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Abstract. Given a metric space (X, d) and a finite set of continuous functions f1, fa,..., fn:
X — X, we provide a sufficient condition to find a metric § on X, equivalent with d, and a
comparison function ¢ such that the functions f;: (X,0) — (X, J) are ¢-contractions. If the metric
space (X,d) is complete, the same condition assures the existence of a unique fixed point of the
function F: K(X) — K(X) given by F(C) = Uf\il 1i(C) for each C € K(X), where K(X) denotes
the family of non-empty and compact subsets of X.

1. Introduction

Given a bounded complete metric space (X, d) and a contraction f: X — X,
the Picard—Banach—Caccioppoli principle implies that f has a unique fixed point x
and (), f"(X) = {xo}. As this equality has a topological character, the following
question is natural: Let X be a compact metrizable topological space and f: X —
X a continuous function having the property that there exists zy € X such that
Mo, f(X) = {zo}. It is possible to find a metric 6 on X generating the given
topology of X such that f is contraction with respect to 67 Janos (see [6]) gave an
affirmative answer to this question. See also [3] for a similar result.

Along the same lines of research, Leader (see [9]), providing a generalization of
Jano§’s result, proved that a continuous function f on a metric space (X,d) is a
contraction with fixed point o € X under some metric 6 on X equivalent to d if
and only if every orbit (f"(x)),en converges to xy and the convergence is uniform
on some neighborhood of z.

The natural generalization of the above limit condition for an iterated function
system was introduced by Kieninger (see [8]) under the name of point-fibred iterated
function systems.

Atkins, Barnsley, Vince and Wilson (see [1]) provided a generalization of the
results proved by Janos and Leader (see also [10]) by giving a characterization of
hyperbolic affine iterated function systems defined on R™.

In order to provide a topological generalization of the notion of attractor of an
iterated function system consisting of contractions Kameyama introduced the concept
of self-similar system and asked the following fundamental question (see [7]): Given
a topological self-similar system (K, {fi}ic{1,2,..n}), does there exist a metric on K
compatible to the topology such that all the functions f; are contractions? Such a
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metric is called a self-similar metric. Kameyama provided a topological self-similar
set which does not admit a self-similar metric and, on the other hand, he proved that
every totally disconnected self-similar set and every non-recurrent finitely ramified
self-similar set have a self-similar metric. In [12]|, we modified Kameyama’s question
by weakening the requirement that the functions in the topological self-similar system
be contractions to requiring that they be ¢-contractions. More precisely we gave an
affirmative answer to the following question: given a topological self-similar system
(K, (fi)icq1,2,...ny) does there exist a metric § on K which is compatible with the
original topology and a comparison function ¢ such that f;: (K,d) — (K,§) is ¢-
contraction for each i € {1,2,..., N}? In [13] we obtained a generalization of the
above mentioned affirmative answer to modified Kameyama’s question studying the
case of a possibly infinite family of functions (f;);c;. For related results see [2].

Let (X,d) be a metric space, N € N and f;: X — X, i€ {1,2,..., N}, contin-
uous functions. Inspired by the notions of locally uniformly contractive fixed point
(see [10]), point-fibred iterated function system (see [1]) and uniformly point-fibred
iterated function system (see [11]), in the present paper we provide a sufficient con-
dition (referred to as Condition C') on the set of functions {fi, fa,..., fy} in order
to find a metric 6 on X, equivalent with d, and a comparison function v such that
the functions f;: (X,d) — (X, 0) are ¢-contractions. The Condition C' is fulfilled if
the functions fi, fo,..., fx are i-contractions.

This goal is achieved in the following four steps.

Step 1. Condition C' allows us to define a compact subset K of X such that
N
K= Ui:l fi(K).
Step 2. We construct a metric p on X, equivalent with d, such that p(fi(x), fi(v))
< p(z,y) for each z,y € X and each 1 € {1,2,..., N}.

Step 3. We construct a metric p on X, equivalent with p (so with d), a comparison
function ¢ and an open set U such that X C U and the functions f;: (U, p) — (X, p)
are (p-contractions.

Step 4. We construct a metric § on X (actually a family of metrics), equivalent
with d, and a comparison function v such that the functions f;: (X,0) — (X, ) are
1-contractions.

Condition C proved to be also a sufficient condition for the existence of a unique
fixed point of the function F: K(X) — K(X) given by F(C) = Y, f:(C) for each
C € K(X), where K(X) denotes the family of non-empty and compact subsets of X.
Actually the above mentioned fixed point is K.

