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Abstract. We are concerned with the following Schrédinger—Poisson equation with critical
nonlinearity:

—&2Au + V(2)u + Yu = NulP~2u + |u/*u  in R?,
—2Ay = u? in R?, u>0, ue HY(R?),
where € > 0 is a small positive parameter, A > 0, 3 < p < 4. Under certain assumptions on the

potential V', we construct a family of positive solutions u. € H'(R?) which concentrates around a
local minimum of V' as ¢ — 0. Subcritical growth Schrédinger—Poisson equation

—&2Au+V(z)u+u= f(u) in R3,
—2A = u? in R3, u>0, ue H'(R3),

has been studied extensively, where the assumption for f(u) is that f(u) ~ |u[P~2u with4 < p <6
and satisfies the Ambrosetti-Rabinowitz condition which forces the boundedness of any Palais—
Smale sequence of the corresponding energy functional of the equation. The more difficult critical
case is studied in this paper. As g(u) := Au[P~%u + |ul*u with 3 < p < 4 does not satisfy the
Ambrosetti-Rabinowitz condition (3p >4, 0 < p fou g(s)ds < g(u)u), the boundedness of Palais—
Smale sequence becomes a major difficulty in proving the existence of a positive solution. Also, the

fact that the function ‘75(5) is not increasing for s > 0 prevents us from using the Nehari manifold
directly as usual. The main result we obtained in this paper is new.

1. Introduction and main result

In this paper, we study the following Schrodinger—Poisson equation with critical
nonlinearity:

(11) —e2Au+ V(x)u +Yu = MuP"2u + |u/*u  in R?,
' —2 Ay = u? in R u >0, ue H(R?),
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where € > 0 is a small positive parameter, A > 0, 3 < p < 4. We assume that the
potential V' satisfies:

(1) V € C(R? R) and inpf3 V(z) =a>0;
Te
(V2) There is a bounded domain A such that

Vo:=inf V <minV.
A A

We also set M := {x € A: V(z) = Vp}. Without loss of generality, we may assume
that 0 € M.
Problem (1.1) is a variant of the following Schrédinger—Poisson problem

P Av—v—wpv+ f(v) =0 inR?,
(1.2) A + drwv? =0 in R3,
v,0>0, v,0—0 as |r| = oo,

where h,m,w > 0, v,¢: R> = R, f: R — R. This equation arises in Quantum
Mechanics: in 1998, Benci and Fortunato [7] firstly introduced it as a model to
describe the interaction of a charged particle with the electrostatic field. In (1.2), m
denotes the mass of the particle, w denotes the electric charge and A is a constant
which is known under the name of Planck’s constant. The unknowns of the equation
are the wave function v associated to the particle and the electric potential ¢. The
presence of the nonlinear term f(v) simulates the interaction effect among many
particles.

In the last years, there has been a great deal of works dealing with the Schrodinger—
Poisson equations by means of variational tools.

Benci and Fortunato [7| considered the eigenvalue problem for (1.2) of the fol-
lowing form

—%Au—gbu:wu in €2,
(1.3) A¢ = dmu? in 2,

u(z) =0, ¢(x) =g on o, ||ullzq =1 w>0,
where  is a bounded set in R? and g is a smooth function on the closure Q. They used
a constrained minimization argument to show that, there is a sequence (w,, t,, ¢,)
with {w,} C R, w, = o0 and u,, ¢, real functions, solving (1.3).

D’April and Mugnai [18] used a related Pohozaev’s identity to show that there
does not exist nontrivial solutions of the following Schrodinger—Poisson equation

—Au+u+ Apu = |[u|P?u  in R3,
—A¢p = u? in R3,
forp<2orp>6.
D’April and Mugnai [17] used Symmetric Mountain-Pass theorem (see [2]) to
show that the following Klein—-Gordon—Maxwell equation
—Au+[m? — (w+ep)?|u — |ulP2u=0 in R?
—A¢ + e2utp = —ewu? in R3

has infinitely many symmetric solutions (u,, ¢,) € H'(R3) x DY?(R3) with u, # 0,
¢n # 0 under the conditions:
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(i) m>w and 4 < p < 6;

(ii) my/p —2 > V2w >0and 2 < p < 4.
Meanwhile, they used Mountain-Pass theorem (see [2]) to show that the Schrodinger—
Poisson equation

—Au+u+ ¢u = |ulP~2u in R3,
—A¢ = u? in R?

has at least a radially symmetric solution (u,¢) € H'(R?) x DV?(R?) with u # 0
and ¢ # 0.

Ruiz [43] considered the following Schrédinger—Poisson equation:

{—Au +u+ Apu=uP"t in R3,

1.4
(14) —A¢ = u? in R3,

where A > 0 is a positive parameter and 2 < p < 6. Ruiz proved that when 2 < p < 3
(respectively p = 3), (1.4) has at least two (respectively one) positive solutions for
A > 0 small by using the Mountain-Pass theorem (see [2]) and Ekeland’s variational
principle (see [21]) and (1.4) has no nontrivial solution if 2 < p < 3, A > 1. For the
case 3 < p < 6, it was shown in [43] that there is a positive radial nontrivial solution
to (1.4) by using the constrained minimization method on a new manifold which is
obtained by combining the usual Nehari manifold and the Pohozaev’s identity.
Salvatore [45] studied the following Schrédinger—Poisson equation:

{—Au +u+ Apu = [uP"2u + g(x) in R?,

1.5
( ) —A¢ = u2 n R3>

where A > 0, p € (4,6) and g(z) = g(|z|) € L*(R?). The author used Three Critical
Points theorem to show that (1.5) has at least three radially symmetric solutions for
llg||z2 small.

Wang and Zhou [49] studied the following problem

—Au+ V(x)u+ Mpu = f(z,u) in R3,
—A¢ =u? in R3, | lim ¢(z) =0,

z| =00

(1.6)

where A > 0, the nonlinearity f(x,s) is asymptotically linear with respect to s at
infinity. Under certain assumptions on V" and f, they prove that (1.6) has a positive
solution for A small and has no any nontrivial solution for A large.

