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Abstract. We first prove the following generalization of Schwarz lemma for harmonic map-
pings. If u is a harmonic mapping of the unit ball onto itself then |u(x) — (1 — ||z|?)/(1 +
|2]|?)*/?u(0)|| < U(Jz|N). By using this result we obtain certain sharp estimate of the gradi-
ent of a harmonic mapping. Those two results extend some known result from harmonic mapping
theory [1]. By using the Schwarz lemma for harmonic mappings we derive Heinz inequality on the
boundary of the unit ball by providing a sharp constant C,, in the inequality: ||0,u(rn)|lr=1 = Ch,
[Inl] = 1, for every harmonic mapping of the unit ball into itself satisfying the condition u(0) = 0,

Ju(n)]] = 1.

1. Introduction
Heinz in his classical paper [4] obtained the following result: If u is a harmonic
diffeomorphism of the unit disk U onto itself satisfying the condition u(0) = 0, then

[us(2)|* + |uy(2)]* > zeU.

o
71—2

The proof uses the following representation of harmonic mappings in the unit disk

(1.1) u(z) = f(2) + 9(2),
where f and g are holomorphic functions with |¢'(z)| < |f'(z)|. It uses the maximum
principle for holomorphic functions and the following sharp inequality

Ou(re®)| _ 2
-~ 7 2 —
or T

proved by using the Schwarz lemma for harmonic functions. The aim of this paper
is to generalize inequality (1.2) for several dimensional case.

If v is a harmonic mapping of the unit ball onto itself, then we do not have any
representation of v as in (1.1).

It is well known that a harmonic function (and a mapping) u € L*>°(B"), where

B = B" is the unit ball with the boundary S = S™7!, has the following integral
representation

(1.2) lim inf

r—1-

(13 ua) =Pl = [ P@OSQ)de (),
where iz
1 —||z]]? -
P(%C):W> ces",
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is Poisson kernel and o is the unique normalized rotation invariant Borel measure on
S™~1and || - || is the Euclidean norm.

We have the following Schwarz lemma for harmonic mappings on the unit ball
B™ (see e.g. [1]). If w is a harmonic mapping of the unit ball into itself such that
u(0) = 0, then

(1.4) lu(@)|| < U(rN),

where r = ||z]|, N = (0,...,0,1) and U is a harmonic function of the unit ball into
[—1, 1] defined by

(1.5) U(z) = Plxs+ — xs-](2),

where x is the indicator function and ST ={z € S: z, >0}, S ={zr € S: z, < 0}.
Note that, the standard harmonic Schwarz lemma is formulated for real functions
only, but we can reduce the previous statement to the standard one by taking v(z) =
(u(zx),n), for some ||n|| = 1, where (-,-) is the Euclidean inner product. Indeed, we
will prove a certain generalization of (1.4) without the a priory condition u(0) = 0
(Theorem 2.1). For Schwarz lemma for the derivatives of harmonic mappings on the
plane and space we refer to the papers [6, 7]. It is worth to mention here a certain
extension of (1.2) for the mappings which are solution of certain elliptic partial
differential equations in the plane [2]|. For certain boundary Schwarz lemma on the
unit ball for holomorphic mappings in C" we refer to the paper [9].

By using Hopf theorem it can be proved ([5]) that if u is a harmonic mapping of
the unit ball onto itself such that u(0) = 0 and [|u(¢)|| = 1, then

lim inf
r—1

ou
‘a(TC)H > C,

where C), is a certain positive constant. Our goal is to find the largest constant C,.
This is done in Theorem 2.4 and Theorem 2.5.

2. Preliminaries and main results

First we prove the following extension and generalization of harmonic Schwarz
lemma for B", n > 3. The case n = 2 has been treated and proved by Pavlovi¢ |10,
Theorem 3.6.1].

Theorem 2.1. If u is a harmonic mapping of the unit ball onto itself, then
1—|z|?
u(x
D TR
Proof. Assume first that x = rN. We have that

(2.1)

U(llz[[N)-

1—1r?
u(rN) = /Snl mf(o do (),

1—7? 1—r? 1—r?
e R N (e e RO
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Further we have

fu(rN) = =1 ol < |
u\r (1—|—fr’2)"/2u X —

1—1r2 1—72

e~ (@ reye| )

1—7‘2 1—7”2
- /s+ (IIC —rN|» (1 —I—r2)n/2) do(C)
1—7‘2 1_7,2
+/s ((1 +r2) 2 - rNHn) do(C)-

1—r?
vyt
Now if  is not on the ray [0, N], we choose a unitary transformation O such that
O(N) = z/|z|. Then we make use of harmonic mapping v(y) = u(O(y)) for which
we have v(rN) = u(O(rN)) = u(x). By making use of the previous proof we obtain
(2.1). O

In order to continue, recall the Khavinson question |7]. It deals with the sharp
function g(|z|) in the inequality ||Vu(z)|| < g(|z])||u||c, Where x is an arbitrary
point of the unit ball. The variational problem of finding the coefficient g(|x|) has
been reduced in [8] to a solution of a minimization problem along a scalar parameter
inside a double integral. By using Theorem 2.1, we obtain the following new proof
of well-known inequality [11, p. 139, eq. (6)]. Observe that it is an extension of |1,
Theorem 6.2.6].

