Annales Academise Scientiarum Fennicee
Mathematica
Volumen 42, 2017, 453-472

THE LOCAL SHARP MAXIMAL FUNCTION
AND BMO ON LOCALLY HOMOGENEOUS SPACES

Marco Bramanti and Maria Stella Fanciullo

Politecnico di Milano, Dipartimento di Matematica
Via Bonardi 9, 20133 Milano, Italy; marco.bramanti@polimi.it

Universita di Catania, Dipartimento di Matematica e Informatica
Viale Andrea Doria 6, 95125 Catania, Italy; fanciullo@dmi.unict.it

Abstract. We prove a local version of Fefferman—Stein inequality for the local sharp maxi-
mal function, and a local version of John—Nirenberg inequality for locally BMO functions, in the
framework of locally homogeneous spaces, in the sense of Bramanti—Zhu [3].

1. Introduction

Real analysis and the theory of singular integrals have been developed first in
the Euclidean setting and then in more general contexts, in view of their applications
to harmonic analysis, partial differential equations, and complex analysis. Around
1970 the theory of spaces of homogeneous type, that is quasi-metric doubling measure
spaces, started to be systematically developed in the monograph by Coifman—Weiss
[11] and was successfully applied to several fields. Much more recently, some problems
arising from the quest of a-priori estimates for PDEs suggested that real analysis
would be a more flexible and useful tool if its concepts and results were stated also in
a local version. The meaning of this localization is, roughly speaking, the following:
we want an abstract theory which, when applied to the concrete setting of a bounded
domain 2 C R" endowed with a local quasidistance p and a locally doubling measure
dp (typically, the Lebesgue measure), brings to integrals over metric balls B, ()
properly contained in ), and never requires to compute integrals over sets of the kind
B,.(z) N, as happens when we apply the standard theory of spaces of homogeneous
type to a bounded domain 2. These versions, however, are not easily obtained a
posteriori from the well established theory; instead, they require a careful analysis
which often poses nontrivial new problems.

For instance, global LP estimates for certain operators of Ornstein—Uhlenbeck
type were proved in [2| using results from a theory of nondoubling spaces, developed
in [1], which in particular applies to certain locally doubling spaces. Bramanti—Zhu in
[3] developed instead a theory of singular and fractional integrals in locally doubling
spaces; these results were applied in [5] to the proof of L? and Schauder estimates
for nonvariational operators structured on Hérmander’s vector fields.

The aim of this paper is to continue the theory of locally doubling spaces, as
started in [3|, with two main results: a local version of Fefferman—Stein’s theorem
regarding the sharp maximal function, and a local version of John—Nirenberg inequal-
ity about BMO functions. The first of these results, in its Euclidean version, is a
key ingredient of a novel approach to the proof of LP estimates for nonvariational
elliptic and parabolic operators with possibly discontinuous coefficients, first devised
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by Krylov in [20]; the present extension can open the way to the application of these
techniques to more general differential operators, as shown in [4].

Comparison with the existent literature and main results. The “sharp
maximal function” was introduced in the Euclidean context by Fefferman—Stein in
[14], where the related L? inequality was proved. In spaces of homogeneous type, the
sharp maximal function has been studied, and the related Fefferman—Stein inequality
established, by Pradolini-Salinas 23], see also Grafakos-Liu-Yang [15] for a vector
valued case. In some spaces of generalized homogeneous type, in the sense of 7],
this operator has been introduced and studied by Lai in [21]. Local sharp maximal
functions have been studied, both in the Euclidean context and in spaces of homoge-
neous type, by several authors (with different definitions), see for instance Jawerth—
Torchinsky [17]|, Shi-Torchinsky [24]. Here we follow the approach of Iwaniec [16]
who proves, in the Euclidean context, a version of local sharp maximal inequality.
His proof relies on a clever adaptation of Calderén—Zygmund decomposition, and the
striking fact is that this construction can be adapted quite naturally to the abstract
context of locally homogeneous spaces, exploiting the properties of the “dyadic cubes”
abstractly constructed in this framework in [3]. Our first main result is the sharp
maximal inequality stated in Theorem 3.4. This statement involves dyadic cubes and
the dyadic local sharp maximal function (see Definition 3.3); since, however, these
“cubes” are abstract objects which in the concrete application of the theory are not
easily visualized, it is convenient to derive from Theorem 3.4 some consequences for-
mulated in the language of metric balls and the local sharp maximal function (defined
by means of balls, instead of dyadic cubes, see Definition 3.5). These results, more
easily applicable, are Corollaries 3.7, 3.8, 3.9.

The space BMO of functions with bounded mean oscillation was introduced in
[18], where the famous “John—Nirenberg inequality” is proved. Versions of this space
and this inequality in spaces of homogeneous type have been given by several authors,
starting with Buckley [6] (see also Kronz [19], Caruso-Fanciullo [8] and Dafni-Yue
[12]). To adapt this result to our context, we follow the approach contained in Mateu,
Mattila, Nicolau, Orobitg [22, Appendix|, see also Castillo, Ramos Fernandez, Trous-
selot [9]. Our main result is Theorem 4.2, with its useful consequence, Theorem 4.5,
stating that we can equivalently compute the mean oscillation of a function or its L?
version for any p € (1,00), always computing averages over small balls.

For both our main results, i.e., the sharp maximal inequality and John—Nirenberg
theorem, we stress that our setting, namely that of locally doubling spaces, is different
from those considered in all the aforementioned bibliography:.

Plan of the paper. Section 2 contains some basic facts about locally doubling
spaces; in Section 3 the local sharp maximal function is studied and several L
inequalities are proved about it; in section 4 the local John—Nirenberg inequality is
proved.

