|
1 —Jepu(2)]
Some general information and theorems on Bergman distance can be found in [4].
1.3. M-invariant gradient. For a function f € C*(B"), we define M-
invariant gradient by expression
Df(z) = D(f o) (0),

where D denotes the complex gradient

dy, (z,7) = cosh™! (1 +

(1.2) 1 Jpu(2)l? =

(1.3) p(z,w) = log

(1.4) p(z,w) = log

afr" , of 1 /0f 10f
D 1L s e
fte) {321 }j:17 T 5T <3l’j iy,
and ¢, is aforementioned automorphism of the unit ball B"”. For f € H (B"),
(1.5) DF(0)] = IDFO)] = I (O)].
The main property of M-invariant gradient is the following invariance property
(1.6) D(fo¢.) (0)] = |Dr(2)].

Basic properties about this notion can be found in [7] and [6]. We will use the
following identity

11 [BfE)| = (- 12P) (DFEF - (DfR).2P), feC B,
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see 6] for details. On the other hand, the real gradient V is defined by

af o

For a function f € C*(B") we also define M-invariant real gradient

VI(z) =V (foe.)(0).

Analogous formulae hold for V and D, except for (1.5) where we have only

VIO = 1950,

:1,2...,n, Zj:l’j+iyj.

for f € C1(B").
1.4. Results. Schwarz’s lemma is a fundamental result which states that for a
holomorphic mapping f: D — D, with f(0) = 0, we have
1f(2)] <zl

This leads to another inequality which estimates the pseudohyperbolic distance be-
tween images of two points in terms of the pseudohyperbolic distance of points:

f(z) = f(w)

1= f(2)f(w)
and also the magnitude of the derivative at a point z in terms of moduli of z and its
image f(2):

1—2zw

z—w‘
)

< LWL
FEls

These basic results have been extended in numerous ways. The one that is of
special interest for us is the following theorem.

Theorem 1. (Kalaj, [3]) If f is a holomorphic mapping of the unit ball B C C"
into B™ C C™, then for m > 2

1—|f(2)[?
/ < v - WA B’I’L
e e E e
and for m = 1 we have that
1— 2
TUBEiC) S
1—|z|

Here |f’(z)| denotes the norm of the Frechet derivative of the mapping f. Let
us recall that Frechet derivative of a holomorphic function f: A € C" — C™ is
the unique linear mapping L = f'(z): C* — C™ such that f(z + h) — f(z) =
f'()h + O([h[?).

Corollary 2. (Kalaj) Every holomorphic function f: B" — D is a contraction
with respect to the hyperbolic metric on both B™ and D.

In section 2, we prove a refined version of Kalaj’s theorem, using the so-called
M-invariant gradient D.

Theorem 1.1. For each holomorphic function f: B" — D we have

DiG)| <1-1fG)F, zeB"
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while for each holomorphic mapping f: B" — B™, m > 2, we have

Dr)| =\ 1-1f)P, ze B

Since |Df(z)| > (1 —|2|?) |Df(2)| (see section 2) this indeed improves Kalaj’s
theorem. In the case of the unit disc D we give a new technique, while for n > 2 we
only refine the Kalaj’s result.

Theorem 1.2. Every holomorphic function f: B" — D is a contraction with
respect to Bergman metric on B" and D.

As a direct consequence we will get

Corollary 1.3. (Schwarz—Pick inequality for several variables) For each holo-
morphic function f: B" — D we have

f2) = fw) | _ VIz—wP +[(z w)]? — [2Pw]?

1—f(2)f(w) 1= {(z,w)]

Note that for n = 1, this is the classical Schwarz—Pick inequality.

The following result on plurisubharmonic functions from B™ to (—1,1) can be
found in[3]:

Theorem 3. Let f be a pluriharmonic function from the unit ball B" C C™ to
(=1,1). Then the following sharp inequality holds
41— 2
Vi) < 2 TEE L cpn

T 1—]z|?

(1.8)

Using the M-invariant gradient, we get the following refinement:

Theorem 1.4. For each pluriharmonic function f: B" — (—1,1) there holds
the following inequality

‘%f(z)\ < % (1-1f(2)?), zeB"

We also deal with Harnack’s inequalities. It is well known that for positive
harmonic functions u : D — R™ we have
1— |z < u(z) < 1+ |z|

T+]z] = u(0) = 1—|z|

2u(z)
1—lz|

and |Vu(z)| <

Dyakonov [2| proved the following lemma:

Lemma 4. Suppose f € H(B") is a function satisfying 0 < |f(z)| < 1 for all
z € B". Then
25, 1

og :
L—1]z2 7 [f(2)]

Using the M-invariant gradient form of Harnack’s inequality, we prove the fol-
lowing refinement of Dyakonov’s lemma:

IDf(2)] <

Theorem 1.5. For each holomorphic function f: B" — D without zeros in B”

we have

1

‘ﬁf(z) < 2|f(2)|log For z € B"™.