2. Preliminaries

Definition 2.1. (Comparison function) A function ¢: [0, 00) — [0, 00) is called
a comparison function if it has the following properties:
(i) ¢ is increasing (i.e. t1 < t9 = @(t1) < @(t9) for each t;,t5 > 0);
(ii) ¢(t) <t for any t > 0;
(iii) ¢ is right-continuous.
Definition 2.2. (¢-contraction) Let (X, d) be a metric space and a function
@: [0,00) = [0,00). A function f: X — X is called a ¢-contraction if

d(f(x), f(y) < e(d(z,y)),
for all x,y € X.
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In the following N denotes the natural numbers, N*=N \ {0} and N} =
{1,2,...,n}, where n € N*. Given two sets A and B, by B4 we mean the set
of functions from A to B. By A(B) we mean the set BN and by A,,(B) we mean the
set BN». The elements of A(B) = BN are written as words w = wiws . . . WynWpp1 - - -
and the elements of A, (B) = BN» are written as words w = wiwy . ..w, (n—which
is the length of w—is denoted by |w|). Hence A(B) is the set of infinite words with
letters from the alphabet B and A, (B)is the set of words of length n with letters
from the alphabet B. By A*(B) we denote the set of all finite words, i.e. A*(B) =
Unen+ An(B) U{A}, where A is the empty word. If w = wiws ... Wpwptr - .. € A(B)
orif w=wjwsy...w, € Ay(B), where m,n € N* n > m, then the word wjws . .. w,, is
denoted by [w],. For two words o € A,,(B)and 8 € A,,(B) or f € A(B), by aff we
mean the concatenation of the words o and 3, i.e. aff = ajas... 0102 ... B and
respectively aff = ajag ... a,0102 ... BfBmst - ... For fi: X — X, i € B, we denote
Idx by fx and fo, © fay © ... 0 fa,, DY foras..an for each aq, as, ... 5 ap € B.

For a nonvoid set I, on A(I) = ()N, we consider the metric dy(a,3) =
2k where 0¥ = { ey
3k 0, ifx#y.

k=1
Remark 2.1. The convergence in the complete metric space (A(I),dy) is the
convergence on components.

Definition 2.3. (Iterated function system) Given a metric space (X,d), an
iterated function system is a pair S = ((X,d), (fi)ie1,2,...n}), Where f;: X — X is
continuous for each i € {1,2,..., N}.

Definition 2.4. (p-contractive iterated function system) Given a comparison
function ¢: [0,00) — [0,00), an iterated function system S = ((X,d), (fi)icq1,2,...8})
is called ¢-contractive if f; is p-contraction for each ¢ € {1,2,..., N}.

Definition 2.5. (p-hyperbolic iterated function system). Given a comparison
function ¢: [0,00) — [0,00), an iterated function system S = ((X,d), (fi)icf1,2,...8})
is called p-hyperbolic if there exists a metric 6 on X, equivalent to d, such that the
iterated function system ((X, ), (fi)ic(1,2,...n}) is p-contractive.

Theorem 2.1. (see Theorem 3.11 from [14]) Given a comparison function
@:[0,00) — [0,00) and a complete metric space (X,d), for each p-contractive it-
erated function system S = ((X,d), (fi)ic{1,2,...n}) there exists a unique non-empty

compact subset A(S) of X such that A(S) = UL, fi(A(S)).

3. The result

Definition 3.1. Let us consider a metric space (X, d), the continuous functions

fi,-, fn: X — X and a function 7: A — X, where A = A({1,2,...,N}). We say
that the condition C' (for the metric d) is fulfilled if

VmeX EIegc>0 V5>0 E|nz,5wseN anN, n>Ng oo 5 vweA vyEB(x,sz) d(f[w}n(y)a 7(“)) < 0.

In other words, Condition C' says that for each x € X there exists ¢, > 0 such
that

Tim fiu), (y) = 7(w)

uniformly with respect to y € B(x,¢,) and w € A.
In the sequel, for the sake of simplicity, we denote m(w) by 7.
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Remark 3.1. Condition C is fulfilled if there exists a comparison function
such that the functions fi, fo,..., fv: (X,d) — (X,d) are ¢ -contractions, where
(X,d) is a complete metric space.

