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Abstract. In this paper, we study the existence and multiplicity of solutions with a prescribed
L?mnorm for a class of nonlinear Chern—Simons-Schrédinger equations in R?2

—Au — \u —h2(|:c|) +w®u2s s u=|uf?u
A )\+< |2+/| ()d> = [u]""u,

|z o S

where
11 5
h(s)== [ ru“(r)dr.
2Jo

To get such solutions we look for critical points of the energy functional

2
1 1 ul> [ [1* s 1
I(u)zE/R2 |Vu|2+§/R2%</O §u2(s)ds> _5/112 lul?

on the constraints
Sile) = {u € HER?): Jullfomsy =} ¢ >0.

When p = 4, we prove a sufficient condition for the nonexistence of constrain critical points of
I on S, (c) for certain ¢ and get infinitely many minimizers of I on S,.(87). For the value p €
(4,+00) considered, the functional I is unbounded from below on S, (c). By using the constrained
minimization method on a suitable submanifold of S, (c), we prove that for certain ¢ > 0, I has a
critical point on S,.(c). After that, we get an H!-bifurcation result of our problem. Moreover, by
using a minimax procedure, we prove that there are infinitely many critical points of I restricted

on S;(c) for any c € (0, \/;1%3)-

1. Introduction and main results

In this paper, we study the nonlinear Chern—Simons—Schrédinger equation as
follows:

(1.1) —Au — M+ <h2(|$|) + /|+°° Mﬁ(s) dS) u=|ufu, = ¢€R2

|z o 8

where
1 S
h(s) = —/ ru?(r) dr.
2 Jo
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Recently, the nonlinear Chern—Simons—Schrédinger equations have been extensively
studied, see e.g. [10, 13, 16, 17, 21, 22, 24, 29, 30, 32|. (1.1) is not a pointwise identity
as the appearance of the Chern—Simons term

<h2(|z|) + /|+OO Mﬁ(s) ds) u.

|| "

Based on such a character, people call it a nonlocal problem and it is quite different
from the usual semi-linear Schréodinger equation. The nonlocal term causes some
mathematical difficulties that make the study of (1.1) more interesting. As we shall
see, (1.1) is also different from the Schrédinger—Poisson equation (see [6, 19, 28|),
which is another problem exhibiting the competition between local and nonlocal
terms. We point out that (1.1) arises from seeking the standing wave solutions to
the following nonlinear Schrédinger equations with the gauge field:

iDo+ (D\Dy + DyDa)p = —[6'%¢,  9pA1 — D1 Ay = —Im($D1),
(1.2) —_ 1
Op Ay — 0sAg = Im(CbDle), 01As — 00 A = —§|¢|2,

where ¢ denotes the imaginary unit, dy = %, 0 = 8%1’ Oy = 8%2 for (¢, 2, 15) € RY2,
¢: R"? — C is the complex scalar field, 4,: R"? — R is the gauge field and
D, = 0, + iA, is the covariant derivative for y = 0,1,2. When p = 4, (1.2) has
received much attention, which is related to the following self-dual equations (see
14, 16, 22])

. 1
Di¢p+iDyp =0,Ap = §|¢|2,
(1.3) .
01 Ay — Oy Ay = —§|¢|2, O A + Oy Ay = 0.

Indeed, (1.3) provides static solutions to (1.2) if p = 4. The self-dual equations (1.3)
can be transformed into the Liouville equation, whose solutions are known. (1.2) was
first proposed in [21, 22, 23]. If we set in (1.2)
o(t,x) = u(lz))e™,  Ao(z) = Ao(|z]),
x
Al(tvx) = ﬁh(‘x‘% AQ(tvx) = _—h’(|x‘)7
x x

then u satisfies (1.1). For more details about (1.2) and (1.3), we refer the readers to
10, 11, 14, 16, 24, 29, 30, 32].
Throughout this paper, we denote the norm of LP(R?) by

1

falli= ([ )’

for any 1 < p < oo. The Hilbert space H'(R?) is defined as
HY(R?) := {u € L*(R?): Vu € L*(R?)},

with the inner product and norm
2 2,1
(o) i= [ Vuvut [ v, ull = (19ul+ ul)?,
R? R?

H~'(R?) is the dual space of H'(R?) and H!(R?) is the subspace of radically symmet-
ric functions in H'(R?) endowed with the usual H!(R?) norm. We use respectively
“—” and “—” to denote the strong and weak convergence in the related function
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spaces. C will denote a positive constant unless specified. Moreover we define, for
short, the following quantities

Atw) = [Vl = [ 1vals B = [ % ( / ) ds)2;

Clu = Nl = [ s D)= Jull3 = [ ol

We say that u € H!(R?) is a weak solution to (1.1) if

2 +00
VuVep — )\/ up +/ (h (] / @uz(s) ds) up —/ lulPugp = 0,
R2 2 R2 |;1;'| || S R2

for all p € H}(R?) and (u., \.) € H}(R?) x R is a couple of weak solution to (1.1)
if u. is a weak solution to (1.1) with A = A..

Motivated by the fact that physicists are often interested in normalized solutions,
that is, solutions with a prescribed L?-norm, we consider for each ¢ > 0 the following
problem:

(P.) To find a couple (u., \.) € H}(R?) x R of weak solution to (1.1) such that
el = .
Define

(1.4) I(u)—l/ |Vu|2+1/ Ju* /Ix|§u2(s)ds 2—1/ ul?
’ 2 R2 2 R2 |[)j'|2 0 2 P JRr2

for w € H}(R?), then I € C'(H!}(R?),R) and a critical point of I restricted on the
constraint

(1.5) Sele) = {u € HR): lullfay = e}, ¢ >0

corresponds to a couple (u., A.) € H'(R?) x R of weak solution to (1.1) such that
[uel|2 = ¢ (see Lemma 2.1).

