Annales Academise Scientiarum Fennicee
Mathematica
Volumen 42, 2017, 809-836

SOME REMARKS ON ALMOST PERIODIC FUNCTIONS
IN VIEW OF THE LEBESGUE MEASURE WITH APPLI-
CATIONS TO LINEAR DIFFERENTIAL EQUATIONS

Dariusz Bugajewski and Adam Nawrocki

Adam Mickiewicz University, Faculty of Mathematics and Computer Science
ul. Umultowska 87, 61-614 Poznan, Poland; ddbb@amu.edu.pl

Adam Mickiewicz University, Faculty of Mathematics and Computer Science
ul. Umultowska 87, 61-614 Poznan, Poland; adam.nawrocki@amu.edu.pl

Abstract. In this paper we are going to investigate some properties of almost periodic functions
in view of the Lebesgue measure with particular emphasis on their behavior under convolution.
These considerations allow us to establish the main result concerning almost periodic in view of
the Lebesgue measure solutions to linear differential equations of the first order. We also apply the
theory of continued fractions to examine asymptotic behavior of a certain classical almost periodic
function of that type. For that purpose we provide a new general method of calculation of certain
type of limits.

1. Introduction

The theory of almost periodic functions was started by Danish mathematician
Bohr (see [3, 4, 5]) who in the years 1924-1926 published series of very extensive
and careful lectures in which, basing on so-called relatively dense sets, he introduced,
in particular, the precise notion of a continuous uniformly almost periodic function.
Therefore uniformly almost periodic (briefly: u.a.p.) functions are commonly called
Bohr almost periodic (briefly: B-a.p.) functions. Let us add that Bohr based his
investigation on earlier considerations of Bohl and Escalangon. Almost periodic
functions present natural generalization of periodic functions from the point of view
of some algebraic properties as well as from a totally different point of view in the
theory of function spaces.

There are many generalizations of B-a.p. functions. Among these generalizations
a particular role seem to play almost automorphic functions (see e.g. [7, 8, 14| and
many other papers on that topic). Another very important classes of almost periodic
functions were introduced by Stepanov [17] in 1926, when he was dealing with locally
integrable functions in view of some integrable metrics. Now, in the literature such
functions are called Stepanov almost periodic (briefly: SP-a.p.) functions. Let us
add that for functions of such type, as in the case of u.a.p. functions, there exists the
mean value and a theorem on approximations by trigonometric polynomials holds,
too.

Let us also add, roughly speaking, that a bridge between almost automorphic
and SP-a.p. functions create Stepanov-like almost automorphic functions which have
been investigated recently in many papers (see e.g. [10, 15] and others).
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Stepanov also introduced the notion of almost periodic function in view of the
Lebesgue measure (briefly: p-a.p. function). He then had not called them almost
periodic functions in view of the Lebesgue measure but measurably almost periodic
functions. In the case of p-a.p. functions one considers measurable functions which
in contradiction to SP-a.p. functions do not have to be locally integrable. Hence the
mean value of such functions does not have to exist, however, for such functions a
theorem on approximation by generalized trigonometric polynomials holds. Let us
indicate that a collection of interesting results on p-a.p. functions one can find for
example in the papers [18, 19]. Moreover, let us emphasize that p-a.p. functions
possess much more complex nature than SP-a.p. functions and therefore, according
to our best knowledge, their applications in the theory of evolution equations have
not been examined so far.

Non-continuous almost periodic functions in particular have applications in bio-
mathematics, electrical nets and in analysis of neuron nets (see e.g. [12]).

The main goal of this article is to examine p-a.p. functions with particular em-
phasis on their behavior under convolution (one of our motivation here is the paper
[7]). Our considerations are illustrated by collection of nontrivial examples. These
considerations allowed us to prove the main result concerning p-a.p. solutions to
a non-homogeneous linear equation with a p-a.p. non-homogeneous term. Let us
emphasize that the situation under consideration differs from the case when one con-
siders either u.a.p. functions or almost automorphic functions. Moreover, we have
examined asymptotic behavior of the classical p-a.p. function, defined by the formula

1
T — for x € R.

2 + cos x + cos (1V/2)

To achieve our goal we have used the theory of continued fractions which is described
in many monographs on number theory (see e.g. [13|). Moreover, we provide a general
rule of calculation of limits of a certain type.

For completeness, in the next section we collect basic definitions and results which
will be used in the sequel. Because that section is quite long (we had to focus in it
on p-a.p. functions, SP-a.p. functions and we had to prove a few lemmas concerning
continued fractions) we did not focus on B-a.p. functions. The reader could find many
details concerning these classical almost periodic functions for example in [1, 9, 11, 16]
and in many other monographs on this topic.

2. Preliminaries

At the beginning of this section we collect basic definitions and results concerning
Stepanov almost periodic functions and almost periodic functions in view of the
Lebesgue measure.

Let 3 be g-algebra of subsets of R which are measurable in the Lebesgue sense, i
be the Lebesgue measure on 3, and let X be the space of all 3-measurable functions
f:R—=R. For flge Xweset f =g < f(z)=g(z) for p-a.e. z € R. Let p > 1.
As usual, by LP(R) we will denote the set of all functions R — R measurable in the
Lebesgue sense, pth power of absolute value of which is integrable in the Lebesgue
sense over R. By LV (R) we will denote the set of all functions R — R measurable in
the Lebesgue sense, pth power of absolute value of which is integrable in the Lebesgue
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sense over every bounded subset of R. For f,g € L? (R). Let us define

loc

Dgr(f,9) = sup (/:H [£(t) = gD dt);

ueR

It is easily to check that Dg» defines a metric on the set Li .

For a function f: R — R by f; for 7 € R we denote the function f,: R — R,
defined by the formula f,(z) = f(x + 7), for z € R.

Definition 1. |20, 1] A number 7 € R is said to be (S?, ¢)-almost period (briefly:
(SP e)-a.p.) of a function f € LI (R), p>1,if Deo(f, fr) < e.

loc

Definition 2. [20, 1] A function f € L{ (R), p > 1 is said to be SP-almost

loc
periodic (briefly: SP-a.p.), if for every € > 0 there exists a relatively dense set of its

(SP, e)-almost periods.

For n > 0 and f,g € X we define
D(n; f,g)izsggu({x € [u,u+1]: |f(z) — g(x)] = n}).

Moreover, we denote D(n; f):=D(n; f,0).
Now we recall the notion of (g,7)-almost period of a function f € X and the
definition of an almost periodic function in view of the Lebesgue measure.

Definition 3. [18| Let f € X. If for £, > 0 we have D(n; f-, f) < ¢, then the
real number 7 is said to be (g,n)-almost period (briefly: (e,n)-a.p.) of the function

f.
By F{e,n; f} we will denote the set of all (¢,n)-a.p. of the function f, that is

Ee,n: fy={r € Resupp({z € fu,u+1]: |f(x +7) — f2)| 2 n}) <e}.

Definition 4. [18] A function f € X is said to be almost periodic in view of
the Lebesgue measure p (briefly: p-a.p.), if for arbitrary numbers €, > 0, the set

E{e,n; f} is relatively dense. By M we will denote the set of all p-a.p. functions.