Indeed, if F: B(X) — B(X) is given by F(B) = X, fi(B) for cach B € B(X),
where B(X) denotes the family of all non-empty bounded closed subsets of X, then
there exists a unique A(S) € B(X) such that

F(A(S)) = A(S)
and moreover
lim h(F(Y), A(S)) = 0.

for each Y € B(X), where h is the Hausdorff-Pompeiu metric (see [4], Theorem 2.5).
Therefore the set Z = A(S) U (U,,eny F™(Y)) is bounded. For each z € Z, w € A
and n € N, with the notation fi,,(Z) = Z,,, we have

d(fiw), (2), ) < diam(Z,) < ¢"(diam(Z2)),
where {m,} = N,en fiuln (A(S)) (see [5]). Hence, as lim,_,o ¢!"/(diam(Z)) = 0 (see
[11], Remark 3.4), we obtain that
lim f[w]n(y) =Ty
n—oo
uniformly with respect to y € Y and w € A. Thus the Condition C is valid.
The following result is a kind of reverse of Remark 3.1.

Theorem 3.1. Let us consider (X, d) a metric space, the continuous functions
fi,--, fn: X — X and a function 7: A — X, where A = A({1,2,...,N}), such
that the condition C' (for the metric d) is fulfilled. Then there exist a comparison
function v : [0,00) — [0,00) and a metric 6 on X, equivalent with d, such that
fi (X,0) — (X,9) is ¢-contraction for each i € {1,2,...,N} (ie.

o(fi(z), fi(y)) < ¥(d(x,y))

for each x,y € X ). Moreover, if the metric space (X,d) is complete, then (X,J) is
complete.

Proof. Our rather long proof is divided into 12 facts. The final of the justification
of such a fact is marked by [.

Fact 1. (A metric p, equivalent with d, making the functions f; nonexpansive)
There exists a metric p on X, equivalent with d, such that

p(fi(z), fi(y)) < p(z.y)
for each i € {1,2,..., N} and each x,y € X. Consequently we have

p(fu(@), fuy)) < p(z,y)
for each x,y € X and each w € A*.
Justification of Fact 1. Let us define the function p: X x X — [0, co] by

p(z,y) = sup d(fu(z), fu(y)),

for each z,y € X. According to the hypothesis, for given z,y € X, there exists
ny € N such that the inequalities d( fi, (), 7,) < 1 and d(fi, (y), 7) < 1 are valid
for each n € N, n > n; and w € A. Therefore d( fiy, (%), fi), (V) < d(fiu), (), 7w) +
d(7w, fu),(y)) <141 =2 for every n € N, n > n; and every w € A* such that |w| >
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nyi. As the set {w € A* | |w| < ny} is finite, we conclude that sup,, - d(fo (), fu(y))
is finite. Hence p: X x X — [0, 00).

It is clear that:

i) p(z,y) = 0 if and only if # =y (since d(z,y) = d(fx(z), fx(y)) < p(z,y));

i) p(z,y) = p(y, ©);

iii) p(z,y) < p(x, 2) + p(2,9),
for each x,y, 2z € X. Therefore p is a metric.

We have

(1.1) p(fi(z), fi(y)) < plz,y),
for each z,y € X and each 7 € {1,2,..., N}. Indeed, since

for each z,y € X, w € A*and i € {1,2,..., N}, we obtain that

sup d(fu(fi(@)), fu(fi(y)) < p(a,y),

ie.
p(fi(x), fi(y)) < plz,y),
for each z,y € X and each i € {1,2,..., N}.
As we have seen
d(z,y) < p(z,y),
for each z,y € X.

() Therefore if (x,)nen is @ sequence of elements from X and [ € X such that
lim p(z,,1) =0, then lim d(z,,l) =0.
n—oo

n—oo
(xx) Now we prove that if (z,),en is a sequence of elements from X and [ € X

such that lim d(z,,!) = 0, then lim p(x,,[) = 0.
n—oo n—oo
Indeed, let us note that according to the hypothesis there exists ¢, > 0 having
the property that for each € > 0 there exists m. ., € N such that the inequality

(1.2) d(fp (2), 70) < %

is valid for each m € N, m > m..,, w € A and = € B(l,&;). Let us fix ¢ > 0. Since
the set of continuous functions {f, | w € A* and |w| < m.,} is finite, we infer that
there exists n! € N such that the inequality

(1.3) d(fu(zn), fu(l)) <€

is valid for each n € N, n > n! and each w € A* such that |w| < m..,. Since
lim,, 00 d(xp, 1) = 0, there exists n2 € N such that x, € B(l,) for each n € N,
n > n2. For w € A* having the property that |w| > m. ., w = wiws ... w,,, where
m € N, m > mg,,, considering W= Wiy . e Wy Wi Wi+ Wiy - . € A, we have
[w];m = w, so, according to (1.2), we have d(f.,(z,), /) < £ for each n € N, n > n?
and d(f.(l), 7, ) < 5. Thus

£ €
(1.4) d(folzn), fu(D) = d(fulzn), my) +d(my, ful) < 5 + 5 =¢
is valid for each n € N, n > n? and each w € A* with |w| > m..,. From (1.3) and
(1.4) we conclude that there exists n. = max{n!, n?} € N such that

d(fu(n), fu(l)) <€
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for each n € N, n > n. and each w € A*, i.e. there exists n. € N such that
p(@n, 1) = sup d(fu(zn), fu(l)) < e

weA*

for each n € N, n > n.. Therefore lim,,_,o. p(z,,l) = 0.
From (x) and (*x) we conclude that d and p are equivalent. O

Now let us consider the set K = w(A) = {m, | w € A}.

