Annales Academise Scientiarum Fennicee
Mathematica
Volumen 42, 2017, 303-324

PRESERVATION OF BOUNDED GEOMETRY
UNDER SPHERICALIZATION AND FLATTENING:
QUASICONVEXITY AND oco-POINCARE INEQUALITY

Estibalitz Durand-Cartagena and Xining Li

UNED, ETSI Industriales, Departamento de Matemética Aplicada
Juan del Rosal 12, Ciudad Universitaria, 28040 Madrid, Spain; edurand@ind.uned.es

Sun Yat-sen University, Department of Mathematics
Guangzhou 510275, P.R. China; lixining3@mail.sysu.edu.cn

Abstract. In this work we explore the preservation of quasiconvexity and co-Poincaré inequal-
ity under sphericalization and flattening in the metric setting. The results developed in [22] show the
preservation of Ahlfors regularity, doubling property and the p-Poincaré inequality for 1 < p < oo
under the sphericalization and flattening transformations provided the underlying metric space is
annularly quasicovex. In this work, we propose a weaker assumption to still preserve quasiconvexity
and oo-Poincaré inequality, called radially star-like quasiconvexity (corresponding to sphericaliza-
tion) and meridian-like quasiconvexity (corresponding to flattening) extending in particular a result
in [8] to a wider class of metric spaces and covering the case p = co in [22].

1. Introduction

The process of obtaining the Riemann sphere from the complex plane, and vice
versa, was generalized in the metric setting by using sphericalization and flattening.
See the work [2] by Buckley and Balogh. These conformal transformations are dual
to each other, and the performance of sphericalization followed by flattening or vice
versa results in a metric space that is biLipschitz equivalent to the original space.

The advantage of considering these transformations comes partly from the fact
that some results in analysis are easier to establish, either for bounded spaces or
for unbounded ones; see for example [20]. Indeed, the paper [5] established equiva-
lence between unbounded uniform domains and Gromov hyperbolic spaces, and their
technique needed the uniform domain to be unbounded. The paper [20] used the
sphericalization and flattening techniques to transform bounded uniform domains
into unbounded uniform domains, and hence succeeded in extending the results of [5]
to bounded uniform domains. As another example, recently the paper [1] proposed a
notion of prime end boundary for bounded domains in the metric setting, and such
a prime end boundary was the principal focus of the study of Dirichlet problems
in the metric setting in [14]. However, the results in [14] needed the domain to be
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bounded. To establish solutions to the Dirichlet problem for unbounded domains in
the metric setting, the thesis [13]| used the procedure of sphericalization to transform
the unbounded domain into a bounded domain, consider the prime end boundary
of the resulting bounded domain, and then pulled back this prime end boundary
via flattening to construct the prime end boundary of the unbounded domain, thus
circumventing the problem related to non-compactness of the boundary.

A very natural problem is therefore to study which geometric properties are
preserved under these transformations. In this work we will focus on the preservation
of oo-Poincaré inequality and quasiconvexity, a metric property of the space that
ensures that one can connect two points in the space by a curve whose length is
bounded by a universal constant times the distance between the two points. The
geometry of X at small scales is similar to the one of its sphericalized version. The
differences arise at large scales. For example, local quasiconvexity is preserved under
flattening and sphericalization (see |8, Proposition 4.3.]). In contrast, as shown in
[8, Example 6.2.], (global) quasiconvexity is not generally preserved under these
deformations. Buckley, Herron and Xie proved in [8] that, under the additional
hypothesis of annular quasiconvezity, quasiconvexity and annular quasiconvexity are
preserved under sphericalization and flattening.

Examples of annularly quasiconvex spaces include upper Ahlfors regular Loewner
spaces (such as Carnot groups and certain Riemannian manifolds with non-negative
Ricci curvature) or complete Ahlfors @-regular metric measure spaces supporting a
p-Poincaré inequality for some p < @ (see [21]|). However, there are some simple and
natural examples of quasiconvex spaces that are not annularly quasiconvex, but whose
sphericalized and flattened versions are still quasiconvex. The real line, the Euclidean
infinite strip R x [—1, 1], and some classes of metric trees are some examples.

Motivated by these examples, we define a new class of metric spaces that en-
compasses annularly quasiconvex spaces and for which quasiconvexity is still pre-
served under sphericalization and flattening. We define radially star-like quasiconvex
spaces related to the process of sphericalization (see Definition 3.1) and meridian-
like quasiconvex spaces linked to the process of flattening (see Definition 4.1). We
will show that these two concepts are duals: a radially star-like quasiconvex space is
meridian-like quasiconvex after sphericalizing, and becomes again radially star-like
quasiconvex when flattenned. This duality is shown in Lemmas 4.5 and 4.4. Some
of the main results of the present work are Theorem 3.4 and Theorem 4.6 that study
the preservation of quasiconvexity under sphericalization and flattening, respectively.
Examples 3.7 and 4.8 illustrate the sharpness of the results.

On the other hand, metric spaces endowed with a doubling measure and support-
ing a Poincaré inequality are nowadays considered a standard class of spaces when
developing a first order differential analysis in a metric measure space setting. See
for example [3], [9], [18], [16], [17] or [24] and the references therein. Li and Shanmu-
galingam considered the problem of transforming not only the metric, but also the
measure under sphericalization and flattening and showed in [22] that if (X, d, p) is a
complete annularly quasiconvex metric measure space with x4 doubling and support-
ing a p-Poincaré inequality for some 1 < p < 0o, the processes of sphericalization and
flattening yield doubling metric measure spaces supporting a p-Poincaré inequality
as well. See [22, Theorem 3.3.5, Theorem 4.3.3.].

On the other hand, it was shown in [11| and [12] that supporting an co-Poincaré
inequality is equivalent to oco-thick quasiconvexity and also equivalent to the fact that
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given any two points on the space and a null set /N, there exists a quasiconvex path
7 connecting the two points so that £*(y~1(y N N)) = 0.

Using this geometric characterization of co-Poincaré inequality and Theorems 3.4
and 4.6, we also prove in Theorem 3.6 and Theorem 4.7 the preservation of oo-
Poincaré inequality under sphericalization and flattening.

Moreover, by combining Theorem 3.6 and Theorem 4.7, together with the fact
that the flattening (with respect to the point {oo}) of a sphericalized space is biLips-
chitz equivalent to the original metric space, we can deduce the following main result,
extending the picture to the full range 1 < p < oo in [22].

Theorem 1.1. Let (X,d, ) be an unbounded complete metric space endowed
with a doubling measure and K -radially star-like quasiconvex with respect to a base
point a € X. Then (X,d, ) supports an oo-Poincare inequality if and only if the

sphericalized space (X, d,, j1,) supports an co-Poincare inequality.

The techniques used in the present paper are not straightforward generalizations
of a single technique. One of the key tools used is an analog of the Boman type chain-
ing arguments as developed in [15] and [4] and used in [22|. However, these chaining
results are developed to deal with integrals of functions and their gradients; we do
not need to deal with functions directly because of the geometric characterization of
oo-Poincaré inequality. We instead modify the chaining argument to construct by
hand the curves that are quasiconvex and avoid null sets almost all of the parametric
time.

The preprint [10] deals with preservation of p-Poincaré inequalities for 1 < p < oo
under sphericalization and flattening under similar hypothesis as the ones used in the
present paper.

The work is organized as follows. Section 2 recalls the basic notions needed in
the paper related to metric measure spaces and to sphericalization and flattening.
Section 3 focuses on the preservation of co-Poincaré inequality and quasiconvexity
under sphericalization while Section 4 focuses on the preservation of those same
properties under flattening.

2. Basic concepts

2.1. Metric measure spaces. Let (X, d) be a metric space. We denote open
balls centered at € X and of radius r > 0 by B(x,r) := {y € X: d(z,y) < r}
and closed balls by B(xz,r) := {y € X: d(z,y) < r}. For A > 0, AB denotes the
ball concentric with B (with respect to a predetermined center) but with radius A-
times the radius of B. For 0 < r < R, A(a,r, R) denotes the annulus A(a,r, R) :=
B(a,R)\ B(a,r).