Azzollini, D’Avenia and Pomponio [5] used a technique due to Jeanjean ([29]
Theorem 1.1) to show that the equation

—Au+ géu = g(u) in R3,
—A¢ = qu? in R?

has a nontrivial positive radial solution (u, ¢) € H'(R3?) x D'?(R?) for ¢ > 0 small
where the nonlinear term ¢ satisfies:
(1) g € C(R,R); .
(g2) —oo < lim g(s)/s < lim g(s)/s = —m < 0;
s—0T s—0+

(93) =00 < Tim g(s)/s* < 0;

S——+00
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(94) 3¢ > 0 such that
3
G() = / o(s)ds > 0.

Note that the hypotheses on g was firstly introduced by Berestycki and Lions, in
their celebrated paper [9].

Mugnai [35] proved that for any w > 0, there exist A > 0 such that the following
Schrodinger—Poisson equation

{—Au + wu — Aug + W, (x,u) = 0 in R?,

1.
(1.7) —~A¢ = u? in R?

has a nontrivial radial function (u, ¢) € H'(R?)x D?(R?) by using the minimization
argument on an appropriate manifold when the nonlinear term W: R?> x R — R
satisfies:

(W) W:R?* x R — [0,00) is such that the derivative W,: R* x R — R is a
Carathéodory function, W(x,s) = W(|z|,s) for a.e. € R? and for every
s € R, and W(x,0) = W,(z,0) =0 for a.e. z € R3;

(W5) 3C1,Cy > 0 and 1 < ¢ < p < 5 such that |[W,(z,s)| < Cy|s]? + Cy|s|P for
every s € R and a.e. z € R3;

(W3) Jk > 2 such that 0 < sW,(x,s) < kW (z, s) for every s € R and a.e. z € R3.

Recently, Jiang and Zhou [30] studied the Schrédinger—Poisson equation

—Au+ (14 pg(z))u+ Apu = [u[P~?u  in R3,
(1.8) {—A¢:u2 m R, lim o(r) =0
T|—0o0
where A, u are positive parameters, p € (2,6), g(x) € L>°(R?) is nonnegative, g(x) =
0 on a bounded domain in R? and lim,, g(2) = 1. They used a priori estimate
and approximation methods to show that (1.8) with p € (2,3) has a ground state
solution if p large and A small. Meanwhile, they also proved that (1.8) with p € [4,6)
has a nontrivial solution for any A > 0 and u large.

As far as we know, there is no result on the existence of positive ground state
solutions for (1.4) when the nonlinearity u?~'(2 < p < 6) is replaced by A u|P~?u +
|u|*u(3 < p < 4). In this paper, we will fill this gap.

We note that problem (1.2) with w = 0 and % = 1 is motivated by the search for
standing wave solutions for the nonlinear Schrédinger equation, which is one of the
main subjects in nonlinear analysis. Different approaches have been taken to deal
with this problem under various hypotheses on the potentials and the nonlinearities
(see [9, 10] and so on).

Our motivation to study (1.1) mainly comes from the results of perturbed Schro-
dinger equations, i.e.,

(1.9) —?Au+V(z)u = |u|"%u, z€RY,
where 2 < ¢ < 2N/(N —2), N > 1.

Many mathematicians proved the existence, concentration and multiplicity of
solutions for (1.9).

Floer and Weinstein [23] studied (1.9) in the case where N =1, g =4, V € L™
with inf V' > 0. They construct a single peak solution which concentrates around any
given non-degenerate critical point of the potential V. Y. G. Oh [36, 37| extended



Schrédinger—Poisson equations in R? involving critical Sobolev exponents 733

this result in higher dimensions when 2 < ¢ < 2N/(N — 2) and the potential V'
belongs to a Kato class which means that V' satisfies the following condition:

(Ve V=aorV >aand (V —a)"2 € Lip(R") for some a € R.

Furthermore, Oh [38| proved the existence of multi-peak solutions which concentrate
around any finite subsets of the non-degenerate critical points of V. The arguments
in |23, 36, 37, 38| are mainly based on a Lyapunov—Schmidt reduction.

Rabinowitz [41] studied (1.9) under the conditions:

(V3) Voo =liminf V(z) > Vo = inf V(x) > 0.
|z| =00 zeRN
Rabinowitz proved that (1.9) possesses a positive ground state solution for e > 0
small by using the Mountain Pass Theorem (see [2]).

The concentration behavior for the family of positive ground state solutions,
which was obtained in [41], was proved by Wang [48]. Wang proved that the positive
ground state solutions of (1.9) must concentrate at global minima of V' as ¢ — 0.

Under the same condition (V3) on V' (z), Cingolani and Lazzo [16] proved the mul-
tiplicity of positive ground state solutions for (1.9) by using Ljusternik—Schnirelmann
theory (see [15], for example).

del Pino and Felmer [39] studied (1.9) with the conditions on V' replaced by (V1)
and (V3). They proved that (1.9) possesses a positive bound state solution for e > 0
small which concentrates around the local minima of V' in A as ¢ — 0.

Gui [25] studied (1.9) under the conditions (V;) and

(V4) There exist k disjoint bounded regions €, ..., such that
Vo:=infV <minV, i=1,... k.
Q; o

Gui showed that (1.9) possesses a positive classial bound state solution for e > 0
small which exactly possesses k local maximum F. 1, ..., P satisfying P.; € €, and
lim V(P.;) =inf V.

e—0 Q;

D’Aprile and Wei [19] studied (1.2) and extended the method in [23, 36, 37, 38,
38|, which was based on Lyapunov-Schmidt reduction, to conclude a similar result
in the Schrodinger—Poisson equation (1.2).

Under the same condition (V3) on V' (z), X. He [26] studied (1.1) with the non-
linearity replaced by f(u), where f € CY(R™,R"%) and satisfies the Ambrosetti-
Rabinowitz condition ((AR) condition in short)

=P 0<,u/0uf(s)ds§f(u)u,

limg_,o fi;f) = 0, limy—00 Jg‘sq) = 0 for some 3 < ¢ < 5 and % is strictly increasing
for s > 0. They obtained the existence, concentration and multiplicity of solutions
for (1.9) by the same arguments as in [41, 48, 16].

For more results, we can refer to [1, 3, 4, 8, 14, 20, 44, 47| and the references
therein.