Fact 2. (The properties of K)
i) K is compact.

i) K =Y, fi(K).

Justification of Fact 2. i) We are going to prove that the function 7: A — X
is continuous. Indeed, let us consider a fixed w € A and an arbitrary sequence
(Wn)nen of elements of A such that lim,, ., w, = w. For a fixed element =y € X,
according to the hypothesis, for each ¢ > 0 there exists n. € N such that the
inequality d(f, (z0),m,) < § is valid for each n € N, n > n. and each w' € A.
As convergence in (A, dy) is convergence on components and {1,2,..., N} is finite,
there exists m. € N such that [wy],. = [w],. for each n € N, n > m,. Therefore, for

n € N, n > m., we have

g €
d(ﬂ-wrﬂ ﬂ-w) S d(f[wn}ng (':CO)’ ﬂ-wn) _'_ d(f[w]ng ('TO)’ TrW) < 5 + 5 = 87
ie. lim, ., m, = m,. Since (A,d,) is a compact metric space (as a product of

compact spaces), m(A) = K is compact.
ii) Let us note that

(2'1) fi(ﬂ-w) = Tiw
for each i € {1,2,..., N} and each w € A. Indeed, for a fixed x € X, by taking into
account the continuity of f;, we have

fi(mw) = fi (T}l_{go f[w]n($)> = lim fi(fi), () = im fi, (@) = T
Therefore f;(K) C K for each i € {1,2,..., N} and consequently

N
(22 U c K
i=1
If w=wws.. .Wnpwni-.., with the notation W = wy.. WmWmtt - - ., We have
(2.1)
Tw = 7Tw1wl = fwl(ﬂ-w/) S fwl(K) g Ui\il fl(K)7 S0
N
(2.3) K | £,
i=1
From (2.2) and (2.3) we obtain that K = JY, fi(K). O

Fact 3. (If Condition C' is valid for d, then it is also valid for p) The condition
C is also valid for p.

Justification of Fact 3. According to the hypothesis, we have

)
vmGX 3€z>0 v5>0 E|nzysm,(5€N vnGN7 N Ng cp s vwGA vyEB(ac,ez) d(f[w}n(y)u 7Tw) < 57
SO
V:ceX 351‘>0 \v/6>0 EInmygm,geN \v/nEN, N>Ng cp 5 vwEA VUEA* \v/yEB(x,ax)
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)
d(f[vwhan(y)aﬁvw) < 57

since [v|+n>n>n,., s

Taking into account that, based on (2.1), the inequality d(f[whan(y), Tow) < g
can be rewritten as d( fu(fiu), (¥)), fo(m)) < 2, we get that
Veex Jep>0 V650 Tn, .. seN VneN, n>n,., 5 Voed VyeB(zen)
P (0):72) = 51p (Ao () £l ) < 5 < 6
i.e. Condition C' is valid for p. O

Fact 4. (The construction of the open set U) There exists an open set U such
that K C U and for each § > 0 there exists nsg € N such that the inequality

P Sl (), M) <0
is valid for eachn € N, n > ns, w € A andy € U.

Justification of Fact 4. Since K is compact, there exist p € N and 7, Ty, .. ., Ty
such that

p

K C By, €n,, ) U BTy €,,) U U B(T, s 6x,,),
where e, , €x,,,...,Exq,, are given by the Condition C. Let us denote by U the
open set B(7y,,x,, ) U B(Tuy,En,,) U+ U B(my,,€x,,). Now we can choose ns =

maX{nMPEWIﬁ,nmﬁwﬁ,...,nmp7emp,5} since for each y € U there exists j, €
{1,2,...,p} such that y € B(my, ,€nr,,, ), 80, according to Fact 3, p(fi.), (¥), ™) < &
for each n € N, n > ngs, w € A. O

Let (a,)nen be a bounded strictly increasing sequence of positive real numbers
such that: a) ag > 1; 8) 5+ < 2; ) (“2),en is strictly decreasing and let us denote

Qn

by [ the limit of the sequence (a,)nen (for example, we can take a, = [];_,(1+z"),
where = € (0,1)). Let us also consider (by)ren a sequence of positive real numbers
such that % < b1 < %’“ for each k € N. It is clear that (by)ren is decreasing and
that its limit is 0.