2. Preliminaries about locally homogeneous spaces

We start recalling the abstract context of locally homogeneous spaces, as intro-
duced in [3].
(H1) Let 2 be a set, endowed with a function p: Q x 2 — [0, c0) such that for any
x,y €
(a) p(r,y) =0 <= z=y;
(b) p(z,y) = p(y,2).
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For any x € ,r > 0, let us define the ball

B(z,r)={y € Q: p(x,y) <r}.
These balls can be used to define a topology in €2, saying that A C €2 is open if for
any = € A there exists r > 0 such that B (z,r) C A. Also, we will say that £ C Q
is bounded if E is contained in some ball.
Let us assume that:
(H2) (a) the balls are open with respect to this topology;
(b) for any = € © and r > 0 the closure of B (z,r) is contained in {y € Q:
p(z,y) <r}.
It can be proved (see |3, Prop. 2.4]) that the validity of conditions (H2) (a) and
(b) is equivalent to the following:
(H2’) p(z,y) is a continuous function of z for any fixed y € Q.
(H3) Let u be a positive regular Borel measure in 2.

(H4) Assume there exists an increasing sequence {2} -, of bounded measurable
subsets of €2, such that

(2.1) GQ ~Q

and such for, any n =1,2,3,...
(i) the closure of €2, in Q is compact;
(ii) there exists €, > 0 such that

(2.2) {r eQ: p(z,y) <2, for some y € Q,} C Qyp1;

We also assume that:
(H5) there exists B,, > 1 such that for any z,y, z € Q,

(2.3) p(z,y) < Bn(p(z,2) +p(2,9));
(H6) there exists C,, > 1 such that for any = € €2,,,0 < r < ¢, we have
(2.4) 0<pu(B(x,2r) <Cuu(B(z,1)) < 0.

(Note that for z € Q,, and r < g, we also have B (x,2r) C Q,41).

Definition 2.1. We will say that (Q,{Q,} =, p,u) is a locally homogeneous
space if assumptions (H1) to (H6) hold.

Dependence on the constants. The numbers ¢,, B, C,, will be called “the
constants of €2,”. It is not restrictive to assume that B,,, C, are nondecreasing se-
quences, and €, is a nonincreasing sequence. Throughout the paper our estimates,
for a fixed €,,, will often depend not only on the constants of €2,,, but also (possibly)
on the constants of €2,,1,Q,19,Q,13. We will briefly say that “a constant depends
on n” to mean this type of dependence.

In the language of [11], p is a quasidistance in each set €2,,; we can also say that
it is a local quasidistance in §). We stress that the two conditions appearing in (H2)
are logically independent each from the other, and they do not follow from (2.3),
even when p is a quasidistance in €2, that is when B, = B > 1 for all n. If, however,
p is a distance in Q, that is B, = 1 for all n, then (H2) is automatically fulfilled.
The continuity of p also implies that (2.3) still holds for x,y, z € Q,. Also, note that
1 (Q,) < oo for every n, since , is compact.

The basic concepts about Vitali covering lemma, the local maximal function and
its L? bound can be easily adapted to this context:
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Lemma 2.2. (Vitali covering Lemma) Let E' be a measurable subset of €, and
let {B (xx,7))}\cp be a family of balls with centers x) € €, and radii 0 < r\ <
rn = 26,/ (2Bns1 + 3B2,,), such that E C |Jy,c,B (za,75). Then one can select a

countable subcollection {B (:L’,\j,r,\j) };’;1 of mutually disjoint balls so that

(2.5) E C B (2, Kury,)

j=1

with K, = (23n+1 + BBZH) and, for some constant ¢ depending on €2,

(2.6) Z,u (B (z,,73,)) = cu(E).

We can then give the following

Definition 2.3. Fix Q,,, 2, and, for any f € L' (€,,1) define the local mazimal
function

1
Ma,, 0,..f (x) = sup 7_/ f)ldu(y) forxe,
Qn, Qg ( ) B(§<,r)9m,u(B (I,T)) B( | ( )| IU“( )

where 1, = 2¢,/ (2Bn+1 + BBfL +1) is the same number appearing in Vitali Lemma.
(Actually, the following theorem still holds if this number r, is replaced by any
smaller number).

Then (see 3, Thm. 8.3]):

Theorem 2.4. Let f be a measurable function defined on €2,.,. The following
hold:

(a) If f € LP (Qyq41) for some p € [1,00], then Mq, g, ., f is finite almost every-
where in €,,;
(b) if f € L' (Qn41), then for every t > 0,

p({r € (Moo f) @ >t1) <2 [ 17 0)]dno):

Q'n,«ﬁ»l

(c) if f € LP(Qpu41), 1 <p < o0, then Mg, q,.,f € L* (,) and

HMQnyﬂn+1fHLp(Qn) < Cnyp ||f||LP(Qn+1) .
By standard techniques, from the above theorem one can also prove the following;:

Theorem 2.5. (Lebesgue differentiation theorem) For every f € L. (Q,41) and
a.e. x € (), there exists

. 1 i
Tg%l+m/3(w)f(y)dﬂ(y)—f( )

In particular, for every f € LL_(Q,11) and a.e. v € Q,,

loc

f (@)] < Mg, 0, f ().

A deep construction which is carried out in [3, Thm. 8.3|, adapting to our local
context an analogous construction developed in doubling spaces by Christ [10] is that
of dyadic cubes. Their relevant properties are collected in the following:
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Theorem 2.6. (Dyadic cubes, see [3, Thm. 3.1|) Let (Q,{Q.} —,,p,pn) be a
locally homogeneous space. For any n = 1,2,3, ... there exists a collection

A, ={QFCcQk=123,....a€}

(where I}, is a set of indices) of open sets called “dyadic cubes subordinated to §2,,”,
positive constants ag, ¢g, €1, 2,0 € (0,1) and a set E C Q,, of zero measure, such that
for any k =1,2,3,..., we have:

(a) Yo € Iy, each Q¥ contains a ball B (£, ay0*) ;

(b) UaeIleoi C Qn—i—l;

(c¢) YVa € I, 1 <1 < k, there exists Qlﬁ D QF;

