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Abstract. We consider the following Schrédinger—Poisson system in R?

0.1) —Au+u+ oK (|z))®(z)u = |ulP~2u, x € R?,
' —A® = K(|z|)u?, r € R,
where 2 < p < 6, a can be regarded as a parameter and K (r)(r = |z|) is a positive continuous

function. There are constants a € R and b € (0, 1], such that K(r) ~ r%~"", as r — +o0o. Then,
(0.1) possesses a non-radial positive solution with exactly m maximum points for suitable range of

Q.

1. Introduction and main result
The following Schréodinger—Poisson system

(L1) —Au+V(z)u+ K(x)®(x)u = [ulP~?u, z € R3,
' —A® = K(z)u?, z € R?,

has been studied extensively by many researchers, where 2 < p < 6. This system
has been first introduced in [5] as a physical model describing a charged wave inter-
acting with its own electrostatic field in quantum mechanic. The unknowns u and
® represent the wave functions associated to the particle and electric potential, and
functions V' and K are respectively an external potential and nonnegative density
charge. We refer to [5] and the references therein for more physical background.

In recent years, there has been increasing interest in studying problem (1.1). In
the case of V(z) = 1, K(z) = XA > 0, the existence of radially symmetric positive
solutions of system (1.1) was obtained by D’Aprile and Mugnai in [9] and Ruiz in
[20] for p € (3,6). Azzollini and Pomponio in [4] established the existence of ground
state solutions for p € (3,6). For p € (2,3), A = 1, Ruiz in |20] proved that (1.1)
does not admit any nontrivial solution. When K (x) = 1 and V(x) is not a constant,
the authors proved that there exist radially symmetric solutions concentrate on the
spheres in [12, 14] and a positive bound state solution concentrates on the local
minimum of the potential V' in [13]. By using constrained minimization on the sign-
changing Nehari manifold and the Brouwer degree theory, Wang and Zhou in [23]
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studied the existence of sign-changing solutions for (1.1). Ruiz and Vaira in [21]
constructed the multi-bump solutions whose bumps concentrated around the local
minimum of the potential V. The proofs explored in [21] are based on a singular
perturbation, essentially a Lyapunov-Schmidt reduction method. In [11]|, He and Li
concerned with the problem (1.1) with critical nonlinearity. For the more general
nonlinearity f(u), by applying the method of penalized functions, Sun et al. in [22]
proved the system (1.1) has one nontrivial solution in the case 3 < p < 4. For more
related results, one can refer to (3, 1, 5, 7, 10, 15, 24, 25| and the references therein.

Our motivation to study (1.1) mainly comes from the results: In [18], Lin et al.
proved the single Schrédinger equation

—Au+ (1+eK(z))u = |ulP*u, z€RN,
has multi-bump solutions with the condition:

(12 K@)eCRYRY), lm K@)=0, lm 200

|z| =00 lz|—oo |z

=0.

In [17], Li et al. consider the infinitely many positive solutions of the following
Schrodinger—Poisson system

{—Au +u+ K(lz)®(@)u = Qx| [uf~2u, =€ R?,

1.3
(1.3) —AD = K(|x])u?, r € R3,

where K (|z|) and Q(|z|) are bounded and positive functions, 2 < p < 6. K(|z|) and
Q(|z|) have the following expansions:

1 1
(1.4) K(r):i+0< +9), (a>0,m>§,9>0), r=|z| = +o0,
m ,rm

r

b 1
(15) Q(T):QO+T_n+O<Tn+19)’ (Q0>0, bER,n>1,19>0), T:‘SL’|—>—|—OO

As we can see, the expansion (1.4) is a special form of (1.2). Motivated by all
results mentioned above, it is very natural for us to pose an interesting question: if the

condition limj;| o w < 0 holds, can we obtain the multiple positive solutions

for the problem (1.1)7 Especially, in [19], Long and Peng studied the existence
of multiple positive solutions for the single Schrédinger equation under the above

codition. Now, our answer is positive. We consider the following condition (K)
In(K())
——— < 0.

