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Abstract. Using the Bessel pairs in the sense of Ghoussoub and Moradifam [16], we provide the
necessary and sufficient conditions on a pair of positive functions so that the Hardy type inequalities
in the spirit of Badiale-Tarantello [3] hold. We also set up the requirements for a pair of potentials
so that the Hardy—Rellich type inequalities with radial derivatives are valid.

1. Introduction

We first recall the celebrated Hardy inequality in RY, N > 3: Let u € D2 (RN )
with N > 3. Then % cL! (RN). Moreover,

N —2\? 2
(1.1) <7) / U—deg/ Yl dz
2 RN|[L’| RN

and (Hf is the best possible constant.

2
It is well-known that the optimal constant (%)2 is never achieved. Hence, we

may ask for the improved versions of the Hardy inequalities where extra nonnegative
terms can be added to the LHS of (1.1). On the whole space RY, Ghoussoub and
Moradifam showed in [18] that there is no strictly positive V' € V! ((0, 00)) such that
the inequality

_ 2 2
/ |Vl dz — (u) / u—2dx2/ V (|z|) u? dx
RN 2 RN|LIZ“ RN

holds for all u € Cg° (RY). However, the situation on bounded domain is different.
Indeed, let © be a bounded domain in RY, N > 3, with 0 € . Then Brezis and
Vazquez proved in [8] that for all u € Wy (Q):

N —2\° 2 2 2
(1.2) / \Vu|? do — (T) /u—zdx > 20wl Q7 /u2 dx

where wy is the volume of the unit bélﬂ and zy = 2.4048... is the first zero of the Bessel
= 2
function Jy (2). The constant 22wy |Q|™™ is optimal when € is a ball. However,

2 2
22wX |Q7V is not attained in Wy* (Q). Hence, it is natural to conjecture that
2

22wl |Q|_% Jou? dx is just a first term of an infinite series of extra terms that can
be added to the RHS of (1.2). This problem was investigated by many authors. See
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[1, 6, 9, 10, 13, 14, 15, 20, 21, 22, 23, 27, 28, 36|, to name just a few. See also the
books [24, 31] that are by now standard references on Hardy inequalities.

In [16, 17|, Ghoussoub and Moradifam proved the following result to improve,
extend and unify several results about the Hardy type inequalities:

Theorem A. Let 0 < R < oo, V and W be positive radial C*-functions on
Br\ {0} such that fORﬁV(T) dr = oo and fORrN_l\/ (r)dr < oco. Then the following
are equivalent:

(1) (V,W) is a N-dimensional Bessel pair on (0, R).
(2) / V (x)|Vul>dz > 8(V,W;R) [ W (z)|u]*dz for all u € C° (Bg) with

Br Br

B (V,W;R) being the best constant.

Here we say that a couple of C'-functions (V, W) is a N-dimensional Bessel pair
on (0, R) if there exists ¢ > 0 such that the ordinary differential equation

N -1 Vr(r)) () CW(T)y(T):O

y”(r”( - TV V)

has a positive solution on the interval (0, R). Also, 8 (V,W;R) is defined as the
supremum of such ¢. It can be also verified that (V, W) is a N-dimensional Bessel
pair on (0, R) if and only if (’I“N_l‘/, ’I“N_IW) is a 1-dimensional Bessel pair on (0, R).
See the book [17] for more properties and examples about the N-dimensional Bessel
pair.

It has been observed that we can improve the Hardy inequalities using the radial
derivative as follows: Using the ideas in [28], for € > 0, we denote

U.(z) = ———u",...,——u" | .
- (@) <5+|x|2 e+ |z|? )

Applying the divergence theorem for the smooth vector field U., we obtain

Ne + (N =2) |z :
e+ ( : )2|£E| u2(x)dx:—2/ (z VU)Uz(ﬂf) i
RY (e +|z]%) RV €+ 2|
_2/ @l Gl 4
Ry €+ |z|” ||7]

([ (Y ()

Hence, letting € | 0, we obtain

(1.3) (%)Q/RN%@S /RN

Of course, the constant (%)2 is still optimal.
It can be noted that ﬁ - Vu is actually the radial gradient of u. Indeed, in the