(d) Va € I, diam (Q’;) < ¢16F and Q_’; C B (z’;,clék) C Qpio;
(e) Ezk:Vaelk,ﬁell,Qg cQr ongﬁQ’;:(b;
(1) 2\ Uy, QF C |
(g) Va eI, v € QE \ E, j > 1 there exists Q% 3 7;
(b)
(2.7 p (B (2,2r) N Qr) < o (B (z,m) N Q7)

for any x € Q% \ E,r > 0. More precisely, for these  and r we have

copt (B (z,7))  for r < 6%,
copt (QF) for r > &k

The sets Q¥ can be thought as dyadic cubes of side length §*. Note that k is a
positive integer, so we are only considering small dyadic cubes. The cubes {Qf‘;} are
subordinated to a particular €2,,, meaning that they essentially cover €2, (that is, their
union covers €2, up to a set of zero measure) and are contained in 2, ;. Note that
the cubes Q% and all the constants depend on n, so we should write, more precisely

(2.8) p(B(z,r)NQL) > {

n),k . .
{Q%W }aejlgm 1 0(n); €0,(n)s Co,(n)s C1,(n)» C2,(n)

but we will usually avoid this heavy notation.

In the proof of the above theorem, 0 is chosen small enough, so it is not restrictive
to assume ¢10 < 2¢,.1, which implies that the ball B (z’oi, clék) appearing in point
(d) is C Q42 (We remark this fact because in [3] the inclusion B (2, ¢16%) C Qi
is not stated).

Point (h) contains a crucial information: the triple ( KD du) is a space of
homogeneous type in the sense of Coifman—Weiss, that is the measure p of p-balls
restricted to Q¥ is doubling. Note that in our context this property could fail to be
true, instead, for the measure p of p-balls restricted to a fixed p-ball.

We will also need the following:

Lemma 2.7. (Covering Lemma) For every n and every positive integer k large
enough, the set €2, can be essentially covered by a finite union of dyadic cubes Q¥
(subordinated to 2,41 ) with the following properties:

(i) QF C B (2%, c16%) C Qi

(i) B (2%, ¢16%) C FF (essentially), F¥ C B (zF,¢6%) C Q,41, where the set F¥

is a finite union of dyadic cubes an, hence F¥ is a space of homogeneous
type, that is satisfies (h) of the previous theorem.

Proof. Since the whole 2,1 can be essentially covered by the union of the
dyadic cubes QF subordinated to 2,1, €, is essentially covered by a subfamily of
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these. By (d) in the previous theorem, for each QF of these cubes, there exists a
ball B (2%, ¢16%) such that Q% C B (2£, ¢10%) C Q,12. However, since QF, and then
B (zl;, clék), contains a point of €,, for k£ large enough B (zloi, clék) C 11, that is
(i) holds.

Let F* the union of all the dyadic cubes Qg intersecting B (zf;,clék). Since
B (zﬁ, clék) C Q41 which is essentially covered by the union of all the dyadic cubes
Qg, then B (zﬁ,cldk) is essentially covered by FF. Since, by (d) in the previous
theorem, diam (Q’g) < ¢16%, and each Qg contained in F* intersects B (zg,clék),
diam F* is comparable to 6%, so F¥ ¢ B (zg, d 5’“), which is again contained in €2, 1,
for k large enough, since the ball contains a point of €2,,. Finally, any finite union of
dyadic cubes satisfies the doubling condition, by (2.7) and [3, Corollary 3.9]. O

3. The local sharp maximal function

As we have explained in the Introduction, the proof of the sharp maximal in-
equality will be achieved following the approach in [16], which exploits a suitable
version of Calderon-Zygmund decomposition. We start proving in the context of
locally homogeneous spaces the following decomposition lemma.

For any measurable set £ and function f € L' (E), let

fEI%/Ef-

Lemma 3.1. For fixed §2,,,€), 11 we consider the family A,, of dyadic cubes built
in Theorem 2.6. Let QY be a fixed dyadic cube (“of first generation”) and let f €
L' (QL,). For any A > a = |f\%1 there exists a countable family Cy = {Q;}
of pairwise disjoint dyadic subcubes of Q}yl such that:

(i) A< |f|QM <cpAforj=1,2,..;

(ii) if A > p > a then each cube @), ; is a subcube of one from the family C,,;

(iil) |f (z)| < X for a.e. x € Q}, \UQM;

() 32, 1Quil < |{w € Q4 s Mf (@) > 2} |
) [{z € QL Mf (@) > dA}] < 5, 1@l

where ¢, ¢, clr.

n’n

j=1,2,...

are constants > 1 only depending on n and we let for simplicity

Mf = MQnH,QnJrz (fXQ}n)

(i.e., the local maximal function is computed after extending f to zero outside Q}ll).

Remark 3.2. As will be apparent from the proof, this lemma still holds if in-
stead of a fixed dyadic cube Q}, of the first generation we fix a cube Q’;‘;O of some
fixed generation kg > 1. Throughout this section we will stick to the convention
of considering Q) . a cube of first generation, just to simplify notation, however we
must keep in mind that the results still hold under the more general assumption on
Q’;‘}co. Or, saying this with other words, we can think that the cube Q},, appearing in
Theorem 3.4 and Corollaries 3.7 and 3.8 has diameter as small as we want.

Proof. By point (c) in Thm. 2.6 for every dyadic cube @ C Q) there exists an
increasing chain of dyadic cubes

k k—
(3.1) Q=Qi CQ:! c...CcQ.,.



The local sharp maximal function and BMO on locally homogeneous spaces 459

For a fixed A > a = [f],,: , in order to define the family C) we say that Q € C, if,
a1
with the notation (3.1),

A<|flp and [f

g SAfor s=1,2... k-1

Note that any two cubes in C, are disjoint, otherwise by point (e) in Thm. 2.6
one should be contained in the other, so they would be two different steps in the
same chain (3.1), which contradicts our rule of choice. Let us show that C, satisfies
properties (i)—(iv).