Our main result is the following:

Theorem 1.1. Let (V4), (Va) hold. There exist \* > 0 and £* > 0 such that
for each A € [\*,00) and ¢ € (0,&*), (1.1) possesses a positive solution u. € H'(R?)
such that
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(i) there exists a maximum point x. of u. such that
lim dist(z., M) = 0;
e—0

(ii) 3Cy,Cy > 0, such that

C
ue(a) < Crexp(=Zfa —x.]).
€
where C4, Cy are independent of €.

We note that, to the best of our knowledge, there is no result on the existence
and concentration of positive bound state solutions for Schrodinger—Poisson type
equation with the nonlinearity A|u[P~2u + |ul*u(3 < p < 4).

The proof of Theorem 1.1 is based on variational method. The main difficulties
in proving Theorem 1.1 lie in two aspects: (i) The nonlinearity A|u|[P~2u + |u|*u with
p € (3,4] does not satisfy (AR) condition and the fact that the function ’\“p;# is
not increasing for u > 0 prevent us from obtaining a bounded Palais—Smale sequence
((PS) sequence in short) and using the Nehari manifold respectively. The arguments
in [39] can not be applied in this paper. (ii) The unboundedness of the domain R?
and the nonlinearity A\|u[P~%u + |u[*u(3 < p < 4) with the critical Sobolev growth
lead to the lack of compactness. As we will see later, the above two aspects prevent
us from using the variational method in a standard way:.

To overcome these difficulties, inspired by [12, 22|, we use a version of quantitative
deformation lemma due to Figueiredo, Ikoma and Santos Junior (see Proposition 4.6
below) to construct a special bounded (PS) sequence and recover the compactness
by using a penalization method which was firstly introduced in [13].

To complete this section, we sketch our proof.

Firstly, we need to consider the existence of ground state solutions of the associ-
ated “limiting problem” of (1.1), which is given as

—Au+ au + ¢u = Mu[P"2u + |u|*u  in R3,
(1.10) —A¢ = u? in R3 u >0, ue H'(R3),
a>0,3<p<A4,

with the corresponding energy functional

1 a 1 u?(2)u?(y)
() 2/Rg| LRl S o= iz —y| W
A 1

=2 [ wem®).

In [28|, Hirata, Ikoma and Tanaka studied the following Schrédinger equation
~Au = g(u), ue H'RY)
with the corresponding energy functional
1

M= [ 9P [ G, we m®),

where G(u) = [, g(s)ds and g satisfies the conditions due to the celebrated work
by Berestycki and Lions [9]. By studing the behavior of I(u(e7z)) for § € R,
they constructed a (PS), sequence {u,};>, with an extra property P(u,) — 0 as
n — oo where ¢ is the mountain pass level of I and P(u) = 0 is the corresponding
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Pohozaev’s identity and then proved that the (PS), sequence is bounded. But for the
Schrodinger—Poisson equation (1.10), one still need something more than P(u,) — 0
as n — 0.

For the critical case (1.10), the constrained minimization on a new manifold due
to Ruiz [43] seems to be difficult to be applied directly.

Motivated by [28], by studying the behavior of I,(e*u(e’z)) for § € R, we
construct a (PS), sequence {u,};2, with an extra property Go(u,) — 0 as n — oo
where ¢, is the mountain pass level of 1, G,(u) = 2 (I, (u), u) — P,(u) and P,(u) =0
is the Pohozaev’s identity of (1.10) (see Proposition 3.4 below). From this fact, the
boundedness of the (PS)_ sequence is proved easily. Proceeding by the standard
arguments, the existence of ground state solution (1.10) follows (see Proposition 3.8
below). Denoting S, the set of ground state solutions U of (1.10) satisfying U(0) =
max,cgs U(z), we then show that S, is compact in H'(R?) (see Proposition 3.9
below).

To study (1.1), we will work with the following equivalent equation

(1.11) —Au+ V(ex)u + ¢u = MuP"2u + |u/*u in R3,
' —A¢ =u? in R u >0, ue H'(R3).

Note that a solution of (1.11) is in fact a critical point of the following functional

1 1
= fo g et i [ L5
(u) = 2/ Vul”+ 2 Jgs ex)u’ +167T R? JR? |x—y|

A + 1 +
- H€7
p/RJ“) 6/R3<u>, ue

where H, := {v € H'(R?) | s V(ex)v® < 0o} endowed with the norm

1/2
vl g, = (/ |Vv|2+/ V(E:L’)’U2) )
R3 R3

Unlike [26], where the minimum of V(z) is global and the nonlinear term f(u)
satisfies the (AR) condition, the Mountain Pass Theorem can be used globally, here
in the present paper, the condition (V3) is local and 3 < p < 4, we need to use
a penalization method introduced in [13], which helps us to overcome the obstacle
caused by the non-compactness due to the unboundedness of the domain and the
lack of (AR) condition. To this end, we should modify the energy functional.

Following [12], we set J.: H. — R be given by

J-(v) = I.(v) + Q:(v),

where

and

(2) = 0 ifxel/e
X = et it g AJe.

It will be shown that the functional ). will acts as a penalization to force the con-
centration phenomena to occur inside A (see Lemma 4.3 below).

Using a version of quantitative deformation lemma due to Figueiredo, Ikoma
and Santos Junior (see Proposition 4.6 below) to construct a special bounded and
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convergent (PS) sequence of J. in a neighborhood of the compact set Sy, for ¢ > 0
small, i.e., J. possesses a critical point v.. To verify the critical point v. of J. is indeed
a solution of the original problem (1.11), we need to establish a uniform estimate on
L*>®-norm of v. (independent of ¢) by using the idea of Brezis—Kato type argument
and the Moser iteration technique (see also [31, 53] and Lemma 2.4 below).

Moreover, for the critical case, the existence and concentration phenomenon of
problem (1.1) has not been studied so far by variational methods. In the present
paper, we will adopt some ideas of Byeon and Jeanjean [12| to study the existence
and concentration of positive solutions for equation (1.1) with critical growth. But
the method of Byeon and Jeanjean [12] can not be used directly and more careful
analysis is needed. For this aspect, we refer to [6, 42, 51].

This paper is organized as follows, in Section 2, we give some preliminary results.
In Section 3, we analyze the “limiting problem” (1.10) and show the existence of
ground state solutions. In Section 4, we prove the main result Theorem 1.1.