By a curve in X we mean a continuous map v: I — X, where I C R is an
interval. When I = [a,b] for some a,b € R with a < b, the length (4(v) of v with

respect to the metric d is defined by

L) o= sup S d(r(B), 1 (tan)),

where the supremum is taken over all partitions a = tg < t; < --- < t,, = b of the
interval [a, b]. A curve 7 is rectifiable if £4(y) < oo. We simply write £(~y) if the metric
is clear from the context. The image of a curve v will also be denoted by . Given
two points z,y € X, 7,, denotes a curve connecting x to y. Given two curves 5 and
v, the concatenation of § and v will be denoted by 5 U ~.
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A metric space (X, d) is C-quasiconvez if there is a constant C' > 1 such that
every pair of points x and y in the space can be connected by a curve v such that
ly(y) < Cd(x,y). Such a curve is called C-quasiconvex. We say that X is A-annularly
quasiconvexr with respect to a base point a € X if for every r > 0, and for each pair
of points z,y € A(a,r/2,r) there is an A-quasiconvex curve 7,, connecting = to y
inside the annulus A(a,r/A, Ar). We say that X is annularly quasiconvex if there
exists A > 2 such that X is A-annularly quasiconvex for every a € X. Notice that
being annularly quasiconvex with respect to some a does not imply that the space
is annularly quasiconvex. One can consider for example the half line X = [0, 00)
endowed with the euclidean metric which is annularly quasiconvex only with respect
to a = 0. Annular quasiconvexity was introduced in [21] and has been further used
for example in [8], [19] and [20].

The length function associated to a rectifiable curve 7v: [a,b] — X is s,: [a,b] —
[0, ()] given by s,(t) = €(7|a4)- Recall that every rectifiable curve admits a unique
1-Lipschitz parametrization by the arc-length ~s: [0, £(y)] — X such that v = v, 0s.,.
The line integral of a Borel function p: X — [0, oo] over a rectifiable path v is defined

via the formula
£(v)
/pds = / (pos)(t) dt.
o 0

If p = 1, the previous formula gives the length of v. Given a real-valued function
u in a metric space X, a Borel function g: X — [0, 00] is an upper gradient of u if
lu(z) —u(y)| < f7 gds, for each rectifiable curve 7 joining x and y in X.

Let (X,d, ) be a metric measure space, with p a Borel measure on X. The

measure g is doubling if balls have finite positive measure and there is a constant
C,, > 1 such that

u(2B) < Cu(B)

for all balls B. Let 1 < p < co. We say that (X, d, ) supports a p-Poincaré inequality
if each ball in X has finite and positive measure and there are constants C, A\ > 0
such that for every open ball B in X, for every measurable function v on B, and for
every upper gradient g of u we have

1 1 1/17
—_— u—ugldy < Crad(AB —/ gpd) ,
gy el < Cxaa0m) (s [ o

if 1 <p< oo, and
1
— — dp < Crad(A\B o0
7 [ = usldi < CradAB) gl

if p = co. Here, for arbitrary A C X with 0 < p(A) < oo we write uy = ﬁ fAud,u.
Recall the following characterization of co-Poincaré inequality, which is inti-
mately connected to quasiconvexity.

Theorem 2.1. [11, Theorem 3.1.] Suppose that X is a locally complete metric
space supporting a doubling Borel measure p. Then the following conditions are
equivalent:

(a) X supports an co-Poincaré inequality.

(b) There is a constant C > 1 such that, for every null set N of X, and for every
pair of points x,y € X there is a C'-quasiconvex path v in X connecting x to
y with v ¢ T, that is, L (v *(yN N)) = 0.
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The interested reader can find in [18] a discussion of the recent advances in the
field of analysis on metric measure spaces, including those in [11] and [22]| (see [18,
Chapter 14]).

2.2. Sphericalization and flattening. Sphericalization and flattening are
conformal deformations that generalize in the context of metric spaces, the process
of obtaining the Riemann sphere from the Euclidean plane and vice versa. They were
introduced by Balogh and Buckley in [2] and further studied in [8] and [20].

If X is an unbounded locally compact metric space, one can define its one-point
compactification X = X U{oco}, where the topology on X is given by the union of the
topology on X and the collection of all sets that are complements in X of compact
subsets of X (see for instance, [23, Theorem 29.1]). Recall that a space X is said to
be locally compact if given z in X, there is a neighborhood V of z such that V is
compact.

Fixing points a, ¢ € X, one can define a spherical density d, on X, and a flattening
density d° on the punctured space X¢ = X \ {c}. See the Table 1 for the precise
formulas. As shown in [2], there exist metrics d, and d° bi-Lipschitz equivalent to the
densities d, and d° respectively. Since there is no closed formula for the metrics da
and d°, we will use for convenience the densities d, and d° for defining balls in X and
X¢. Notice that the density function d, we use satisfies the criterion of sphericalizing
function g(t) = (1+1¢)” =2 defined in [2]. The space (X, d, «) is a bounded metric space
with diam(X) = 1, and is called the sphericalization of (X,d), while (Xc,gc) is an
unbounded metric space (if ¢ is non-isolated) called the flattening of (X, d). As shown
in 6], the metric space resulting from flattening with respect to the point {oco} the
(bounded) sphericalized space (X , c?a) is bi-Lipschitz equivalent to the (unbounded)
space (X, d), making sphericalization and flattening dual transformations.

From a technical point of view, one of the main difficulties that one might en-
counter is how to transform objects that involve the critical point {cc}. In complex
analysis, we know that we can use Mobius transformations to move {oc} to any
other point and still preserve the same geometric properties. But in a general metric
setting, one has to analyze the critical point {oo} separately.

X X =XU{x} a€eX Xe:=X\{c} ceX
d(za ) ]
Gl Y€ X, d(z.y)
d | dy(e,y) =4 —1— ifre X, y=oo, |dr,y) = ——20Y __ ifpye xe
(#.9) = Taea ifz€X,y=oo | dxy) A, 0dly,c) Y
0 ifx=00=y.
B(z,r) B,(x,T) Be(z,r)
() 1 ) () 1 (
oy 5”:/ S S— Zc'yz/ st
) 007 o Trdpgar "7 Jo g
1 ta(A) = du(z ,ucA:/—duz
W= i B i+ azap ™ | A= e de e Y

Table 1. Relevant formulas for flattening and sphericalization.

In the sequel, it will be also useful to know how a curve and its correspond-
ing length change under the sphericalization and flattening processes. Let v be a
rectifiable curve in a rectifiably connected unbounded metric space X. Under spher-
icalization 7 corresponds to 4: [0,4(7)] — X defined by 4(t) = ~,(t), where v, is
the arc-length parametrization of v with respect to the original metric d. By an
abuse of notation we will denote the corresponding curve in X by 7 as well. One
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can check (see [2, Proposition 2.6]) that ~ is rectifiable with respect to the metric dq

if it is rectifiable with respect to. the orlglnal metric d. The formulas for the length

of 4 with respect to the metric d and the length in the metric & of a given a curve
v: [a,b] = X¢ (notice that X°¢ C X)) are given in the Table 1.

If X is equipped with a Borel-regular measure g such that measures of non-empty
open sets are positive and measures of bounded sets are finite, we can construct an
induced measure 1, on X and ¢ on X¢. It was shown in [22, Proposition 3.6] that
if p is doubling, then so are p, and u¢, from which follows in particular that because
X is bounded, j,(X) is finite. All the relevant formulas are gathered in Table 1. In
what follows, for further clarification, the base point in the sphericalization will be
denoted by a € X, and the one in the flattening by ¢ € X.

Unless otherwise stated, the letter C' denotes various positive constants whose
exact values are not important for the purposes of this paper, and its value might
change even within a line.

3. Preservation of quasiconvexity and co-Poincaré inequality under
sphericalization: radially star-like quasiconvex spaces

In [8, Section 6] Buckley, Herron and Xie studied the preservation of quasicon-
vexity (and annular quasiconvexity) under sphericalization under the hypothesis of
annular quasiconvexity. In view of the fact that natural examples such as the real line
or a broad class of metric trees are not annularly quasiconvex, our aim in this section
is to introduce a larger class of metric spaces that encompasses such examples and
whose transformations still preserve properties such as quasiconvexity or oco-Poincaré
inequality.