The A € R in (1.1) is called a frequency. For fixed A, [10, 17, 29] obtained weak
solutions to (1.1) by looking for critical points of the C' functional

2
_ 1 2 A 2 1/ Jul” /x|52 1/ P
sy =y [ v =5 [ g [ ([ @) < [

defined in H}(R?). If p > 4, the above functional J(u) has the mountain pass
structure when A < 0. When applying directly the Mountain Pass Theorem to get a
critical point of J in H}(R?), it is vital to check whether the Palais-Smale condition
holds or not. For the value p > 6, it is standard to show that the Palais—Smale
condition holds for J in H!(R?). However, for p € (4,6), it seems hard to prove
whether or not the Palais-Smale condition holds for J in H!(R?). To overcome the
difficulty, motivated by [31], [10] considered a minimization problem on a manifold
of Pohozaev-Nehari type in H}(R?). If p = 4, [10] constructed a family of critical
points of J in H!'(R?) only when A = 0. In addition, when p € (2,4), [10] considered
normalized solutions to (1.1) by minimizing /(u) defined by (1.4) on the constraints
Sy(c) defined by (1.5). The main result of [10] is that for p € (2,3] and any ¢ > 0,
there exists a positive minimizer of I(u) on S, (c); for p € (3,4), there exists a positive
minimizer of /(u) on S,(c) only for sufficiently small c.
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In [29], by studying the global behavior of the functional J(u), Pomponio and
Ruiz proved the existence and nonexistence of positive solutions to (1.1) for different
value of A\ when p € (2,4). Precisely, they showed that J is bounded from below if
and only if

p—2
)

A< A= 29;432&—2@2429<
p—2

B p+2

2

where m = fj;o w?(r)dr and wy(r) = (% cos h? (@)) " is the unique positive
even solution of the problem —w" 4w = w? in R. Furthermore, regarding the existence
of solutions to (1.1), they obtained that there exists A < A < A such that (1.1) has
no nontrivial solutions if A < X; (1.1) admits at least two positive solutions, one is a
global minimizer for J and the other is a mountain pass solution if A € (X, \g); (1.1)
admits a positive solution for almost every A € (Xg,0). They also studied in [30]
the bounded domain case for p € (2,4). By using singular perturbation arguments
based on a Lyapunov-Schmidt reduction, they obtained some results on boundary
concentration of solutions.

Recently, normalized solutions to elliptic PDEs and systems attract much atten-
tion of researchers, see e.g. [2, 3, 4, 6, 7, 8, 18, 19, 20, 27, 28, 36]. In [18|, Jeanjean
considered the following semi-linear Schrodinger equation:

(1.6) ~Au—Xu=g(u), AeR, veR",
where N > 1 and g satisfies

(Hy) g: R — R is continuous and odd,;
(Hj) there exists (a, f) € R x R satisfying

IN+4 2N

T <a<f<i5, N2=>3,
N

2—;4<04§57 N =2,

such that
aG(s) < gls)s < BG(s),  G(s) = / o(2) dz:

(Hs3) let G: R — R, G(s) = g(s)s — 2G(s). Then G’ exists and

2N +4 ~

G'(s)s > G(s).

Under assumptions (H;) and (Hs) for N > 2 or (H,)-(Hs3) for N > 1, by using
a minimax procedure, [18] proved that for each ¢ > 0, there is a couple (u., A.) €
HY(RM) x R~ of weak solution to (1.6) with ||uc||§ = c. After that, an H'(RY)-
bifurcation result associated with (1.6), i.e. a dependence of ||Vu,||, and A. on the
value of ¢ was proved (see Corollary 3.1 and Theorem 3.2 in [18]).

In [6], the following Schrédinger—Poisson equation was considered:

(1.7) —Au—du+ (g «u®)u=[uf?u, NeR, zeR>
By using a mountain pass argument on
(1) S(0) = {u € H'RY): Jullfay = ch >0,

6] proved that for p € (&, 6), there exists ¢o > 0 such that for any ¢ € (0, ¢o) there
exists a couple (ue, A.) € H'(RN) x R~ of weak solution to (1.7) with [|uc|5 = c.
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In [4], Bartsch and De Valeriola considered the semi-linear Schrédinger equa-
tion (1.6) above. Under assumptions (H;) and (H) with G(s) > 0, [4] proved a
multiplicity result for normalized solutions to equation (1.6). Luo in [28] then gen-
eralized the main result in [4] concerning (1.6) to the Schrodinger—Poisson equation
(1.7) above. Luo proved that when p € (4,6), there exists ¢o > 0 such that for
any ¢ € (0,c0), (1.7) admits an unbounded sequence of couple of weak solutions
{(Fun, \n)} € HY(RN) x R~ with [Ju,||> = ¢ for each n € N+,

In [27], Li and Ye considered the following semilinear Choquard equation:

—Au—du= (I, *Gu)G (u), =R NcR,

F(Fg)\::;)za \w\f%’*a' Under certain assumptions on G(u),
by using a minimax procedure inspired by [6], the authors of [27] proved that for any
¢ > 0, there is at least a couple (uq, \.) € HY(RYM) x R~ of weak solution to the
equation above with [ju.[|, = c.

In [20], Jeanjean et al. considered the following quasi-linear Schrédinger equation:

—Au—uAW?) = M= [uf''u, in RV,

where p € (1, 3]J\>7j22) if N >3 and p € (1,+00) if N = 1,2. By a perturbation
method, they prove the existence of two normalized solutions for the above problem.
One is a mountain pass solution on a constraint and the other is a minimum either
local or global.

Recently, Bartsch et al. considered normalized solutions to the nonlinear Schro-
dinger systems in |2, 3]. In [3], the following coupled cubic Schrédinger systems was

considered:

where N >3, o € (0,N), I, =

n R

—Au — \u = pu’ + fuv?,
—Av — Mo = 03 + Buv,

By using different constrain minimization methods, for different ranges of the cou-
pling parameter 8 > 0, they proved the existence of positive solutions satisfying the
additional condition

/|u|2:a1>0 and /|v|2:a2>0
R? R?

to the above systems.

In this paper, we discuss the existence, H'(R?)-bifurcation and multiplicity of
normalized solutions to the nonlocal problem (1.1). For any ¢ > 0, we set

v(e) == uégﬁc)l(u).

It is standard that the minimizers of ~y(c) are critical points of I } s.(c) as well as
normalized solutions to (1.1). Letting u'(z) = tu(tz), t > 0, it is easy to know that
p = 4 is L?-critical or mass-critical exponent for our minimizing problem in the sense
that for any ¢ > 0, v(¢) > —o0 if p € (2,4] and v(c) = —o0 if p € (4,4+00). In the
mass-subcritical case p € (2,4), I(u) is bounded from below and coercive on S, (c).
As mentioned above, [10] proved that when p € (2,4), under certain condition on
¢, I(u) has a minimum point on S,(c) (see Proposition 4.3 in [10]). To the best
knowledge of ours, in the mass-critical case where p = 4 and mass-supercritical case
where p € (4, +00), the existence of critical points of I(u) restricted on S, (c¢) are still
unknown. In this paper, we consider normalized solutions to (1.1) in the mass-critical
case where p = 4 and mass-supercritical case where p € (4, +00).
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Our main results are as follows:

Theorem 1.1. Let p = 4. Then

(i) v(c) =0 for all ¢ > 0;

(ii) v(c) has no minimizer if 0 < ¢ < 2||W,||3 = (1.86225 - - -) x (47);
(iti) I has no constraint critical point on S,(c) if 0 < ¢ < 2 ||Wy|3 ;
(iv) v(87) = 0 has a family of minimizers:

81

u(l,z) = Lz € H'R* | 1€ (0,+00) p;
1+ |lz|

(v) (u(l,x),0) is a couple of weak solution to (1.1) for any [ € (0, +00),

where 7(c) := infyeg, () I (u) and Wy is the unique ground state solution of

~AW +W =W?, z€R2

Theorem 1.2. Let p € (4,+00). Then there exists ¢* > 0 such that for any
¢ € (0,c*] there exists a couple of weak solution (u., \.) € H}(R?) x (R~ U {0})

(A€ R™ifc< \/?%3) to (1.1) with ||u.||3 = ¢ and u, is nonnegative. Furthermore,

IVuelly, = oo,

Ae — —00,
I(u.) = +o0,
asc— 0.
Theorem 1.3. Let p € (4,+00) and ¢ € (0, \/%). Then (1.1) has a sequence of

couples of weak solutions {(v,, \,)} € H}(R2) xR~ with |[v, | = ¢ and ||Un||§{1(R2) —
+00 as n — +o0.