In this paper, we studied the following Schrodinger—Poisson system

—Au+u+ aK(|z))®(x)u = [ulf?u, z € R3,
—A® = K(|2[)u?, z € R’

which satisfies lim;| o0

(1.6)

where K (r)(r = |z|) is a positive continuous function, 2 < p < 6. We assume that
K (r) satisfies the following condition:

(K) There are constants « € R and b € (0, 3], such that
K(r) ~r%e™",
as r — +o0.
We summarize our main results as follows.

Theorem 1.1. If K(r) satisfies (K), for a fixed integer m > 1, provided one of
the following conditions holds:
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(1) If b > sin =, then o > a for suitable large a; > 0;
(2) If b < sin -, then 0 < a < ap for suitable small ay > 0, where a; and «y are
only dependent on b and m.

Then problem (1.6) possesses a non-radial positive solution with exactly m maximum
points.

In the following, we sketch the main idea in the proof of Theorem 1.1. The
Sobolev space H'(R?) is endowed with the standard norm

lull = V{u,u), ue H(R?),

which is induced by the inner product

<U1,’02> = / V’U1V’02 —|—/ V10V3.
R3 R3

The homogeneous Sobolev space

D'*(RY) = {u € L* (R"): Vu € L*(R")},

lullprs = ( / \W) .
R3

For every u € H'(R?), the Riesz theorem implies that there exists a unique
®, € D"?(R?) such that —A®, = K(x)u? and @, can be represented by

(17) bufo) = [ S

with the norm

dy.
Furthermore, one has

1®ullprz < cllul?,
where ¢ > 0. Thus system (1.6) can be reduced into equation
(1.8) —Au+u+ K(|z])®u = |ulf~?u.

The solution of (1.6) can be approximated by using the solution U of the following
problem

19) {—Au+u:up_1, u > 0in R3,
' 0) = .
u(0) = maxu(z)
It is well-known that the unique solution U of (1.9) satisfies U(x) = U(|z|) and
U <0 (see [16]).
For any positive integer m > 1, let us define

2(7 —1 2(7—1
(1.10) yj = (rcosu,rsinuﬂ) = (y;,0), j=12,...,m,
m m

(1-7)lna (14+7)Ina

b—sin = 7 b—sin =
m m

where r € [ ] for some 7 > 0 small enough. Define

H = {u: u € H'(R?), wis even in x,, h = 2,3; u(rcosf,rsinf,zs)

217 217
:u(rcos<9+ﬂ),rsin(9+ﬂ>,x3>, j:1,2,...,m}.
m

m
Let

(1.11) Uy(z) = Zij(x)>

J=1
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where Uy, (-) = U(- — y;).

Theorem 1.1 is a direct consequence of the following result.

Theorem 1.2. Suppose K(r) satisfies (K), b # sin = and provided one of fol-
lowing conditions holds:

(1) If b > sin =, then a > «; for suitable large oy > 0;
(2) If b < sin -, then 0 < a < ay for suitable small oy > 0, where a; and «a, are
only dependent on b and m.

Then (1.6) has a positive solution u,, of the form
U, = Uy, () + Wi,

(i:;zllza, (i:izllnla , 7 > 0 small enough and as a — +oo(or 07),

m

where w,, € H,r,, € [

Our paper is organized as follows. In section 2, we will carry out Lyapunov—
Schmidt reduction. Then, we will study the reduced finite-dimensional problem and
prove our mian result in section 3. Some technical estimates are left in the appendix.

2. Finite-dimensional reduction

We begin the Lyapunov—Schmidt for the proof of Theorem 1.2. Assume
(I1-=7)lna (147) lna}

Y

2.1 A, =
(2.1) "E Am [b—sin% b—sin =
where 7 > 0 small enough. Define

1 1 1
[(u):—/ |Vu|2+—/ N K(|x|)<1>uu2——/ |ul?, Yu e H.
2 R3 2 R3 4 R3 p R3

It is easy to check that

/ VuyVug +/ urug — (p — 1)/ U}I,’_zuluz +a [ K(z]) Py, uius
R RS R3

R3

3
K
+ 204/ K(|z|) (/ MUyu1 dy) Uyus, wjug € H,
R? R

s |z =yl
is a bounded bi-linear functional in H. Hence, by Lax-Milgram Theorem there is a
bounded linear operator £ from H to H, such that

(Luy,ug) = /(3 VuiVus + /(3 uug — (p— 1) /3 U§_2U1U2 + o K(|z|) Py, uius
R R R

R3

K
+2a | K(|z]) (/ (|y|)Uyu1dy) Uyus, ujug € H.
R? Rs |7 — Y|

The following result implies that £ is invertible in H.