(i). For Q@ = Q% € Cy, by construction, A < | flo and |f\Q§;11 < A, hence

1
[flg < Il <
Q& otz T QT
since by points (a) and (d) in Thm. 2.6,

B (:had") € Qh, € Qi € B (o1 0™ )

‘kl

|f|Qk 1 < cp\

Qp—1

hence by the locally doubling condition

k—1
o1

<c

Qs —

for some ¢, only depending on n (in particular, independent of k). Hence (i) is
proved.
(ii). For Q = Q% € Cy\, A > pu > a we have

|f|ng > A >

hence in the chain (3.1) there is an [ such that |f|y > p, [f|g-1 < p. This means
ap -1

that in the chain (3.1) there is a cube Q' = Q% € C,, and Q' D Q.
(ili). Let z € @, \U; @x; and let Q be any dyadic cube such that = € Q@ C Q]
Consider again the chain (3.1) starting with ¢). By our choice of z, none of the cubes
! "in this chain belongs to Cy, and this means that |f|Q£l < A. Then by point (g)

o
in Thm. 2.6, for a.e. = € Qil \ U i () there exists a decreasing sequence of dyadic
cubes {Q', } such that |‘f|Qlal < XAand Q. = {z}. By Lebesgue’s differentiation
theorem, (iii) follows.

(iv). Let
fr(x) = sup |[flg.

TEQEA,
In the previous point we have proved that for a.e. z € @}, \ U ;@\ and dyadic cube
@ such that € Q C QL , we have | flo < A. Hence

o1’

[ (z) <\ forae z€ Q) \UQ,\,]-.

Conversely, if z € [J; Q»; then \f\Q > X hence f*(x) > A. These two facts mean
that, up to a set of zero measure,

UQu={z €@ f () >}
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hence, since the {Q» ; }j are pairwise disjoint,
> 1Qnil = {z € Qi 17 (2) > A}
J
However, again by points (a) and (d) in Thm. 2.6 and the locally doubling condition,

f* (ZL’) S CnMQmLLQnJrz (fXQ}”) (ZL’) = CnM.f (ZL’) )

hence (iv) follows.
(v). Let @, € Cy. For some k = 2,3, ..., we will have Q,; = QF
(a) and (d) in Thm. 2.6,
B (zF, a06") C Qik C B(zk ,c10%)

ap)

. and by points

for some z¥. For a K > 1 to be chosen later, let KQ,; = B (zk Kclék). For any

ap?

z ¢ |UJ; KQx; and any ball B = B, () such that x € B, (¥) and r < ro we have,
extending f to zero outside Q}, if B & Q}

aq?

L= IED> / L

by point (iii)
<apl+ > [
:BOQ ;70 Y O
by point (i)
(32) SABl+eA Y (@l
j:BlﬁlQA’j#@
Next, we need the following

Claim. There exist K, H > 1 (only depending on n) such that if x ¢ |J, KQx,
and B, (T) N Qy; # 0, then Qx; C By, (T).
Proof of the Claim. Recall that
B (zg,aoék) C@Q\;,CB (zgk,clék) ,
KQy; =B (2L, Kcid").
Since B, (T) N Qx; # 0, in particular B, (T) N B (2%, agd*) # 0 hence
p (f, z’;) < B,i1 (r + aodk) .
Since = € B, (T),
p(2,25) < Buyo (r+p (T,25)) < Bogo (r + Busr (r + aod”))
and since z ¢ KQ, j,
B0 (r + B,y (r + a05k)) > K¢y 6"

2Bn4+1Bni2a0
C1

which, picking K = , gives

1+ B,
(1+ +1)r.

§F <
Bn-l—la'O
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Then Q»; C B (2% ,¢10%) C By, (%) for a suitable H depending on n, namely for

z € Q)\,ja ak’
p(2,7) < B, (015 +p (7,2 )) < Byt (015k + Bt (r+ &05k))
< o ( n+1C1 + Bn+1a0) + BZHT
S M’F (Bn+101 + Bi_i_la()) + Br2z+lr = Hr,

Bpi1ao
which proves the Claim.

Let us come back to the proof of (v). By (3.2) and the Claim we have (since the
dyadic cubes in the sum are disjoint)

[, IS AIB @)+ e B )

and, by the locally doubling condition, for r» < r, small enough,
flg < A
for every B > 2 € Q}, \ U; KQ, that is
Mf (z) <A

for any such z, so that

{zeQl: Mf(x)>d A} C UKQM

and
o €Qu: Mf(2) > A <D IKQu <) 1Qwl- O
J J
We can now prove the following local analog of Fefferman—Stein inequality. Let
us first define a version of dyadic sharp mazimal function:

Definition 3.3. For f € L' (Q},), z € QL , le

# (1) = _— -
A= |Q|/Q|f fal.

Note that this definition involves only the values of f in @}, (there is no need of
extending f outside that cube).

Theorem 3.4. (Local Fefferman-Stein inequality) Let f € L' (QY,) and assume
fX e L (QL)) for some p € [1,+00). Then Mf € L” (QL,) and

1/p 1/p
1 1 P 1
3) | —— [ B # S
(3 3) (‘Q}ll Q(lll( f)) §07 (‘Q}ll Qél(fA> ) + (‘Q}ll‘/Q(llJf‘)

for some constant c,, only depending on n,p, where, as above,

Mf = MQn+17Qn+2 <fXQé1> .

Proof. Let a = |f |Q1 . We start proving the following estimate: for every
aq
A > 2¢c,a and every A > 0,

(3.4) Z |Qx5] <

A 2
{ZEGQiqiff(if)>ZH+z > lal.

Qeck/2cn
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Fix A > 2¢,a. By point (i) in Lemma 3.1, for any Q,x € Cy,
A< |f|QM < cp )

also, for any @ € Cy/zc,
A A
<e =2
|f|Q — Cn2Cn 2
so that, for such @), ; and @,
1 A
|f = fal Z|f‘Qm_|f|Q>)‘_§:§

)

1@l Jao,,
2
(35 Qul <3 [ 17 tal

By point (ii) in Lemma 3.1, since A > A/2¢,, any ), ; € C, is contained in some
Q € Cy/2c,; also, the cubes @ € Cy /o, , like the cubes Q) ; € Cy are pairwise disjoint,
hence we can write

(3.6) Z|QM|— S Q!