Remark 1.4. To the best of our knowledge, the main results in this paper are
new. Theorem 1.1 and Theorem 1.2 generalize the result of Proposition 4.3 in [10]
to the mass-critical case p = 4 and mass-supercritical case p > 4. Theorem 1.1
also extends partially the main results in [19] considering the Schrodinger—Poisson
equation (1.7) to the Chern-Simons-Schrodinger equation (1.1). Notice that, for
mass-critical Schrédinger—Poisson equation i.e. p = % in (1.7), there is no result
related to the existence of normalized solutions to (1.7). Theorem 1.2 also extends
the results of Theorem 2.1 and Corollary 3.1 in [18] which considered the semi-
linear Schrédinger equation (1.6) to the Chern—Simons—Schrédinger equation (1.1).
Theorem 1.3 generalizes the results of Theorem 1.1 in [4] and Theorem 1.1 in [28§]
concerning the Schréodinger equation (1.6) and Schrédinger—Poisson equation (1.7) to
the Chern—Simons—Schrédinger equation (1.1). Notice that, although [10] obtained
a positive solution v € H!(R?) to (1.1) when p € (4,6) and [17] obtained infinitely
many solutions to (1.1) when p > 6, there is no information about the L?-norm of
the solutions. So Theorem 1.2 and Theorem 1.3 in this paper can also be viewed as
a complement of the main results in [10, 17].

Now, we give the main idea of the proof of our main results. The key points
of proving Theorem 1.1 are some established inequalities in Lemma 2.2-2.4. Here,
we shall see the difference between (1.1) and the Schrédinger—Poisson equation (see
[19]). In the mass-supercritical case p € (4,+00), the functional I(u) is no longer
bounded from below on S(c¢) (Lemma 2.5), the minimization method on S, (c) used
in [10] does not work. Motivated by minimization method on Nehari manifold and
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some recent works of [15, 26, 31], we try to construct a submanifold of S,.(¢), on which
I(u) is bounded from below and coercive, and then we look for minimizers on such a
submanifold. The idea of constructing such a suitable submanifold is in the following.
We notice that, if u is a critical point of I |g, (), then I' (u) — Au = 0 in H,}(R?) for
some A € R. Hence u satisfies the following Pohozaev identity (Lemma 2.8):

(1.9) Py(u) == A/RZ Juf? —2/R2 %(/{) %ﬁ(s) ds>2+§/R2 uf? = 0.

Combining the Pohozaev functional Py(u) with the Nehari functional Ny(u) = (I’ (u)
—\u, u), we introduce another auxiliary functional

Q(u) := Nx(u) + Py(u)

2

1.10 2 || _9

(1.10) :/ \Vu|2+/ % / fuz(s) ds| - 2—= lul?
R?2 R? |7 0o 2 p R?2

and construct a submanifold V(c) as follows:
(1.11) V(e) :={u € S,(c): Q(u) = 0}.

If u is a critical point of I with ||ul|5 = ¢, then u € V(). By considering the following
minimization problem

(1.12) m(c) == ueir‘}f(c)l(u),

we find a critical point of I restricted to V(c¢) and prove that it is indeed a critical
point of I restricted to S,(c). Notice that we have two restrictions in V'(c¢), which
is different from the situation in [15, 26, 31]. In order to use Lagrange Theorem, we
need to prove that Q'(u) and D’(u) are linearly independent if u is a critical point of
I restricted to V(c) (see Lemma 2.13 for details). The main difficulty in proving the
existence of a minimizer for m(c) is due to the lack of compactness of the embedding
H!(R?) < L*(R?). To overcome this difficulty, we need the monotonicity of the
function ¢ — m(c). We would like to mention that the two methods used in [6]
(see Theorem 1.2) and in [25] (see Lemma 2.9) seem difficult to be used here due to
the existence of the Chern—Simons term in (1.1). Motivated by [5], after getting an
equality related to m(c) (see Lemma 2.14), we succeed in proving the monotonicity
property of m(c) by a scaling argument. Then we can obtain the L? compactness of
a minimizing sequence and a minimizer of m(c) for certain c¢. Let us denote the set
of minimizers of I(u) on V(c) as
(1.13) M. ={ueV(c): I(u) = el‘r}{ )I(v)}.
Then we prove the first part of Theorem 1.1 by showing a simple property of M.,
(see Proposition 2.19).

The idea of proving the dependence of ||[Vu.||, and A, on the value of ¢ comes
from [18, 32, 33]. The fact that u. is a minimizer of I(u) restricted on V(c) and
Q(u.) = 0 are crucial. Due to the nonlocal property of our problem, we need some

improvements of the method used in [18]. We proved an important inequality for
u € H'(R?) (see Lemma 2.3)

2
|u|2 /wS 2 1 2 4
1.14 = i d <
(114 e[ s ) < g ivui
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which is vital for proving A, — —oo as ¢ — 0.
Next, we give the main idea of the proof of Theorem 1.3. Since [ is unbounded
from below on S,(c) if p € (4, +00), the genus of the sublevel set

I :={u € S.(c): I(u) < d}

is always infinite. Thus, to obtain the existence of infinitely many solutions, classical
argument based on the Kranoselski genus (see [33]) does not work. We use the
argument in [4| to present a new type of linking geometry which is inspired by the
Fountain theorem for the functional I restricted on S,(c). Then a min-max scheme
is set up to construct an unbounded sequence {7,(c)} of critical values for I on
S,(c). At each level 7,(c), by using Lemma 2.3 in [18] in H}(R?), we get a Palais—
Smale sequence {v7}, % with an additional condition Q(v}) — 0 as k — +oo (see
Proposition 2.25), where Q(u) is given in (1.10). This extra condition is crucial in
proving the boundness and non-vanishing of {v}'} (see the proof of Proposition 2.27).
By working in the radially symmetric Soblev space H!(R?), which embeds compactly
in LY(R?) for 2 < g < +o0o, we could recover the compactness of our Palais-Smale
sequence. Here we need the fact that the associated Lagrange multiplier is strictly
negative. Therefore, we get a critical point v, at each level v,(c). By using the
corresponding Pohozaev identity, we prove that each critical point v, of I restricted
on S,(c) satisfies Q(v,) = 0, which is useful in proving that the critical point sequence
{v,} is unbounded in H}(R?).