2. Preliminaries

In the following, we recall that by the Lax—Milgram theorem, for each u €
HY(R?), there exists a unique ¢, € D“?(R?) such that —A¢, = u?. Moreover,

¢, can be expressed as
1 u?(y)
u(x) = — dy.
bu() 47r/R3 |z —y| Y

The function ¢, has the following property, see [14] and [43].

Lemma 2.1. For any u € H'(R3), we have

) 16l = [ 600 < C sy < € el oy
(i) ¢u = 0;
(iii) Ifu,— win H(R?), then ¢, — ¢, in D*?(R®) and [ ¢,u* < lim [ ¢, u?;

R3 n—oo JR3

(iv) If y € R? and a(z) = u(z + y), then ¢z(z) = ¢u(z +y) and / paii? =
R3

Pui?.
R3

Define N: H'(R?) — R by
N(u) = P’
R3

Then, the functional N and its derivatives N’ and N” possess Brezis-Lieb splitting
property, which is similar to the well-known Brezis-Lieb’s Lemma (see [11]) and can
be stated as the following form (see [17, 52]).

Lemma 2.2. Let u, — u in H'(R?) and u,, — u a.e. in R, then, asn — oo,
(i) N(up, —u) = N(u,) — N(u) + o(1);
(i) N'(up,—u) = N'(u,) — N'(u)+0(1) in H-Y(R3) and N': H'(R?) — H'(R?)
is weakly sequentially continuous;
(iii) N"(u, —u) = N"(u,) — N"(u) + o(1) in L(H*(R?), H"Y(R?)) and N"(u) €
L(H'(R?), HY(R?)) is compact for any u € H'(R?).
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Lemma 2.3. (General Minimax Principle) [50, Theorem 2.8] Let X be a Banach
space. Let My be a closed subspace of the metric space M and 'y C C(My, X). Define

F={reCM,X):v|m €lo}.
If p € CY(X, R) satisfies

00 > ¢ := inf sup ¢(y(u)) > a:= sup sup ¢(yo(u)),
vEl' weM ~v0€Tg ue My

then, for every € € (0, (c—a)/2), 06 > 0 and v € I such that sup,; po~y < c+e¢, there
exists u € X such that

(a) ¢ —2e < p(u) < c+ 2,

(b) dist(u, v(M)) < 26,

(©) ll¢' ()]l < 8e/0.

Consider the following equation
(2.1) —Au+ V,(2)u = fo(z,u) in R

where {V},} is a sequence of continuous functions satisfying for some positive constant
« independent of n such that

Vi(r) > a >0 forall z € R?

and f,(x,t) is a Carathéodory function such that for any 6 > 0, there exists Cs > 0
and

[fulz, )] < Olt]+ Colt]”,  V(w,t) € RP xR,

where ¢ is independent of n.
From the process of proof of Theorem 1 in [53] and Theorem 1.11 in [31], we have
the following lemma:

Lemma 2.4. Assume that {v,} is a sequence of weak solutions to (2.1) satisfying
||’U"||H1(R3) S C forn € N.

(i) If {|v,|®} is uniformly integrable in any bounded domain in R?, then for any
zo € R3, ARy(x0) > 0 such that

ol 3y o) < C(Ro(0),

where Ro(x¢) and C(Ry(xo)) are independent of n.
(i) If {|vn|®} is uniformly integrable near oo, i.e., Ve > 0, 3R > 0, for any r > R,
o |vnl® < e, then

R3\B,
‘ l‘im vn(z) = 0 uniformly for n.
T|—0o0
Proof. See Lemma 2.10 of [27]. O

Lemma 2.5. [42] Let R be a positive number and {u,} a bounded sequence in
H'RM)(N > 3). If

lim sup / |, |2V N2 =,
Br(z)

n—o0 (EGRN

then u, — 0 in L*/WV=2(RM) as n — oo.
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Lemma 2.6. [6, Lemma 2.7| Let {u,} C HL (RY), N > 3, be a sequence of
functions such that

u, — 0 in H'(RM).
Suppose that there exist a bounded open set Q C RY and a positive constant v > 0

such that
/ (Vu,|?> >~ >0, / |1, |2V V=2) > 5 0,
Q Q

Moreover, suppose that
Aun + ‘un|4/(N_2)un = Xn»
where x, € H-Y(RY) and

|Ons @) | < enllellgnmny, Ve € CZ(U),

where U is an open neighborhood of Q) and {e,} is a sequence of positive numbers
converging to 0. Then there exist a sequence of points {y,} C RN and a sequence of
positive numbers {o,,} such that

vp () = UﬁLN_zwun(Unx + Yn)

converges weakly in D?(R”) to a nontrivial solution v of
—Au = [u[YN 2y, ue DYHRN).
Moreover,
Yo >y E€Q and o, — 0.
The following lemma is a special case of Lemma 8.17 in [24] for A.

Lemma 2.7. [24, Lemma 8.17| Let 2 be an open subset of R¥ (N > 2). Suppose
thatt > N, h € L?(Q) and u € H'(Q) satisfies —Au(z) < h(z), x € Q in the weak
sense. Then for any ball By, (y) C 2,

J’_
By = C(““ |2z + ||h||Lt/2<Bzr<y>>)>

where C' = C'(N, t,r) is independent of y.

3. The limiting problem

The following equation for a > 0

—Au + au + ¢u = MulP72u + |u|*u  in R3,
(31) 9 : 3 1 3
—Ad = u inR% u>0, ue H(RY)

is the limiting equation of (1.1).
We define the energy functional for the limiting problem (3.1) by

1 1 A 1
I(u) = —/ \Vu|2+2/ ul4- qbuuz——/ (u+)p——/ (u+)6, u € H'(R?).

In view of [40], if u € H'(R?) is a weak solution to problem (3.1), then we have the
following Pohozaev’s identity:

1 3 5 3 1 6
3.2) P,(u) = —/ Vu 2+—a/ uP+= uu2——)\/ ut p——/ ut) =0.
82) R =3 [ vutede [ el [ a2 [ @y [
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As in [43], we introduce the following manifold
M, = {u € H'(R*)\{0} | G,(u) = 0},

where

3 1 3 2p—3 3
Galu) = 5/R3|vu\2+§a/mu2+Z Rg%u?—%x/m (u+)P—§/R3 ()’
It is clear that
(3.3) Galu) =2 (I'a(u), u) — Py(u),
where P,(u) is given in (3.2).