Lemma 2.1. There are positive constants C', small as and oy sufficiently large
such that for a« > a; when b > sin - or 0 < o < ap when b < sin *,

[Lull = Cllull,  we H.

Proof. We only prove the lemma for the case b > sin . Here we prove it by
a contradiction argument. Suppose to the contrary that there exist ap — 400 and
u, € H with
[ Lul] = o(1)]|ul]-
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Then we have

(2.2) (Lug, ) = o(Dl[urlllll, Ve € H.
We may assume that ||u||? = 1.
Denote

/

Qj:{xz(a:’,xg)eR2xR: <|x,| |y3|> 1}, j=12-- m.

By symmetry, we see from (2.2),

Vur, Vo + / upp — (p—1) / Urupp+a | K(|z]) Py, ure
1 91

Q1 Q 1951

v20 [ e ([ W 00ay) ve = ool pe

s [z =y

(2.3)

Particularly, choosing ¢ = u we get

/ |V —i—/ ui — (p— 1)/ U)I,’_zui + K(\x|)<I>Uyu%
Q Q1 Q 951

(2.4)
+ 2 : K(|x|) </R3 %Uyuk dy) Uyu = o(1)

and

(2.5) / |Vuk|2+/ 21
R3 R3

Let @ (x) = u(x — y1). It is easy to check that for any R > 0, we can choose k
large enough such that Bg(y1) C €2;. Consequently, (2.5) yields that

/ |vak|2+/ i < 1.
BR(0) Br(0)

Thus we may assume that there exists a u € H'(R?) such that as k — +o00,
iy — u, weakly in H'(R?)
and
@ — u, strongly in L (R?).
Noting that g is even in x,, h = 2,3, then u is even in x,, h = 2,3. On the other

hand, from
ou,

N Up 2 _ 0
R3 (97’ Uk ’
we obtain
——Ur 25, = 0.
/RJ 8:171 U=
So u satisfies
oU
(2.6) —UP %y = 0.
R3 8:171

Now we prove that u satisfies
~Au+u—(p—1)UP?u=0, in R3
Define

Hz{gp:@EHl(R?’), 8_U

R3 01’1

Ur—2p = 0} .
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For any R > 0, let ¢ € C5°(Bg(0)) N H be any function, satisfying that ¢ is even
in zp, h =2,3. Then ¢1(z) =: (x —y1) € C(Br(y1)). By using (2.4), we find

(2.7) / VuVp —i—/ up — (p — 1)/ UP2up = 0.

Furthermore, since w is even in x,, h = 2,3, (2.7) is true for any function ¢ €
Cs°(R3), which is odd in x;, h = 2,3. Therefore, (2.7) is true for any ¢ €
Cs°(Br(0)) N H. Since Cg°(R?) is dense in H'(R3), it is easy to prove that

(2.8) VuVe + /

up — (p—l)/ UP2up =0, VpeH.
R? R? R?

But (2.8) is true for ¢ = 2% Thus (2.8) is true for any ¢ € H'(R?), and hence

oz
U

U= Cq- because u is even in x, h = 2,3. By (2.6), we find v = 0. Consequently,

/ ui =o(1), VR >0.
Br(y1)

By the Hélder inequality and Lemma A.2, we have

a | K(z|)®uuj+ 20 [ K(|z|) (/
(971 (951 R

K(Jyl)

s |z —y

Uy uy, dy) Uy uy,

Sar“e_bTC'/ ui—i—a/ K(|x\)‘<I>Uy}%}<I>uk‘%Uyuk
R3 R3

— —br o _0 1
< are™C + arte ree 27’0/ }@uk‘zUyuk
R3

1
3
< ar®e™C 4 ar®e ™ Ol|ug ) (/ U}%) — 0.
R3
Thus, by (2.2) and (K), we have

o) = [ 1vur+ [t - [ vrtidea [ Kehoo
M 1951 (951

Q1

K
+2a | K(lz|) (/ D), ukdy) Uy

1
2/ |Vuk\2+/ ui—l—o(l)—i—oR(l)/ u22§ > 0,
Ql Q1

1971

which is impossible for large R. U
Now, we prove the following proposition.