The paper is organized as follows. In Section 2, we present some preliminary
results. In Section 3, we will prove our main results Theorem 1.1 Theorem 1.2 and
Theorem 1.3.

2. Preliminary results

In this section, we give some preliminary results.

Lemma 2.1. [10, Proposition 2.2| Let p > 2. Then I € C'(H!(R?)) and a
critical point of I on S,(c) is a weak solution of (1.1).

Lemma 2.2. [10, Proposition 2.4| For u € H}(R?), the following inequality

holds
: N[l (s 2
/ lu|® < 4(/ |Vul ) / — / “u?(s)ds
R? R? r2 [z]"\Jo 2

Furthermore, the equality is attained by a continuum of functions

_ Ve 12
{u(l,x) = TW €eH.(R°)|le (0,+oo)}

and

2
1 2 [ rll 1
- u\t, T = u\t,r = —_— s —ult, s S = =Tl .
l 4 v l 2 |u(l?:§)| S l 2d 6 l2
4 R2 R2 R2 |[L’| 0 2 3

Lemma 2.3. For u € H}(R?), the following inequality holds

2
|u|2 /IS 2 1 2 4
Su(s)ds | < |
J (] vras ) < g Iowiz
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Proof. By Hélder’s inequality, we have

|| 1 1
/ fu2(s) ds = — u? < —(/ u4) : (/ 12)
0 2 41 J B(o,/2)) 4 \J B(0,J) B(0,/2])
1 1
1 2 ) 1 2
< ) () = —— |z - 41
<a(fr) = gzt ()

Thus, by Lemma 2.2 we have

2
|ul|® ol 1
Blu)= [ —5 Sui(s)ds | < ——[luly |lull;
(2 2) R2 |,’L“ 0 2 167
1

D=
(SIS

< = 3 3
< - A(w) Bu) D),
which concludes
1
. < 2,
(2.3) B(u) < 167T2A(u)D(u) O

Lemma 2.4. [35, Gagliardo—Nirenberg inequality| Let p > 2 and u € H'(R?).

Then
D p p—2 2
lul, < | === | [IVul,” [lul3
P\ 2IWIL

with equality holds only for u = W,, where up to translations, W, is the unique
ground state solution of

—Z%QAW +W = |W[P?W, zeR2
Furthermore, when p = 4,
%C(m) — A(W) = D(W,) = [Wil2 = (1.86225---) x (27).
Then, we introduce the Cazenave rescaling [12], for u € S,(c), set u'(z) = tu(tz),
t > 0, then
A(u?) = t?A(u), B(u") = t*B(u), C(u') = tP"2C(u), D(u') = D(u)
and

1 1
(2.4) I(u') = §t2(A(u) + B(u)) — =t"72C(u).
p
Lemma 2.5. Letp € (4,+00). Then for any u € S,.(c), u* € S,(c), A(u') = +00
and I(u') = —o0 as t — 0.
Proof. For any u € S,(c), since D(u') = D(u), u*(z) € S.(c). By (2.4), A(u') —
+o00 and I(u') — —o0 as t — oo follow from the fact that p > 4. O

Lemma 2.6. Let p € (4,400). Then for any u € S,(c), ¢ > 0, there exists a
unique tg > 0 such that

p—2
[

I(uto) — max[(ut) _ (p - 4)]):_:21 [A(u) + B(i)

0 20p—2)=1  [C(u)]~
and u' € V(c). In particular,
(i) to <1 <= Q(u) <0;
(i) to =1 <= Q(u) =0;

IN
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where V' (¢) is given in (1.11) and Q(u) is given in (1.10).

Proof. Define 7(t) := I(u') = 1t*(A(u) + B(u)) — %t*’”_20(u). By Lemma 2.4
and an elementary analysis, we know that 7(¢) has a unique critical point tq > 0
corresponding to its maximum on (0, +00). Hence I(u®) = max I(u') and 7'(ty) =

>

tO(A(u)—i-B(u))—’%tg_?’C(u) =0, thus Q(u') = tg(A(u)+B(u))—’%2t€_2C(u) =0,
Le. u € V(c) and

p—2

wy _ (P = Op7 7 [A(w) + B(u)]>
I(u™) = 5 )
20p -2 [Clu)]—
Moreover,
Q) = Alw) + Blw) " 2C(u) = (Alw) + B@)(1L - #§7),
which concludes (i) and (ii). O

Recall that a functional F': X — R on a Banach space X is called coercive
if, for every sequence {uy} C X with [Jux| — +oo implies F(ux) — 400 (see
Definition 1.5.5 in [1]).

Lemma 2.7. Let p € (4,+00). Then I(u) is bounded from below and coercive
on V(c). Moreover, there exists a constant Cy > 0 such that I(u) > Cy for all
u e Vie).

Proof. For any u € V(c), Q(u) = A(u) + B(u) — %C(u) = 0, then C(u) =
-25(A(u) + B(u)). We have

1 1 1 1
10 = 5400+ Bw) = 200 = (5= -2 ) (4w + Bw) 20,
2 P 2 p—2
and [ is coercive on V'(¢). Furthermore, by Lemma 2.4,

Aw) + Blw) = 20w < C) [Vull? Jull} = €. A(w)'F

Since p € (4, 400), there exists a constant Cy > 0 such that A(u) > Cy > 0. Then
there exists Cy = (l — L) Co > 0 such that I(u) > (l — L) A(u) > Cy. O

2 p—2 2 p—2

Lemma 2.8. [10, Proposition 2.3] Let p > 2, b,¢,d € R and u € H}(R?) be a
weak solution of the equation:

_ h2 +o0 h .
Au+bu+6< () +/ ﬂu2(3) ds)u+d\u|p_2u:0 in R?,
|

] s

x|

where h(s) = 5 [ ru?(r) dr. Then there holds the following Pohozaev identity

— 9 |u|® el : 2d
b lu|” 4+ 26/ — / —u(s)ds | +— lul” = 0.
R2 R2 |7 0o 2 P Jre

Lemma 2.9. For any p > 2 and A > 0, there exists no positive solution to (1.1)
in H}(R?).
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Proof. The proof mainly comes from [10] with some modifications. Just suppose
that there exists a positive solution u € H!(R?) to (1.1). Denote

a0() = A - (% b [T as)

then u satisfies —Au = ag(x)u. By the Strauss inequality,

u(z)| < C ”“!, 2| > 0.