One can define almost periodic functions in view of the Lebesgue measure in the
following equivalent way.

Definition 5. [2] Fix d > 0. A function f € X is said to be p-a.p. or measurably
almost periodic, if for any € > 0, the set

Ede;fy={reR:VueR pu({zeuu+d:|f(zx+71)— f(z)>c}) <ed}

is relatively dense.

A straightforward reasoning confirms that the above two definitions are equiva-
lent. It is well-known that if f is a bounded p-a.p. function, then f is SP-a.p. for
every p > 1. Moreover, every bounded and uniformly continuous p-a.p. function is
Bohr almost periodic (see [20]). The following results provides nontrivial examples
of p-a.p. functions.

Theorem 1. [18]| Let F': Q@ — C, where Q = {z+iy € C: —a <y <a}, a >0,
be a bounded holomorphic function. Assume that the function g: R — R given by
the formula g(x) = F(x) for x € R is Bohr almost periodic. Then the function f
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defined by the formula

1
—— for x € R such that g(z) # 0

fla) =< 9(z)
0 for x € R such that g(z) =0,

Y

1S p-a.p.
We are going also to use Theorem 1 in Section 5 (Example 7). Now we are going
to describe briefly the notion of the so-called D-convergence.

Definition 6. [18] A sequence (f,), where f, € X for N € N is said to be
D-convergent to a function f € X, if the following condition is satisfied

Ve>0 V>0 INEN Vn>N D0 fo, f) <e
The function f is said to be D-limit of the sequence (f,,).

It can be proved that D-convergence is weaker that the convergence in view of
the Lebesgue measure but it is stronger than the local convergence in view of the
Lebesgue measure. Moreover, D-convergent is metrizable.

Definition 7. [18] The functional | -] : X — R is defined by the formula
f)]
= su dt, where f € X.
= i !

Using the above functional one can define the metric on X in a classical way.
Moreover, one can prove (see [18]) that a sequence (f,), where f,, € X for n € N, is
D-convergent to a function f € X if and only if (f,) is convergent to f in view of the
metric generated by that functional. The following result describes the important
property of a D-limit.

Theorem 2. [18] If a sequence (f,) of elements of the metric space M is D-
convergent to a function f € X', then f € M.

In the next definition an important subclass of the space X is described.

Definition 8. [20| Let (A,) be an arbitrary sequence of positive numbers, con-
vergent to zero. Define

X={feX:supu({z€u,u+1]: \|f(x)]>1}) =0 as n— oo},
u€R

or equivalently

X={feX:DA;\f) =0 as n— oo}
One can check that the above class does not depend on a choice of the sequence (\,,).
In what follows we will apply the following

Theorem 3. 18] If f is p-a.p., then f € X.

Now, we are going to collect basic definitions and facts concerning continued
fractions which will be needed in the sequel. As usual, every infinite sequence of real
numbers (ag; ay, as, .. .) will be called an infinite continued fraction, provided a; > 1
(j = 1,2,...). The numbers ay,as,... are said to be quotients of the continued
fraction, while the number r, = [ag; a1, ..., ax] is said to be its kth convergent. If
all the quotients are positive integers and ag is an integer, then such a continued
fraction is said to be an arithmetic continued fraction. One can easily prove that the
limit lim,, o [ag; a1 .. ., a,] exists; it is said to be the value of the continued fraction
(ag; ay, as, ...) and it is denoted by [ag;aq, as,...]. For example, it is easy to check



Some remarks on almost periodic functions in view of the Lebesgue measure 813

that v/2 — 1 =[0;2,2,...]; we will use this equality in the next section. It is easy to
establish the following
Lemma 1. Ifay € R, ay,...,a,,a, > 1 and a,, > a,, then
1
llao; a1, ... an_1,a,) — [ag; a, ..., an_1,a,]] < -

For better calculation of convergents of continued fractions we recall the definition
of two sequences of polynomials (P,)32 ; and (@)% _; which coefficients are non-
negative integers.

Definition 9. Set
Pi=1, Q.1=0, PF(zg)=1z0, Qolwo)=1,

and
Piii(zo, ... Tpa1) = Tpe1 Pe(xo, .o ) + Po_1 (o, -+, T—1),
and
Qrv1(To, . Trp1) = Te1Qr(T0, - -+, k) + Qi1 (o, - -+, Th—1)
for k € Ny.
Lemma 2. [13] If a is the value of an infinite continued fraction {(ag; ay, as,...),
and r, = % is its nth convergent, then
1 < ’a -l < L < €1
2QnQnt Qn!  QuQny1  QF

If the continued fraction (ag;ay,as,...) is arithmetic, then the fraction % is irre-
ducible.

Definition 10. [13] We say that a rational number § (b > 0; @ and b are coprime)

is the best rational approzimation of a real number «, if for all the fractions ‘Z—,/ with
positive integers denominators of which are less than b, the following inequality holds

lba — a| < [V'a — d|.

Theorem 4. [13| Let {ag; a, as, ...) be an arithmetic infinite continued fraction
of irrational value . Then every rational number, being the best rational approxi-
mation of «, is equal to some convergent of this fraction and, conversely, for k > 1,
kth convergent of this fraction is the best rational approximation of the number o.

Now, we are going to establish a few simple lemmas.

Lemma 3. Let be given an infinite arithmetic continued fraction

(ag; a,as, . ..).
Let us define two sequences (Q,)oe__1, (Pn)oe__, as in Definition 9. Then:

(i) there exists no index m € N such that Q),,, and Q,,+1 are even numbers;
(ii) there exists no index m € N such that P,, and P,,,, are even numbers.

Proof. Suppose that @, i @,,+1 are even numbers. Let s be the lowest index
such that @), and Q.1 are even numbers. Obviously 1 < s < m. We have

Qst1 = as11Qs + Qs—1,
and therefore

Qs—l = Qs—l—l - as—l—le-
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We know that Q) 1 Q441 are even, so (Qs_; is also an even number, which contradicts
to the definition of s. The proof of (ii) is analogous. O

Lemma 4. Let be given an arithmetic infinite continued fraction {(ag; ai, as, . . .).
If there exists an index k € N such that for n > k the numbers a,, are odd, then
in the sequence (%)ﬁzl there are infinitely many fractions with odd numerators as
well as odd denominators.

Proof. Suppose that only finitely many terms of the sequence (g—z)zzl are frac-
tions with odd numerators as well as odd denominators. Hence there exists an index
N € N such that for every m > N, P, or Q,,, is an even number. Let M = max[N, k.
Then for every m > M, a,, is an odd number and P, is an even number, or @), is
an even number. It is known that for m > —1, P,, and (),, are coprime. Two cases
may appear. First, suppose that P,; is an even number. Then, by Lemma 3, Py
is an odd number. Moreover, @);; is an odd number, so Q541 is an even number.

Because

(1) Qrr+2 = ap2Qrr+1 + Qur,
and
(2) Prryo = anpo Py + P,

s0 Pyryo and Qpryo are odd numbers, what gives a contradiction.