Proposition 2.2. Under the assumptions of Lemma 2.1, there exists a C* map
with respect to r from A,, to H: v = ¢(r), satisfying ¢ € H, and

<M,v>: 0, VuveH.

dp
Moreover, there is a small T > 0, such that
(2.9) ]| < C (a2 4 o= min{p—1=e:2=o}rsin Ty

Proof. Denote
J(o) =IUy +¢), g€l
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By direct computation, we have
1 1
Q) =1 WU +¢) =5 [ VU + Vel +53 [ U+
2 Jgrs 2 Jrs

o 1
+7 | K2l Pu+p(Uy +¢)? - / Uy + ¢
R3

1
2/ VU, |* + / / K (|z]) @y, Uy — —/3 Uy |P

-t —urt /K Dy, U,
+/Ra(z e )wa K(jal) @, Uy

J=1

1 1
3 [ weles [ @I [ e 5 [ Kilahone?
R3

va | K(al) (/R ‘K(‘ D|U d)U

1 1
va | Kaholyo+§ [ K(ahous — [ o eel+s [
R3 D Jrs D Jrs

RS

_ p—1 _
+/ Uy |P 1<p+—2 / |Uy P22
R3 R3

Hence,
T(@) = JO) + £(9) + 5{Le.0) + Ble),
where
. yr—t — pyrt K(|z|)®y, Uyep.
(2.10) o= <Z P -0 )wa [ K (o, Uy

L is the bounded linear map from H to H in Lemma 2.1, and

«o 1 1
Rp)=a [ K(al@lye+ S [ KDt~ [ Wyl [ up
R3 D Jrs D Jrs

R3

_ p—1 -
e
R3 R3

It is not difficult to verify that f(y) is a bounded linear functional in H, so there
exists an f,, € H such that

flo) = (fm, 0)-
Thus, to find a critical point for J(y), we only need to solve
(2.11) fot Lo+ () = 0.

From Lemma 2.1 we know that £ is invertible. Therefore, (2.11) can be rewritten as
p=Alp) =t =L fm — LT R(¢).
Set
N={p:pcH|gl < e~ =m=m)2r 4 6—min{p—l—a—ﬁ,2—a—ﬁ}rsin7%}.
where 7 > 0 sufficiently small. When 2 < p < 3, we can verify that
IR (o)l < Cllell”™.
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Hence Lemma 2.3 below implies

I < Cllfull + CliglP~!

S Cae—(l—T)%r 4 C'e_ min{p—1—0,2—c}r sin% + C<a€_(1_7__7_1)2br
(2.12)

—1
+e min{p—1—o—71,2—0—71 }rsin %)p

< ae—(1—7—71)2b7" _'_e—min{p—1—0—71,2—cr—7—1}7"sin%

Thus, A maps N into N/ when 2 < p < 3.
Meanwhile, when 2 < p < 3, we see

IR (@)l < CllglP~.
Thus,

1A(p1) = Alg2) | = L7 R (01) = L7 R (402)]
< CIR (01) = Ri(pa)ll < ClIR(eo1 + (1 = £)pa)llll o1 — el

_ _ 1
<Ol + leall”)llor = wall < Sllpr = all,

where € € (0, 1). Thus, we have proved that when 2 < p < 3, A is a contraction map.
When p > 3, by the Hélder inequality and the Sobolev inequality, we get

[(R(2), )
K(lyl)

~[ea [ wab ([ S etar) v [ bR, o[ Kl

= [ wrel e [ upter -1 [ U
R3 R3 R3

< |ea [ K(a (/R g(lyzgoﬁdy> Uygo+aL3K<Ix\)®@Uy£+04/RaK(\~”C|>%%05)