To motivate our definition, we go back to star-like domains that appear naturally
in complex analysis as sets for which the line segment connecting any point to a fixed
base point lies entirely inside the domain.

A relaxation of the star-likeness property, rough star-likeness, is enjoyed by some
proper geodesic Gromov hyperbolic spaces. A metric space is K -roughly star-like with
respect to a base point a € X, if for every point x € X there exists some geodesic ray
(isometric image in X to [0, 00)) emanating from a whose distance to x is at most K.
This property was first named in [5], although roughly star-like spaces were called
visual in [7]. Bonk, Heinonen and Koskela in [5] provided a way to transport questions
in Gromov hyperbolic spaces to questions in bounded uniform spaces, and vice versa.
In particular, the authors proved that if a metric space (X, d) is a uniform space, the
associated quasi hyperbolic metric is a proper geodesic Gromov hyperbolic space that
is roughly star-like. On the other hand, if one begins with a (typically unbounded)
proper geodesic roughly star-like Gromov hyperbolic space (X, dy) one can obtain a
bounded uniform domain (X, d.) depending on a sufficiently small parameter ¢ > 0.
In some sense, the process of flattening-sphericalization pursues a similar goal, though
the uniformization metric d. of [5] is not the same as the metrics studied in this paper.

The following definition is inspired by roughly star-like spaces, additionally re-
quiring that the point x is connected to the geodesic ray by a controlled quasiconvex
curve. Recall here that given two points =,y € X, 7,, denotes a curve connecting x
to y.

Definition 3.1. A space is K-radially star-like quasiconvexr with respect to a
base point a € X, if there exist a constant K > 2 and a radius ry > 0 such that for
every r > 19 and x € A(a,r/2,r), there exist a base-point quasiconvex ray v,o0, &
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point y € Ya and a quasiconvex curve 7,, C A(a,r/K, Kr) connecting = to y such
that

U(Vay) < Kd(a,y).

Here we say that a ray 7: [0,00) — X with (0) = a is base-point quasiconvez if for
each z € 7, (7,,) < Kd(a, z), where 7, is the subcurve of v ending at z.

X L e

Figure 1. Radially star-like quasiconvexity.

Remark 3.2. We will always assume in this paper that our curves are parametrized
by arc-length. Therefore, for a curve v: [0,00) — X we have that £(v0.) = 5.

The following lemma shows that, in a general class of metric spaces, annular
quasiconvexity is stronger than radially star-like quasiconvexity. As mentioned in the
Introduction, R is K-radially star-like quasiconvex but is not annularly quasiconvex.

Lemma 3.3. Let (X,d) be an unbounded connected complete locally compact
metric space which is annularly quasiconvex with respect to a point a € X. Then
(X, d) is radially star-like quasiconvex with respect to a.

Proof. First observe that a connected annularly quasiconvex space with respect
to a point a € X is quasiconvex. Indeed, let x # y and assume d(x,a) > d(y,a). Let
us denote B; = B(a,27'r) for i € N, where r = d(z,a). Because X is connected, for
each 7 € N for which X'\ B; is non-empty, there exists y; € X such that d(a,y;) = 27"r.
Set yo = x. By A-annular quasiconvexity with respect to the point a € X, for each
such i € N, there exists an A-quasiconvex curve 7; C X connecting y; 1 to y; such
that v; C A(a, 2;;”, A27%r). If y = a, then we choose 7 to be the concatenation of
the curves 71,72, -+, and set S to be the constant curve starting and ending at a. If
y # a, then let N be the positive integer such that

27N < d(y,a) < 27V,

and let v =y Uy U---U~vyy UL be the concatenation of v1,7vs, ..., vy, 5, where [ is
an A-quasiconvex curve connecting yy to y. Then the curve v connects x to y and

N N
l(y) < Zg(%) +{(B) < AZ d(yi-1,yi) + Ad(yn,y)
i=1 i=1
N+1 N+1
SAY (@4 27r) =34r) 27 =3Ar(1-27V"") < 3Ad(x,y).

i=1 i=1
In the above, if y = a, then N = 0o and r ~ d(z,a) = d(x,y). Thus we have that X
is quasiconvex with quasiconvexity constant 3A.
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We now show that X is radially star-like quasiconvex. To do so, fix a point
z € A(a,r/2,r) for some r > 0. Let {z,}, be a sequence of points converging to
oo with x; = z, that is, lim, o d(z,,a) = oco. For each n € N, by the use of
Arzela—Ascoli theorem, we can find a quasiconvex curve -, connecting a to x, so
that

Uyn) = inf 0(7).

~y connects a to xy,

With respect to the use of Arzela—Ascoli theorem, we relax the requirement that
curves 7 be arc-length parametrized with the requirement that ~v: [0,00) — X with
the restriction of «y to [0, ()] is arc-length parametrized and 7 is constant on the
interval [((7),00). Observe that a curve constructed in this way is base-point qua-
siconvex, that is, for any y € Yaz,, {(Vay) < Cd(a,y), where 7,, is the subcurve of
Yaz, ending at y. Since for every finite closed interval I C [0, 00), the subcurves Vo1
have uniformly bounded length for any n € N, we can extract, by Arzeld—Ascoli the-
orem, a subsequence {7,, } converging to a ray Y. Observe that v, is base-point
quasiconvex. To finish, for each z € A(a,r/2,r) choose y € Yaeo N A(a,r/2,r) and
construct a quasiconvex curve 7, in the annulus A(a,r/A, Ar) connecting x to y
using the annular quasiconvexity. 0

In fact, the proof has shown that annular quasiconvexity implies radially star-like
quasiconvexity, with radially star-like quasiconvexity constants independent of the
choice of ry > 0 one would choose in the definition of radially star-like quasiconvexity.

We now state the main result of this section, namely, that quasiconvexity is
preserved under sphericalization for radially star-like quasiconvex spaces.

Theorem 3.4. Let (X, d) be an unbounded complete quasiconvex metric space.
Let a € X be a base point on X, and assume (X, d) is K-radially star-like quasiconvex
with respect to a for some K > 2. Then (X,d,) is quasiconvex.

Proof. Given x1, 25 € X, we have to prove that there exists a curve ~ connecting
x1 and x5 such that ¢4, (v) < Cd,(z1,z5). Notice that in the case when d(xy,a) < 2rg
and d(xq,a) < 2ry with r¢ as in Definition 3.1, the original and the sphericalized met-
ric are bi-Lipschitz on the ball B(a,2C,r) where C, is the quasiconvexity constant
of X, and so we can take a quasiconvex curve 7,,,, with respect to the metric d
connecting x; and s, which is also quasiconvex with respect to the metric d,. We
now break the remaining parts of the proof into four different cases: points that are
in the same annulus and far away from each other (Case 1), points that are in the
same annulus and close to each other (Case 2), points that lie in different annuli
(Case 3) and finally when one of the points is the point at co (Case 4). The annuli
that appear in the proof are considered with respect to the original metric d.

Fix ¢ > 0 such that 0 < ¢ < 1/(4C,) and let 21,25 € X. As pointed out before,
we can assume that at least one of xy, 5 is not in the ball B(a,ry).

Before addressing the above four cases, we give the following preliminary cal-
culations. If v is a quasiconvex curve in X connecting two points x; and x, and
lying in the annulus A(a,r/K, Kr) for some r > 0, then whenever w € v, we have
d(w,a) > = > 229 4nd thus it follows that

- a,(7) _/y 1+ d((s),a) < 14 (d(z1,a)/K?)]?
. K?r

S[ S K4da($1700).

1+ d(zy,a)/K?]?
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Case 1. x; and x5 are in the same annulus A(a,r/2,r) for some r > ry, with
d(x1,29) > r. Note that by this assumption, neither of z1, xs is the point oo, and
by the discussion above, r > 2ry. By the K-radially star-like quasiconvex property,
there exist base-point quasiconvex rays vl _, 2., points y; € vl _, y» € 72, and
qUasiCONVexX CUIvVes Yz, y,, Yray. SUch that

é(,yxlyl) < Kd(aa yl) and E(’Yﬂ:zyz) < Kd(aayQ)'

Let us show that the concatenation v = v,,,, U’yyllooU{oo}U’ygoy2 U"y,a, that connects
1 and x, satisfies that £q,(7) < Cdgy(21,25). Here, v, . is a subcurve of 7, with
end points y; and oo, and 75200 is the analogous subcurve for y,. By (3.1) above, we
have

gda(%vllﬂ) < K4da(x17 OO)

On the other hand, since d(z1,22) > dr > d(x,a), and d(xs,a) > 1¢, it follows
that

(3.2) (14 ro)d(ze,a) > ro(1 + d(xg,a)).