In section 3, we present a different proof, based only on Harnack’s inequality, of
the following Markovié¢’s theorem.
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Theorem 5. (Markovi¢, [5]) Every harmonic function f: H — R acts as a
contraction with respect to hyperbolic metric considered on both H and R™.

We investigate the same problem in the upper half-space H,, C R™ and the unit
ball B,, C R™: Are positive harmonic functions contractions if we consider hyperbolic
metric on H" or B" and R*? The answer is “no”, see Section 3.

2. Variations of the Schwarz lemma on the unit ball
Using the Cauchy—Schwarz inequality we obtain:
D[ = (L~ 12P) (DFG)E ~ (DFG).2)P)
> (1= [2P) (IDf)* = |21 D))
= (1= |2P)*|Ds (),
and we have proved
DS = (1= 12P) IDf ()

Proof of Theorem 1.1. (Case m = 1.) Let us prove Theorem 1.1 in case z = 0,
le.

(2.1) Df(O)| = IDrO) < 1-1£(0)
Let us fix ( = (¢1, (2, - - -, (n) € OB™ and define a one-variable complex function

gc(2) = f (G2, ¢z, ..., (r2), z€D.
Note that g- maps D to D so we can apply Schwarz-Pick lemma to get

90)] <1 —lgc (O

Since of o7 o7
9c(z) = Cla—zl(Z) + C28—Z2(Z) +ot C”a—zn(z)’
by choosing
B 1 of
“= broyo= "

we obtain the needed estimate

Applying (2.1) to f o ¢, we get
D(fog) (O <1-1(fop.) O,

The left-hand side, by (1.6), is equal to ‘ﬁf(z)

, SO we have

Df)] < 1= 171
(Case m > 2.) According to [3], we have

DfO)| = [D£(0)] < VIO
Applying this inequality to the function f o ¢,, we get:

D7) = 1D (fown) (0)] < 1= I 0 (0) = VT T 0
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Proof of Theorem 1.2. We have to prove p(f(z), f(w)) < p(z,w) for a holomor-
phic f: B" — D. By Corollary 2, we have
d(f(2), f(0)) <d(z,0).

Since

1+ 2|
1— ]
and the Bergman and hyperbolic metrics coincide on D, i.e.

p(f(2),£(0)) = d(f(2), £(0)),

p(z,0) = log =d(z,0), =ze€B",

we conclude

(2.2) p(f(2), £(0)) < p(2,0).

For prescribed z,w € B™ there exist an automorphism ¢ of the unit ball B” such
that ¢(0) = z, p(a) = w. Since ¢ is an isometry in the Bergman metric, we have

p(z,w) = p(p(0), o(a)) = p(0, a).
Using (2.2) with f o ¢ in place of f, we obtain
p((fo9)(0),(f op)(a)) < p(0,a),
which gives
p(f(2), f(w)) < p(0,a) = p(z, w). O

From (1.1) and (1.2) it easily follows that |T,,(z)| > |¢w(2)|, which leads to
p(z,w) < d(z,w). We see that Theorem 1.2 indeed refines Corollary 2.

Proof of Coro]]ary 1.3. By Theorem 1.2 and (1.3) we have

‘1 BIT ‘ \1— w)| + /12 — w] + [z, w) 2 — [2[*[w]?
R T R T B R [N BT
which implies
f(2) = f(w) | _ Iz —wP +]{z,w)]* — |2*w]?

O

1— f2)f(w)| ~ 1= (2, w)]

Proof of the Theorem 1.4. The proof is similar to that of Theorem 1.1. For z =0
we have

- 4
VIO = 1950)] < = (1= 1£O)P).
Now, using this inequality for f o ¢, we have, by V-version of (1.6):
- _ 4 1
VIE| =V (Foe) 0 S (1= 10w P) == (1= 1f=)). O

A consequence of the Harnack’s inequality for a positive harmonic function v in
D is

(2.3) |Vu(z)| <

Using Poisson representation we prove this for 2 = 0 and extend the result to any
z € D using automorphisms ..
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Proof of Theorem 1.5. Let us fix ( € 0B™ and apply (2.3) to positive harmonic
function