Corollary 2.2. Under conditions of the previous theorem we have the following
inequality

Thus

u(rN) — < U(rN).

— 1
[Vu(z)| < 2271

wp 1=z’
where w, is the volume of B". The constant 222~ is sharp. However this inequality
is not the sharp pointwise estimate, and thus it doesn’t answer to the Khavinson

question.

Proof. Let x € B" and let v(y) = u(z + (1 — ||z|)y). By applying (2.1) to v we
obtain
1 — ||yl

e+ =llel)y) = G5, e

u(x)H < U(lyIV).

It follows that

e+ (= el o) _ (@t 1) oy

J— <

Iy [yl [yl
Since
-yl g

lim (1+lyl*)~/2 —0

llyl—0 [yl ’
we obtain that

Wn—1
(1= [lz[DIVu(2)]| < 0U(rN)|r=o = 2 — O

n
2.1. Hypergeometric functions. In order to formulate and to prove our
next results recall the basic definition of hypergeometric functions. For two positive
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integers p and ¢ and vectors a = (ay,...,a,) and b= (by,...,b,) we set

e (a)k - (g
Fq{av b, x] - 2_% (bl)k e (bq)k . k;!xk’

where (y) = F%Zf) =yly+1)...(y + k — 1) is the Pochhammer symbol. The

hypergeometric series converges at least for |z| < 1. For basic properties and formulas
concerning hypergeometric series we refer to the book [3]. The most important step
in the proof of our main results, i.e., of Theorem 2.4 and Theorem 2.5 below, is the
following lemma.

Lemma 2.3. The function V (r) = 8Ué():N), 0 < r < 1is decreasing on the interval
[0, 1] and we have

nl (14+n—(n—2)F [3,1,32 ~1])

T [ T (52

Proof. By using spherical coordinates n = (1y,...,7n,) such that n, = cosf,
where 6 is the angle between the vector x and x,, axis, we obtain from (1.5) that

) = A [ s to) s (o)

and so
[z w/2 C2) i n—2 _ 2 n—2
v = ik / e s~ o Jeo 0 ) as
vl [251] Jo (1472 —2rcos)™2  (1+ 12+ 2rsinfh)/2

or what can be written as

F[%} /7"/2 (]__r )sm 29 (1—7’ )sm 20 do
VL [252] Jo (1472 —2rcosf)"/? (14124 2rcosf)"/? .
Let P =2r/(1+r?). Then

(1—7r2)sin" 20 (1 —7r?)sin" 20

(1472 —2rcos@)™/2 (1 + 124 2rcosf)n/?

1+rzn/22(< /) (—1)* = 1) cos* #sin 29)P’?

U(rN) =

Since

w/2 14k 1/
/ Coskesin"_zedezr[ 2 }F[i 1+n)}
0

we obtain

U(rN) = — sl - i ki) ,ENTA} <_n/2) (=1 =1)P*.

VAL 2] (L r2)n/2 &= o [Kfn] k
Hence [ }
_ .2 2\ —1-% 2l |1 ‘l'%
U(rN) =7 (1 —7%) (1 +1?) VAT [ G(r),
where

2 4 31 472
G(r):3F2{1, +n 44n +n r }

4 ) 4 757 9 ) (1+T2)2
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By [3, Eq. 3.1.8] for a = 2, b= (=14 n), ¢ = 1, we have that
(1+T)1+%4F3 [{% %( 1+”)’;>1+4} {4’2>§+2} _T}
G(r)= .
1—1r2
So
2I' [1 + 2] n 1 1 n)] (n31 n )
U(rN) = \/’F[l—l—n} F3H2 2( 1+n)§1+1}’{1’§’§+§}’_r]’
which can be written as
2T ad 2(—1)*(4k I'k+2
U(rN) = [1+ T*Z (—=1)*(dk +n)T [k + 3] : 241
Val [Hn — (14 2k)(=1+ 2k +n)/7T[1 + KT [5(n — 1)]
Thus
QU(rN) 20 [1+ 2] +§: —Dfk )l [k+5]
or \F (] = 1+2k5+n)\/_ 14+ KT [A(n—1)]
Since