‘VSNlu(T’U)‘2> %

r2

S v

2
de/ \Vul|? de.
|| RN

polar coordinate, ‘ﬁ : Vu‘ = |0yu (ro)| while |Vu| = (\&u (ro)|* +
Obviously, (1.3) is (1.1) when wu is radial. We would also like to mention here the
role of the operator R = ﬁ -V in the literature. One of the interesting problems

is to investigate the Hardy and Hardy-Rellich inequalities on general homogeneous
groups. However, as explained in [34], since these spaces do not have to be stratified
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or even graded, the concept of horizontal gradients do not make sense. Thus, it is
logical to work with the full gradient. On the other hand, unless the homogeneous
groups are abelian, the full gradient is not homogeneous. Nevertheless, on the ho-
mogeneous groups, we can define the operator R that is homogeneous of order —1
and is analogous to the usual Euclidean gradient and to the radial derivative % -V
on R"™. Hence, it is important and interesting to investigate the functional and geo-
metric inequalities under the radial derivative operator R = ﬁ - V. Actually, the
Hardy type inequalities with radial gradient have been intensively studied recently.
See 20, 21, 27, 32, 36|, for example.

Motivated by the results in [16, 17] and the above observation, it was proved in
[25, 26| the following result:

Theorem B. Let 0 < R < 0o, V and W be positive radial functions on B\ {0}.
Then the following are equivalent:

(A) / V (x)|Vul* dz > W (2) |u|?* dz for all u € C2° (Bg).
Br

Br

(B) / V (z)|Vul* dz > W (z) |u|* dz for all radial functions u € C5° (Bg).
Br

, ) Br
(C) / Vi(z) |5 - Vu
Br

It is worth mentioning here that in statement (B) of Theorem B, the Hardy
inequality just holds for radial functions. Noting that since V' and W are just positive
radial functions, we can not apply the classical Schwarz rearrangement arguments to
deduce (A) in general. In [26], to show (B) = (C) = (A) = (B), we use the ideas in
[16, 37| to decompose the functions u in C° (Bg) into spherical harmonics and then
will only work with radial components.

In [3], instigated by a nonlinear elliptic equation arising in astrophysics, Badiale
and Tarantello investigated the following Hardy type inequalities:

p
/ [u (2) dz < Cnp / IV (2)|F da
RN RN

lyl”

where z = (y,2) € R* x R¥*. The optimal constant Cy, = (ﬁ)p was also
conjectured in [3] and then verified in [35]. Stimulated by this result and the devel-

opments in |16, 17, 25, 26|, we will prove in this note the following result:

Theorem 1.1. Let V and W be positive radial C'-functions on R* \ {0} such
that fo v W(T dr = oo and [“r*~'V (r)dr < oo. Then the following are equivalent:

W (z) |u|? dz for all u € C° (Bg).

Br

rF=1V, k- 1VV isal- d1men31onal Bessel pair on (0, 00)

/ v vt dyaze| /Wm uy, =) dy dz for

allu € C§° RN for some ¢ > 0.

/ / (lyl) [V yu (y, 2)? dydz>c/ / W (|y|) |u (y, 2)|* dy dz for all

u € C§° RN for some ¢ > 0.

/ / |?/| Vu (y, 2)|* dydz > c/ / W (|y)) lu(y, 2)|* dy d= for all

u € Cg° (RN) for some ¢ > 0.

Moreover, 3 (r*~ 1V, rk 'W;00) is the optimal constant.
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As a consequence of Theorem 1.1, we can get the following version of the Heisen-
berg-Pauli-Weyl uncertainly principle: Let V' and W be positive radial C*—functions
on R¥\ {0} such that [}~ 11V(T dr = oo, [[rF7V (r) dr < oo and (r¥=1V, rF=1IV)
is a 1-dimensional Bessel pair on (0, 00). Then we have:

B(r*Vork Wi 0o </sz k/Rk u(y, z)| dde)

k=11 k=1 50 w (7Z)| - i
(F Vot (/RM/ka/ (ly]) lu (y, 2 7W(|y‘>dyd)

B
(L Lo Pa:) (/R Rk%dwz)

(/RN k/Rk (ly]) ‘|y| u(y, 2 dydz) (/ka Rkihé/tf'y(];))f dydz) .