]2
By Hoélder inequality, we have
1 1 3
h(|x :—/ su?(s)ds = — u(ly]) dy < ——2,
() =5 [ swrds =g [ )y < T
and by (2.1),
oo p "h )
/ ﬂu2(s) ds:/ ﬁu2(5) ds+/ ﬁu2(5) ds
0 S o S 1 S

< (/01 (h(s)s—é‘)%dsf(/ol (s§u2(s))3ds)%+/l+oo @ﬁ(s)ds

) 1 2 1 3 , [+
< C||ully (/0 sz ds) </0 su’(s) ds) +C ||u||4/1 su?(s) ds

2 2 2
< Clull (Jullz + |Jull3)

Then, we can choose an Ry sufficiently large such thatinf|~r, ao(z) := ag > 0. For
Ry > Ry, we consider the following eigenvalue problem:

{—Agb =pud on A(Ry, Ry),
¢

2.5
(2.5) =0 on 0A(Ry, Ry),

where A(Ry, R)) = {z € R*: Ry < |z| < R1}. Let uy = pi(Ro, Ry) be the first
eigenvalue of the problem (2.5) and ¢; is a corresponding positive eigenfunction.
Then we have

0= / (Au + ap(z)u)py = —/ U—— +/ (—p1 + ao(x))udy,
A(Ro,R1) DA(Ro,R1) on A(Ro,R1)

where a¢1 denotes the outer normal derivative of ¢;. We note that |, 9A(Ro.R1) U 8(;1;1 <0
and that w1 — 0 as Ry — 4+o0o0. Thus, taking large R; > 0 large enough such that

p1 < %, which is a contradiction. The proof is completed. O

Lemma 2.10. Let p € (3,+00). If v € H}(R?) is a weak solution to (1.1), then
Q(v) = 0. Moreover, v = 0 if A > 0 and D(v) = |Jv||3 < —Z.

p—3
Proof. Let v € H}(R?) be a weak solution to (1.1). By Lemma 2.8, the following
Pohozaev identity

2 [ flal 2y
)\/ |v|2—2/ % / f212(s)ds +—/ v =0
R2 R? |7 0o 2 P Jr2
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holds. Multiplying (1.1) by v and integrating we derive a second identity,

2 [ rla| 2
/|Vv\2—>\/ \U|2+3/ ol / 5 02(s) ds —/ ol = 0.
R2 R? R2 |£L’| 0 2 R2

Thus we have immediately

2 [ flal SR
Q(v) :/ |Vv|2 +/ % / f1)2(5) ds| — p-2 lv|P = 0.
R? re |z|"\Jo 2 D Jre

Also with simple calculations, we obtain

(2.6) AD() = —— A(w) + L= B,

2—p p—2
By Lemma 2.3,

p 2p —6 2 p—3 ,
A B —A D
: b3 )
<
( b DR ) A <o

if D(v) = |v]| < \/177%3' Thus, the proof is completed. O

Lemma 2.11. Let p € (3,+00). If u. is a critical point of I |g,(c), then there
exists A. € R such that (u., A.) is a couple of solution to (1.1). Furthermore, A\, < 0
. 4
ifc< =L

Proof. Since u,. is a critical point of I'|g, (), there exists A\. € R such that

I'(u.) — Aette = 0 in H7'(R?). Thus u, satisfies (1.1) with A = \.. By Lemma 2.10,
we conclude that A\, < 0if ¢ < \/‘;’TT?’. [

Lemma 2.12. [12, Corollary 4.1.2] Let X be a real Banach space, U C X be an
open set. Suppose that f,gi, -+ ,gm: U — R are C* functions and xy € M is such
that f(xg) = in{/[ f(z) with

TEe

M={zeU]|g(z)=0,i=1,2,--- ,m}.
If {g;(20)}, is linearly independent, then there exists Ay, - - -, Am € R such that

f(wo) + Z Aig; (o) = 0.
i=1
Lemma 2.13. Let p € (4,+00) and ¢ > 0. Then each critical point of I }V(C) is

a critical point of T }ST(C)

Proof. Suppose that u is a critical point of ‘V(C), then by Lemma 2.12, either
(1) @ (u) and D'(u) are linearly dependent, or (ii) there exists A, Ay € R such that

(2.8) I'(u) = MQ (u) — Au=0 in H Y(R?).
If (i) holds, then u satisfies
2 400 -9
—Au — Nu+ <h (|£§|) +/ Miﬁ(s) ds) u = pT|u|p_2u
|

|| of S
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for some A* € R. Multiplying the above equation by u and integrating, we get
Au) + 3B(u) — 7%20@) _A"D(u) = 0.
By Pohozaev identity, we derive

N D(u) — 2B(u) + 7%20@) —0.

Hence

A(u) + Blu) — 2 ;;) Cu) = 0.

Notice that Q(u) = 0 and p > 4, then we have, immediately, that C(u) = 0, a
contradiction. This implies that (i) does not occur and (ii) is true. It is enough to
show that A; = 0. By (2.8) we have

<Il(u) — Q' (u) — A, u>
= (1 =2X)(A(u) +3B(u)) = [1 = Mi(p = 2)]C(u) — A2 D(u) =

(2.9)

By Pohozaev identity (Lemma 2.8),

(2.10) : _A; AlD(u) — 2B(u) + 2 ;(f(f ;fl))Alo(u) =0
Combining (2.9) with (2.10) we have
(2.11) (1= 20)A(w) + (1 — 2),)B(u) — %[1 — (p— 2M]C() = 0.
Since u € V(c), A(u) + B(u) = 22C(u), then by (2.11) we have
p 1 '
Hence \; = 0, for p > 4. U

Lemma 2.14. Let p € (4,+00), then inf ey I(u) = inf,es, () maxso I(u'),
where u'(z) = tu(tz).

Proof. For any u € V(c), Q(u) = 0. By Lemma 2.6,

— t > t
I(u) r?>aox](u) > uelgf((j) I?;abxl(u ),

then inf,cv () [(u) > inf,eg, () max;o I(u’). On the other hand, by Lemma 2.6, for
any u € S,(c), there exists a unique to > 0 such that u € V(c) and

I(u") = I(u") > inf I(u).
g ) = T = By 1)

Thus,

inf max/I(u') > inf I(u).
u€Sr(c) t>0 ueV(c)

We end the proof. O

Lemma 2.15. Let p € (4,+00). Define m(c) := inf,cy () I(u), then there exists
a c* > 0 such that the function ¢ — m(c) is strictly decreasing on (0, ¢*], where V (c)
is given in (1.10).
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Proof. By Lemma 2.7, m(c) > Cy > 0 is well defined. For any 0 < ¢ < ¢ < 400,
by Lemma 2.13, there exists u; € S,(¢;) such that

1

max I(u}) < (ﬁ) ey,

Set h ) }
= (V) ((6E) )
then
Alue) = (2) (). Bwaz(gwawm
C(uy) = (Z—?)%C(ul), D(ug) = i—iD(ul) = .