Assume now that Pj; is an odd number. Then @), is an even number, so Q11
is an odd number and P4, is an even number. In view of (1) and (2), we infer that
Pprio i Qpree are odd numbers, what gives a contradiction. [

The following lemma is an elementary observation.
Lemma 5. Let x € R. Then there exists at most one number n € Z such that
|z —2n| < 1.
Lemma 6. If for some positive integers k,n it holds
la(2k+1)—2n+1| <1
where o € R\ Q and 221 is mth convergent (m > 1) of the number «, then p = n.

2k+1

Proof. Since 2221 is mth convergent of the number «, we have

2k+1
| P, | < 1
a - AN 77
m Qm@m—l—l
and thus

L <1.
Qm—l—l

In view of Lemma 5, the number n is uniquely determined. Hence p = n. O]

a2k +1) — (2p—1)| = |aQm — Pn| <

Finally, for 7 > 0 let us define the function f7: R — R by the formula

(3) fr(z) = |z + 37 — 07|,
where n € Z satisfies the inequalities
(4) (n—1)7r <z <nt

Let us notice that in view of the Archimedes principle, there exists a unique
integer n satisfying the inequalities (4), and therefore the function f7 is correctly
defined.
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The following lemma is also a very simple consequence of the Archimedes prin-
ciple.

Lemma 7. Let 7> 0. Then f7(x) < i1, for every z € R.

3. Asymptotic behavior of the classical p-a.p. function

In this section we are going to investigate asymptotic behavior of the classical
p-a.p. function given by the formula
1

(5) fle) = 2 + cos x + cos (2V/2)

More precisely, our goal is to prove the following

Theorem 5. Let the function f: R — R be defined as in (5). Then for A < 0
we have f(x) = o(e™**) at +oo, that is

for x € R.

e)\:c

6 lim =0
(6) z—+00 2 4 cos x + cos (21/2)

In the proof of Theorem 5 we will use the following convergence test.

Theorem 6. Let a € R and let f,g: R — R be functions satisfying on the
interval (a,+o00) the following conditions:
1° f is nonincreasing and f(z) > 0;
2° g is continuous g(x) > 0;
3° all the points from the interval (a,+00) at which g attains a local minimum
can be arrange in a increasing sequence (a,)n,en divergent to +00.

Then
lim m =0,
2=+ g(x)
whenever
lim f(an)

n—+oo g(any1) N
Proof. In view of 2° and 3°, on every interval [a,,, a,+1], where n € N, we have
g(l’) Z min{g(an>vg(an+1)} for x S [CLn, an+1]‘
Thus, by 1°, we get

f(@) f(an)

7 < — for x € |a,, ans1].
@ o@) < mnlglen), glenn)} o]
Because for n > 2 we have

0< f(an) < f(@n1) — 0 asn — +00

9(an) = glan)

and
/(@) — 0 as n — 400,
g(an-i-l)
SO
Te— ) —0.

n—+oo min{g(as), g(ant1)}

Now, since a,, — 400 as n — 400, by (7) we get
lim m = 0. ]

T—+00 g(,j(:)
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In the proof of Theorem 5 we will also need the following

Proposition 1. Let the function g: R — R be defined by the formula

1
g(x) =1+ cosx + E[l + cos(zV2)] for z € R.

Then

(i) if z > 0 is a critical point of the function g, then g(z) > %(8—12)8 — %(é)lﬁ;
(ii) all the points from the interval (0,+00), at which the function g attains a
local minimum form an increasing sequence (a,)nen, divergent to +o00;

(iii) for the sequence defined at (ii), the following estimation holds: a,1—a, < 2.

Proof. Let us prove (i). We have
/ . . . .
J(r)=0 <= —sinz—sin(zvV2)=0 <= sinz=sin(-zv2).
The last equation is satisfied for
z=—a2V2+2%kn or x=m—(—2V2)—2kn, wherek € Z.

Since we are interested in positive solutions to these equations, we may assume that
solutions to the first equation form a sequence (73)ren, Where z, = (v/2 — 1)2km,
while solutions to the second equation form a sequence (y;)ren, Where y;, = (v/2 +
1)(2km — 7). We are going to prove the property (i) separately for each of these
sequences.

In view of Theorem 4 and Lemma 2 we know that if g—: is mth convergent of the

number /2 — 1 for m > 1 and g is a rational number such that 1 < ¢ < Q,,, p € Z,
then the following estimation holds

1 P, P
7<‘¢§—1 ——‘g‘\/ﬁ—l s
QQQO—H ( ) Qm ( ) q
Hence
(8) L<‘(\/§—1)qw—pﬂ for1<¢<Q.m,pecZ.
QQQO-i-l
Now we are going to estimate @), for the continued fraction [0;2,2,...] of the

number v/2 — 1 from the above as well as from the below. We have
Q_l = O, QO = 1, Qm—l—l = 2Qm + Qm—l fOI' m Z 0

Using mathematical induction we will check that 2™ < @,,, for m > 1. For m =1
we have

Q1=2Q0+Q1=2-1+0=2>2"
Suppose that the inequality under consideration holds for some index m > 1. Then
Qi1 =2Qm + Q-1 > 2Q,, > 2™ -2 =271,
In an analogous way we check that @, < 3™, for m > 1. For m = 1 we have
Qp =2< 3%

Now assume that the inequality under consideration holds for some index m > 1.
Then

Qi1 = 2Qum + Q-1 < 3Q,, < 3-3™ = 3",
because Q),,—1 < @,, for m > 1. Hence

2 < Q,, < 3™ for every m > 1.
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Thus, by the inequality (8) we get the following estimation

1 qm qm qm
< < < < 2 -1 —
32m+2 32m+2 = 9. 3m3m+1l — 2QQO+1 }(\/7 )q77 pﬂ-}v
SO
1
9) W<‘(\/§—1)qﬂ—p7ﬂ

for fixed m > 1 and 1 < ¢ < @,,. Since 2™ < @Q,,, the inequality (9) even more so
holds for 1 < ¢ < 2" < Q,, and p € Z (m > 1).
Now we are going to estimate g(xy). Let us notice that

g(xr) > 1+ cosmp =1 —cos(wp +m) =1 — cos (™ (x1)),
because cosine is an even and 2m-periodic function and
() = |op + 7 — 2mpm| = |(V2 — 1)2km + 7 — 2y,

By the earlier estimations, we infer that if 1 < 2k < 2™ for any indexes k,m € N,
then

1
sz < (V2= 1)2km + 7 — 2mim] = £ (a,).
We claim that )
32log, k+6 < f27r($k) for every k € N.

Indeed, for £ € N we find m = m(k) such that the following condition is satisfied
2t < 2k < 2™

Then the following inequality holds
m < log, k + 2,

and thus
1 1

2m
32log, k16 < 32m+2 < 7).