Remark 3.1. If u € H'(R?) is a nontrivial weak solution to (3.1), then by (3.2),
(3.3), we see that u € M,.

Lemma 3.2. For any u € H'(R?)\{0}, there is a unique £ > 0 such that u; €
M,, where uz(z) := t*u(tx). Moreover, I,(u;) = max I, (uy).

Proof. For any v € H'(R3)\{0} and t > 0, set us(z) := t*u(tz). Consider
1

1 1
Y(t) = I, (u) = —t3/ |Vu|? + —at/ u? + —t3/ Puu®
2 RS 2 RS 4 RS
A 1
— Zyd / (ut)? — =¢° / (uh)®.
p R3 6 R3

Since 2p — 3 > 3, by elementary computations, v(¢) has a unique critical point £ > 0

corresponding to its maximum, i.e., y(t) = max v(t) and +'(t) = 0. Hence
>

1 2p —
op \vu|2+—a/ ut+ P ¢uu2—7( P 3)A£2p—4/ (u+)p—§£8/ ()’ =0,

then G,(u;) =0, uz € M, and I,(u;) = max I, (uy). O

Lemma 3.3. I, possesses the Mountain-Pass geometry.

Proof. dp, 6 > 0 small such that

_1 2 1 2, 1 2_5/ +p_1/ 6
Ia(u)—Q/R3|Vu\ +2a/Rgu w1 ] oat =2 @y -5 [ )

1
> 2 ||u||i11(R3) - CA ||u||1;{1(R3) -C ||u||§{1(R3)
Fix u € H'(R3)\{0}, set w;(x) := t*u(tz),

1 1 1 A 1
I(uy) = §t3 RB\VuF + §at/R u? + Zt?’ R;;suuz — —t2p_3/m(u+)p - étg/ﬁg (uh)’ <0

3 p
for ¢ > 0 large, then 3ty > 0, set ug := uy,, I(ug) < 0. O
Hence we can define the Mountain-Pass level of I,:
(3.4) ¢o := inf sup I,(v(t)),
7€la ¢e0,1)

where the set of paths is defined as
(3.5) I, :={y€C(0,1], H(R?)): 7(0) =0 and I,(y(1)) <0} .
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Next, we will construct a (PS) sequence {u,}°, for I, at the level ¢, that satisfies
Ga(un) = 0 as n — oo, i.e.,

Proposition 3.4. There exists a sequence {u,}2, in H'(R3) such that, as
n — 0o,
(3.6) I(up) = ¢y, I'o(un) =0, Gu(u,) — 0.

Proof. We define the map ®: R x H'(R3) — H'(R?) for § € R, v € H'(R?)
and z € R? by ®(0,v) = e*v(e’x). For every § € R, v € H'(R?), the functional
1, o ® is computed as

1 1 1
I,0o®(0,v) = —639/ |Vo)? + —aee/ V2= [ p0”
2 R3 2 R3 4 R3

_é6(2p—3)9/ (U+)P_1699/ (v+)6.
p R3 6 R3

In view of Lemma 3.3, we can easily check that I, o ®(6,v) > 0 for all (¢,v) with
0], ||v|| 1 (r3) small and (1, o ®)(0,u) < 0, i.e. I, o ® possesses the Mountain-Pass
geometry in R x H'(R?). Hence we can define the Mountain-Pass level of I, o ®:
(3.7) &= inf sup (I, o ®)(3(t)),

7¥€la t€]0,1]
where the set of paths is defined as
(38) T.:={3€C([0,1],R x H'(R*): 4(0) = (0,0) and (I, 0 ®)(5(1)) < 0} .

As T, ={Poq: 7€ fa}, the Mountain-Pass levels of I, and I, o ® coincide, i.e.,
Cq = Cq-

By Lemma 2.3, we see that there exists a sequence {(6,,,v,)}nen in R x HY(R?)
such that as n — oo,

(3.9) (Lo 0 @) (0, v0) — ca,
(3.10) (I, 0 ®)(0,,v,) — 0 in R x H'R?))™,
(3.11) 0, — 0.

Indeed, set &€ = ¢, := &, § = J, := 2 in Lemma 2.3, (3.9), (3.10) are direct
conclusions from (a), (¢) of Lemma 2.3, we just need to verify (3.11). In view of
(3.4), (3.5), for e = &, := =, Iy, € Iy, such that

1
sup I, (7n(t)) < co + —.
Sup (7 (1)) =
Set 4n(t) = (0,7,(t)), then
1
sup I, 0 ®(Yu(t)) = sup L(yn(t)) < ca+ —.
tel0,1] tel0,1] n

By (b) of Lemma 2.3, there exists (6, v,) € Rx H'(R?) such that dist((0,,, v,), (0, 7.(1))) <
2 then (3.11) holds.
For every (h,w) € R x H'(R?),

(3.12)  {(Io 0 D) (O, v), (hyw)) = (I' (PO, v0)), PO, w)) + Go(P(0r, v1))
Taking h =1, w = 0 in (3.12), we get
Go(P(0p,v,)) =0 as n— oo.
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Denote u,, := ®(0,,v,), we have
Go(u,) — 0 as n — oo.
For any v € HY(R?), set w(x) = e ?’v(e~f2), h =0 in (3.12), we get
(o) 0) = oLl o (e 2)]| s oy = oD ol
for 6, — 0 as n — oo, i.e., I',(u,) — 0 in (H*(R?))™" as n — oo. Hence, we have
got a bounded sequence {u,}°°, C H'(R?) that satisfies (3.6). O
Moreover, using the same argument as in [41], we can prove

(3.13) Cq = ueHll(%fS)\{o} max I (u) = uler}\f[a I,(u) > 0.

For the Mountain-Pass level ¢, for I,, we have the following estimate:
Lemma 3.5.
1 s
Co < gSZ
for A > 0 large, where S is the best Sobolev constant for the embedding D*?(R3) —
L5(R?).

Proof. Let ¢ € C°(B5(0)) satisfying ¢ = 1 on B1(0) and 0 < ¢ < 1 on By(0).
Given § > 0, we set 95(z) := @(x)ws(x), where

1 1
ws(e) = (30) ————
(6 +[z]7)?

satisfies
(3.14) / |Vws|? :/ |ws|0 = 52

R3 R3
We see that
(3.15) / V5|2 = O(6Y2)  as 6 — 0.