We claim that there exists a ¢* > 0 such that

(quwﬁ+(§f%3was(gf%%Awo+(§yﬁ%Bwo

for 0 < ¢; < ¢ < ¢*. Indeed, by a simple calculation, we have

1672

if0<e <c<2(p— 2)]2%1’5 Let 0 < ¢1 < ¢a < [2(p — 2)]275 afterwards. Then we
get that

which implies that

2 _1
Co Co \ P2
C1 &1

As a consequence,
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. . . . 2-p
which is equivalent to our claim for 0 < ¢; < ¢o < ¢* := [2(p — 2)]2=5. Thus, by
Lemma 2.6,

(p = Dp7 [Aw) + B(uy))™

m(cy) < max I(ub) =

2Ap=25  [Cu))7
(- [(BPA) + (2B
2.12) -5 (@) T )
_ (p—4pi (_) 78 [A(u) + Bluy)]F
2p—2)5i \a [Clun)7s
= (2) o < (27 (2) o=
holds for 0 < ¢; < ¢3 < ¢*. Thus, we complete the proof. O

Lemma 2.16. [10, Proposition 2.2 and Lemma 3.2] Let p > 2. Then B €
CY(H!(R?)). Furthermore, if u,, — u in H'(R?), as n — 400, then

lim B(u,) = B(u), lim B'(up)u, = B'(v)u and lim B'(u,)p = B'(u)y,

n——+o0 n——+00 n—+400
for any p € H}(R?).
Proposition 2.17. Let p € (4,400) and c € (0, ¢*]. Then m(c) := infyev (e I (u)
is attained, where V (c¢) and c¢* are given in Lemma 2.15.

Proof. Let {u,} be a minimizing sequence for m(c). By Lemma 2.7, {u,} is
bounded in H!(R?), then there exists u # 0 in H;}(R?) such that

u, —u in H'(R?),
u, — u in LY(R?),

U, — u a.e. in R?,

for 2 < ¢ < +o00. Otherwise, u,, — 0 in L?(R?). Since

-2
Qi) = Altn) + Blun) = *—=Clun) =0,
we have A(u,) — 0 and B(u,) — 0. Therefore, I(u,) — 0 and m(c) = 0, which con-
tradicts to the fact that m(c) > 0. Next, we shall prove that ||lul|3 = c. Just suppose
that ||ul|3 = € (0, ¢), then by Lemma 2.15, m(Z) > m(c). Since u, — u in H}(R?),
Q(u) < lim Q(u,) = 0. By Lemma 2.6, there exists tg € (0, 1] such that v’ € V(e).
n—oo
Then

@) < 10%) = 1) = Q) = L [Aw) + B
oty g hAG) F B S S A + BO)
< Jim {55 (A + B = Jim 1) = 2500
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which is a contradiction. So ty = 1, ¢ = ¢, i.e. |uls = ¢ and I(u) = m(c). Then
by (2.13) we have A(u, —u) = o(1), u, — u in H}(R?) and w is a minimizer for
m(c). O

Proposition 2.18. Assume that p € (4,+00), ¢ > 0 and M, is defined by
(1.13). Then |u.| € M, if u. € M,.

Proof. Let u. € H}Y(R?) with u. € V(c). Since B(Ju.|) = B(u.), A(|u.]) < A(u,),
we have that I(|u.|) < I(u.) and Q(|uc|) < Q(u.) = 0. In addition, by Lemma 2.6,
there exists to € (0, 1] such that Q(|u.|™®) = 0. We claim that I(|u.|*) < 2 - I(u,).
Indeed, for u. € V(c), |ucl* € V(c), by the relationship between I(u) and Q(u) in
(2.13), we have I(u.), I(|uc|™) > 0. Thus,

Il ) = 1 () = =5 () = 5 (4 (Jul ") + B (1))
p—

t
4

p—4
) o” (A(Juel) + B (Juc)) < 2(p_2)to (A (uc) + B (uc))

p
~ 1} (1)~ 1500 = 100

(2.14) =

Therefore, if u, € H}(R?) is a minimizer of I(u) on V(c) we have

I(u.) = inf I(u)<I (|uc|t°) < 21 (u.),

ueV(c)

which implies ¢y = 1. Then Q(|u.|) = 0 and we conclude that A(|u.|) = A(u.) and
I(Jue|) = I(uc), thus the proof is completed. O

Let {V,,} C H!}(R?) be a strictly increasing sequence of finite-dimensional linear
subspaces in H}(R?) such that (J,V, is dense in H}(R?). We denote by V- the
orthogonal space of V,, in H!(R?).

Lemma 2.19. [4, Lemma 2.1] Let p € (2, +00). Then there holds

fRz(\VU| +luf) ol

iy = = inf — 00 asn — oo.
uEVl (fR2 | )2/p uevl ||uH

Now for ¢ > 0 fixed and for each n € N* and n > 2, we define S,(c) by (1.5),

2 p/2
Pn = L7 © U 77 with L= max %7
2>0 P 4 ¢
(2.15) B, :={ueV, NS (c): |Vulls = Pnt s
and
(2.16) by, = uleann I(u).

Then we have:

Lemma 2.20. Let p € (2,+00), then b, — o0 as n — 0.
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Proof. For any u € B,,, we have that

2
1 L[ P [ 1
I(u)zi/R2|Vu|2+§/R2w</o §u2(s)ds —5/R2\u|p

(2.17) >1/ Vu2—i Vu2+cp/2
> 5 |1Vl = = (1Vul o)
1 L 1 1 L
> o [l = vl ) = (3= D) - e
2 /r2 Phin 2 Dhn
From this estimate and Lemma 2.19, it follows since p > 2, that b, — oo as n —
00. 0

Now we begin to set up our min-max procedure. First we introduce the map
k: H'(R?) x R — HY(R?),

(2.18) (u,0) = Kk(u,0) = u (691') .

Observe that for any given u € S,(¢), we have k(u, ) € S,(c) for all # € R. Also we
know from Lemma 2.5 that
{A(/{(u, 0) =0,  I(r(u,0)) =0, 8- —c,

(2.19) A(k(u,0)) = 400, I(k(u,0)) - —o0, 60— +oo.

Thus, we deduce that for each n € N, there exists 6, > 0, such that
(2.20) Fn: [0,1] X (Sp(c) N V,) = Sp(e),  G,(t,u) — k(u, (2t — 1)6,,)
satisfying

(2.21) {A@Nwﬁ<%,A@ﬂwD>m

1(G,(0,w)) < by, 1(7,(1,u)) < by.

Now we define
Iy :={g:[0,1] x (S,(¢)NV,) = S.(c) | g is continuous, odd in u

2.22
(222) and such that Vu: ¢(0,u) =g, (0,u), g(1,u) =7,(1,u)}.