[ wrere- [ pe- -1 [ o]
1 1 % 12 % 12 %
< Caree [ |<1>@|§|<1>g|wy|¢|+0ar“e-b’“(/ |<1>@|6) (/ W) (/ |Uy|?)
R3 R3 R3 R3
b bopoad :
+ Car®e™ </ |<I>g0|6> (/ \g\?) </ 1%
R3 R3 R3

—) o [ o
R3

br—sin L bT —sin % br—sin L

< Ca = plPEl]+ Ca ™% @, llpra €] + Ca 5% @, llpraé] ]

vo ([ awrsier=) " e
< ClelPlil + CllelPliel + Clelllel + ¢ ([ 1a7) 7 fel

p—1

Hence, we deduce that

IR (o)l < Cllel® + llell?).
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For the estimate of || R"(¢)||, we have
"
[R (@) (& n)

o f 0 s | s [, E%hcas

+ 2a . K(|z) </RS |x(_|yg|)|sm7dy) Uy + 2a . K(|zl) (/RS |x(_|y?|j|s0€dy> ©n

+oz/RgK(|$D<I)@§TI —(p- ”/RJUY o)+ (p— 1>/R3 .
< (gl + el el il

which implies

IR" (@)l < C(llell + llel).
Thus, we have
A < Cllfmll + Cllel®

< Cae_(1—7)2br +Ce min{p—1—-0,2—c}rsin =

(213) +C<OZ€ (1—7— 7—1)2br+e—min{p—1—0—71,2—0'—T1}7‘sin%)2

< ae—(l—r—n)%r + 6—min{p—l—a—n,Z—U—ﬁ}rsin%

and

A1) — Al2)l| = [IL7 R (1) = L7 R (122
/ / /! 1
< CllR (1) = Blp2)ll < CllR (1 + (1 = e)@a)llor = @all < Sllor = 2],

where ¢ € (0,1). Hence, A is also a contraction map from N to N.

By the contraction mapping theorem, we see that there is a unique ¢ such that
(2.11) holds. Moreover, it follows from (2.12) and (2.13) that (2.9) holds. O

Lemma 2.3. There exists a constant C' > 0, such that
||fm|| < C(ae—(l—'r)%r +e min{p—1—0,2—0c}rsin %)’

where T > 0 is an arbitrary small constant.
Proof. We recall

m

(2.14) fly) = /RS (Z Ut - U5—1>¢+a/RS K (|z])®y, Uy .

=1

Since it follows from (3.18) and (3.19) in [8], by Lemma A.1, we have
p—1 p—1
C’Z/ U2 U,? ||, if2<p<3,
R

3
LS [
/R3 C’Z/ Ur2U,|el,  ifp >3,

< Ce™ min{p—1— 7',2—'r}7“sir1%||()0||7

where 7 > (0 small enough.
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By the Holder inequality, we have

[ K (2, Uy
R3

5" [ K(a, U]
=1 Rgl

z:: </ K (Ja1) %yUny)E (/R ¢2)%

ot 3 ([ G6tb0,)") 1t

J=1

IN

(2.15)

IA

Let us evaluate || @y, [ p12 and [g, (K(|{L’|)ij)3.

[0 s = / Vo, = [ (el U
—Z (o), U +Z/ K(|2])®y, U, U,
i#j
(2.16) m 6\
scn%yuwz( [ (o))
j=1 \/R?
6\ 6
+ oo 3 ([ (e0,0,)7)
itj R
and
3 3
| v~ [ (Kl +0)
R3 R3
3 3
— [ ey [ (K (jz + 5;)U)
(217) B(l ”)T(O) RS\B(lfn)r(O)
S/ |:L'—|—yj|3a6_3b|m+yj|U3—|-/ K3(|x_|_yj|)6—3(1—n)r
B(l m)r(o) RS\B(lfﬁ)'r(O)
O( 3a —3b7“) —|—O(6_3(1_R)T).
Similarly,
6
(2.18) / (K(|2)U2)>= O(ri®e=5) + O(e™ = (1701,
RS
Denote
o T
Qj:{ = (2/,2") e R* xR: <|/| |]‘>>cosa},j:1,2,...,m.