Taking into account Fact 4 and using the method of mathematical induction, we
find a strictly increasing sequence (ny)gen of natural numbers such that

by,
Pl (¥), ) < 76
foreachn e N,n>ng, we Aand y € U.
Note that
b
(1) (9 Foo, (@) <
foreachn € N, n > ng, w € A and z,y € U since
b by by
Uit ¥): it () < p(fi (9), 7o) + (T, frat, (€)) < 5+ 176 = 5

We consider the function p: X x X — [0, 00| given by
pley) = sup ajp(fu(@), fu(y)):

for each x,y € X.
Fact 5. (The properties of p)
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aop(,y) < p(z,y) < lp(x,y)
foreachz,y € X, s0p: X x X — [0, 00) and p is a metric which is equivalent
with p.
ii)
p(fi(x), fily)) < plz,y)
for each x,y € X and eachi € {1,2,... N}.
iii
)

Z(fi(x),fi(y))émaX{ sup awp(fm(x),fm(y)),lb—k}

wEA* |w|<ng 8
for each x,y € U, k € N and i € {1,2,...,N}.
iv) The following implication is valid
by~ ~
I < pUfile). fily) = p(file). fily)) <

8 a'nk—i-l
for each x,y € U, k € N and i € {1,2,...,N}.

Up,, ~

p(x,y),

Justification of Fact 5. i) For each =,y € X, we have

CLOp(xvy> = a|,\‘p(f>\(:€), fk(y)) < ;(LL’, y)

and, using Fact 1, we get

| p(fu (), fu(y)) < lp(z,y)
for each w € A*, hence
p(w,y) < lp(z,y).
ii) We have
) p(fu (fi(2)), fu(fi(¥)) = app(fui(2), fuiy))
< il fui(z), fur(y)) < SUD ajp(fu(@), fu(y)) =

~

(z,y)
for each z,y € X, i€ {1,2,..., N} and w € A*, so we get ii).
iii) We have

:max{ sup ) p(fui(z), fuiy)),  sup @|wp(fm($)afwz‘(y))}

WEA*, |w|<ng wEA* |w|>ny

wEA* |w|<ng 8

1)
Smax{ sup a|w|p<fm<x>,fm<y>>,l@}.
iv) I 1% < 5(fi(2), (), then

N iii)
l% < p(fz(l’)’ fz(y)) S max{ sup a\w|,0(fwi(l')> fwz(y))a l%} ’

weA* |w|<ng
SO

p(fix), fiy) < sup app(fui(@), fui(y))-

wEA* |w|<ng
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Since for each w € A* such that |w| < ng we have

Al Ay ~
a’|w|p(fwi(x)> wa(y)) = a|Wi\p(fwi(z)a fwl(y))al I| < —kﬂp(za y)’
wi N
we infer that a
sup a|w|p(fwi(l’), fm(y)) < ﬁp(% y)
wEA* Jw|<ny, Qny 41
Consequently, we have
~ Ay, ~

8
each k € N. Let us define, for each £ € N, the increasing continuous function

¢r: [0,00) — [0, 00) given by

Let us consider (cg)ren, Where ¢ = la"’c+1 % Note that ¢, < lbf < lbyyq for
Nk

a“"ilt if t € (cx,00),
on(t) = z%, if t € (1%, ¢l
t, if t € [0, f)

Fact 6. (f; are pp-contractions with respect to p on U) We have

p(filx), fi(y) < ex(p(a,y))
for each x,y € U, each k € N and each i € {1,2,...,N}.

Justification of Fact 6. For given x,y € U and k € N, we have to consider the
following three cases:

c1) p(w,y) € [0 1%);
c2) pla,y) € 1%, cls
c3) plz,y) € (ck, 00).