Now, let z = x;, for some index k£ € N. Then
z

(V2 -1)27x

and therefore z > k, and

1 1 2 2
3210g2 z+6 < 32log2 k+6 < f (xk) = f (Z>

Moreover, we have

1 1 1"
32logy 246 > 42logy 2+6 > 8_Z ’

Hence for z = x, k € N, the following estimation holds

£27(2) > (8%)4

Moreover, by Lemma 7, we know that 0 < f**(z) < w. Hence, because cosine is a
decreasing function on the interval [0, 7], so

(8i) > cos (7°(2),
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and thus
1 —cos 1 4< 1 —cos (f*™(2))
8z '

Since the following inequality

2 xt

1— > - =
COS T 5 24

holds for every z € (0, 1], we get

1/1\% 1 /1\"

Now, we are going to prove (i) in the case when z = y; for £ € N. Let us notice
that

g(yr) = 9((V2 + 1) (2km — )
=1+ cos [(V2+1)(2kr — 7)] + %{1 + cos [V2(V2 + 1)(2km — )] }

1
=1+ cos [V2(2kr — 1) — 7] + ﬁ{l +cos [(2+ V2)(2kr — )] }

1
=1—cos [\/5(2k7r —m)] + %{1 + cos [\/5(2]?7 - )]}

1 1 2
:1+%— <1—ﬁ) cos[\/§(2k‘7r—7r)] EE:\/?.

Therefore g(yz) > v/2. Hence, if z = g, for some k € N, then g(z) > v/2 and z > 1.

Then
1 1 111\ 1/1\"
> V2> > - 2ol 1l
g(z)_\/_ 2.8 7 2.8 41816 — 9| <8z) 4! <8z) ’

because the function ¢, defined by the formula

g () ~a(s)

Now, we are going to prove (ii). By (i) we know that if z > 0 is a critical
point of the function g, then either it is a term of the sequence (x,),en or a term
of the sequence (y,)nen. Now, we establish that all the critical points belonging
to the interval (0,400) can be arranged in a increasing sequence (¢,)nen divergent
to +00. The sequence (z,)nen is an arithmetic one with the common difference
of 2m(v/2 — 1), while the sequence (y)nen is an arithmetic one with the common
difference of 27 (v/2 +1). Moreover, for any m,n € N we have x,, # y,, and 2, < y;.
Hence between two consecutive terms of the sequence (z,),en there can be at most
one term of the sequence (y,)nen. Thus let (ng)ren be a sequence of positive integers
such that x,, < yr < @41, for every k € N. The sequence (ng)nen is strictly

is decreasing on the interval ( —l—oo). The proof of (i) is complete.
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increasing, obviously. No, we are going to construct the sequence (¢, )nen. Let
Cpi=x, for 1<n<ng;
Cny+1 = Y135
Cni=Tp_1 for ni+2<n<ng+1;
Cng+2 = Y23
Cni=Tp_o for ns+3<n<ng+2;
Cnz+3-=Y3
and, in general,
Cpi=x, for 1<n<ny;
Cn=%n_p for np+k+1<n<ng+k where ke N
Cnp+k =1, for ke N.
Then (c,)nen is an increasing sequence containing all the positive critical points of

the function g.
The function g attains local extreme values at all the critical points, because

g"(z) = —cosx — V2cos (2v/2)
and
g"(zx) = (=1 — V2) cos (2v2kn),  ¢"(yx) = (1 — V2) cos [V2(2km — 7)].
Since

N 2hm # g +2sm and  V2(2km — ) # g + 2rm for s,r € Z,

we have ¢"(x,) # 0 and ¢"(y,,) # 0 for m,n € N. Hence every two terms of the
sequence (¢,)nen either are pairs of type (maximum, minimum) or pairs of type
(minimum, maximum). Thus (¢, ),en is a sequence at terms of which the function
g attains local maximum values and local minimum values, alternately. Hence there
exists a subsequence (a,)nen of the sequence (¢, ),en such that the function g attains
local minimum values at all of its terms.

Now, we prove the property (iii). If a, = z; for some indexes n,k € N and
in the interval [zy, 2542] there is a term of the sequence (¥,)men, then we have the
following situation

Anp = T < Ym < Tp41 < Tpt2 OF  Ap = T < Tyl < Y < T2,
so the function g attains a local minimum value at the point z;. or y,,, respectively,
that is ap11 = Tgy1 O Gpy1 = Y. Hence

(pi1 — Qp = Ty — T = 27r(\/§ —1) < 2rm
or
An+1 — Ap = Ym — Tk < Tg42 — Tk = 4W(\/§_ 1) < 271',
respectively. If a,, = zj for some indexes n, k € N and in the interval [z, 2542] there
is no term of the sequence (¥, )men, then we have the following situation
an = T < Tpt+1 < Thy2,

so at the point x5 the function g attains a local minimum value, that is a,,+1 = x40,
and thus
(pg1 — Qp = Tpig — T = 47?(\/5 —1) < 2m.
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If however a,, = ¥, for some indexes n,m € N, then there exists an index k € N
such that

T < Qp = Ym < Ti41 < Th+2-
Moreover, in the interval [z, x1o] there could be at most one term of the sequence
(Ym)men- Hence the function g attains at the point x5 a local minimum value, that
IS Gpq1 = Tpy2, SO

pi1 — Qp = Tpio — Ym < Thyo — T = (\/5 — )47 < 27.
Thus, in all the cases we have a,,1 — a, < 27 forn € N. O
Now, we are ready to provide

Proof of Theorem 5. Let us notice that for z € (0, 400) the following inequalities

are satisfied

6)\:(: e)\:c

10 0< < )
(10) T 24 cosx + cos (zv2) ~ 1+cosx+%[1+cos($\/§)]

We are going to prove that

6)\m

11 lim =0
( ) z—+oo | 4+ cosx + %[1 + cos (l’\/g)]

Taking f(z) = e and g(x) = 1 + cosz + %[1 + cos (v/2)] for z € R and
applying Theorem 6 and Proposition 1, under the same notation we have

eAan
1+ cos (aps1) + %[1 + cos (an41v/2)]
< eAan - 6—27r)\ 6)\an+1
CaGan) i) i) A
2! 8an+1 4! 8an+1 2! 8an+1 4! 8an+1
Moreover,
) e—27r)\e)\an+1
lim S 16 07
g mn) —alEs)
2! 8an+1 4! 8an+1
because
e—27r)\6)\an+1 e—27r)\6)\an+1
1/ 1 \8_ 1/ 1 \I6 1/ 1 \8 1 1 )2
ﬁ(8an+1) - I(8an+1) 5(8an+1) |:1 - ﬁ(8an+1) ]
and
6—27r)\€)\an+1 1
———— — 0, andalso 5 —~ 1 asn— +oo,
3 (=) 1= 5@
2 \8an+1 12 \ 8an+1
since a,4+1 — +0o0. Now, using Proposition 1 we get the equality (11). In view of the
inequality (10) the proof of Theorem 5 is complete. O

The result we are going to establish now gives more information about the nature
of the limit (6). The question is the following: what can we say about that limit if we
replace in (6), e’* by an arbitrary function f, and v/2 by an arbitrary real number?
The answer gives the following

Theorem 7. For every function f: R — R, every a € R and every € > 0

Joerd a—al<e and lim = 400.
ac Tp—+00 | | N 00 2+COSZL’n—|—COS (Oél’n)
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Proof. Let us fix f: R - R,, a € R and ¢ > 0. We may assume that a ¢
Q, since the set R\ Q is dense in R. Now, we are going to construct a number
a satisfying the above conditions. That number « will be a value of an infinite
arithmetic continued fraction

<CLO, ag, .. >

First, from the representation of a as the infinite continued fraction a = [bg; by, .. .|
we choose s initial terms of the sequence in such a way the condition % < 5 to be
satisfied. Let us put a, = b, for 0 < n < s. Further, having m (m > s) initial
terms of the sequence (a,), as a,,41 we take an arbitrary odd number satisfying the

inequality
1 [ m
Am+1 > @ (77— 2f(Qm7T) - Qm—l) .