Hence, we have

T1,To) = d(x1,22) cr
) S e I+ d(a )] L d(a )] da,22)
(3.3) Cld(l'g, a) 1 To

~[1+d(a,z2)] [1 + d(a,z1)] = ¢ mda(m‘h 20)-

Therefore, £y, (Vayy,) < Kl(ltro) g

— c'ro
K4(1+T0)
o da(mlaxQ)-

We next obtain a bound for £4,(7,,.,)- By quasiconvexity, £(ysy,) < Cd(a,y1),
where ,,, is the subcurve of 7! ending at y;. Let us choose a sequence of points
{zn}n with with zp = y; and 2, € 7! such that £( 1) = 2"(Yaz,). For
simplicity, we denote by 7,,..,, the subcurve of 7}, joining z, and z,41. For w €
Vonzmi1s We have Yuq C s, 1a, and hence by the base-point quasiconvexity of v, .,

(21, 2). Similarly, we can show that (g, (Vz,y,) <

1
7aoo|[a,zn

1 1 1 2m n
(3.4) d(wa a) > EE(VML) > ad(zma) > EE('Vazn) > Ea'yam) > Ed(aa?ﬂ)-
Hence,
ds (Vo zn)
E a ’Yann 1 :/ S nn ntl
talonsess) ooy (L HA(Y(s), @) T [L+ Fd(a,y1)]?

2" (Yazo ) < 2"C'd(a, y1)
N [1 + %d(aa yl)]2 B [1 + %d(a, yl)]Q .

Notice also that because d(xy1,y;) < 2r < 4K d(a,yy),
d(r1,a) < d(x1,y1) +d(y1,a) < (1+4K)d(a, y1).

Therefore,

QnOd(a7y1) 03(1 + K) C
€ ZnZn+1 S n S - .
da (Ven nt ) 1+ %d(a, y1)]2 2nd(a, 1) 2" d(a, z1)
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Summing up and using analogs of (3.2) and (3.3), with z; and x5 switching roles, we
get

C C

1 _
- Ca, (Vy,00) —;&la(%nznﬂ) = ; 2nd(a, zy) = d(a,z1)
' L Clo+1) 1 < Clro+1)
- 0 1 + d<a/7 I‘l) N C/Tg

We then have that for some C' > 1, £a, (7, o0 ) +a, (Yeryy) < Cda(21,22). Similarly,
one can prove that lq,(75,) + Ca, (Veay,) < Cdo(1,72). Putting all these estimates
together, we conclude that

‘gda (f}/) :gda (’Y£E1y1) + gda (7;100) + gda (7:3200) + gda (7232y2) S Cd“('Il? x2>

Case 2. x; and x are in the same annulus A(a,r/2,r) for some r > ry and
d(x1,29) < 'r. Note again that z, zo cannot be equal to co. By the quasiconvexity
of X, we can find a Cj,-quasiconvex curve 7,,,, connecting x; and z,. Because
d <1/(4C,), we have that £(7,,.,) < Cyd(x1,x2) < r/4 and 7,,., is contained in the
annulus A(a,r/4,2C,r). SUppose W € Yu 4y, 50 d(w, 1) < U(Vaya,) < 1/4.

Then d(w,a) > d(z1,a) — d(w, z1) > r/4. Therefore, we can estimate the length
of v.,z, under the sphericalized metric as follows:

B ds C(Vayzo) 16C,d(x1, x2)
@4%m)—l T d0E),aF = U+r/dE =~ (142
16qu($1, Z’Q)
~ [1+d(zy,a)][1 + d(z2,a)]

Case 3. x; and x5 are in different annuli. Then again we have that xq, s # co.
We re-name x; and x9 if necessary so that d(a,z;) < d(a,z3). If 2d(a, z1) > d(a, z2)
and d(z1,a) > rg, let r = d(x2,a) and we can apply Case 1 or Case 2 to prove
that there exists a curve 7,,,, connecting 1 to xo with ly, (Va,z,) < Cdo(z1,29).
Furthermore, if d(a,x;) < 7, then we can, by the connectivity of X, find a point
x) with d(z], a) = 1o, find a quasiconvex curve connecting z to x5, and concatenate
that curve with the quasiconvex curve connecting x; to z/, and obtain a quasiconvex
curve connecting x; to xs. So without loss of generality, we can also assume that
d(a,x1) > ro. Thus we will assume that 2rg < 2d(a,z;) < d(a, z2).

We first find estimates for d,(z1, z2) as follows:

do (1, 22).

x1,T9

S 16qua(l'1, 1'2).

B d(xy1, z2) d(xy,a) + d(zs,a)
da(1,72) = (14 d(z1,a)][1 + d(xs,a)] = 14 d(z1,a)][1 + d(z2,a)]
3 d(xe,a) < 3 1

=2 [1+d(z1,a)][1 +d(zs,a)] — 2 1+d(z1,a)
Furthermore, since we can take ry > 1 in the definition of radially star-like quasicon-
vexity, we also see that
d(xy,z9) > d(xe,a) — d(z1,a) > d(xe,a)/2 > [1 + d(xq,a)]/4.
Therefore,
1 1

> -
~ 4 1+d(z,a)

Let v} be a base-point quasiconvex ray from a to co associated with x; via the
radial star-like quasiconvexity of X, and let y; be a point on this ray linked to x; as

(3.6) do(21, 72)
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in the definition of radial star-likeness. Similarly, let 42 be a base-point quasiconvex
ray from a to oo associated with x5 via the radial star-like quasiconvexity of X, and
let y5 be a point on this ray linked to x5 as in the definition of radial star-likeness. We
will show that the the concatenation of the four curves 7v;,y,, Vyou,, the subcurve 3
of v} with end points y; and oo, and the subcurve 3, of v2._ with end points g, and
00, forms the desired quasiconvex curve (with respect to the metric d,) connecting
11 to x9.

First, consider the quasiconvex curve ,,,, connecting z; to y; and lying in the
annulus A(a,r/K, Kr), where r = d(xy,a), as stipulated in the definition of radial
star-likeness. Then for each point w on that curve, we know that d(w,a) > r/K.
Therefore

1 {(Yary,) r
(o) = / L) < 0mm)
! toyy, 1 d(w, a)]? [1+7/K]? [1+7/K]?
S C L < ¢ S Cda(l‘l,l'g).

l+r/K =~ 1+d(z,a)
We used (3.6) to obtain the last inequality in the above chain of inequalities.
Next, we consider the quasiconvex curve 7,,,, connecting xs and y, that lies in
the annulus A(a, R/ K, KR) with R = d(x2,a). Then for each point w in that curve,
we know that d(w,a) > R/K. Hence

Ly < ) 5
fda(%;gacg) = /nyz2 [1 T d(w,a)P d ( ) < [1 T R/K]Q < C[l + R/K]Q
1 C ¢

< < < < d .
= 01+R/K =1+ dasa) = 1+dan,a) = C da(w1, 2)

We again used (3.6) to obtain the above last inequality.

We finally consider the curves 5 and (5, and set r = d(a,x1), R = d(a, z3). For
non-negative integers i let 21; be the first point at which 3; intersects X \ B(a, 2'r),
and let zp,; be the first point at which By intersects X \ B(a,2'R). These points
break 3; and 3, up into sub-curves ;; and f;, ¢ = 0,1,---. By the base-point
quasiconvexity of v} (see Definition 3.1), whenever w is a point in f;;, we must
have d(a,w) > 2" /K. Tt follows that

T o )
la, (B1) = /ﬁu [1+d(w,a)]2d (w)<C TETRER

By the base-point quasiconvexity again, £(3;;) < Kd(z1;,a) < K 2'r. Note that
1 <ry <d(a,z1) =r. Hence,

i C C
(3.7) L4,(61) Zﬁdaﬂu_ Z +2@ Z4zr2—?§1+d(x1,a)'

Therefore, using (3.6), we obtain
i, (B1) < Cdo(z1, 72).