1

In case cl) the inequality to be proved becomes

p(fi(x), fiy)) < p(z,y)

which is valid taking into account Fact 5, ii).
In case ¢2) the inequality to be proved becomes
b,

p(filx), fily)) < 3

If this inequality is not true, then

2 <), fiw)),

so, using Fact 5, iv), we get

~ Qy,
p(fi(z), fiy)) < ——p(x,y),
ank—i-l
hence we arrive to the contradiction
bk anp, bk
l— < i i < k =[—.
A p(fi(x), fi(y)) < PRI

In case ¢3) the inequality to be proved becomes

;(fz(x)vfz(y)) <

L p(z,y).
TLk—l—l
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If this inequality is not true, then

G, ~ ~
—p(z,y) < p(fi(z), fi(y)),

a'nk—i-l

SO )
3 = o< ——pley) <pfi), fily)),

hence, using again Fact 5, iv), we obtain the contradiction

~ (py ~

aTLk—l—l

Let us consider the function ¢: [0, 00) — [0, 00) given by
p(t) = inf oi(?),
for each t € [0, c0).

Fact 7. ¢ is a comparison function.

Justification of Fact 7. Since yy, is increasing for each & € N, we infer that ¢ is
increasing. For ty > 0 and € > 0 such that ty — ¢ > 0 there exists k. € N having the
property that lb% <ty—e,s0 ¢ < l% < lb% < tg—e¢c foreach k € N, k > k.. Then

a
7.1 t) = min min t), —ett ¢
(7.) olt) = mi {ke{ovlév___vkg}sok< ) e
for each t € (tg — &,ty + ¢).
Indeed, for each k € N, k > k. and t € (ty — &, 1o + ) we have () = —=%-¢, s0

Ang 41
Jnen is decreasing, we infer that infy~y_ @r(t) =

An41

taking into account the fact that (=2

Qn,y,
kel + and therefore
anks+1+1

t) = inf t) = mi inf t). inf t
p(t) = inf @i(t) = min {ke{o,if;,...,ks}m ), mf ox( >}

. . Qny,
= min { min  @x(t), ﬂt} :
ke{071727"'7k6} ank5+1+1

Hence, from (7.1), we get
p(t) <t
for each t > 0.

In order to conclude that ¢ is a comparison function, it remains to prove that
 is right-continuous. We shall prove that ¢ is continuous. To this end, let us note
that the inequality () < t for each ¢ > 0 assures us that limsg 0 ¢(t) = 0 = ¢(0),
so  is continuous at 0. From (7.1), based on the continuity of the functions ¢ and

t— aa”’“i”ilt, we conclude that ¢ is continuous at each ¢y > 0. O
Nhe+1

Note that from Fact 6 we get

(2) p(fi(@), fi(y)) < o(p(z,y))

for each z,y € U and each i € {1,2,...,N}.
We consider the function n: X — N given by

n(z) = max{n € N | there exists w € A,, such that f,(z) ¢ U} + 1,

for each x € X, with the convention that max () = —1.
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Let us remark that n is well defined. Indeed, since K is compact, U is open
and K C U, there exist n > 0 such that B(K,n) C U. Taking into account the
hypothesis, for every # € X there exists n; € N such that d(fi,(z),m,) < 7
(ie. fi.(x) € B(my,n) € U ) for each n € N, n > ny and each w € A. Hence
{n € N |there exists w € A, such that f,(z) ¢ U} C{0,1,2,...,n; — 1}.

Note that if n(x) = 0, then f,(z) € U for every w € A* (in particular z € U)
and n(fj(x)) = 0 for each j € {1,2,...,N}.

Fact 8. (The properties of n)

i) For each x € X there exists r, > 0 such that

n(y) < n(x)

for each y € B(z,1y).
ii) For each x € X such that n(x) > 1 and each i € {1,2,..., N} we have

n(fi(x)) <n(z) —1.

Justification of Fact 8. i) There exist 71 > 0 and m € N such that f,(y) € U

for each y € B(z,rl) and each w € A* with |w| > m. Indeed, since the compact
not

set K is a subset of the open set U, we infer that inf,cx d(z, X —U) = §y > 0 and
{z € X | there exists k, € K such that d(z,k,) < d} C U. Hence, taking into
account condition C', just take r; =¢ey and m = ng ., 5.

Since the set of continuous functions {f, | w € A,, n < m} is finite, we infer that
for each z € X having the property that f,(x) € U for each w € A,,, n < m, there
exists 72 > 0 such that f,(y) € U for each w € A,,, n < m and each y € B(x,r?).
Therefore, taking r, = min{r!, 72}, we have {n € N | f,(z) € U for each w € A,,} C
{n € N | f.(y) € U for each w € A,,}, for each y € B(z,r,). In particular, we get
that n(y) < n(z) for each y € B(x,r,).

ii) With the notation m = n(f;(x)), there exists wy € A,,—; such that f,, (fi(z)) =
fui(z) € U, so, as wyi € A,,, we obtain that m € {n € N | there exists w € A,
such that f,(x) ¢ U}. Hence m 4+ 1 < max{n € N | there exists w € A,, such that
fulz) ¢ U} + 1 =n(z). O

For a given o > 1, we define the functions D, : X x X — [0,00) and p,: X x X —
[0, 00) given by

Da(z,y) = " p(z,y)

and

Pa(T,Y)

n—1
= inf {ZDQ($Z-,$Z-+1) |ne N, {xo,21,...,0p-1,2,} € X, o =2 and z, = y} )

=0

for each =,y € X, where n(z,y) = max{n(z),n(y)}.
As the reader can routinely verify p, is a pseudometric on X.