R3\ B (0)

Let X5 := [gs |Vu;|°, where vg := ¢5/(fB2(0) l1h5]%)5. We find

(3.16) X5 <S4+ 0(5?) asd —0.
In view of Lemma 3.2, there exists 5 > 0 such that sup,»q 1o((vs):) = La((vs)s;)-
Hence % lizt; = 0, that is

3 1 3 2p—3 _ 3
§t§/RS|Vv5|2+§a/RSU§+Zt§ ngbvévﬁ— ( pp ))\t?’ S/RSUC;’)— §t§/Rsv‘? =0
which implies

1 1
(3.17) 18 < £2X; + ta / ol 4 1g2 / Bun 2.
Direct calculations show that

(3.18) [R v = 0(6?), </R u;2/5)5/3 = 0(5).

(3.16), (3.17), (3.18) and Lemma 2.1 (i) imply that |t5| < C}, where C} is independent
of § > 0 small.
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We can assume that there is a positive constant C5 such that t5 > Cy > 0 for
0 > 0 small. Otherwise, we could find a sequence 6,, — 0 as n — oo such that t5, — 0
as n — oo. Now, up to a subsequence, we have (vs,);,, — 0 in H'(R?) as n — oo.
Therefore

0 < ca <sup La((vs,)e) = La((vs, )is, ) = 1a(0) = 0,

t>0

which is a contradi(;tion. .
Denote g(t) = 5 [gs |Vus|* — & s 05, it is easy to check that

3
1 5
sup g(t) = §</ \V05|2) <
t>0 R3

I((vs)ts)
1 1

1 A 1
= 3 Yo 2+—t/ (O Uv2——t2p_3/ vp——tQ/ V8
25/RS| 6| 25R36 46R3¢55 p5 R35 65R36

3.19 5/3
(3.19) <supg(t)+C v§+C</ 1);2/5) —C’)\/ vy
R? R? R?

t>0

wl =
0N
_I_
)
>
=
-
IN

Thus

<zstro@mc [ w-oxf
R3 R3

1
3
where we have used (3.18).

From (3.19), to complete the proof, it suffices to show that

1
2 lim —— 2 _ O\ Pl - _
(3.20) sa0t 9172 [C/Bl(o) ¢ /131(0) Ué} >
and
1
3.21 lim —— {0/ v — CA/ vp] < C.
(3:20) =0+ 62 |7 Jponm) BaONBL(0)

To this end, we find

1 O\ §p/4
—C’)\/ v > —/ —
027" Jp 0T 02 o) (6 + |af2)P?

x’:x/51/2 C)\ 62 : ]_
> 22 5> oneh / —
02 B, /51/2(0) (0 + 0la’]?)? B, /51/2(0) (14 ]2"?)

Since p € (3,4], choosing A = 1/6 and combining with (3.18), (3.20) holds.

Since
1 {/ 2 / p} C 2
_ - G)\ | < — v} < C,
02 L) By0)\1 (0) BB ) 02 S0
where we have used (3.18), then (3.21) holds. O

Lemma 3.6. Every sequence {u,}°°, satisfying (3.6) is bounded in H'(R?).
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Proof. By (3.6), we have

1 p—3 p—2/
a 12[(1 n) — Ga n) = Vn2 n2
ot ol1) = L) = -5 Gale) = 7= [ V't La [

p_3 2 6_p / +16

we get the upper bound of ||u, || ;1 (gs)- O

Lemma 3.7. There is a sequence {x,} C R®> and R > 0, 8 > 0 such that

/ u > B,
Br(zn)

where {u,} is the sequence given in (3.6).

Proof. Assume the contrary that the lemma does not hold. By the Vanishing
Theorem [33, Lemma 1.1], it follows that as n — oo,

/ ] 0 forall2<s<6 and [ uu — 0.
R3 R3

Using (I'q(un), un) = o(1), we get

[ovubsa [ = [ =),

By I.(u,) — ¢4, we have

1 1 1
(3.22) —/ |vun\2+—a/ ug——/ (W) = co + o(1).

Let [ > 0 be such that

(3.23) / |V, |* + a/ u? — 1
R? R3

and
(3.24) / () =L

It is easy to check that [ > 0, otherwise ||uy | 51 (gsy — 0 as n — oo which contradicts

to ¢, > 0. From (3.22), (3.23), (3.24), we get ¢, = 3l.
Now, using the definition of the constant S, we have

/' \Vun|2+/' uiZS(/' (u:)6)§.
R3 R3 R3

Letting n — oo in the above inequality, we achieve that { > S%2. Hence

3
Co==1>=82,

Wl
Wl =

which contradicts to Lemma 3.5. O
We have the following proposition:

Proposition 3.8. (3.1) has a positive ground state solution @ € H'(R3).
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Proof. Let {u,} be the sequence given in (3.6) and ¢, be the Mountain-Pass
value for I, respectively. Denote @, (z) = u,(x + x,), where {x,} is the sequence
given in Lemma 3.7. Using standard argument, up to a subsequence, we may assume
that there is a u € H'(R?) such that

i — @ in H'(RY),
(3.25) Up, — 0 in L _(R3) for all 1 < s <6,
U, — 4 a.e.in R3.

By Lemma 3.7, u is nontrivial. Moreover, u satisfies

(3.26) —Au+ au + ¢yu = Mu")P + (uh)® in R?
and G,(u) = 0. By (3.13), we have
1 1 2p — 1
Ca < I(0) = I,(1) — =Gy(u) = —a/ a4 L 6)\/ (@™’ + —/ (@h)°
3 3 R3 3p R3 3 R3
1 -6 i 1 [ e 1
<1 — 2 A P _/ + =1 Ia n) — _Ga n
<mga [ @+l [ g [ = m (1) - 5G]

= lim [[a(un) - %Ga(un)} = Ca-

n—oo

Hence [,(a) = ¢, and I',(@) = 0. By the standard elliptic estimate and strong
maximum principle, @(x) > 0 for all z € R3. In view of (3.13), @ is in fact a positive
ground state solution of (3.1). O

Let S, the set of ground state solutions U of (3.1) satisfying U(0) = max,ers U(z).
Then, we obtain the following compactness of S,,.