We can do that, because the values Q,,, @,,—1 are defined, since we already know m
initial terms of the representation of the number .. Then, by Lemma 1 we get

o —a|] < |a—[bo; by, ...y bso)| + |[bo; b1y - - -, bsy] — a] < €.
Let y, = m 4 2kn for k € N. We have

S (yr) _ f(yr) _ S (yr) _ S (yr)
2+ cosy +cos (ayr) 14cos(ays) 1—cos(ayy+m) 1—cosf>(ayg)

The following estimation obviously holds on the interval (0, 7]
2 1
Bl

22 7 1—cosx

Thus, because 0 < f™(ay;) < m, we get

2f(yw) f(yr)
[f2 (ay)]* — 1= cos f2m(ayx)’
Since beginning with the index s all the denominators a, are odd, by Lemma 4 in
the sequence of the convergents (r,,) there are infinitely many fractions with odd
numerators as well as odd denominators. Let (r,,,) be a subsequence of the sequence
(rm) such that Q,,, > 1 and P,,, @, are odd numbers. Then for every [ € N there
exists k; € N such that

(12) TQm, = Y-
The condition (12) is satisfied because the sequence (£) actually is the sequence of

all odd numbers greater than 1. Moreover, the sequences (m;) and (k;) are strictly
increasing sequences of positive integers. We have

[ (o) = [aQum — (2n, — V7| < .

Because . )
la — =74 < :
le lele-i-l
SO
|aQp,m™ — P, m| < <.
ml—i-l

Hence, because P, is odd and n; is uniquely determined, so, by the Lemma 6,

2n; —1=PF,,. We have
2
my < 2f(ykz) (Qn;-i-l) )
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because
> g (e ~ %)
Gmy+1 mi—1 | -
l Qum, 2f(Qum,m) "
Therefore
Qg + Qs > !
Amy+1dm my— oA -
e o 2f (@)
SO m
2
m, > )
a f(anﬂ')
and thus )
2f(Yr,) (Qn;Jrl) > my.
Hence, we have
2
. 2
< 2 () <Q l+1) < wa(ykl) < f(y/;;) _ ) _
T [ (ayg,)] 1 —cos f2"(ayy,) 2+ cosyy, + cos ayy,
Therefore
f(ykz) — 400,
=00 2 + COS Y, + COS Yy,
We put z; = yy,, for [ € N, what completes the proof. O

4. Some comments on Stepanov almost periodic functions

It is well-known that if f is a bounded p-a.p. function, then it is SP-a.p. function
for every p > 1. Below we establish a necessary and sufficient condition for a p-a.p.
function to be an S'-a.p.

Remark 1. Let us notice that if f is a locally integrable function, then applying
the absolute continuity of the integral, we get

VueR Ve>0 36>0 VAC [uu+l], u(A)§5:>/|f(t)|dt§5.
A

In what follows we will be interested in the case when this property is satisfied
uniformly in view of u € R, that is when the following condition holds

(13) Ve>0 3F0>0 VYueR VAC[u,u+1], M(A)gé:/\f(t)\dtga
A

The condition (13) implies the local integrability, because it is enough to notice that

[l

where § > 0 is chosen for e = 1 and [3] denotes éntier of ¢. Moreover, the above
inequality implies that
u+1
sup/ |f(t)] dt < +o0.
ueR Ju

Remark 2. Let us notice that any bounded function measurable in the Lebesgue
sense, satisfies the condition (13), since

/|f |dt</Mdt A)M < 5M.

Applying absolute continuity of the Lebesgue integral we infer also that in the case
of a measurable periodic function it means that the function under consideration is
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locally integrable or, equivalently, if T" > 0 is a period of such a function f, then the
condition (13) is equivalent to the inequality fOT |f(t)] dt < +o0.

For § € (0,1] and f € L .(R) put
o =sp s o)
ueR AC[u,u+1],u(A)<d
Then the condition (13) is equivalent to the equality
14 li 0) =0.
(14) Jim (0)
The following result can be found in the paper [17]. For convenience of the reader
we are going to state it along with the proof.
Theorem 8. A locally integrable u-a.p. function f is S'-a.p. if and only if
li 0)=0.
2. #00)

Proof. Suppose that (14) is satisfied and fix € > 0. Then there exists § > 0 such

that p(d) < £. Choose 7 € E{4,5; f}. Then, for u € R we have

[ e - sna
sAJﬂmwwﬁ+AJﬂmﬁ+ (4 7) — FO)]de <e.

Ay

where

Au:{te[u,u+1]: f(t+7)— f()] >

Wl ™

and
Al = u,u+ 1]\ A,

Therefore Dg1(f-, f) < e. Thus each (,%)-a.p. of f is (S',¢)-a.p. of f. Since f is
p-a.p., the set E{d,%; f} is relatively dense what implies that f is S'-a.p.

Now, assume that f is S’-a.p. and that the condition (13) is not satisfied. Then
there exist ¢ > 0 and sets A,,, n € N, such that u(A,,) < %, Ay, C [tn, U]
and fAun |f(t)]dt > e. Since f is S'-a.p., from the sequence (u,) one can extract a

subsequence (u,,) such that f,, —— f in the topology defined by the metric Dg1,

where f, (z) = f(x + u,). Without loss of a generality let us assume that f,, — f
in that topology. Let us define A, = A, — u, for n € N. Then A, C [0,1] and
Ja, [fun (#)] dt > €. Moreover, there exists an index n € N such that

/\fun — |dt<§ and /An\f(t)|dt<%.

Then, we have

9 ~ ~
2> [ -0 [ 1ol [ ol 1ol
~ €
> [ a1z e [ Ifa> S

what completes the proof. O



824 Dariusz Bugajewski and Adam Nawrocki

Now, we are going to investigate the convolution of S'-a.p. functions with the
function ¢g): R — R (A < 0) given by the formula

e’ for x> 0,
ga(z) =

0, for x < 0.

Let us notice that in such a case we have
“+o00

(f*g)(x) = f)ga(z —t) dt = /_ ' F) = dt = /_ ’ F(t)e ™ dt.

Remark 3. Let us notice that for a locally integrable function the existence of
the convolution (for every = € R) of a locally integrable function f with the function
gy is equivalent to the condition

[ s

Moreover, by the above equality and the fact that fg, is also locally integrable, it
follows that the convolution under consideration is a continuous function.