Fact 9. (The properties of p,)
i)
p(x,y) < palz,y),

for each x,y € X, so p, Is a metric.
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if)
pal,y) < ™ Vp(z,y),
for each x,y € X.

iii) po and p are equivalent.

Justification of Fact 9. i) We have p(x,y) < 3207 p(i, 2iv1) < 300 Do, Tig1)
for each n € N*, x; € X for each i € {0,1,2,...,n} such that zo = = and z,, = y, so
p(z,y) < palz,y) for each z,y € X.

ii) We have po(z,y) < Du(z,y) = a™@¥p(z,y), for each z,y € X.

iii) On the one hand, if (x,)nen is a sequence of elements from X and [ € X is
such that lim, oo pa (2, ) = 0, then, from i) we get that lim,, . E(xn,l) = 0. On
the other hand, let us consider (z,),en a sequence of elements from X and [ € X
such that lim,, E(xn,l) = 0. Taking into account Fact 8, i), there exists r; > 0
such that n(y) < n(l) for each y having the property that d(y,1) < r;. As p and d
are equivalent, there exists ny € N such that d(z,,l) < 1, so n(z,) < n(l) for each
n € N, n > ng. Hence, using ii), we get that po(z,,1) < o@D p(z,,1) < oDy (2, 1)
for each n € N, n > ny and consequently lim,,_, pa(®,,1) = 0. Therefore p, and ;
are equivalent. O

Fact 10. If o1, 5 [0,00) — [0, 00) are comparison functions, then the function
Y: [0,00) — [0,00) given by

w(t) = sup{apl(tl) + (,02(152) ‘ ti1,10 € [0, OO) and t] +ty < t}
for each t € [0, 00), is also a comparison function.

Justification of Fact 10. First let us prove that v is increasing. Indeed, if t,u €
[0,00), t < u, then for any t;,to € [0,00) such that ¢; + to < ¢, we also have
t1 +ta < u. Hence ¢1(t1) + pa(ta) < sup{ei(u1) + p2(u2) | ui,us € [0,00) and
uy + ug < u} =1(u). Consequently ¥(t) < i(u).

Now we prove that ¢(t) <t for each t > 0. Indeed, for each t;,t; € [0, 00) such
that ¢; +to <t we have ¢1(t1) + pa(tz2) < t1 + 1ty < t,s0 () < t. Hence ¢(t) <t
for each t € [0,00). For a fixed ¢ > 0 and a fixed decreasing sequence (s, )nen of real
numbers converging to 0, for each n € N there exist x,,y, € [0, 00) such that

(*) Tn+Yn <t+ s,

and Y(t + s,) — Sn < @1(xn) + ©2(yn). By passing to subsequences if necessary, we
may assume that the bounded sequences (z,)nen and (y,)nen are monotone. If z
is the limit of (x,),en and y is limit of (y,)nen, then, by (x), we get =z +y < t.
If (x,)nen is increasing, then the bounded sequence (¢1(z,))nen is also increasing
and lim,, o v1(z,) < @1(x). If (z,)nen is decreasing, as ¢ is right continuous,
lim,, oo 01(2,) = p1(x). Hence lim, o ¢1(z,) < p1(x) and in a similar manner we
deduce that lim,, o ©2(yn) < ¢2(y). Then we have

() 9(t) < lim W (t +s0) < Hm i (20) + @2(yn) + 50 < @1(2) + @2(y) < P(0).

Thus () = ¢1(x) + pa(y). If 2 =y =0, then ¥(t) =0 < t. If x # 0 or y # 0, then
Y(t) =p1(z) +p2y) <z +y <t

Finally, we prove that v is right continuous. It is clear that v is right continuous
at 0. In order to prove that v is right continuous at ¢t > 0 it suffices to prove that for
each decreasing sequence (t,),en of elements from [0, 00) such that lim, . t, = t,
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the sequence (¥(t,))nen is convergent and lim,, . ¥ (t,) = 1(t). This results from
(k). O

According to Fact 10, let us consider the comparison function ¢ : [0, 00) — [0, 00)
given by
t
Y(t) = sup{p(t:) + Ez | t1,t2 € [0,00) and t; + 3 < t}

for each t € [0, 00).
Fact 11. (f; are ¥-contractions with respect to p,) We have

pa(fj(x)>fj(y)) < w(f’a(%y)%
for each j € {1,2,...,N} and each z,y € X.