A similar argument for £, with r replaced by R, gives

C
baa () < 1+ R

Because in Case 3 we have r < R, we have the desired inequality ¢4, () < C dy(z1, x2)
as well. Thus the concatenated curve has d,-metric length at most 4C d,(x1, z3),
yielding the desired quasiconvex curve.
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Case 4. x1 = 00 # xg. If d(xg,a) < ry, since X is unbounded, there exists a’
with d(2,a) = ro. By the radially star-like quasiconvexity property and (3.7) (which
is valid for all base-point quasiconvex rays and all points on those rays), there is v,/
such that €4, (Vareo) < Cda(2',00). In addition, since xq,2' € B(a,rq), we have a
C,-quasiconvex curve 7,,,» with respect to (X, d). By the argument at the beginning
of this proof, we can see that v,,, is also quasiconvex with respect to (X ,dg), SO

Ca,(Vazar) < Cdy(2',25) < Cdo(a', 00) + dy(22, 00).

Moreover, we have

d(x', xs) 1 1
T dw Ot dma)] = T T 1 dma) = 2e(®220);

where the last inequality follows the fact that
1
<

1+ d(z2,00) = 14d(z',00)
Therefore, when we concatenate the curves 7,,,» and v, to obtain a curve 7.,
such that €4, (Vzy00) < Cd(x2,00).

If d(zg,a) > 1y, by the radially star-like quasiconvexity property, we have a
base-point quasiconvex ray 7., associated to s, and ys be the point on the ray
connected to xo. By (3.1) and (3.7), we have £y, (Va,y,) < Cdy(2,00) and £y, (Vyy00) <

C'dy(x2,00). Therefore, we have shown the quasiconvexity of the metric space (X, d,).
O

da(x/7 .TQ) -

dy(xg,00) = = dy (2, 0).

Remark 3.5. Example 3.7 will show that if we remove the hypothesis of radi-
ally star-like quasiconvexity, the previous theorem would be false. Notice also that
quasiconvexity cannot be removed either. Let X be a subspace of R? given by
X = ([0,00) x {1}) U ([0,00) x {—1}) U ({0} x [—1,1]) together with the inherited
Euclidean metric is radially star-like quasiconvex, not quasiconvex, and (X ,dy) is
not quasiconvex as well.

As a consequence of Theorem 3.4 we obtain that co-Poincaré inequality is also
preserved under sphericalization for radially star-like quasiconvex spaces.

Theorem 3.6. Let (X, d, ) be a complete metric space endowed with a doubling
measure p and supporting an oco-Poincaré inequality. Let a € X be a base point on
X, and assume (X, d) is K-radially star-like quasiconvex with respect to a for some
K > 2. Then (X ,da, lta) also supports an co-Poincaré inequality.

Proof. First notice that the doubling property of p, has been shown in [22,
Proposition 3.2.2]. Then, according to Theorem 2.1 we have to prove that there is
a constant C' > 1 such that, for every null set N of X, and for every pair of points
z,y € X there is a C-quasiconvex path v in X connecting z to y with v ¢ I'}. Given
N C X, we have u(N) = 0 if and only if p,(N) = 0 (when we c0n31der N as a
subset of X ). Therefore, in the proof, we will not distinguish the null set N C X
and N C X.

Without loss of generality, assume z # oo and d,(y,00) < d,(z,00). Since
dy(y,00) < dy(x,0), it follows that d(z,a) < d(y,a). As in the proof of Theorem 3.4,
we can assume also that d(y,a) > 2rg and d(z,a) > ro > 1. If d(y,a) < 2rp, then
as in the first paragraph of the proof of Theorem 3.4, we see by the biLipschitz
equivalence of the two metrics d and d, on B(a,2C,r¢) and using the fact that
(X, d) supports an oo-Poincaré inequality, that there is a quasiconvex curve 7,, in
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B(a,2C,r) connecting x to y (quasiconvex with respect to the metric d and hence
with respect to the metric d,) such that 7,, does not belong to I'j;. Thus in the
remainder of this proof we will assume that d(y,a) > 2ry. If d(y,a) > 2rg and
d(xz,a) < ro then we can find 2’ such that d(z’,a) = ry and argue as before to find
a quasiconvex curve 7, connecting x and z’ with respect to the metric d, that is
not in I'};. Then we can take the concatenation of v,,» and 7, where 7, will be
constructed below.

Since (X, d, p) is a complete metric space with a doubling measure 1 and supports
an oo-Poincaré inequality, it is in particular C’-quasiconvex for some C’ > 1, so
X is also quasiconvex with respect to the metric d, by Theorem 3.4. Therefore,
there is a quasiconvex curve 7y with respect to the metric d, that connects x and
y. If v intersects B(a, o), let p,q be the first and last time v intersects the sphere
{z € X : d(z,a) = 1o}, and then by the fact that d,, d are biLipschitz equivalent on
B(a,2Cry) and that (X, d) supports an oo-Poincaré inequality, we can find a curve
B in B(a,Crg) that is quasiconvex both with respect to d and d,, and 3 ¢ Tk,
with end points p, ¢, and we can replace the segment of v with end points p, ¢ with
the curve 5. Hence we only have to concern ourselves with the part of v that lies
outside the closed ball B(a,r,). We can decompose that part of + into subcurves ~;,
i € I C NU{oo}, so that for each i the sub-curve 4; lies in an annulus A(a, R;,4R;),
with R; = 2%id(x,a) > ry for some j; € Z, and ~ is the concatenation of these curves.
Note that it is possible to have j; = j; even if ¢ #£ [.

Let z;,y; be the end points of 7;. We next choose a finite chain of points z;; =
Ti, Tio,"* ,TiN, = Y; €7 such that for each j =1,---, NV,

d(wij, Tij1) < 2%3,
Since (X, d, ) supports an oo-Poincaré inequality, there exists f3; ; connecting w; ;
and Tij4+1 with g(ﬁ%]) S C”d(x,-mxi,jﬂ) S Rl/2, and ﬁi,j ¢ FJ+V

Then, for every w € f3; j, we have d(w, a) > R; — % = % and so 1+ d(w,a) > %.
Furthermore, because R; > 19 > 1 we have that 1 + d(z; j,a) < R, + 4R; = 5R; and
SO

d(wij, Tijr1) d(wij, Tijr1)

14+ d(z;j,a)][l +d(x;ji1,a)] ~ 25R?

do(Tij, Tijr1) = [

Hence

(i) 1 w< [
La,(Bij =/ —————ds(w S/
’ Bi,j [1 + d(w7 CL)P 0 [R’l/2]2
4C/d(flfl gy Lg j+1)
< b b
Furthermore, since z; j, x; j+1 are the end points of quasiconvex curves 3; ; and these
points lie in v;, we also have

< Cdo(45, Tij41)-

N;

Z da(xi,ja xi,jﬂ) < Clag, (74)-

j=1
Setting f3; to be the concatenation of the quasiconvex curves 3;;, j = 1,--- , N; and
summing over j we obtain

lan(B) =D a,(Big) S CD dalwij,wijn) < Cla, (7).

Jj=1 Jj=1
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Clearly 3; € I'};. Tt follows that the concatenation 4’ of the curves f;, i = 1,--- | N
(together with f, if it is the case), is a curve connecting z to y with

la, (") < Cla,(v) < Cdo(m,y),
with v & '} O

The following example gives a quasiconvex metric measure space endowed with
a doubling measure, which is not radially star-like quasiconvex, supporting an oco-
Poincaré inequality but whose sphericalized space is not quasiconvex so in particular
does not support an oo-Poincaré inequality.

Example 3.7. Consider a length space X C R? (in fact it is a tree) with initial
point a = (0,0) € X, constructed in the following way. Let [0, 00) x {0} be a geodesic
ray and select the points x;,7 > 0 from [0,00) x {0} such that d(z;, a) = 2*. We can
also take an i-th branch emanating from z;, with end point y; = (2%, 22""). Then
we have d(z;, ;) = 22", So

X =[0,00) x {0} U [ J{2¥} x [0,2*],
€N
see Figure 2. In what follows [x;,y;] will denote the segment in R? connecting ; to
y;. Since X is a length space, it is in particular quasiconvex. We now endow X with

the 1-dimensional Hausdorff measure p = H!, which is doubling. In fact, it can be
shown that (X, d, u) is Ahlfors 1-regular.