QECx/2¢,, QA,ECK
Q)\ ]CQ

For any @ € Cy/2c,, by (3.5) and since the @, ; are disjoint

S Q< Y / = fol < /Q\f—fQ\.

Qx,;€CA Qx,;€CA
Qx,;CQ Qx,;CQ

Let now fix a number A > 0 and distinguish two cases:
a. IfﬁfQ|f—fQ| < 2, then

2 2
>, @l ilel=21al.

Qx,;€CA
Qx,;CQ
b. If \QI fQ |f = fol > 4, then for every z € Q
A
# -
fA ([L’) > A’
that is
A
Qc {eriliff(be}
and

Z Q] < ‘Qﬂ{xé@ilz fF (z) > %H

Qx,;€CN
Qx,;CQ

In any case we can write

A 2
PILNE on{reai: >5[+ 31al.
QAY,J]'Cé

Adding up these inequalities for @@ € Cy)a,, recalling (3.6) and the fact that the
cubes () are pairwise disjoint, we get (3.4).
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By (3.4) and points (v), (iv) in Lemma 3.1, we have
{zeQl,: Mf(z) >}

, A2
ca|freaitw=31+3 ¥ 1
Qeck/2cn

(3.7) gcj;’(‘{xecg}h:ff(x)>%}‘+%‘{x€@iliMf(x)> A }D

/
2¢c,c,

for any A > 0, > 2¢,a.
We now want to compute integrals using the identity (for any F' € LP ( L 1) 1<

p < o)
J.
wit) = o e QLs 1Mf @) >t}
and integrating (3.7) for A € (2c,a, N) and any fixed N > 2¢,, |f|q, after multiplying
]

+o0o
|F (y)|" dy = /0 ptP! ‘{x € Qilz |F (z)] > t}‘ dt.

1
a1

Letting

by pAP~! we have

N N A
/ PN (I N) dX < c;;'(/ pAP! {x € Q.. 7 (z) > ZH d\
2cna 2cna
N

2 A
— P dA |.
* A 2cnap : (20%0%) )

Changing variable in each of the three integrals in (3.8) we get:

c'N +o0
/2 Pt (b dt < (L) el (AP / o e QL f% () > 1} at

cncila

(3.8)

(3.9) ) N
2cnch
+~ (2c,c)? / pt? (1) dt) .
0

Using also the elementary inequality
2cncla 2cnclla
/0 ptP () dt < /0 ptP! ‘Q}h} dt = ‘Qil (2¢,cla)’,

together with (3.9), since 52 < N < ¢/ N we get

/
2cnc),

c'N +oo
/ pt () dt < ()P el (AP / it [{o e QL g% (@) > )| at
0 0

2 !N
7 (QCnC/n)p/ ptP (1) dt) +|Qh, | 2encla)’
0
Letting finally A = 4 (2¢,c,c)? ¢ we conclude
N +o0
/0 PP () dE < ey </O o e QL E () >t} |dt + Q4| \flpal)
which implies that M f € LP (Q},) and

aq

HMfHI;p(Q}H) < Cnp (HfZéHZP(Q}X ) * ‘Qil‘ |f|p‘111)
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that is (3.3). O

We now want to reformulate the above theorem in terms of balls, instead of dyadic
cubes, to make it more easily applicable to concrete situations. This reformulation
can be done in several ways. First of all, we introduce the local sharp maximal
functions defined by balls instead of cubes.

Definition 3.5. For f € L} (Q,11), x € Q,,, let

1
1 (r) = sup = f— f@n|-
Qa1 Bls.r)se 1B (z,7)] ) ‘ ( )}
TEQ,r<en

Let us compare this function with its dyadic version ff'

Lemma 3.6. With the above notation, for any x € Q.

X @) Sl . (@)

for some constant c,, only depending on n. Here the function f can be assumed either

in Lj,, (Qi2) or in L' (Q},) and extended to zero outside QY

o1

Proof. For any dyadic cube Q = Q% C Q, C Q41 we have (see points (a), (d)
in Theorem 2.6)

B ( aodk) C Q CB ( cldk) C Qn+2

Let us briefly write By, Bs in place of B (za, aodk) , (zak, clék) Then by the locally
doubling condition

and we can write

1 1 1
@/Qlf—fczlé@ | dal S eupr | 17— tal

<|B}2‘ 5 ‘f fB2|+‘fQ_fB2‘)

Also,

1 1 1
Lm—f&wﬂﬁﬂ[;f—ﬁm SﬁjﬂJﬁabAé%ﬁg [ 1r-1n

hence
1 1
o1 o1~ el et e o [ 15— g

and the assertion follows. O

Exploiting the previous Lemma and Theorem 2.5 we can now rewrite the state-
ment of Theorem 3.4 as follows:

Corollary 3.7. Let f € L' (Q},) and assume fﬁn%gm € L7 (QL,) for some
p € [l,+00). Then f € L (Q},) and

1 1/p 1 1/p
MfP | <enp g !
<‘Q } Qa1| .f| ) > Cp, <‘Q ‘ Qa1<-fﬂn+1,ﬂn+2> ) <‘Q } Qa1|f|)
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for some constant c,,, only depending on n,p. Here M is defined as in Theorem 3.4
and, again, the function f can be assumed either in Li,, (Qn42) or in L* (Q},) and
extended to zero outside Q},

a1

The following is also useful:

Corollary 3.8. Let B; C Ql C B, with By, By concentric balls of comparable
radii (like in the proof of Lemma 3.6) and assume that f € L' (By) with an+1 Qs €

LP (Q),) for some p € [1,+00) and fp, = 0 (where the function f can be assumed
either in Li_(Qu42) or in L' (B,) and extended to zero outside By). Then f €
LP (QL,) and we have