Proposition 3.9. For each a > 0, S, is compact in H'(R?).
Proof. For any U € S,, we have
1

_2p—3
p—3 2 p—2 / 2 p—3 2 6—p / 6

— vU LI vty P [ ys
2p—3/Rg| =3 Y T 5= Je Y Y3 e

Thus S, is bounded in H'(R?).
For any sequence {U;} C S,, up to a subsequence, we may assume that there is
a Uy € H'(R?) such that

(3.27) U, — Uy in H'(R?)

Cq = [a(U) Ga(U)

and U, satisfies
— AUy + alUy + ¢p,Uy = XUV +U; in R3, Uy > 0.
Next, we will show that U, is nontrivial. First, we claim that, up to a subsequence,

(3.28) Up— Uy in LY _(R?).

loc

Indeed, in view of (3.27), we may assume that

VU2 = VU +p and UF — U + v,
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where 11 and v are two bounded nonnegative measures on R?. By the Concentration
Compactness Principle II [34, Lemma 1.1], we obtain an at most countable index set
I, sequence {z;} C R® and {u;}, {v;} C (0, 0) such that

(3.29) > Zﬂidxw v = Z v;i6,, and S(l/,-)% < p;.
i€l iel
It suffices to show that for any bounded domain €, {x;}ier N = 0. Suppose,

by contradiction, that z; €  for some ¢ € I'. Define, for p > 0, the function
Yy(x) = @b(%) where 1) is a smooth cut-off function such that ¢» = 1 on B;(0),

¥ =0on R3\By(0), 0 < <1 and |Vy| < C. We suppose that p is chosen in such
a way that the support of ¢, is contained in . Using (I',(Uy), ¥,Ux) = 0, we see

/ VUL, + / (VUy - Voo, Us + a / U2, + / S0 U2,

3

~ ) / Ui, + / Ui,
R3 R3

oo weaua] < (f, )" (f, virowr)
R3 e 5
o : C</R3 Ug‘va‘2>§ = C</Bz € U(?)E </Bz €D ‘V¢p‘3)§

1
SC’(/ Ug)6—>0 as p — 0,
Bap (i)

(3.30)

Since

lim
k—o0

(3.32) lim VU, > / IVUo*, + pi — pi as p— 0,
k—o0 R3 R3
(3.33) MA/ U,fw,,:)\/ U, — 0 as p— 0,
k—oo R3 R3
and
(3.34) lim Ubth, = / Ush, +v; — v as p— 0.
k—o00 R3 R3

We obtain from (3.30) that p; < v;. Combining with (3.29), we have v; > S%2. On
the other hand,

1 1 2 — 6 1 11
o = 1, (Uy) — =G (Up) = = U2 UP = | US>-y >=-92
© (Uk) = 3GalUk) 3a/RS’“+ 3p /ng+3/RSk—3 =375

which contradicts to Lemma 3.5, then (3.28) holds.

From (3.28), {U?} is uniformly integrable in any bounded domain in R3. By
Lemma 2.4 (i), |Uk|| pc (rs) < €' In view of [46], Ja € (0,1) such that [|Uk[| 1o gs) <
C, and using Schauder’s estimate, we have

||UkH0120'g(R3) <C.

By the Arzela—Ascoli’s Theorem, we have

Uk(0) — Up(0) as k — oc.
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Since AU(0) < 0, from (3.1), we can check that 3b > 0 such that U,(0) > b > 0,
then Uy(0) > b > 0, this means that Uy is nontrivial.

Since
1
o < 1, (Uy) — ——= G, (U,
Ca < 1a(Uo) % — 3 (o)
p—3 9o, P—2 / 2 p—3 2 6-—p / 6
= VU Ui+ ————= Ui+ ———== U,
2 — 3 Rg‘ o +2p—3“ R3 0+2(2p—3) R3¢U° 0+3(2p—3) R3 O
. p—3 2, P—2 / 2 p—3 2
=1 VU, Ui+ — U,
k1_>r10102p_3 R3‘ k‘ —|—2p_3a R3 k+2(2p—3) R3¢Uk g
6—p / 6 ) 1
+ oL | Uf = lim [1,(U)) - GalUs)| = ca.
320—3) Jrs T o (Uh) 2p — 3 (Uh)
which means that I,(Upy) = ¢, and Uy — Uy in H'(R3?). This completes the proof
that S, is compact in H'(R3). O

4. Proof of Theorem 1.1

(1.1) can be rewritten as

(4.1) —Av + V(ex)v + ¢v = Ao[P2v + |[v|/'v  in R3,
' —A¢ = v? in R?, v>0, ve H(R?),
and the corresponding energy functional is

1 1 1 1 1 6
I.(v) = §/RS|VU|2+§ /RSV(EZL')’Uz—G—Z quﬁvvz—];)\/RS(er)p—é/Rg(er) , vE H,,

where H, := {v € H'(R?) | s V(ex)v® < 0o} endowed with the norm

1/2
vl g, = (/ |Vv|2+/ V(E:L’)’U2) :
RS RS

(2) = 0 ifxel/e
XM= o if z ¢ AJe,

Q:(v) = (/RSXEUQ — 1)2+

Finally, set J.: H. — R be given by

J-(v) = I.(v) + Q-(v).

Note that this type of penalization was firstly introduced in [13]. It is standard to
show that J. € C'(H_,R). To find solutions of (4.1) which concentrate around the
local minimum of V' in A as ¢ — 0, we shall search critical points of J. for which ).
is zero.