Y1

Yo

o

) T T

Figure 2. A metric tree which is not radially star-like quasiconvex.

Notice also that the i-th branch of the tree has length 22" whereas the distance
between a and z; is only 2%, so the ratio between d(x;,y;) and d(z;,a) would tend to
oo as ¢ tends to oo, which violates the assumption of radially star-like quasiconvexity.
On the other hand, (X, d, 1) supports an oco-Poincaré inequality. Indeed, according
to Theorem 2.1, it is enough to check that for any null set N C X and z,y € X,
there is a C-quasiconvex path connecting z to y, with v ¢ T'\. In this case, we can
let v to be the geodesic connecting x and y. '

To finish, we will show that the sphericalized space (X, d,) is not quasiconvex,
so in particular it does not support an oco-Poincaré inequality. Suppose i < j. Let y;
and y; be the end points of the i-th branch and j-th branch respectively. We have
that

d(yz, y]) = d(yl,ﬂfz) + d(ﬂfi,%]’) + d(ﬂfj,%) = 22i+1 + 22j — 22i -+ 22j+1 ~ 22j+1

d(a,y;) = 2% + 22" d(a,y;) = 2% + 2%,
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Therefore,
2¥"! 1

da(yiayj) ~ 22i+122j+1 - 22i+1 .

In order to estimate the length of the curve v connecting y; and y;, we have to take
into account that v O [y;, z;] U [z, z;] U [z, y;]. Denoting by 7; = [z, v;], we have
that

£(vs) ds €(vj) ds
)2 a0 = | s+ [ e

(i) ds £(v5) ds
_/0 [1+ 5+ 222 +/0 [1+s+2¥]

1 1 1 1

j— ~

: : 4+ : : — 5 —,
14220 14224227 1422 142¥ 4227 2%

Then,
9i+1 2t
() 2 ~ 2 foralli >0,
da(yia y]) 22 C

Therefore, we have shown that (X ,d,) is not quasiconvex.

4. Preservation of quasiconvexity and oo-Poincaré inequality
under flattening: meridian-like quasiconvex spaces

In this section we introduce a general class of (bounded) metric spaces, meridian-
like quasiconvex spaces, that preserves quasiconvexity and oo-Poincaré inequalities
under the flattening process. Meridian-like quasiconvexity is the dual property of ra-
dially star-like quasiconvexity: radially star-like quasiconvex spaces become meridian-
like quasiconvex after sphericalization, and conversely, we recover radially star-like
quasiconvexity after flattening meridian-like quasiconvex spaces.

Definition 4.1. A (bounded) metric space is K-meridian-like quasiconvezr with
respect to a base point ¢ € X, if there exists a constant K > 2, a point a € X and a
small radius ro > 0 such that for every x € A(c,r/2,r) with r < ry there exist a double
base-point quasiconvex curve 7,., a point y € v, and a curve 7., C A(c,r/K, Kr)
connecting x to y such that

(4.1) U(Yay) < Kd(y, ).

By double base-point quasiconver curve we mean that for any z € 7ue, €(Var) <
Cd(a, z) and £(7.,) < Cd(c, z). Here ~,, and 7., denote the subcurves of 7,. with
end points a and z and ¢ and z respectively.

Remark 4.2. The idea is to choose the point @ € X (in Definition 4.1) in
A(e, R/2,R) where R = sup,.x d(c,z). Additionally, when 0 < r < R and = €
B(e,r), we have d(x,a) =~ d(a,c). Indeed, for = € B(c,r), we have that

2d(a,c) > d(a,c) + d(z,c) > d(a,x) > d(a,c) — d(z,c)

(42) > d(a,c) —r =~ d(a,c).

Observe also that meridian-like quasiconvexity implies that ¢ is not a cut point of X,
that is, X \ {¢} is necessarily connected.

The following lemma shows that, for a general class of metric spaces, annular
quasiconvexity is stronger than meridian-like quasiconvexity.
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Lemma 4.3. Let (X,d) be a bounded connected complete locally compact met-
ric space which is annularly quasiconvex with respect to a point ¢ € X. Then (X, d)
is K-meridian-like quasiconvex with respect to c.

Proof. The proof is similar to the proof of Lemma 3.3. First observe that under
the hypothesis of the Lemma, the space X is quasiconvex (see proof of Lemma 3.3).
Given x € A(c,r/2,7), we can find quasiconvex curves 7., and 7., to connect ¢ to x
and x to a respectively. As done in the proof of Lemma 3.3, we now modify the two
curves in each annulus in order to ensure the base-point quasicovexity property with
respect to a and c respectively. After denoting the modified curves by 7/, and 7.,
we can show that the concatenation v = v/, U+’ is a double base-point quasiconvex
curve connecting ¢ and a, which exactly passes through x. 0

The next two lemmas show that radially star-like quasiconvexity and meridian-
like quasiconvexity are dual properties, with duality given via the sphericalization/
flattening procedures.

Lemma 4.4. Let (X, d) be an unbounded complete metric space. Let a € X be
a base point on X, and assume (X, d) is K-radially star-like quasiconvex with respect
to the base point a for some K > 2. Then (X,d,) is K'-meridian-like quasiconvex
with respect to ¢ = oo for some K' > 2.

Proof. For x € X, we know that d(x,a) > ro if and only if du(z,00) <1 — 2.

Let v € B,(00,1—12-)\{oc}. By the K-radially star-like quasiconvex property there
exist a base-point quasiconvex ray v,., & point y € 7,0 and a quasiconvex curve
Vay connecting x to y in the annulus A(a,d(a,x)/K, Kd(a,z)) such that £(v,,) <
Kd(a,y). Notice that the sphericalization of the ray 7, is a base-point quasiconvex
curve in X connecting ¢ = 0o to a. Indeed, for each z € Ygno, we denote the segment
of Yaso With end points z and 0o by 7.s0, and note that 4, (7.00) < Cd,(2z,00). We
have that (we denote the subcurve of 7, with end points a and w by 7, in the

following):

ds ds 5 [ dt
laa(Yaoo) = 5 < S <K -
v [LFd(y(s),a)] soo (1 L(Var(5))/ K] () (14 1)
K? K3
< <

1+£(’Yaz) 1+d(z,a)

where in the first inequality we have used the fact that v, is a base-point quasiconvex
ray and the second inequality we have used the fact that v is arc-length parametrized.

Moreover, (4, (Vzy) < Cdy(y,c). Indeed, let r = d(x,a) > ro. Because r/K <
d(w,a) < Kr for any w € 7., with ¢(v,,) < Kr, we have that

fa )_/ ds <Kd(y,a)< K3 < K?
W= | A+ d(y(s),a)? T (+5)? ~1+%& 1+ Kr

Ve

= Cdy(z,00),

~ da(y7 C)'

To finish notice that an annulus A(a,r/2,7) in the original metric is transformed
under sphericalization into another annulus comparable to an annulus A(oco,r’/2,71”)
in the sphericalized metric for some r’ > 0. 0

Lemma 4.5. Let (X,d) be a bounded complete metric space. Let ¢ € X and
assume (X, d) is K-meridian-like quasiconvex with respect to the base point ¢ for
some K > 2. Then (X¢ d°) is K'-radially star-like quasiconvex with respect to the
point a € X (as in Remark 4.2) for some K' > 2.
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Proof. Because X is K-meridian-like quasiconvex with respect to a base point ¢ €
X, there exist a constant K > 2, a point a € X and a small radius ry > 0 such that for
every x € A(e,r/2,r) and r < 1o, there exist a double base-point quasiconvex curve
Yac cONnecting a to ¢, a point y € v, and a curve ,, C A(c,r/K, Kr) connecting x
to y such that ((v,,) < Kd(y,c).