1 1/p 1 , 1/p
o L) <ew( oo [ (Be))
(\Qin Qn, QL[ Sy, N\

1/p 1/p
1 P
P / #
<|Bl|/ i/ ') S‘3"’?(|Bz| . (anHW))
2

for some constants ¢, p, ¢, , only depending on n,p. Also, removing the assumption
fB, =0 we can write

1/p 1 4 P 1/17
P /
(\B| o fBz‘) SC”””(\BzI : <f9"+1ﬂ"+2)) ‘
1 2

Proof. We can write

1 1

fl = oL If = fral < cu If = foal < enfly o, (@)

1
|Ba| J s,

QL | Jan, o,

. . . . 1
for every o € B,. Averaging this inequality on Q,, we get

1/p
1 1 1 P
# #
1 |f| S Cn ‘Ql vaL+1,Qn+2 S tn (‘ 1 <f9n+179n+2> )

Qi | Jan, bl Jau, Q] Jor,
so that, by recalling Corollary 3.7

1 e , 1/p
<‘Q } QL |f|p> SCn,p<‘Q } o, (fgiﬂﬂwrz)) ,

which also implies the second inequality, by the locally doubling condition and the
comparability of the radii of By, Bs. O

Although, in the previous Corollary, the second inequality has the pleasant fea-
ture of involving balls instead of dyadic cubes (however, note the two different balls
appearing at the left hand side of the last inequality), remember that we cannot
choose these balls as we like, since they are related to dyadic cubes.

In concrete applications of this theory, we could use this result to bound || f||,, (@)
To this aim, recall that the domain §2,, can be covered (up to a zero measure set) by
a finite union of dyadic cubes of the kind Q}Xl, but €2, is not covered by the union of
the corresponding smaller balls B;. We then need to improve the previous corollary,
replacing the dyadic cube ) on the left hand side with a larger ball:

Corollary 3.9. For any n and every k large enough, the set €),, can be covered
by a finite union of balls By (z;) of radii comparable to §* such that for any such ball
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Bpg and every f supported in Bp such that f € L' (Bg), fBR f =0, and ffnmﬂwg €
LV . (,41) for some p € [1,00), one has

HfHLP(BR) S C”vp félJrz,QnJrg

LP(BVR)
with v > 1 absolute constant.

Proof. Applying Lemma 2.7, let us (essentially) cover (2, with a finite union of

dyadic cubes
QL C B (2, c16") C Fy c B (2,6

(where the inclusion B (zfé, clék) C FF is only essential). We claim that the balls
B (z’;,clék) are the required covering of €2,. To see this, let f be supported in
B (zl;, clék) and with vanishing integral. Then the same is true for f with respect to
the larger ball B (zfé, c/5k). We can then apply Corollary 3.8 to each dyadic cube Qg
which constitutes F¥, writing:

1/p
1 1 .
- D < S 4
(‘Qg‘ Qg |f| ) = n, <‘QIZ" /Qg (an+2,Qn+3) )

(note that the local sharp function is fﬁnm&n% because we are using dyadic balls
related to €2,41), that is

# p
/Qk ‘f|p < Cifz,p /Qk <an+27Qn+3) :
B

B

1/p

Adding these inequalities for all the cubes Qg in F* we get

1/p 1/p o\ /P
( / . |f|”> <(/ é 1) <en( [ (o) )
1/p
< Cnp </B(zg,c/5k) (f§n+2,9n+3> )

which is our assertion, with R = ¢;0%,v = ' /c;. O

4. Local BMO and John—Nirenberg inequality

We start defining the space of functions with locally bounded mean oscillation in
a locally homogeneous space:

Definition 4.1. Let f € L'(Q,,1). We say that f belongs to BMO(Q,, Qpi1)
if

B 1
fln = mGQSnl’l%%n m /B(m) \f(y) = fBan|du(y) < co.

The main result in this section is the following.

Theorem 4.2. (Local John-Nirenberg inequality) There exist positive constants
bn, R, such that Vf € BMO(,,Q,+1) and for any ball B(a, R), with a € 2, and
R < R,, the following inequality holds true

(4.1) 1 ({z € B(a,R): }f(:z) — IBar)| > A}) < Qe%u(B(a, R)) VA>0.
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Remark 4.3. As will appear from the proof, the constant R, is strictly smaller
than the number 2¢,, appearing in the definition of BMO(S,,,Q,11). Explicitly, we
will see that

(4.2) R, = 2n

Buy1 (3B2, +3Bpi1 + 1)

Proof. We can assume [f],, = 1, since (4.1) does not change dividing both f and
A for a constant. Let

K, =2B,1 +3B2,,
be the constant appearing in Vitali covering Lemma 2.2,
3 2e,
Qp = Bn+l (_Kn + 1) ) Rn = i
2 A
Let a € Q,, R < R, and let S = B(a, R) (since R < ¢,, S C Q,.1). The proof

consists in an iterative construction.

Step 1. We will prove that there exists a family of balls {S;}°2, C S and constants
¢, Ao > 1 depending on n such that:

D) {zeS: |flx)—fs| >} S cs;

i) Y () < 5 (S);

iii) |fs — fs,| < cho.
To prove this we start defining the maximal operator associated to S letting, for
any x € S,

Mg (x) = sup {ﬁ [ 1) = Felduty): B vall, v B, B € ans}

where «,,S = B(a, @, R) C Q41 since a,, R < 2¢,,.
We claim that there exists A = A(n) > 0 such that for all t > 0

(4.3) p(fr € §: Msf(a) > 1)) < Su(s).