An example is the 1-dimensional Bessel pair (r*~!,7%71772) on (0, 00). In this case,

6(7’1“_1 rk=1p=2 oo) (k_22) and thus,

(LNkLkIVuy, Idde)(// [yl u(y, » Idde)
> < L] dydz> ([ k2R dya:)
= (S5 (L[ o ave)

Especially, when k = N, we recover the well-known Heisenberg-Pauli-Weyl uncer-
tainly principle which is one of the most famous problems in mathematical physics
and classical Fourier analysis alike:

N-—2 2 2
7/ u? dr < (/ |2|* u® dx) (/ IVu|? dz) :
2 RN RN RN

We also mention the paper [33] where the Heisenberg—Pauli-Weyl uncertainly prin-
ciple on homogeneous groups is discussed.

Along the same line of thought, we also get the following characterization in the
spirit of [16, 18, 19]:

Theorem 1.2. Let p > 1, V and W be positive radial C*-functions on R¥\ {0}.
Assume that there is a positive function ¢ € C? (0, 00) such that

(14) (#6172 ) + AW () @ <0 on (0,00)

and

IA

LYy, 2)
|y

Lm 7"V (1) ¢ (r) [y (1) P2 ¢ (1) .

rl0

Then we have

/ / ‘y‘ ’ yu yv
RNk J R lyl

for all u € C§° (RN

dyd2>/ / W (ly]) [u (y, 2)[" dy d=
RN k
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We now concern the well-known Hardy-Rellich inequality: for u € C5°(RY\{0}),

N > b5:
N (N —4)\? 2
<¥) / “—dg;</ | Aul? dz.
4 RN|[L’| RN

Many research papers have tried to investigate the improved Hardy—Rellich inequal-
ities of the form

2
/ |Aul? dx — (M) / —dx>/ W (|z|) u? dx
RN 4 RN |ZE|

where W is certain explicit radially symmetric potential of order lower than — Tt ‘ For

examples, see (2, 5, 7, 11, 12, 29, 30, 34]. Again, in [16, 17|, the authors have proved
the following general result to complete, simplify and improve many known results:

Theorem C. Let 0 < R < oo, V and W be positive radial C*-functions on
Bgr\ {0} such that fo dr = oo and fo N7V (r)dr < co. Then the following

are equivalent:
(1) (V,W) is a N-dimensional Bessel pair on (0, R).
(@) / (@) |AuPdz > ¢ W (x) |Vul? det-(N — 1)/ (V) — %)) |gup d
Br

\w\
Br B
for all radial functions u € C§° (Bg) for some ¢ > 0 with 8(V,W; R) being

the best constant.

In addition, if W (z) — 2‘(('2) - 2VT:£T) — V. () > 0 on (0, R), then the above are

N 1v(

equivalent to

/ V (z)|Aul® dx
Br

=8 (VWiER) | W($)|VU|2d:E+(N—1)/B (V@) _V@

EI—

) V| dz

for all uw € C§° (Bg) with § (V,W; R) being the best constant.

Our next motivation is as follows: There is no analog of homogeneous Laplacian
or sub-Laplacian on general homogeneous groups. Moreover, there may be even no
homogeneous hypoelliptic left-invariant differential operators. Indeed, the existence
of such an operator would imply that the group must be graded. Hence, as above,
it is natural to set up versions of the Hardy-Rellich inequalities using the radial
derivatives R = ﬁ - V. In fact, we will prove the following result:

Theorem 1.3. Let 0 < R < oo, V and W be positive radial C*-functions on
Bgr\ {0} such that ffﬁm dr = oo and fORrN_lV (r)dr < co. Then the following

are equivalent:
(1) (V,W) is a N-dimensional Bessel pair on (0, R) .
2
2) / V (|z)) ‘R% + le—llnu‘ dz
Br

] BEN

> c/ W (|2]) [Rul? dz + (N 1)/ (V) — D) [Ruf? di for all u €
B
Cge (BR) for some ¢ > 0 with § (V, WRR) being the best constant.
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For example, using Theorem 1.3 for a suitable explicit Bessel pair (see [16, 17]),
we could obtain the following result:

2

N2 2
/ dx > —/ \Ru\ dx + 202/ \Ru\zdaj.
Br 4 Jp, |:c| R

This Hardy—Rellich type inequality seems new in the literature. Again, many exam-
ples and properties of Bessel pair were provided in [17]. Hence, from Theorem 1.3
we can get various versions of the Hardy—Rellich type inequalities with the operator
R? + N 172 This also enables us to investigate the Hardy—Rellich type inequalities

N -1

R2u +
||

Ru

in the settmgs of homogeneous groups. See [34] for example.