Now, we can show that the double base-point quasiconvex curve ~,. is a base-
point quasiconvex ray after flattening. Let z € ~v,. and consider the subcurves 7,,
and 7, of 7, with starting points a, z and end points z, ¢ respectively. Since £(7,,) <
Kd(z,c) and (7,.) < Kd(a, z) for any z € 7, it follows that

ds {(Yac) K24 1 1
00 = [ i < oy 5 = (o0~ w0m)
Cl(Vaz) < Cd(a, z)
)4

= M) lw) = dle.2)d(ea)

Next we prove that for =,y and ~,, satistying (4.1), we have lge(7Vs,) < Cd°(a,y),
for some C' > 1 depending on K. See that for w € ~,, we have that d(w,c) > r/K
so if rg is small enough,

(44)  Lac(yzy) = /7 N d(v(is)’cm < Cﬁf}“ < Odfﬁj’c) < d(jc) 2 caay).

To finish, notice that an annulus A(c,r/K, Kr) in the original metric transforms
under flattening into another annulus comparable to an annulus A(a,r’/K’, K'r') in
the flattened metric for some ' > 0 that depends only on r and K, with K’ depending
solely on K. 0

(4.3)
= Cd(a, 2).

Theorem 4.6. Let (X,d) be a bounded complete metric space. Let ¢ € X be a
base point on X, and assume (X, d) is quasiconvex and K-meridian-like quasiconvex
with respect the base point ¢ for some K > 2. Then (X, d°) is quasiconvex.

Recall that ¢ denotes the length of the original metric and f4 denotes the length
of the flattened metric.

Proof. Since (X, d) is quasiconvex and meridian-like quasiconvex, by Lemma 4.5
we know that (X¢, d°) is radially star-like quasiconvex with respect to a where a is
the second point associated with the notion of meridian-like quasiconvexity.

The idea for the proof of this theorem is similar to the one used in Theorem 3.4.
Given 1, x5 € X¢ we have to prove that there exists a curve v connecting z; and
xg such that lge(v) < Cd°(z,x5). Let 19 be as in Definition 4.1.

We divide the proof into five cases: points that are in the same annulus and far
away from each other (Case 1), points that are in the same annulus and close to each
other (Case 2), points lying in different annuli (Case 3) and points lying outside the
ball B(c,r9) (Case 4) and finally one point in the ball B(c,ry) and another point
outside of B(c,ry) (Case 5). In the proof, the annuli are considered with respect to
the original metric d.

Fix ¢ > 0 such that 0 < ¢ < 1/(4C,) where C, is the quasiconvexity constant of
X.

Case 1. x1, x5 are in the annulus A(c,r/2,r) for some r < rg and d(zq,x2) > r.
Then we can find two double base-point quasiconvex curves 7., 72, and points y; €
Yoo Y2 € 72, and quasiconvex curves Vu,y,, Yaay C Alc, 7/ K, Kr) satisfying (4.1). We
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want to show that the concatenation v = v, ,, U ’y;la U ’yng U Vyozo 1S @ quasiconvex
curve in the flattened metric.

Because d(a, 1), d(a,y1), d(a,xs), d(a,y2) and d(z1,xs) are all comparable to r,
we have that

d(a, 1) = d°(a,y1) = d°(a, z2) = d°(a,ys) ~ d°(z1, T2).
Using (4.4), we can estimate £ge(Vz,y,) as follows:
Cae(Varyr) < Cd(yh,a) < Cd(xq, 22).
Next, because y; € B(c, Kr), by (4.3) we have
Cae(Vayy) < Cd(a,yr) < Cd(xq,22).

Similar arguments give us estimates for £ze(7ay,) and lge(Va,y, ) in terms of d°(xq, z2).
Therefore, we have (4 () < Cd®(xy, z3).

Case 2. x1, x5 are in the same annulus A(c,7/2,7),r < ro, and d(xy,z5) < r.
By the quasiconvexity of (X,d), we can find a Cj-quasiconvex curve 7y connecting
Ty, Ty. Because ¢ < 1/(4C,), for w € ~, we can get the estimate
d(w7 C) > d(xb C) - d(xlv ’LU) > d(mla C) _g(ﬁ)/) > T/Q - qu(xla 1'2) > T/Q —7’/4 - T/47
w0 d 14 C,d

16 16
) = [ s < () o 16C,d(x, zo)
o [d(y(s), ¢)] r d(xy, c)d(x2, )
Hence, we have proved quasiconvexity in Case 2.

Case 3. 2d(z1,¢) < d(z2,¢) < ro. By the definition of meridian-like quasicon-
vexity, we can choose o as small as we need, and so we choose 0 < ry < d(a,c)/2.
Then we have d(a,c) > 2ry, and x1,29 € B(c, 1), we have d(a,x1) =~ d(a,c) and
d(a,xs) =~ d(a,c), and hence

(21, 22) = d(zy, z7) > d(22, ¢) — d(z1, ) > 1 - 1
d(xq,c)d(z2,c) d(xq,c)d(z2,c) d(z1,¢)  d(zg,c)
S 1 S ol d(xy1,a)
N 2d<l’1, C) N d(xla C)d(av C)
Similarly, we have d°(xq,a) < Cd®(x1, x3). Therefore, as in Case 1, by (4.3) and (4.4),
gdc(ﬁ)/;la) S Cdc(yba) S Cdc(mlaa) S Cdc<l‘1,l’2),
gdc(7§1a> S Cdc(y27a) S Cdc('r%a) S Cdc<xlax2>7
lae(Yory) < Cd(@1,a) < Cd*(x1, 22).

< Cdé(x, x2).

= O (2, a).

Therefore
gdc(’7$2y2) S Odc(l‘g,a) S Odc(l'l,l'g).
So the concatenation v = 7,,,, U ’y;la U ”yng U Yyoao 1S quasiconvex.

Case 4. If x1,x9 ¢ B(c,rp), d° and d are biLipschitz equivalent on X \ B(c,r9).
Indeed, because o < d(x;,c¢) < diamX for i = 1,2, we have

d(l‘l,ﬂfz) < d(l’1,l‘2) d(l’l,l‘g)

(diamX)? = d(zy, c)d(za, c) (r0)?
Because (X, d) is quasiconvex, we can find a C,-quasiconvex curve 7 connecting xy, o
with respect to the metric d. If v intersects B(c, o), let p, ¢ be the first and last time
that ~ intersects the sphere {z € X: d(z,¢) = r9}. By the fact that d° and d are
biLipschitz equivalent on X \ B(c, 1), the subcurves of v, 7,,, and 7,.,, connecting

= d(z1,13) <
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xr1 to p and ¢ to x5 respectively, are also quasiconvex with respect to the metric d°.
Using either Case 1 or Case 2 (depending on the distance between p and ¢), we now
find a quasiconvex curve 8 with respect to the metric d° and replace the segment of
~ with end points p, ¢ with the curve 5. The concatenation of the curves 7,,,, f and
Vqz, 1S @ quasiconvex curve with respect to the metric d° connecting z; and 5.

Case 5. =1 € B(c,rg),x2 ¢ B(e,rg). Let d(xy,¢) = r < rg < d(xg,c). If
d(xy1,29) < 1o, then as in Case 2, we can find a quasiconvex curve 7,,,, connecting
x1 to xg. Since ¢ < 1/(4C,), for z € Yz 4y, d(2,¢) > 19 — Cyro > 1¢/2, and so

laly ></ ds <4€('yx1x2) <4C’qd(3§1,x2)
el A T I e R B

d(.ﬁlﬁl,l'Q) S d(l’l,l'g)
d(zy,c)d(xa,c) — (2r9)(cro)
On the other hand, if d(z1,z9) > 1o, let 2" € X with d(2', ¢) = ry. Therefore,
by Case 1 or Case 2 (depending on the distance between z; and 2’), we can find a
quasiconvex curve 7,,,» with respect to the metric d°, and by case 4, we can find a
quasiconvex curve 7,.,, with respect to the metric d° with

gdc(’Yzlz’) S Cdc(xly x/)agdc(f%c’xg) S Cdc(xla x2)~

Finally, we only need to show d°(xy,2’) + d°(2’, x2) < Cd°(z1, x32).
Notice that

d(zy,2") =

and

dc(ZL‘h l’g) =

d(xq,2") d(xq, ") d(xy,22)
d(xy,c)d(a’, c) d(xq, c)d(a!, c) d(xq, c)d(a’, c)
and we have d(2/, ¢) = ro, d(z1, 22) > o, d(x1,¢) <19 < d(22, ), SO we can get
d(z2,2") < d(z2, z1) + d(z1, 2") < d(z1, z2) d(z1,2")
d(zg,c)d(x',c) — d(za, c)ro = d(xg, 0)d(z1,¢)  d(x1,0)r0

Therefore, we only need to show that

d(xqy,2") <C d(xy,z2)

d(z1,c)rg = d(z2,c)d(z1,¢)’
that is, d(z1, 2")d(x2, ¢) < Cd(z1, x9)d(2’, ). Since d(z1,2") < d(xy1,c)+d(x',¢c) < 2rg
and c'rog < d(x1,z5) we can obtain
d(zy,2")d(x2, c) < d(zy,2")[d(21, 22) + d(21, ¢)] < 2rod(x1, 22) + 212 < 2CTod (21, 72).
Combining the arguments above, we have proved that d°(z,2") + d°(2', x2) < d°(z,
T3). U

As a consequence of Theorem 4.6 we obtain that co-Poincaré inequality is also
preserved under flattening for meridian-like quasiconvex spaces.