Clearly g, € I',,. Before proving the key intersection result, we need the following
linking property:

Lemma 2.21. [4, Lemma 2.3| For each g € I',,, there exists (t,u) € [0,1] x
(S,(c) N'V,) such that g(t,u) € B, with B, defined in (2.15).

Lemma 2.22. For eachn € N7,
n(c) == Inf I(g(t, >b,.
(€) gléarn ogtgmmeas}f(c)nw (9(t,w)) 2
Proof. 1t follows from Lemma 2.21 immediately. O
Next, we shall prove that the sequence {7,(c)} is indeed a sequence of critical
values for [ restricted to S,(c). To this end, we first show that there exists a bounded
Palais-Smale sequence at each level 7, (¢). From now on we fix an arbitrary n € N*.

To find such a Palais—Smale sequence, we apply the approach developed by Jeanjean
[18], already applied in [4]. First, we introduce the auxiliary functional

I:S.(c)x R—=R, (u,0) = I(r(u,0)),
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where £(u, ) is given in (2.21), and the set

T, :={g:[0,1] x (S,(c) N V,) = S.(c) x R | § is continuous, odd in u,

(2.23) /
and such that kog e I',}.

Clearly, for any g € I',,, g := (9,0) € T',..
Observe the definition

Yn(c) b (g(t,u)),
we have that 7, (c) = v,(c). Indeed, by the definition of 7, (¢) and ~,(c), this identity
follows immediately from the fact that the maps

p:Tp—=Tn, 9= 0(9) = (9,0),
and

(K T, — T, g—Y(g) =Koy,
satisfy

I(p(g)) = 1(g) and I(4(9)) =1(9)-
For r € R, We define |[r|g = r. Then we denote by F the space H!(R?) x R

endowed with the norm ||||%E = |-I* + |-|]2;{, and by E* its dual space and give an
useful result, which was proved by using Ekeland’s variational principle.

Lemma 2.23. Let € > 0. Suppose that gy € T, satisfies

I(go(t <7, ‘
OStgl,umeas}f(c)mvn (go(t,w)) < nlc) +¢

Then there exists a pair of (ug, 0y) € S-(c) x R such that:

(1) [(UOaHO) € Wn(c) - Ea:?n(c) + 5];
(2) min [ (o, 00) — go(t, u)l| g < V/&;

0<t<1,u€Sr ()i
(3) < 2y/e, ie.

77

I
all

(1o, 0o)

<7(u0,90), z>EXE) < 2y/¢||#|| ; holds, for

r(c)X E

z € TV(UOﬂo) = {(Zl>Z2) €k, <U0a Zl>L2 = 0}-
Proof. The proof is the same as the proof of Lemma 2.3 in [18], so we omit it
here. O

Proposition 2.24. Let p €
there exists a sequence {vy} C S,

4,400). Then for any fixed ¢ > 0 and n € NT,
¢) satisfying as k — oo,

(

(

I(vg) = m(c),

(2.24) I'|g o WE) =0,
Q(vg) = 0.

In particular {v}'} C S,(c) is bounded in H}(R?).

Proof. From the definition of +,(c), we know that for each k& € N7, there exists
a g € I',, such that

1
1 t <Y —.
0<t<I e S (ONVh (96t 1)) < m{e) + k
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Since 3n(¢) = Yn(c), Gk = (gx,0) € T, satisfies

T 1
I(gr(t < An iy
ogtgmme%}f(c)ﬂvn (gr(t,u)) < An(c) + p

Thus applying Lemma 2.23, we obtain a sequence {(u},0})} C S,(c) x R such that

(i) Z(uf,0) € [n(e) = () + 1];
(i) min (i, ) = (gi(t,w), 0)ll s < 4 /3

0<t<1,uES (¢)NVan
I'(up, 07 z>
< (i 05); E*XE

I (uy, 07) <2

,1e.

< 2\/%Hz||E holds

r(c)X
for all

E*

z e T(ug,eg) = {(21,22) € E, (up,21). = 0}.

For each k € N*, let v} = r(u},0}). We shall prove that {v}} C S, (c) satisfies (2.24).
First from (i) we have that I(vy) = .(c) as k — oo, since I(vy) = I(k(uy, 0;)) =
I(u},0}). Secondly, note that

7 20 2 w lxlf 2 i
<1 (u,H),(¢,7‘)> =re | | Vil +/R2 o (/0 Su(s) ds
2
20 “_¢ ‘xlf 2
(2.25) +e /R2 VUV¢+/R2 |$‘2 </0 2u (s) ds)

8 }z" < / ") ds) - ( / " u(s)(s) ds)
_(pp>r(p2/|u‘p p2/‘u‘p2

then we obtain

(2.26) s 7
= (A + B)) ~ et AC) = (T 0. 0.1)

Thus (7i7) yields Q(vy) — 0 as k — oo, for (0,1) € Tv(ug792). Finally, we prove that

]/

(vp) = 0 as k — oo.

r(c)

We claim that for & € N sufficiently large,

‘<I’(vg),w>‘ \>/__||w]| holds for all w € Ty,
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where T, = {w € H}(R?), (vp,w);» = 0}. Indeed, for w € Ty, setting & =
K(w, —0), one has

- " viw (s, 2
<I (vk),w> :/R2 Vkaij/Rz ‘;‘2/0 §(vk(s))2ds)

(2.27) + /R2 ||1f||22 (/Ow %(1}2(3))2 ds> : (/OI| svp(s)w(s) ds)

= [ e = (T 09). 3.0)).

Since [g. up@ =[R2 viw, we obtain (&,0) € Ty gn) € w € Typ. From (ii) it follows
1

that

nl_ |pn _ < : n on\ __ <
05 = Vg —o0l < min i 0) — (ault ), Ol <

by which we deduce that, for k large enough,
1@, 0)|13 = 5] = / wf? + / Vel < 2w
R? R?

Thus, by (iii) we have,

\<z’<vz>,w>\ - <7<uz,e;z>, (@,0)> < ik 1@.0)[, < 2v2

N NG o]l

As a consequence,

!

<I/(v,?),w>’ < % —0, k— o0.

To end the proof of the proposition, it remains to show that {vp} C S,(c) is bounded
in H'(R?). But since p € (4, +00), this follows from the relationship between I(u)

and Q(u),
(2.28) I(u) —

i

U’I’L
o)

= sup
wET,UZ,HwHSl

1 p—4
p—2 (1) 2(p - 2)
Next, we show the compactness of our Palai-Smale sequence {v}} obtained in

Proposition 2.24. First, we give a useful lemma.

Lemma 2.25. Let F' be a C' functional on H'(R?), if {z}} C S(c) is bounded
in HY(R?), then

(A(u) + B(u)). O

F s (zx) = 0 in HYR?) <= F () — (F (1), z3)2r — 0 in HH(R?)

as k — oo.