< +00.

The result we are going to prove now is a useful test which allows to check if the
convolution of a given S'-a.p. with the function g, exists, as well as if it is a p-a.p.
function.

Theorem 9. If a function p-a.p. f satisfies the condition (13), then the convo-
lution f * gy exists for every x € R and it is a uniformly almost periodic function.

Proof. First, we prove that the convolution f * g, exists, so we check that

[ s

0 0 +0o n
[ soeral< [ poera= S [ o

-1

< +00.

We have

—n=0
—+00 n
<) e_)‘"/ 1\f(t)\dt<+oo,
—n=0 n—

because sup,cg f;ﬂ | ()] dt < +oo and the series > °° | e™" is convergent.
We are going to establish now that f g, is a uniformly almost periodic function.
Fix e > 0. Since f satisfies the condition (13), there exists § > 0 such that

€
0) < )
O e
Moreover, let
£
= and 7€ E{6,7;f}.
1S3 {o,n; f}

For u € R let us define the following sets
Ay ={teuu+1]: |fit+7)— fO)| >7n} and A, =[u,u+1]\ A,
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Then for x € R we have

(f * ) (@ +7) = (f % ga) ()] = [XFD) /_ (e M dt— / F(t)e™ dt]

—0o0

Se”/m|ﬂt+ﬂ—fQWfMﬁ

[z]+1
<l [ ) - poe

+oo
— Ml Z / Flt+7) f(t)|e—)\t dt

—n-—[x]

+1

_ bl Z e A / F(t+7)— f(b)]dt

—n=—a]

+oo
=k 3 ([ i [ sl

—n=—[a]

+//n\f(t+r)—f(t)|dt) <e

It means that E{6,n’; f} C E{e; f x g»}. Obviously, if the convolution f x g, exists,
then it is a continuous function. Hence f * g, is a uniformly almost periodic function.

O

The construction which we are going to present in the next example will be used
in a few subsequent examples. In this example we will need the following simple

Lemma 8. Let f: (a,b) — [0,400) be a nonincreasing function. Moreover, let
U C (a,b) any set which is measurable in the Lebesgue sense and such that (U) < 9,

where 0 < § < b — a. Then
/ f(t)dt < f(t)dt
U (0,5)

Example 1. Let us define the sets
A,=2-3"Z2-3", neN
and the sequence of functions (f,,):

falz) =

\/%, for x € [z—l—?,z—l— =), z € Ay,
0, otherwise,

for n € N. Every function f,, is well defined, since for z # 2/, the sets [z + p e ke )
and [2' + - 2’ + 1) are disjoint. Let

n+1’
n=1

The function f is well defined, since for every interval [z, z + 1], z € Z only finitely
many functions f,, are not equal zero on this interval. Indeed, let us fix z € Z. Then
there exists an index ny € N such that

—3M <z < z4+1 < 3",
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Then z,z+1 ¢ A,,. We have A, C A, for n € N, because

2.3"y — 3" =2.3"(32—1) - 3",
for z € Z. Thus z,z+ 1 ¢ A, for n > ng. Moreover, if for some n € N,z € A,
then there exists m € N such that z € A, \ A1 and if [u,u+ 1] N[z, 2+ 1] # 0

for v € R and z € A, then for x € [u,u+ 1]\ [z, 2 + 1] we have f(z) = 0. Now, we
establish that the sequence of function (g), defined by the formulae

k
n=1

is D-convergent to the function f.
Fix €, > 0. Then for every z € Z, the functions f and g; are equal on the
interval [z + 77,2+ 1). For u € R w have

plf € i+ 1 f0) = o)D) 21— .

Hence, we get
1
sup pu({z € [u,u+1]: [f(z) — ge(z)| <n}) 21— ——
u€R k + 1
SO

sup p({r € w4 1]: |F(2) — gel)] > n}) <

u€R +1
Hence, for sufficiently large k we have D(n; f, gx) < €, what means that the sequence
(gx) is D-convergent to the function f. All the functions g, are measurable in the
Lebesgue sense as well as 2 - 3F-periodic. Hence gy is p-a.p. for any k € N and f is
p-a.p. as the limit of the D-convergent sequence of p-a.p. functions.

Now, we are going to prove that f satisfies the condition (13)

Let us take arbitrary v € R and A C [u,u + 1] such that pu(A) < % Then, if
[u,u+ 1] N[z, 24+ 1] # O for some z € A, \ A, 11, applying Lemma 8, we get

/f b dt = / f(t)dtg/ L
AN(z,2+1) AN(z,24+1) t—z

1
—dt =¢.

1
< oy =
(z25) VE—2 (o,%) Vi

Next, if [u,u+ 1] N [z,2 + 1] = 0 for every z € A, and n € N, then we have

/Af(t)dtz
/f t)dt <e.

Hence it is clear that the condition (13) holds and thus f x g, is a uniformly almost
periodic function.

Fix ¢ > 0.

In both cases

Remark 4. Let us notice that the conclusion in Theorem 9 is stronger than in
Bruno-Pankov’s theorem proved in [6] (actually they proved that in this situation fx*
gx is an SP-a.p. function). However, as the following example shows, the convolution
of an S'-a.p. function with a function integrable in the Lebesgue sense, does not have
to be uniformly almost periodic.
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Example 2. Let us reconsider the function f from the previous example. More-
over, let

1 —
g(l‘): V—z’ for x € [ 1,0),
0, forz €e R\ [0,1),

Obviously g € L'(R). The convolution of f and g is not uniformly almost periodic,
because for z € A, \ A,41 we have

G = [ it [ se-ngtai= [ g

z+1 1 1 1
:/ f(t)g(z—t)dt:/ dt:/ —dt =In(n+1),

1 1 t—z 1t

Z+n+1 Z+n+1 n+1

because
u 1 1 1
E 2+ ——,z4+—-| = |2+ 2+ 1.
141 7 n+1

i=1
Hence this convolution is not a bounded function and thus it is not uniformly almost
periodic. However, by the Bruno-Pankov theorem it is an S'-a.p. function.

5. Convolutions of p-a.p. functions

At the beginning of this section we provide some comments concerning the con-
volution of a p-a.p. function with a function belonging to the space L'(R). The first
example will show that the convolution of a p-a.p. function with a function integrable
in the Lebesgue sense does not have to exists.

Example 3. Let f be a periodic extension of the function

1 for z € (0,1]
h, — x? ) )
(z) {O, for z = 0,

on the set R. Let g = xj01] be the characteristic function of the interval [0, 1]. Then
for every z € R we have
“+oo

Feaw = [ fa-tgi= [ fwd= [ =i

so the convolution f % g does not exists.

Remark 5. If f is a measurable in the Lebesgue sense period function and
g € LY(R), then f * g is periodic and therefore it is also a p-a.p. function, if it exists.
Indeed, if T" > 0 is a period of the function f, then for almost all x € R we have
+oo +0o0o

(f*g)(x+T)= flx+T —1t)g(t)dt = flz —t)g(t)dt = (f x g)(x).