Justification of Fact 11. Let us consider z,y € X and € > 0. From the definition
of pa, there exist n € N* and {xg,z1,...,2n_1,2,} € X such that xqg =z, x, = y
and

-1
(11.1) Z (@i, iy1) < palz,y) + €.

=0

Let us note that if there exist [,k € {0,1,2,...,n}, [ < k such that n(x;) =
n(xy) = 0, then

)by, ) = plar, o)

Dy(zy, 1) = a”
< play, zip1) + p(Trg1, Tga) + o+ plTp_1, 7%)
< Do(xp, x131) + Do (2141, Tra2) + - - + Do(Tp—1, x1),
SO
Pa(T,Y)

< Do(wo, 1) + - .. 4+ Do(xi—1,21) + Doy, 1) + Dok, Tpyr) + . + Do(Tn_1,2y)
n—1
<) Do(5,7i-1) < palz,y) +£.

i

Il
o

Thus, we can assume that the set {xg, x1,..., 2,1, x,} contains at most two elements
z; and x; such that n(x;) =n(z;) =0 and if ¢ # j, then |i — j| = 1.
We claim that
pa(fi(), [ () < P(palz,y) +€),
for each j € {1,2,..., N}. In order to prove our claim we have to consider two cases:

cl) The set {s|s e {0,1,2,...,n} and n(zs) = 0} has at most one element.
c2) The set {s|s€{0,1,2,...,n} and n(zs) = 0} has two elements, denoted by
x; and x;41, where [ € {0,1,...,n —1}.

In case cl) we have

—_

n—

pa(fi (@), fi(y)) S Do (fi(xi), fi(is1)) Zan(f’ b @ o (fi(wi), (i)

gM

Fact 5, ii) Fact 8, ii)

Zan(fj z3),fj(@it1) )p(l'i, Ii—i—l Zan(m it1)— IZ’ xz—i—l)
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n—1 n—1

1
= _Zan(m xm)p(x“ Tiy1) = QZDQ(% Tiv1)

(1L1) 1
< Slpalz,y) +e) <d(palz,y) +e).

In case ¢2) we have

n—1

pa(fi(), ;) < > Da(fi(2i), fi(wit1))

i

Il
o

n—1

= Da(fj(m1), fi(2151)) Z Do (fj(z:), fi(zi1))
1=0,i#£l

n—1

(f](xl) f] xl—l—l Z D fj xl fj(x2+1>>

1=0,i#l

(£ (@) =n{f;(@141))=0

@, 41€U,(2),
Fact 5, ii) and Fact 8, ii) -~

< 90(/)(56’1,5514-1 + a Z D xlaxz—l—l)
1=0,i#£l

n—1

1
= @(Do (21, 2151)) + a'_OZ#Da(l"i, Tiy1)

(11.1)

<¢(ZDa(xi7xi+1>> < ¢(Pa($ay)+5)-

From our claim, taking into account the fact that v is right continuous, it follows
that

palfi(2); [3(y)) < ¥(palz,y)),
for each j € {1,2,...,N}. O

Now just take p, = 0.
Fact 12. If the metric space (X, d) is complete, then (X, ) is complete.

Justification of Fact 12. If (z,)nen is a p-Cauchy sequence of elements of X
then, since d < p (see Fact 1), (2,,)nen is d-Cauchy, so there exists [ € X such that
lim,, o d(x,,l) = 0. As p is equivalent with d, we infer that lim, ., p(z,,l) = 0,
hence (X, p) is complete. Using a similar way of reasoning, based on Fact 5, i), we
infer that (X, p) is complete and, based on Fact 9, i), that (X, §) is complete. O

Remark 3.2. The above theorem states the existence of a comparison function
¢ having the property that S = ((X,d), (fi)ief1,2,..n}) is ¥-hyperbolic (since S =
((X,0), (fi)ieq1,2,...n}) is 1-contractive). Then, according to Theorem 2.1, taking into
account Fact 2 and Fact 12, we infer that A(S) = K.

Consequently, Condition C' is a sufficient one for the existence of a unique fixed
point of the function F: K(X) — K(X) given by

N
= Ufz’(c

for each C' € K(X), where K(X) denotes the family of non-empty and compact
subsets of a complete metric space (X, d).
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