For any x € ), we have
7 — g > |z —y;], VreQy i#j
then
2 —yi| > Ly —y;|, Ve, i#j
So, for all arbitrary constant n € (0, 1), we find
U, < CleMNe=yil o= (1=n)z—yil < Ce—3lvi=vilg—(1=n)lz—y;]

2.19 -
(2.19) < Cemine= Uyl e Qi
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Using (2.19), we can obtain
[ ahu,0,)F< om | (G, 0,)°

<C’m/ |:1:| e~ rsin o o —(1-n)z— y;\U )

6
5

6
5

SC’me_S"T’Si“m/ (K (|lz + y;)e"mIy)
R3

:Cme—%m‘sm%/B ()( (| +y;])e” (- nlrlU)
(1—r)r

6
5

—Sprsin & —=n)lz g
+ Cme™ 35" M/ (K(|x+yj|)e (1-n)| ‘U)s

(2.20) R3\B(1_ ) (0)

8
5

< Cme 3750 5 / (Jo + yy|retletule ol
B(1-r)r(0)

o 6
RB\B(l N)T’(O)

< Cme=ssin / (|x + yj‘ae—b|m+yj|e—(1—n)\:v\U)g
R3

(Sl

- Ome-Srsin & o~ C-n)(1-x)r /RS (K (| + y,]))

< Cme—%m‘sin%(,rgae—gbr + 6—2(2—17)(1—/1)7“)'
Inserting (2.16)—(2.20) into (2.15), we have

1

(e, U< o e S ([ (000,)") Tl

"

<c (f ([ 3(K<x>U5j)g>g
(2.21) +§ (/ K(|2))U,.U, )%)%g(AS(K(|x|)ij)3)% Il

< C<Tae—br + e—2(1—n)r + 6—nrsin %,rae—br
+ e—nrsin %e—@—n)(l—ﬁ)r) (,ra —br +e (1-k r)H(pH

e el

where we choose (2 —n)(1 — k) > b, 7 > 0 sufficiently small. Thus, the result
follows. O]

3. Proof of the main result

In this section we will prove Theorem 1.2.
Proof of Theorem 1.2. Let ¢(r) be the map obtained in Proposition 2.2. Define

F(r)y=1(Uy + (1)), Vrel,.
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It is well-known that if r is a critical point of F(r), then U, + ¢(r) is a solution of
(1.6) (see [6]). As a consequence, in order to complete the proof of the Theorem, we
only need to prove that F(r) has a critical point in A,,.

Hence, by Proposition 2.2 and Lemma A.3, we have

F(r) =1(Uy) + f(p) + %(ﬁw,@ + R(p) = 1(Uy) + O fmlllell + lll1*)

— A+ OéB’f’2a6_2br . B/r—16—2rsin% + Da,,,,2a —2br ZV L yl + OZO( 1+7‘)T>

+ O( —(1471)2r smf)_l_O (ae (1—7)20br +e min{p—1—0,2—0c}rsin ;)2
_ 2a —2br /,.—1 —2r sin = 2a —2br —2b(14+7)r
= A+ aBr*e — B'r w + Dar ZV yi —uy1) +a0le

+ O( —(1471) 2rsm—)

where A, B, B’ and D are defined in Lemma A.3. We consider its minimum respect
to r:

(3.1) min{F(r): r € Ap}.

Assume that (3.1) is achieved by some 7, in A,,, we will prove that r,, is an interior
point of A,,. Here, we only consider the case b > sin 7, using the same method, we
can obtain the result in the case b < sin -

Investigating the following smooth function in A,,,

g(r) := aBr¥e 2" — Byl sing,
It is easy to check that ¢g(r) has a minimum point 7,,, satisfying

—(2b—2sin T)Fm 1B ,F;ll—2a(1 + 27:771 sin %)

‘ " a2B by, — a
Thus
- 1
'm = (b—SiIl— +O(1)) 11’10&7
with
g( ) — OéBTza —2bFm B/~—1 —27m sin%
1 B 7,721 + 27, sin = .
(3 2) — OéBT' 2a —27"msm— 2B (b~ ) _ B/f;nle_%dm sin -~
: (% T"m — @