2. Proof of Theorem 1.1 and Theorem 1.2

Proof of Theorem 1.1. First, assume that (rk_lV, rk_lW) is a 1-dimensional
Bessel pair on (0, 00). Fix 2 € R¥* by Theorem A and Theorem B, we get

L]

Hence
/ / (lyD) [Vu (y, 2 \ dydz>/ / (lyl) IVyu (y, 2 )\ dy dz
RN k Rk —

/ / (ly)
RNkRk

_/ B IVTk W;o00 / W (lyl) [u (y. 2)|" dy d=

RN-Fk

zﬂ(rk_lV,T’“‘lw;OO/ /W(IyI)W(y,Z)I dy dz.
RN-FJRF

2

dy > B (r 1V o0) / W () Ju (g, =) dy.
Rk

Vyu(y, 2) dy dz

Now, we will show that (rk_lV, rF W oo) is the best constant using the idea in
[35]. By choosing u (y, 2) = f (y) g (z), we have

[ L wbew o adz= [ wblroPa | laeF e
/RN k/ V (ly]) [Vu (y. 2)[* dy dz

/RN k/ () IV f W)l g ()] +1f )] 1V ()N dy d=

(1+¢) / /V W) IVf )P g (2) dy d=
RNk Rk
c@ [ [ VI we e dyds
RNk Rk

and
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Hence,

[ v vt dya:

[ w2 P dyas
RN-kJRE

N RATLOIR
| W s Py

By noting that

/ VDI Gy [ IVaPa:

L wray [ ls@re

R CIRE

inf RV_* =0

el O
RN—-k

and letting ¢ | 0, we obtain

Lo Ly arads | v vswray
Y < inf LB

Lo L earad [ wiirwfd
zﬁ(kl‘/’rk 1W7 )

<(1+e)

+C (¢)

Y

inf

Now, assume that we have

/R /R,Yﬂyb (Vu(y, ) dydz > c /R /R Wyl Ju (g, )" dy d=

for all u € C§° (Bg) for some ¢ > 0. For any f € C§° (R’f) and g € C° (RN—k)’ we
set

u(y,z)=f(y)g(z).

As above, from

/ /v<|y|>|vyu<y,z>|2dydzzc/ /W<|y|>|u<y,z>|2dydz
RNk JRE RNk JRE

)/ VDI WFd [ 9eF
Lol [ ek

>c

we get

| v aieswl
L 1 el dy

/ / (lyl) IVu (y, 2)|” dy d=

RN—*

/ / W (lyl) [u (y, 2)|" dy d=
RN-F

By noting again that

(1+¢) +C(
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and letting ¢ | 0, we get

[V Dws@Paze Wl wia

for any f € C§° (Rk) Hence, by Theorem A, (rk_lV, rk_IW) is a 1-dimensional
Bessel pair on (0, 00). OJ

Proof of Theorem 1.2. Tt is enough to prove that [g,V (|yl) ‘Iy\ Vfy }pdy >
JexW (D) | f ()P dy for all f e Cg° (RF). We first assume that f is radial. In this

case, we need to show that

/0 TV ) [ dr > / T (W () £ dr

We set

Then
fr(r) =g, (r)¢(r)+ ¢, (r)g(r).