Proof. The proof is the same as the proof of Lemma 3 in [9], so we omit it

here. O

Proposition 2.26. Let p € (4,400), ¢ > 0 and {v;} C S,(c) be a sequence
satisfying as k — oo,
I(vr) = p(c) € R\ {0},
(2.29) I \sr@ (vg) — 0,
Q(Uk) — 0.



Normalized solutions for the Chern—Simons-Schrédinger equation in R? 425

Then there exists v € H(R?) and {\;} C R such that up to a subsequence, as
k — 400,
() v =0 £ 0 in HA(R?);
(i) Ay > A in R;
(i) I'(vk) — Mg = 0 in H7H(R?);
(iv) I'(v) — Av =0 in H7'(R?).
Moreover, if A < 0, then we have v, — v in H'(R2) as k — oo.

Proof. Since by (2.28) and (2.29), {vx} C S,(c) is bounded, up to a subsequence,
there exists v € H!(R?) such that

v, — v in HY(R?),
v, — v in LP(R?),
v — v a.e. in R?.
If v = 0, we have C(vg) = o(1). Thus we obtain A(vgy) = o(1) and B(vg) = o(1)

for Q(vr) = o(1). As a consequence, I(vy) = o(1), which contradicts with p(c) # 0.
Thus (7) is obtained. By Lemma 2.25 above,

[,’S( ) (Uk) — 0 in H_I(R2) < I (Uk) — <I/ ('Uk) >'Uk>Uk —0in H—I(R2) as k — 0o,

Since for any w € H'(R?),

<]/(Uk) — <[l(Uk),Uk> Uk,w>
-/ Vkaer/RQ%/OIxI%(vk(S))2d8)2

(2.30) 2 || ||
2 i 2 : sup(s)w(s) ds
L (/ S (n(s) ds) (/ ((s)e(s) d )
- /R2 o [P 2opw — Mg /R2 VRW,
where
(2.31) AL = <], (Uk) ,Uk> = A(’Uk) + 3B(’Uk) — C('Uk)

Thus (iii) is proved. Since each term in the right hand of (2.31) is bounded, there

exists A € R such that Ay — A as k — 400 up to a subsequence. Thus (i) is proved
and (iv) follows from (iii). By (ii),(iii) and (iv) we have

(2.32) <I/ (k) — A, U, — U> =o0(1) and <I,(v) — v, vy, — v> = 0.
By Lemma 2.16, we get
A(vy — v) — AD(vy, — v) = o(1).

If X < 0, we have A(vz —v) = o(1) and D(vz — v) = o(1), thus v; — v in H}(R2) as
k — oo. O
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3. Proof of main results

At this point we can prove our main results.

Proof of Theorem 1.1. Let u € S,(c), set u'(z) = tu(tx), ¢ > 0. Then
ut € S.(c) and

T(ut) = %R(A(u) 4 B) — S2CW) >0 as t— 0.
p
Thus 7(c) <0 for all ¢ > 0. On the other hand, by Lemma 2.2, for any u € S,(c),
1 1 1 1 1 1 1
0= A0+ B0~ Il A + 580 — A3
’ 1 1 1) 2
== 3 3) >
; (A(u) B(u) ) > 0.

Then y(c) > 0. (i) is proved. Just suppose v(c) has a minimizer u if 0 < ¢ < 2 ||W4]|3,
by Lemma 2.2,

- 0= I(u) = 5A(u) + 5 Blu) — 1 [ulld > SAw) + 3B(w) — Aw)} Blu)?
’ 1 1 1\ 2
= 5(Aw?* - Bw?) = 0.
Then, by Lemma 2.4,
1 4 C
Alu) = B(u) = = ||lu ——Au).
() = Blo) = 3l S g A0

Thus A(u) =0, u = 0, a contradiction. (ii) is proved. To prove (iii), we suppose that
I has a constraint critical point v on S,(c) if ¢ < 2||[W,]|5. By Lemma 2.10, Q(v) = 0,

then I(v) = LQ(v) = 0, we can get a contradiction as in proving (ii). To prove (iv),

-2
set
V8l

u(l,r) = ——
(2) 1+ |lz]?

then D(u(l,z)) = 8r. By Lemma 2.2, I(u(l,z)) = 0 and u(l,z) is a minimizer for
v(8m) for any | € (0,+00). Thus, there exists A\(I) € R such that (u(l,z), A(1))
satisfies (1.1). Then we have
A(u(l,z)) +3B(u(l,z)) — C(u(l,z)) — A1) D(u(l,z)) = 0.
By Lemma 2.2 and the fact that D(u(l,z)) = 87, A(l) = 0. We end the proof. [
Proof of Theorem 1.2. The first part follows from Lemma 2.11, Lemma 2.13,

Proposition 2.17 Proposition 2.18 and Lemma 2.9. By Lemma 2.10, Q(u.) = A(u.) +
B(u.) — ’%C(uc) = 0, then, by Lemma 2.4,

€ H,(R?), 1€ (0,+00),

p_2 p—2 p—2
A(u0> + B(“C) = —C(uc> < 7_14(1%) 2 . C.
p 2w
Then,
A(uc)% < LLC—)O
2[[W1f5
as ¢ = 07, i.e. A(u.) = 400 as ¢ — 0%. Moreover,
p—4
m(e) = I(ue) = 2 =2 (A(ue) + Blus)) — +o0
(¢) = I(uc) 2(p—2)( (ue) + B(uc))
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as ¢ — 0%. From (1.1), we have A(u.) + 3B(u.) — C(u.) — AcD(u.) = 0, then, by
Lemma 2.3,

1 12 2p—6
e = 21AGwe) + 3B(u) = )] = 1+ [ Al + LA
1 p—3 9
< = [—A(ue A(ue)D(u,
(3.3) < -l A Fy Y (te) D(ue)”]
1, 2 p—3 , 11
_— D(u)?A(u) < = —— A _
c [2—p+87T2(p—2) (ue)JA(ue) < c 2—p (ue) — —o0,
as ¢ — 07, for p € (4,400). Thus the proof is completed. O

Proof of Theorem 1.3. By Proposition 2.24 and Proposition 2.26, there exists
(Un, An) € HY(R?*)\{0} x R which satisfies (1.1) and it is enough to prove that A,, < 0,
for each n € N*. However, this point has been proved in Lemma 2.11. Since

1 p—4
I(v,) — ——=Q(v,) = =—(A(v,) + B(v,)) = va(c),
(1) = =25 Q1) = 5T (Al) + B(©,) = 3,(0
for Q(v,) = 0, then by Lemma 2.3, we get that {v,} is unbounded in H}!(R?) from

the fact in Lemma 2.20 and Lemma 2.22 that 7, (c) > b, — 0o as n — oco. Thus the
proof is completed. O
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