~ . T i 1 1
_ B,f;ble_%msma (SlnTm —14+o0 <~—)) < 0.
'm

By direct computation, we deduce that

sm—+5
(3.3) F(rm) < F(fm) <A+ g(Fm) + O (ozs“‘m") < A



Multiple positive solutions for the nonlinear Schrédinger—Poisson system 297

On the other hand, we suppose that r,, = ( 1+Tl)ln a, then

b—sin -
(3.4)
F(rm) = A+ aBr2te=2rm _ By lem2rmsing o Doyp2te=2brm Z V(y; — )
j=2
+ a0 (e—b(l-i-'r)rm) +0 <6—(1+7’)2Tm sin %) ’
1 | 2a —2b< Ltr )lna
= A+ozB<7( +T.) I;a> e \'Tnm
— S m
B (1 +T) In o -1 6—2<blsi+n'r%>lnocsinfn
b—sin -
1+7)Ina 20 —21)( 715';:]Tl>1na e 5?“%“5
rha ((b— si)nz ) e \TUESTY V(g —y) + 0o
m j=2
> A.
This is a contradiction to (3.3).
Similarly
1—

Hence we can check that (3.1) is achieved by some 7,,,, which is in the interior of A,,.
As a result, r,, is a critical point of F(r). Therefore

U + 0(rm)
is a solution of (1.6). O

Appendix A. Some technical estimates

In this section, we will give the energy expansion for the approximate solutions.

Recall

2(7—1 2(7—1
yj:<rcos (‘7 )W,rsin (‘7 )W,O), j=1...,m,
m m

ry
Qj:{l':(l’,,l'g)eRQXRi <x Ui >zcos£},j:1,2,...,m

/] 951 m

and

1 1 a 1
I I 2, = 2 = K ®u2__/ p
W=y [y [ ew§ [ KGaheat - [

where ®, is the solution of —A®, = K (|z|)u?.
Recall that U is the unique solution of
{—Au +u=uP"t, u>0in R3,
u(0) = irelaR)gu(x)
Let V' be the solution of
—Av =U?, in R3,
v e DY(R3).
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Then, V is radial, and rV (r) — Vi > 0, as r — +00.
Now, we give the following Lemma:

Lemma A.l. |2, Lemma 3.7] Given u,u’: R®> — R two positive continuous
radial functions such that:

u(z) ~ \:c|“e_b|m|, u'(z) ~ |x\“/e_bl|m| (x — 00)

where a,a’ € R, b > 0,0/ > 0. Let £ € R? tend to infinity. Then, the following
asymptotic estimates hold:
/ ucu' ~ |€[%e bl
R3

(1) Ifb < b,
(2) If b =1, suppose, for simplicity, that a > o, then

(ot o s,
/ ugw' ~ ¢ [¢|e " Nog [¢], ' = -2,
R3 ‘g‘ae—b|§|7 a < -9

Lemma A.2. For a suitable ¢ > 0, we have

—or G - a, — ag)r 1
Oy, (y) = re” ZV(y—yj)+0<Z7" e ) 71+|y_y.|>-
J

j=1 j=1
Proof. Firstly,

m m 2
Up=U.L+0|U, > U, + (Z ij>
=2 =2
For any x € €;, we have

1
|z — | > g\yz — 11

and for any 8 > 0,

m m m
S U2y <0y el < oY emthnul < 0o PR v e
j=2 =

j=2 j=2
As a result,
m 3 m 1
2 = 1 T
Uy Z Uy, < Uy Z Uy, < Ce—ﬂx_yl‘e_ﬁ, xr €,
=2 =2
and
m 2 m 1 2
£ 1 T
(Z ij) < Uy, (Z Uy2j> < Cezltmle™w 2 € Q.
j=2 Jj=2
So,

U2 = U2 +0(e Hnle i),
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By Lemma A.1 and the above result, we are led to