1
u(z) = gma
where Fr(2) = f (G2, (o2, ..., (u2), 2 € D for point z = 0:
1 1
F/(0 2| F 1 =2|f(0)|log ———.
Next
Zczazl
by choosing 5
__ 1 of
MO
where [D£(0)] = /S0, |[2(0)| , we obtain
1
Df(0 21f(0)[1 .
IDFO)] < 21£(0)] 108 1775
Because of (1.5) we get
- 1
4 D 1 .
(2.4) DS 0)] < 217(0)]tog e
Now, using inequality (2.4) for f o ¢,, 2 € B™ in place of f, we obtain
~ ~ 1 1
D =D (fop,)(0)] <2 o0p,)(0)log —————— =2 log ——,
DI = |B(f 002) 0)] £ 21(f 002) (0) 108 17 = 2 how s
and Theorem 1.5 is proved. O]

3. Markovié’s theorem and counterexamples

Here we give a new proof of Markovié¢’s theorem on positive harmonic functions on
the upper half-plane and obtain counterexamples for higher-dimensional analogues.

We will use common Harnack inequality, which estimates the ratio of values of
positive harmonic functions at an arbitrary point z and at the zero:

1— 7] < v(z) < 1+|z|.
T+1z] = v(0) = 1—|7|

3.1. Markovié’s theorem. For every harmonic function v: D — R™ we can
define harmonic function v: H — R™ by

(3.1)

z—1
Z41i
is a conformal mapping from H to D. Conversely, for every harmonic u: H — R™

there is a harmonic v: D — RT given by v(z) = u(¢'(2)), for which we have
u=uvop.

u(z) = v(p(2)),  where ¢(z) =

So, for ¢ € H, & v - ¢ D, using (3.1) we obtain
(St} gt gt
U<C+i)<1+)c+z :1+’Ez (<)<1+‘E—i
I
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and after taking logarithms of both sides
(3.2) d (u(¢), u(i)) < d(¢,1).

Let ¢ be a conformal automorphism of the upper half-plane which sends ¢ and ¢
to z and w, respectively. We have

d(C, i) = d(¥(C), ¥(i)) = d(z,w)
and
d(u o (), uo (i) = d(u(z), u(w)),
so (3.2) with u o ¢ instead of u gives
d(u(z),u(w)) < d(z,w).

So, Theorem 5 is proved.
Using the method of the above proof, one can show that any positive harmonic

function from D to (0,+0c0) is a contraction with respect to hyperbolic metrics on
D and R™.

In the next subsection we provide counterexamples which show that these results
do not extend to higher dimensions.

3.2. Counterexamples for n > 3.

Example 1. (The unit ball B,) The following Harnack’s inequality for positive
harmonic functions in the unit ball B,

1— |z < v(x) < 1+ |z
(1 |=z))"=" 7 v(0) = (1= [a))"

gives us a clue for counterexamples in higher dimensions.
For n > 3, the hyperbolic metric in the unit ball B,, in R" is given by

d(a,y) = cosh™ (1 +3(a,y)) = log (1 + d(a,y) + /(T + 0@, y)? — 1),

where
2||z — ylI?
d(z,y) =
(1= [lz[I) (T = {lyl)?
and || - || denotes the usual Euclidean norm.
So, for y = 0 we have
2|2
§(z,0) = —————,
1—|lz|?
2)|(” 2/|||* "\ 1+ [|l]]
d(x,0) =1 14+ —— — ] -1 =1 :
0=l \ U Y T Tl
If w: B, — R™ is harmonic, then
: ooou(r) 14z
(3.3) d(u(x),u(0)) < d(x,0) if and only if < .
u(0) 71— [|z]
But, for 1 = (1,0,...,0) € R™ and n > 3, the function
_ 1=l

u(x)

=
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is positive harmonic, and setting x = (¢,0,...,0), 0 < ¢t < 1, inequality (3.3) gives
42
1—t < 1+t’
(I—t)» — 1—t
that is (1 — ¢)?> < (1 — )™ which cannot hold for n > 3.

Example 2. (The upper half-space) In the case of the upper half-space H,, C R"
for n > 3, the hyperbolic metric is given by

a2
d(x,y) = cosh™ (1 + %) ,

where x = (21,29, ..., 2,), ¥y = (Y1, Y2, - - -, Yn) and x,, y, > 0.
For x = (0,0,...,t),t > 1 and y = (0,0,...,1), we have

|l —y” (t—1)? 41
(z,y) + 2T Yn + 2t 2t
and
241 24+ 1\
d(x,y) = log (5(x,y) + Vo, y)? - 1) = log ;; + \/( ; ) — 1| =logt,
so d(u(x),u(y)) < d(x,y) is equivalent to
(3.4) uy) oy
u(x)
Choosing positive harmonic function u(z) to be
ulw) = oo
]

we obtain

which cannot be smaller than ¢ for n > 3, for ¢t > 1.
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