2(=1)*(4k + n)T [k + 2]
(=1 42k +n) a1+ KL [5(n — 1)]
DR+ 30 [k+3]  2(=DM(=2+n)l' [k+ 3]
B 7k!T[n] (=14 2k +n)y/7LK]D 2]

we obtain that
oU(rN) _T[1+5] (A +r)""2(1+4n) = (n—2)r2pF [52 250, 50, 7))
Or vl [32] ’
which in view of the Kummer quadratic transformation, can be written in the form

OU(rN) T [1+2] A+ "2 (14+n—(n—2)rF [§,1,52 —r])

o VA 5

The function

y2F1[1/2,1, (3 4+ 1) /2, —y]

increases in y. Namely, its derivative is

=N (—)™(A+m)T [ +m] T[]
=Z( J"(L+m)T [3+m] T [32]

Then a(m) > 0 and
a(m)  (14+m)(3+2m+n)

= 17
a(m+1) (24+m)(1+2m)
because 1 +n + mn > 0, and so
2F1[1/2,2,(34n)/2,—y] > ) (a(2m) — a(2m + 1))y"™ > 0.

m=0
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The conclusion is that % is decreasing. In particular,

OU(rN) - oU(rN)
or -~ or

r=1
For r = 1 we have

n! (L+n—(n—2),F [3,1,22 -1])

2751 9

OU(rN)
or A [ T[]

Theorem 2.4. If u is a harmonic mapping of the unit ball into itself such that
u(0) = 0, then for x € B the following sharp inequality

1= [lu(@)]l
1 lz]l

O

—c, ="

= Cy

holds.
Proof. From Theorem 2.1 we have that ||u(z)|| < U(rN) and so

1= flu(@)] _ 1= [U(N)|
il il

Further there is p € (r,1) such that
1-U(rN) 0U(pN)

-z —  or
which in view of Lemma 2.3 is bigger that C),. The proof is completed. U
Theorem 2.5. (a) Ifw is a harmonic mapping of the unit ball into itself such

that u(0) = 0, and for some ||¢|| = 1 we have lim,_,, ||u(r¢)|| = 1, then

(2.2) lim inf

r—1-

e c

(b) If u is a proper harmonic mapping of the unit ball onto itself such that
u(0) = 0, then the following sharp inequality

(2.3) lim inf

r—1-

ou
s ECA RS

holds. Here and in the sequel n is outward-pointing unit normal.

Proof. Prove (a). Then (b) follows from (a). Let 0 < r < 1 and z € (r(, ().
There is a p € (||z]/, 1) such that

1—Jlu(@)|| _ 9llu(rd)]
1—r or

(2.4)

r=p

On the other hand

du(r¢) H S Ollu(roll
or - or

Letting ||z|| = r — 1, in view of Thereom 2.4 and (2.4), we obtain that

lim inf
r—1

ou
a—n(TC)H > C,
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To show that the inequality (2.2) is sharp, let
1—x/m, ifze(1l/m,1]
hp(z) =< (m—1Dz, if =1/m<x<1/m;
—1—z/m, ifzel[-1,—-1/m),
and define
1 — hp(z,)?
Then f,, is a homeomorphism of the unit sphere onto itself, such that

T f(@) = (0., 0, xs+(2) = xs- (1),

(1, s @p—1,0) +(0,...,0, Ay ().

fm(xlu .- -uxn—hxn) =

Further, u,,(x) = P|[fn](z) is a harmonic mapping of the unit ball onto itself such that

limyjzj 1 [|um(2)|| = 1. Thus u,, is proper. Moreover, u,,(0) = 0 and limy, o0 U, () =
(0,...,0,U(x)). This implies the fact that the constant C,, is sharp. O
1—|x?

By taking v(x) = u(z) — WU(O) and following the proof of Theorem 2.5,
in view of Theorem 2.1 we obtain the following theorem.

Theorem 2.6. (a) If u is a harmonic mapping of the unit ball into itself,
and for some ||C|| = 1 we have lim,_; ||u(r()|| = 1, then
| ou u(0)
(2.5) hggigf a—n(TC) + S > C,.

(b) If u is a proper harmonic mapping of the unit ball onto itself, then the sharp
inequality (2.5) holds for ||C|| = 1.
In particular, when n = 2, the inequality (2.5) reads as

() + )

Remark 2.7. The following table shows first few constants C), and related func-
tions.

o 2
T

(2.6) lim inf

r—1-

n

n U(rN) 0, U(rN) Cp
5 4 arctan(r) 4 2
i m(1+1r2)’ T
5 —14+7r2+ V1472 1—V1I+r2 =12 (=3+V1+7?) a1

rv'1+r? 2 (14 r2)*?
2 (=1 +712) 4+ 2(1+r) arctanr | 4(r + 3r® — (1 + r2)* arctanr) 4—m
w2 (1 +r?) w3 (14 12)° 7T
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