= [ G2 G o))

oy <|y+yJ\>U2d o[ EWrudy,
;N By (0) \x—y Z/J‘ R3\B (0 |$_Z/ ?Jy|

+0 (Tae—(b—l—o)r 1 )
L+ |y =y

= L+ o(1))|y + y;|%e™ V¥ ———— dy
/MBT(O; W)y + ] p——
1
+0 / (|y + y]‘) U2 d +0 (,r,ae—(b-l—a)r )
Ro\B; (0) [T =Y — Y 1+ |y —yjl
1
__ a, —br a, —(b+o)r
=r Vy—y-—l—O(re 7)
=) Eap—
So

a—rm . a — ag)r 1
by, (y) = e ZV(y—yjHO(Z” w”m)- U

j=1 7j=1

Lemma A.3. We have

I(Ur) A + aB,,,,2a6—2br . Blr—le—erin% + Da,r,Zae—Zbr Z V(yj _ yl)
j=2

+ OéO( —2b(147) r) +O< (1+7) 27’sm—>

where A =m (5= 1) [ UP, B =% [ VU? and D = % g, U2, 7 > 0 sufficiently
small.
Proof. Recall that

1
1w =5 [ vuleg [ e g [ KGahenui - [
By direct computation, we have
1 1
A2 - 2 2 / p—1
a2 5[ wures [ w-5 Z v,

We also have

/P{3\Uy\p:m/I{3 ur +mp/R ZU;’;lUyk

3
k=2

0(;/}{3%% . if2<p<3,
O(Z/

N 3
k#j YR

= m/ U» + mp/ U, [P~ Zij + mO(e_(l”)‘yQ_yl'),
R3 R3 =

(A3) +
UrtUz ), ifp >3,
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where 7 > 0 sufficiently small.
Using Lemma A.2, we see

K(jz)®u, U2 =m [ K(|z|)®y,U?
R3 Q1

=m K(|x|) ( —br E V(y —v;)
951
n ]_ 1 r
+0 reembtor ____— <U2 —I—O(e_ﬁ‘w_yl‘e_%))
(Z Trly—ul) )\

j=1

=m [ K(z|)r bT’ZVy y;)U.

Q1
+m [ K(a)p ”Zv y = y;)O(e 3l mle 5
951
- 1
+m [ K(|z])O reettor — — 2
o ; L+ly—yl) ?
(A.4) . X
+m [ K(|z])O agmtor ____— o( ~la—u —%)
o (Z Trly—ul) V7
=m [ K(lz|)r brzvy y;)U,
1951
= 1
+m K(|z])O rre=ror____— | 2
[ () (z S -
< 1
+0 |k ae—b(1+5)7" K 2|m y1|
( r . (M);ilﬂy—yﬂe

= mr “e‘zb’"/ VU? + mr2ee 2T Z V(y; — 1) / U?
R3 =2 R3

Lm0 ( 2a,,~2b(1+0)r Z ) +m0( 2a,~2b(1+6)r )’
— — Yl
=2

where & > 0 is a suitable constant.
Above all, we deduce

1 1 @ 1
1<Uy>:§/ |VUy|2+—/ Ui+ g [ Eeben i - [ o
1
= uru, —-m | UP - /Upl U,
72, Lo [ o,
+m0< (147l — y1|)

2a _—2br 2 2a —2br 2
o o E _ U
+4m7’ e /SVU +4m7’ e V (y; yl)/3

Jj=2
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L maO | r2ae-200+0r Z | +ma0< 20 ,—2b(1+6)r )
n

- y]|
( | ) - 5 - 2_9 R3 - 5 R3 Y Y2 + Y1 Ym
+ amr2ae—2b7‘/ VU2
4 RS
+ %mr2“e_2b7’ Z V(yj — yl) / U? +mO (6—(1+r)\y2_y1|>
7j=2 R3

1O [ r2ae-20+o)r Z| _l_ma0<,r,2a6—2b(l+6)r)
n

—y]|

1 1
=m <_ — _) / UP + mr ae—QbT’/ VU2
2 Y% RS 4 R3
4 2a ,—2br V o / U2
mr e Z Y1 -

. B/T—1€—2rsinm +Oé0< —2b(14-7)r >+O< (1+7) 2rsm—>’

where 7 > 0 sufficiengly small. OJ
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