By an elementary inequality, we get

|1 () = 1gr (r) & (r) + ¢ (r) g ()
> 16, ()" g (N + &1, ()7 6 () (l9 ()[),

Hence

oo

PPV ()| S dr
0

> [T @ Pl + [TV 6) ol 0P e () (9 (0P,
= [V Pl 0P = [TV 00l 0P 26, 0), 19 (0

- ‘/ooo (V1) 1 (1) 1 (1), Slg ()P

We note that by assumptions we have

[TV @1 O ), 6l0 0P 2 [ AW el 0

0 0
Thus
/ Y () |, P dr > / W () | P dr
0 0
In the general case, we set

==

F(r) = /S,id" L lseords
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By Holder’s inequality, we can deduce that

S

! / f, (ro)? do
/ dO' Sk—l
gk—1

Now, we note that

/ W (ly) |F|? dy = (/S 1da) /Ooork_1W(r)|F|pdr
_ ( /S “do—) /O T () / 1d /S 1 o) dodr
G

= [ W) dodr
= [ W

)

< ) rEY (r /S“ /Sk1|fr (ro)|P do| dr
/ / )£ ( m)|” dodr
s

<|y|>\‘| vyl ay.

Also

/ V (ly]) ‘i -VF W (r) |EL P dr
RF |?/|

p
dy =

do
d

(o)
o) [

k—1
k

Since F' is radial, we deduce

p
dx

" [ v y
y > (Jyl) |3 - VF
RF \y|

V| -9
vl
> [ WP de = [ W ipae O

3. Proof of Theorem 1.3

Let u € C§° (). We then extend u as zero outside 2 and may consider that
u e Cg° (RN ) Hence, we can decompose u into spherical harmonics as follows:

o0 o0

u=3u =3 () o (o),

k=0 k=0

where ¢y (o) are the orthonormal eigenfunctions of the Laplace—Beltrami operator
with corresponding eigenvalues ¢ = k (N + k —2), k > 0. We note that the corre-
sponding components f;, are in C§° (Q) and satisty fi, (r) = O (r*), f/. (r) = O (r*71)
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as r J 0. In particular,
1
¢0 (O') = 1, Co — 0 and fo (7") =

uds.
0B, /s,

We have the following result:

Lemma 3.1. Assume that the decomposition of u into the spherical harmonics is
U= Uk = peofi (1) ¢ (0) and assume that V' is a positive radial C'-function
on RN\ {0}. Then we have

/ (Je]) uf? dx-z / () e ()2 i,
/ V (Je]) [Ruf? dx—z / (1)) 1V fi (ja)) P e,
da:—Z/ (lz]) |Afi (Jz]) | de.

Proof. By polar coordinate and direct computations, we get

N —
/ (|=|) 'R2 +|7Ru
RN

/ V(|x\)\u\2daj:/ / V(r N ldr do
RN SN-1
- Z / (lal) e (J2)P” .
Also
[e'e] 0 a 2
/ V(|:B|)|Ru|2d:v:/ / V() | S Lk Ny g
RN 0 SN-—1 =0 or

2

rNldr do

B / oo/ LYV fjf,; (r) s ()

_Z\SN 1\/ r) | ff ()P N tdr
—Z / () [V fi (J2))P

Finally, we have
2

/ Vi(z)|R quN‘I‘ Ru| dx
/ / ( )+ S <r>) o (U)ZTN_ldrda
N Z}SN_I‘/ Vir) < L+ Sy (7")) ¥ tdrds

- Z / 7) 1A fi (eI de 0
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We are now ready to prove Theorem 1.3:

Proof of Theorem 1.3. First, assume that (V, W) is a N-dimensional Bessel pair
n (0, R). Using Theorem C, we have

/B V(@) [Afe (2P de > BV, WiR) [ W (2) [V e (Je]) de

Bpr

e [ (G- ) 19 e

As a consequence

Z/B 1A ()P de > BOWR)S [ W () [V fe (o) do

kOBR

N-1) Z/( ) 19 e

By Lemma 3.1, we obtain

N-1_ |
/ V (z) deﬁ(V,W;R)/ W (z) |Rul dz
RN || RN
+(N—1)/ (V(? Vel ))|Ru| dz.
RV \ |7 |z
Now, assume that
/ V (z) |R*u + 1Ru dz>c/ W (z) |Rul® dx
RN |z

+(N - 1)/RN (V@ - V"(‘”>) Rul? da

] |z
for some ¢ > 0. Then, for any radial function u € C§° (Bg), we get

/B V (2)|Aul’ dz > ¢ : W($)|VU\2d$+(N—1)/B (V(i) A )) Vul*dz.

|| ||

Hence (V, W) is a N-dimensional Bessel pair on (0, R) by Theorem C. O
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