To show this, let ¢ > 0 and let
U ={xe€S: Msf(x) >t}
For every x € U, there exists a ball B, such that x € B, C «,,S and

n(B) <7 [ 10w = fsldu

Now, by Vitali Lemma 2.7 there exists a countable subcollection of disjoint balls
{B(z;,r;)} such that

Ut Q U B(SL’Z, Knrl)
i=1
Then, since by definition of S and Mgf, U2, B(z;, 1) € a,S C 2,41, for some
constant A = A (n) which can vary from line to line we have

n(Ur) < (U B(a, Kn”)) <D (B, Kyri)) < A p(Blwi, 7))

i=1 i=1
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Ny} A
<G =g = fsldn

Ti,T5) t U2, B(xi,74)

A A
<3 [ r=sstans T [ 1= fusldit [ s = foldn

anS Tt

< 240 fln + p0nS)1fs — ansl} < G087 < Fu(s)

where we exploited the assumption [f], = 1. Hence (4.3) is proved.
Let now Ay > A, we consider the following open set

U={xeS: Msf(x)> Ao}
We have, by (4.3),

(4.4) WU NS) = () < %M(S) < u(S),

from which
SNU® 0.
Then for any = € S we set

1
r(x) = Ve p(x,U°) Vzel.

If z,y € S we have p(z,y) < 2B, 1R. Then Vx € U (taking a point y € U°N S in
the following inequality)

r(z) < 2B, 1R <

o

<
2w, "\ S 3 T 3B

If y € B(x, K,r(z)) for some x € U, we have

K” c c
ply,x) < Kur(z) = 7= p(2,U%) < plz,U)

then y € U, from which

(4.5) B(z, K,r(z)) C U.
On the other hand
(4.6) Uc|JBr()

and from the Vitali Lemma there exists a countable sequence of disjoint balls { B(x;,7;)}
(r; = r(z;)) such that

UcC U B (.C(Zj, Knrj)
j=1
which by the inclusion (4.5) means that

(4.7) U=|JB(z;, Kury).
j=1
Moreover, B(z;,3K,r;) NU® # 0 Vj € N and B(z;,3K,r;) C a,S since a,, =
B (32 +1).
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If y € B(zj,3K,r;) N U, then M,f(y) < A\ and
o .
[ = Fsldp < Ao.
M(B(xjv BKnrj)) B(x;,3Knt;) ‘ S| ’

(4.8)

We now set
Sj = B(xj, Kur;)
and we have, by (4.8)

1
— fs|d

|f — fsldu < cho

<

1(S;)

(4.9) }fs—fsj\z' ! /S_fdu—fs
C

<
p(B(xj, 3K,r;)) /B(xj,sxnrj)
which is point iii).

By the differentiation theorem we have that for a.e. z € S\ U;S; (that by (4.7)
implies that x € U° so that Mgf(x) < o)

[f (@) = fs] < Ao

This means that

{ze8: |fx)—fsl>Nrc| ]SS

j=1
which is point i). Moreover, by the doubling property (H7) and (4.4),
> u(S) < e u(Blxj,ry)) = cp (U B(%‘ﬂ"j)) < eu(U) < ex-n(S) = u(9),
=1 j=1 j=1

having finally chosen A\g = 2cA, so that also point ii) is proved and step 1 is completed.

Step 2. We now do the same construction on each ball S; constructed in Step 1,
which allows to conclude that, for every j; = 1,2, ..., there exists a sequence of balls
{Sjija} 5=y C Sj such that (for the same constants ¢, g of Step 1)

i) {z €S |f@) = fs,| >N} € | Sisn C S

Jo=1
L 1
ii) Z H (Sjljz) < §/~L (Sj1)§
Jo=1
111) ‘fsh o fshjz‘ S C)\O'
Point ii) of Step 2 and Step 1 imply
- 1 1
S n(Sim) < 2318, < 1u(S).
Ji,j2=1 J1=1

Also, point 1) of Step 2 and point iii) of Step 1, imply that for a.e. z € S;, \ U Sjis>

jo=1
f (@) = fsl <|f(x) = fs,, |+ |fs,, = fs| < Ao+ cho < 2¢A

which means that

(4.10) {z €S |f(@) = fs| > 2cxo} € | Sirjo C Sy

jo=1
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However, point i) of Step 1 implies

{z€8: |f(x) = fs| > 2ch} C{z € S: |f(x) = fs| > M} | S5

Jji1=1

hence (4.10) rewrites as

{zeS: |f(x)—fs|>2eh} C | Si

J1,J2=1

and, letting \; = ¢\,

(4.11) p(fr €52 1) fs| > 24)) < 1(S).

Relation (4.11) summarizes the joint consequences of Steps 1 and 2.
Proceeding this way the iterative construction, at Step N we will have that

(112) p({r €52 1)~ fs > NA) < gon(S).
Now, let A > 0. If A > Ay, let NV be the positive integer such that
NA < A< (N +1)Aq,
then

p({zesS: |flx) = fsl >A}) <p{zeS: [f(x) = fs| > NAi})

< sxn(S) = eV osz(s) < 2e- () s)

Finally, if 0 < A < Ay,

log 2

w({z €S [f(x) — fs] > A} < u(S) < 2e” (57 u(s)

and the assertion follows (recall we are assuming [f],, = 1), with b, = 122 O
1

Definition 4.4. Let p € (1,400). We say that f belongs to BMOP(2,, Qy41)
if f e LP(2,41) and

1/p
o= 0 (gt o 0= fonlP i)} < o0
where R, is the constant appearing in (4.2), strictly smaller than 2e,.

Now we compare the spaces BMO(,,, Q,4+1) and BMOP(€,,, Qp41).

Theorem 4.5. For any p € (1,00) and n we have

BMOP(,,,Q11) = BMO(Q,, Qpi1).

Moreover, there exists a positive constant ¢, , such that for any f € BMO(S,, Qpt1),
(4.13) [flpn < cnplfln-
In particular, BMO(§2,,,2,+1) C LP (Q,) for every p € (1, 00).

Remark 4.6. Comparing this result with those about the local Fefferman—Stein
function proved in the previous section (for instance, Corollary 3.9), we see that the
present theorem is a “local” result in a different sense. Here, in the upper bound
(4.13), there is not an enlargement of the domain, passing from the left to the right
hand side; instead, the local seminorms [f],, are computed taking the supremum
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over balls of radii r < R,,, which is a stricter condition than the bound r < 2¢,
defining the seminorm [f],.