—c0 —00
Remark 6. Let us notice that a necessary condition for the existence of the
convolution f* o] is local integrability of the function f. Indeed, if for some u € R

there were )

u+s5
/ F(®)]dt = oo,

then

1 1

u+§ u+§
/ fT(t)dt = +o0 or / f(t)dt = +o0.
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Assume that the first equality is satisfied (in the second case the reasoning is similar).
Then for z € [u + 3, u + 1] we have

/x ) dt > / " -

Foxon)@) = [ fo

r—1

Therefore

is neither finite or defined for € [u + 1,u + 1]. Thus the convolution f * gy does
not exists. Therefore, in the rest of the paper we are going to consider only locally
integrable p-a.p. functions.

The next example shows that the existence of the convolution of a u-a.p. function
with a function g € L'(R) does not have to imply that it is u-a.p.

Example 4. Let
A, =2-3"Z2—-3";, neN,

and let us define the sequence of functions (f,,), where

{1 forzez+t,24+1), z€ A,

— -2’ n+17
Jalw) = 0, otherwise,
for n € IN. The same arguments as in Example 1 establish that f is y-a.p. Moreover, f
is locally integrable in the Lebesgue sense, because on every interval [u,u+1], u € R
only finitely many functions f,, are not identically equal to zero.
Let g = Xo,1)- Then the convolution f * g exists for every x € R, however, it is
not a p-a.p. function. Indeed, for x € R we have

Grow = [ sw-vewar= [ se-na= [ swa

Let z € A, \ Ap11. Then

t3 3 71 n+1
(15) / F(#) dt = / dt — / Lo —mitt

For z € [z + 1,2 + 1] we have

1

(f * 9)(x / £t dt>/ T at—w L

Hence, for every N > 0 we get

supp({a € 2.2+ 1: (£ x0)(a) = V) = o

It is well known that if w is a p-a.p. function, then it satisfies the following condition

sup p({z € [u,u+1]: |w(z)] > N}) - 0 as N — oo,
u€R

so fxg¢ X.
Now, we are going to investigate the convolution of u-a.p. functions with the
function gy: R = R (A < 0).
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Remark 7. Similarly as in the case of the characteristic function of the interval
[0, 1], it can be proved that a necessary condition for the existence of the convolution
of a function f with the function g, is local integrability of the function f.

The result below gives a sufficient condition under which, in particular, the con-
volution of a p-a.p. function with the function g, is not a p-a.p. function.

Theorem 10. Let f be a nonnegative locally integrable function. If the convo-
lution f * g, exists and

u+1
(16) sup/ f(t) dt = +o0,
ueR Ju

then it is not a p-a.p. function.

Proof. Since the function f satisfies the condition (16), there exists a sequence
(uy,) such that

Un+1
/ f(t)dt > n.
For x € [0, 1] we have
Un+1+2z Un—+1
(f % 9)(n + 1+ 2) = X010 / Ftye™ dt > Xt / ft)e ™ dt

Un—+1 uUn+1
> Aunt2) / f(t)e Mdt > eMunt2un) / f(t)dt > e*n.

Thus for every N > 0 we have

sug,u({xe [u,u+1]: (f*xgr)(x) > N})=1-»0, as N — +oo.

Therefore f x g\ ¢ X and hence it is not a p-a.p. function. U
Now, we are going to consider a few nontrivial examples.

Example 5. Let us reconsider the function f defined in Example 2. We are going
to prove now that the convolution f* g, exists. Let us consider z € A,,\ A;,+1. Then

1 1
m

z+1 z+ 1 w1
/ fat)e M dt < e =D / dt = e EHD ~dt
5 - L t—2z 11
m—+1 m—+1

_ e—)\(z-i-l) In L_'_l < 6—>\(z+1) In 2.
m

From the above inequality we infer that f is locally integrable, because on every
interval [z,z + 1],z € Z, only finitely many functions f, are not identically equal
zero. Now, we are going to estimate

0
/ fu(t)e M dt.

The support of every function f, for n € N is contained in the set (J.., [2,2 + 1].
Since we are interested in z < 0, we consider z € A, such that z+1 < 0. Such
z can be arrange in a sequence (z), which terms are defined by the formula z;, =



830 Dariusz Bugajewski and Adam Nawrocki

2.3"(1—k)—3", k=1,2,3,.... Then

0 +00  azp+l +0o
/ falt)e M dt =" / falt)e ™ dt <In2) et
-0 Zk k=1

k=1
+0o 223"
= e Mn2e E R APl [ T e —
1 _ e2a3"
k=1
A an 1
<e "ln2e .
1 —ebA

In view of Beppo—Levy’s theorem, we have

—+o00

0 \ X0 \ e n2 \an
/ ft)e Mdt = Z/ fa®)e M dt < — D e < 4o
- n=1"Y "> n=1

Hence the convolution f * g, exists for all z € R. The condition (16) follows from
(15). Thus this convolution is not a u-a.p. function.

In the next example we are going to investigate the convolution of the classical
p-a.p. function defined in (5) with the function g,.

Example 6. Let f be the function defined in (5). We prove that f x g, exists.
For that we establish that

a e—At
dt < +oo0.
/_oo 2 + cost + cos (v/2t)

for some a € R. From the proof of Theorem 5 we know that

e)\.CE e27r)\6—an+1
<
2—|—cos:c+cos(\/§x)_%( 1 )8_;( 1 )16’

8[ln+ 1 4! 8[ln+ 1

for x € [an, any1],n € N. Moreover, by Proposition 1 (iii) we know that a,+1 — a, <
2. Thus a,+1 <  + 27 and consequently

6)\:(: 6)\:(:

<
= 8 16
2+ cosa+cos (V22) 5 (e5)” — i (setam)

for x > a;.

Now, it is enough to notice that the integral

+o0 eAt
/ 1 1 8 1 1 16 dt
o a(smem) —amem)

2! t+27 4! t+27

is convergent. Indeed, because

Ham) () = i) [ (i) |
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SO

T == ey

8(t+2m a1 \ 8(t+2n)

R ey

8([11 +27

1 +o0 eAt
) b 1)

1
12 \ 8(a1+27) 2 \ 8(t+2m)
6—2)\7r +oo eAt
= . < dt.
1(1
1- 4 () Jatr 3 ¥
12 \ 8(a1+27)

The integral

+oo At
(&
/ — 8dt
a1+27 5 (g)

is convergent and thus the integral

400 6)\t
/ it
a1 2+ cost 4 cos (v/2t)

is convergent. Obviously

+o0 M —a1 oM
/ dt = / i,
a2+ cost+ cos (v2t) —oo 2+ cost+ cos (v/2t)

so the convolution f * g, exists for x € R, because f is locally integrable as a
continuous function.
A straightforward reasoning shows that the following estimation holds on the
interval [0, 27]:
1+cosz < |z —m|

Similarly one can check that on the interval [0, 27 /+/2] the following estimation holds
14 cos (zv2) < |zv2 — 7).