7dc($27$/) = 7dc(x17$2) =

Theorem 4.7. Let (X,d, i) be a complete bounded metric space endowed with
a doubling measure p and supporting an oo-Poincaré inequality. Let ¢ € X be a
base point on X, and assume (X, d) is K-meridian-like quasiconvex with respect to
the base point ¢ for some K > 2. Then (X d° u¢) also supports an oco-Poincaré
inequality:.

Proof. The proof is similar to the proof of Theorem 3.6. Since (X,d,u) is a
complete metric space with a doubling measure p and supports and oo-Poincaré
inequality, then it is C'-quasiconvex for some C’ > 1, so by Theorem 4.6, (X¢,d°) is
quasiconvex and there is quasiconvex curve v with respect to the metric d° connecting
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x and y. Notice that the doubling property of ¢ has been shown in |22, Proposition
4.2.1.]. Now, according to Theorem 2.1 we need to prove that there is a constant
C > 1 such that, for every null set N of X¢ and for every pair of points =,y € X¢
there is a C-quasiconvex path v in X¢ connecting = to y with v ¢ T'}. Given N C X
with ¢ ¢ N, we have pu(N) = 0 if and only if u°(N) = 0 (if we consider N as a
subset of X¢). Therefore, in the proof, we will not distinguish the null set N C X
and N C X°.

Without loss of generality, we assume d(z,c) < d(y,c). Let z € A(c,27*R,
27" R), y € A(c,277R, 277+ R), for some j < k, where R = sup,y d(c, 2).

First, we want to show that there exists m > k + 2 with v N B(¢,27™R) = 0.
Assume v N B(c,27™R) # 0, for arbitrary big m € N. Notice that

d(z,y) 2d(y, c) K

4.5 lae(y) < Cd° =C <C < 2C2%/R.
oy ) = CTe) = O Gty ) = o g =
Let v, C A(c, 27™M R, 27™ T2 R) be a subcurve of y with end points z,,, 2/, such that
d(zm,c) =27 R d(z],,c) = 27™2R, then

ety ds (Yzprzr ) d(2m, 2,,)
4.6) Lae(Vapar ) = > Smiml > ST > M3 /R,
46) totios) = | G e 2 G 2 g 2 7

Combining (4.5) and (4.6), we can see that m cannot be too large.

Now, we can choose a sequence of points zg = z,x1,--- ,xy = y in v and
construct a collection of quasiconvex curves vy, 7, ..., Yy With respect to the metric
d¢ such that the end points of v; are z; 1 and x; for each 1 < i < N. We will
construct the curve v; by induction. First notice that zyp = z € A(c,27*R,27*"1R)
and denote jo = k. If £(7,y,) < 27°R/(2C"), we just let x; = y. If not, let 21 € v be
a point such that the length of the subcurve of « connecting xy and x; (denoted by
Veoz,) has length €(yyee, ) = 270 R/(2C").

Notice that £(Vez,) < 27 R/(2C"), and for z € vyou,

d(z,¢) > (2o, ¢) — l(102) > 2R — 279 R)(2C") = 29 R/2.

Similarly, we obtain that d(z,c) < 27%T2R. Therefore, we can see that v, C
A(c, 2797 R 27702 R). Since x; has been chosen, we take j; as the integer such that
27 R < d(z1,¢) < 27T R, Since (X, d, ) supports an oo-Poincaré inequality, we
can take a C'-quasiconvex curve 7; ¢ I'} connecting 2y and z;. On the other hand,
since d(zg, 1) < U(Yapry) < 279°R/(2C"), we have £(y;) < C'd(xg,z1) < 2770R/2,
similar to the argument above, we can show that for 2 € 7y, we have 2770"1R <
d(z,c) < 2770F2R. Hence, we can obtain ; C A(c,277071R, 27702 R). Also, we have

v ds (1) d(zo, 1)
c == ~ - < .7 < ¢ .
Cae () /0 AR~ @ iRy = 0(2—103)2 S d°(zo, 71)

By induction, suppose z;_; has been chosen and take x; € v,, ,, (subcurve of v
connecting z; and y) satisfying ((v,, ,»,) = 277-1R/(2C") for some j; € N. If
C(Vay_yy) < 2751 R/(2C"), then just let i = N and z; = y. As the argument above, we
can replace ., ., by 7; with the same endpoints, and we have (4 (v;) < Cd(x;—1, ;),
for some C' depending only on the oo-Poincaré inequality of (X, d, ) and the quasi-
convexity constant of (X°¢,d°).

In equations (4.5) and (4.6), we have shown that v C X \ B(c,27™R) for some
m > k + 2. With the same argument, we can show that for every 1 < ¢ < N,
v € X\ B(c,27™7'R), so we can get j; < m + 1 for all 4. Therefore, we can find
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an integer N such that xy = y, which means that this construction ends up after a
finite number of steps.
To finish, take +" as the concatenation of vq,7s, -+ , v, that has

N
gdc(’y,) < Ozdc<xi—l7xi> < Ogdc(’}/) < Cdc(fﬁ,y)

Therefore, we have shown that 4’ is a quasiconvex curve connecting x and y with
/ +
v ¢y u

Example 4.8. Observe that we cannot remove the hypothesis of meridian-like
quasiconvexity from Theorem 4.6 or Theorem 4.7. This example is considered in
2, Example 3.6.] as a metric space that fails to have a reverse scape property. Let
a; = (z+1)' and b; = ,,2—2 3,..., and set

X:uxuxgnuiﬁ%}xmﬁgcRa

where X is endowed with the length metric on R? and the 1-dimensional Hausdorff
measure 4. Let ¢ = (0,0) be the point to be moved to co, and denote z; = (a;,0),y; =
(a;,b;),a = (1,0). We can see that ‘iy’z xg" (Zt!l)! =i+1 — 00, so X is not meridian-
like quasiconvex. We want to show that (X, d, ) supports an co-Poincaré inequality,
but (X¢ d° u¢) does not. First, one can show that (X,d, pu) is Ahlfors 1-regular.
Since X is a length space, it is in particular quasiconvex. However, the flattened

space (X¢, d° u°) is not quasiconvex. Let i < j. Then

1 1 1 1
d 79 - ._+.—; d i 9 = - N
(- €) it i+ 1)! () J! * (j+ 1!
and
1 1 1 1 1
Ay, y;) = -+ = ; - ~ .
Wovs) =5+ 5 G - Gro T
Then we can get
. d(yi, y; i
(g ) = —— )

— = =gl

d(yza C)d(yju C) %%

On the other hand, since (X, d, u) is a tree, every geodesic curve 7 connecting y; to
y; is of the form [z;,y;] U [z, z;] U [x;,y,]. We only need to estimate €4 ([z;, y;]).

1
dw il dt 1 1
Cae([24,y5]) :/ 3 :/ -
[z},y;] (d(w7 C))2 0 ((]_H)v + t) (jjl)! (j.il)! + l

G+ - U

<

~(j+ 1)

Therefore, since df?;(g/)‘) ~ (jJJT,l)! ~ j+1 — oo when j — oo, so (X d¢ pu°) is not
i Yj .

quasiconvex and so cannot support an co-Poincaré inequality.
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