Proof. Let f € BMOP(S),,,+1). By Holder’s inequality we can write, for every
x €y, < Ry,

b
p(B(x,r))

1 , 1/p
< (Bt Jy 00~ el ) < <0

On the other hand, if R, < r < 2¢,, we have

1

w(B(z,r)) /B(m 1F(Y) = [B@n]dp(y) <2
1

<2y, O 0 < 6

because

/ |f(y) = [Ber| du(y)
B(z,r)

] >
mlergnu(B(x, R,)) > ¢, >0,

as can be easily proved as a consequence of the local doubling condition. Therefore
[f]ln <ocand f € BMO(,,2n11).

Conversely, to prove (4.13), let B be a ball centered in = € 2, with radius r < R,,.
Then by Theorem 4.2 we have

[ 156) = gul duto) = | TNz € Be 1) = fal > AD) A

—+00
<2 / pAP et M Uln 1 (BY d
0

+o0o
(B [ et
0

from which

1/p 400 1/p
( / ) fB\dey)) s(zp /0 tp—le—bntdt) o = eaplfla

which gives (4.13) and the inclusion BMO(€,,,Q,11) € BMOP(£,,2,41).
Finally, to show that f € L? (Q,) we can cover €, with a finite collection of balls
B (z, R,) with = € §,,, writing

(o /. \f(y)lpdu(y) < (o5 / 1) fB\pdu<y>)1/p+|fB|

< [flpm + —=+ u( ) 11220y < 20

which implies the finiteness of || f|,(q, - O

References

[1] BRAMANTI, M.: Singular integrals in nonhomogeneous spaces: L? and LP continuity from
Holder estimates. - Rev. Mat. Iberoam. 26:1, 2010, 347-366.

[2] BRAMANTI, M., G. CUPINI, E. LANCONELLI, and E. PRIOLA: Global L? estimates for degen-
erate Ornstein—Uhlenbeck operators. - Math. Z. 266:4, 2010, 789-816.



472
3
4
51
6]
7
8]
9]

[10]

11)

12)

13]

14

15]

[16]

17)

18]

[19]

[20]

[21)

[22)

23]

[24]

Marco Bramanti and Maria Stella Fanciullo

BrAMANTI, M., and M. ZHU: Local real analysis in locally homogeneous spaces. - Manuscripta
Math. 138:3-4, 2012, 477-528.

BRAMANTI, M., and M. ToscHI: The sharp maximal function approach to L? estimates for
operators structured on Hérmander’s vector fields. - Rev. Mat. Complut. 29, 2016, 531-557.

BRAMANTI, M., and M. ZHU: L? and Schauder estimates for nonvariational operators struc-
tured on Hérmander vector fields with drift. - Anal. PDE 6:8, 2013, 1793-1855.

BUCKLEY, S. M.: Inequalities of John—Nirenberg type in doubling spaces. - J. Anal. Math. 79,
1999, 215-240.

CARBERY, A., J. VANCE, S. WAINGER, and J. WRIGHT: A variant of the notion of a space
of homogeneous type. - J. Funct. Anal. 132:1, 1995, 119-140.

CARUSO, A.O.,and M. S. FANCIULLO: BM O on spaces of homogeneous type: a density result
on C-C spaces. - Ann. Acad. Sci. Fenn. Math. 32, 2007, 13-26.

CasTiLLO, R.E., J.C. RAM0OS FERNANDEZ, and E. TROUSSELOT: Functions of bounded
(¢, p) mean oscillation. - Proyecciones 27:2, 2008, 163-177.

CHRIST, M.: A T'(b) theorem with remarks on analytic capacity and the Cauchy integral. -
Collog. Math. 60/61:2, 1990, 601-628.

CorrMAN, R. R., and G. WEISS: Analyse harmonique non-commutative sur certains espaces
homogeénes. - Lecture Notes in Math. 242, Springer-Verlag, Berlin-New York, 1971.

DAFNI, G., and H. YUE: Some characterizations of local bmo and h' on metric measure spaces.
- Anal. Math. Phys. 2:3, 2012, 285-318.

DIENING, L., M. RUZICKA, and K. SCHUMACHER: A decomposition technique for John do-
mains. - Ann. Acad. Sci. Fenn. Math. 35:1, 2010, 87-114.

FEFFERMAN, C., and E. M. STEIN: HP spaces of several variables. - Acta Math. 129:3-4, 1972,
137-193.

GRAFAKOS, L., L. Liu, and D. YANG: Vector-valued singular integrals and maximal functions
on spaces of homogeneous type. - Math. Scand. 104:2, 2009, 296-310.

IwaNIEC, T.: On LP-integrability in PDEs and quasiregular mappings for large exponents. -
Ann. Acad. Sci. Fenn. Ser. A I Math. 7:2, 1982, 301-322.

JAWERTH, B., and A. TORCHINSKY: Local sharp maximal functions. - J. Approx. Theory 43:3,
1985, 231-270.

JOHN, F., and L. NIRENBERG: On functions of bounded mean oscillation. - Comm. Pure Appl.
Math. 14, 1961, 415-426.

KRONZ, M.: Some function spaces on spaces of homogeneous type. - Manuscripta Math. 106:2,
2001, 219-248.

KryLov, N.V.: Parabolic and elliptic equations with VMO coefficients. - Comm. Partial
Differential Equations 32:1-3, 2007, 453-475.

LA1, Q.: The sharp maximal function on spaces of generalized homogeneous type. - J. Funct.
Anal. 150:1, 1997, 75-100.

MATEU, J., P. MATTILA, A. NICOLAU, and J. OROBITG: BMO for nondoubling measures. -
Duke Math. J. 102:3, 2000, 533-565.

PRADOLINI, G., and O. SALINAS: Commutators of singular integrals on spaces of homogeneous
type. - Czechoslovak Math. J. 57(132):1, 2007, 75-93.

SHI, X.L., and A. TORCHINSKY: Local sharp maximal functions in spaces of homogeneous
type. - Sci. Sinica Ser. A 30:5, 1987, 473—-480.

Received 8 June 2016 e Accepted 23 September 2016