Let f1, fo: R — R be functions of a period 27 and 2—’;, respectively, where fi(z) =

|z — 7| for x € [0,27] and fo(z) = |vv/2 — 7| for = € [0, %] Then for every x € R

we have 1 + cosz < fi(z) and 1 + coszv/2 < fy(x). The function f; is equal to
zero on the set {7 + 2am: a € Z}, while the function f; is equal to zero on the set
{%(w +2bm): b € Z}. One can easily check that the set {a + b%: a,b € Z} is a

dense group in R, therefore the set {2am + 2[)7‘(‘%2 a,b € Z} is dense in R. Hence

for every n > 0 there exist a,b € Z such that

1
O<2a7r—|—2b7r—+l—7r<n.

V2 V2

Putting ¢’ = —a, we have

1
O<2b7r—+l—2a/7r—7r<n.

V2 V2
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Thus there exists a sequence (a,) and a sequence of positive numbers (g,) such
that e, > 0asn — 400 (6, < 7 —1), a, € {m+2ar: a € Z} and a, + ¢, €
{%(w +2bm): b € Z}. On the interval [a, + &y, an + €, + 1] we have fi(z) =z — a,

and fo(7) = /2 — v2(a, + ¢,). Hence

an+en+1 1 an+en+1 1
/ __ - / dt
an+en fl (t) + f2(t> an+en t— ap + \/§(t — Qp — 5n)

en+1 en+1
1 1 1
e YHV20(y—en) 1+v2 /e, V2

L (y V2 V2
n
1+v2 1+v2
Therefore, because

en+1—

En| — En

)—)—I—oo as n — oo.

Ep — ——
1++2

an+en+1 1 an+en+1 1
R
anten 1)+ folt) anten 24 cost + cos (1v/2)

so the function f satisfies the condition (16). Thus the convolution f x g, is not a
p-a.p. function.

It appears that slightly modifying the function from Example 6 one can get the
opposite conclusion.

Example 7. Let the function f: R — R be defined by the formula

(o) = 1 .
</2 + cos  + cos (21/2)

We establish that f is p-a.p. Let us notice that

g(x) = </2 + cosx + cos (zv/2), for z € R,

is uniformly almost periodic as the composition of a B-a.p. function with a uniformly
continuous function (z — +/z is obviously uniformly continuous on the interval [0, 4]).
The function g satisfies the condition of Theorem 1. Moreover, the function /g
satisfies the condition of Theorem 1, because

sup p({z € [u, u+1]: [V(@)l < a}) = sup p({e € [u, u+1]: g(2)] < a'}).

Now, we are going to establish, that the function f satisfies the condition (13). We
have the following estimation

14 cosz < 24 cosz 4 cos (#V2) for x€R.
Define

h(z) = yﬁa for x € R such that 1 4 cosx > 0,
0, for x € R such that 1 4 cosz = 0.

Then
1

(1/2 + cosx + cos (2v/2)

< h(z)
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for almost all x € R. Moreover, the function h is 27-periodic, so to prove that the
function h satisfies the condition (13), it is enough to show that

2m
/ h(t) dt < 4o0.
0

Using the estimation

o~

1 > z”
— COS T —_—
2

ﬁlH

for z € (0,1), we have

1 g 1 g 1
/0 1+ cost /_W{‘/l—cost /0\4/1—cost
1 1 T 1
=2 7dt+2/ 7dt
/ /1 —cost \4/1 —cost
<2 ——dt+ 2
/ 4 t2 t4 / \4/1 —cos 1

dt < 4o0.

¢;__/\/ﬁ+2/ —

Hence the function h satisfies the condition (13). Thus the function f satisfies the
condition (13). By Theorem 9, the convolution f x g, is a p-a.p. function.

At the end of this section we provide the example of a continuous p-a.p. function
the convolution of which with g, does not exist.

Example 8. Let A, = 2-3"Z — 3" for n € N. To simplify notation let us put
a, = n’e " for n € N. Define the sequence of functions

AT — (z—l———n%rl) forxe[z+——n—+1,z+ 1), z € A,
fu@) = —anr +an(z+ 5+ =5) forzelz4+5,2+5+ ), z€ Ay,
0 for the otheerR,

for n € N. Moreover, let
+0o0o
f=2fn
n=1

A similar reasoning as in Example 1 establishes that f is p-a.p. Because every
function f,, is continuous and on every bounded interval only finitely many functions
fn are not identically equal to zero, so the function f is continuous. Then f is a
continuous p-a.p. function for which we have

3n41 —3n41
/ f(x)e dx>/ i f(x)e dxz/ i fulx)e™® da

—3n

N E JN
>e n()dr = ——,
= /_3n Jnlw) du (n+1)2

because —3" € A, for n € N. Thus the convolution f * g, does not exist.
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6. Final remarks about linear differential equations

In this section we are going to deal with u-a.p. solutions to the linear differential
equation of the form

(17) y(x) =X y(z) + f(z), z€R.

As follows from the lemma below, it does make sense for that to examine the
function

(18) y(z) = e /_x fe™Mdt, = €R.

Lemma 9. Let us consider the equation (17), where A < 0 and f € C(R). If

the integral fi]oo f(t)e=*dt is well defined and finite, and yq is ji-a.p. solution to this
equation, then

yo(z) = e /1‘ f(t)e M at.
Proof. Because all of the solutions to_to}je above equations are of the shape
y(x) = ce™ + /x ft)e M dt,
0
so there exists ¢y € R such that
yo(z) = coe™ 4 M /x f(t)e M dt.
0

Then, since gy is p-a.p. solution to the equation under consideration, there exists
a sequence (7,) such that 7, - —oo0, as n — +oo and a sequence (z,) such that
x, € [0,1] for n € N and the following inequality holds

< 1.

Tn+Tn Tn
coer et 4 A@ntT) / f(t)e ™ dt — o™ — eron / f(t)e M at
0 0

Therefore

Tn+Tn
coe™ + e / f(t)e™™ dt‘ < e 4ol +
0

/ f(t)e™™ dt‘ <M
0
for some constant M > 0. Hence

Tn+Tn
Co +/ f(t)e ™ dt
0

< Me™>™ =0 as n— 400,

and thus
0
co —/ ft)eMdt = 0. O

Our considerations included in two previous sections lead to the following result.

Theorem 11. Suppose that A < 0 and f: R — R is pu-a.p. and continuous.
Then one of the following cases holds:

(i) the function (18) is a p-a.p. to the equation (17);
(ii) the function (18) is a solution to the equation (17), but it is not p-a.p. func-
tion;
(iii) the function (18) is not defined.
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Proof. The case (i) follows from Theorem 9. Actually, under the assumptions
of this theorem, the function (18) is a uniformly almost periodic solution to the
equation (17).

The case (ii) follows from Example 6, while the case (iii) follows from Example 8.

O

Remark 8. Let us add in connection with item (i) of the above theorem that
Stepanov-like almost automorphic solutions to more general equations than the equa-
tion (17) were investigated for example in the papers [10] and [15].

Acknowledgements. We would like to thank the referee for all his/her comments.
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