Let cy, = Iy, (w) for w € Sy, and 108 = dist{ M, R*\A}, we fix a 8 € (0,6) and
a cut-off function ¢ € C°(R3) such that 0 < ¢ <1, p(x) =1 for |z] < B3, p(z) =0
for |x| > 2/ and |V¢| < C/B. We will find a solution of (4.1) near the set

We define

and

l,l

X, = {(p(ex — 2w (:c — —) e MPw e SVO}

€
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for sufficiently small € > 0, where M”? := {y € R3: inf.cy |y — 2| < B}. Similarly,
for A C H., we use the notation

A*:={u€e H,: igg Ju—v|, <a}.
For U* € Sy, arbitrary but fixed, we define W, ,(x) := t*¢(ex)U*(tz), we will show

that J. possesses the Mountain-Pass geometry.
Denote U := t*U*(tz), we have

1 1 1
I, (Uf) = —t3/ IVU* |2 + —Vot/ (U2 + =13 Dy (U*)?
2 R3 2 R3 4 R3
1 1
— —>\t2p_3/ (U — —tg/ (U")° = —o0  as t — oo,
P R3 6 R3

then Jty > 0 such that Iy, (U;) < —3.
We can easily check that Qg( W.4) =0, then

1 1
LW = LWor) = 5 [ 9Weifo+5 [ Vieow?,

/ ¢Wst0 ato / €t0__/ Et()

i) s sagamfe
(4.2) %to ASV(%j)¢2(%j)(U*(f))2

1 € . ./~
+Zt3/, beenv-@ e’ (C0) (U (2))°
R3 0
1 _ RN 1 E N\ jrrasn
s / (S U @) — L8 / (7))
R3 t() 6 R3 tO

b
= Iy, (Uy) +o(1) < =2 for € > 0 small,

where we have used the Dominated Convergence Theorem and Lemma 2.2 (i).
Using the Sobolev’s Imbedding Theorem, we have

1 1 1
() > L) = 2l — 2 / - / ¢
P R3 6 R3
1 2 p 6
> 2 ully, — € Afully, — O ulfy, >0

for [|ul| . small since p > 2.
Hence, we can define the Mountain-Pass value of J. as follows,

c. := inf max J.(v(s)),

“/Grs sE [0 1}

where I'. := {y € C([0,1], H.) | 7(0) =0, (1) = W4, }
Lemma 4.1.

lime. < cy..
5—)06_ Vo
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Proof. Denote W,y = lim;_,o W., in H. sense, then W,y = 0. Thus, setting
v(s) == We g, (0 < s <1), we have y(s) € I', then

c: < max J.(y(s)) = max J.(W.,)

5€[0,1] te[0,to]
and we just need to verify that

lim max J.(W.;) < cy.
e—0t€[0,to] 6( e’t)_ Vo

Indeed, similar to (4.2), we have

€ et) — I - 1) < I Y 1
tg[l(%ié} J-(Wes) tig[l(%gé} w(U;) +o(1) tg[l(fé) w(Uf) +o(1)

= Iy, (U") 4+ o(1) = ¢y, + o(1). O
Lemma 4.2.

lim c. > cy,.
e—0

Proof. Assuming the contrary that lim_,,c. < cy,, then, there exist dp > 0,
en, — 0 and v, € 'y, satisfying J., (7.(s)) < ¢y, — & for s € [0,1]. We can fix an ¢,
such that

1
(4.3) 5 Voen(1+ (1 + cy)t?) < min{do, 1}.

Since I, (7,(0)) = 0 and I, (7,(1)) < J., (7a(1)) = J,, (W, 1) < —2, we can find an
sp € (0,1) such that 1., (v,(s)) > —1 for s € [0, s,,] and I, (¥.(s,)) = —1. Then, for
any s € [0, s,],

Qe (1(8)) = Je (Va(5)) — Le,, (Wa(s)) < 1+ ey, — do,
this implies that

/ 72 (s) < en(14 (1 +cy)Y?) for s €0, s,].
R3\(A/en)

Then, for s € [0, s,],

1

Ie, (7 (8)) = Ivy (1(s)) + 5 /RS (V(enw) = Vo) 1n(s)

> Iy (1 (5)) + ; /R URUCTHRCEC

1
> Iy (1n(5)) = 5 Voen (1 + (14 p)'?),
then
1
Iy (n(sn)) < Le, (9n(sn)) + 5%511(1 +(1+ CV0)1/2)
1
= —14 SVoea(l+ (L4 eyy)/?) <0
and recalling (3.4), we have

max Iy, (7a(8)) > cv.
s€[0,sn]
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Hence, we deduce that

¢y, — 0p > max an(Vn(S)) > max Ien(Vn(S)) > max Ien(Vn(S))
s€[0,1] s€[0,1] s€[0,5n]

1
> I?(?X][vo(%(S)) = 5 Voen(l+ (1 + ev)'?),
se€|0,sn

Le, 0<d < 1Voe,(1+ (1+ cyy)'?), which contradicts to (4.3). O
Lemma 4.1 and Lemma 4.2 imply that
lim ( max J.(7.(s)) — c.) =0,

e—0"s€[0,1]
where 7.(s) = W, &, for s € [0, 1]. Denote
Ce 1= Je (Ve )
Ce = max Jo(%:(5))
we see that ¢, < ¢ and lim._,gc. = lim._,¢¢. = cy.

In order to state the next lemma, we need some notations. For each R > 0, we
regard H}(Br(0)) as a subspace of H.. Namely, for any u € H}(Bg(0)), we extend
u by defining u(z) = 0 for [z| > R, then ||-||,_is equivalent to the standard norm
of Hj(Bgr(0)) for each R >0, & > 0. Using ||-||,_, for each T" € (Hy(Bg(0)))~", we
define

||T||*’€7R = sup {Tu: = H&(BR(O)), ||u||Hs < 1} )
Note also that [|-||, . ; is equivalent to the standard norm of (Hg(Br(0)))™".

We use the notation

JE={ue H.: J.(u) <a}

and fix a Ry > 0 such that Bg,(0) D A.
Inspired by [51]|, we have the following lemma and this lemma is a key for the
proof of Theorem 1.1:

Lemma 4.3. (i) There exists a dy > 0 such that for any {g;}°,, {R.,},
{ue,} with
hm g; =0, Rai > R()/Ei, Ug, € Xgio N H&(BRE(O)),
4.4 1—00 v
@4 i ., (1) < ey and T 7o (ue)l. o p =0,
1—00 1—00 W

then there exists, up to a subsequence, {y;}52, C R3, g € M, U € Sy, such
that

lim |e;y; — 20| = 0 and lim |Ju., — o(e;2 — e:)U(x — y)|| 5. = 0.
1—00 1—00 Ey
(i) If we drop {R.,} and replace (4.4) by

(45) lime =0, u, € X, lim J.,(u.,) < ¢y, and lim ||J';, (u.,)
i—00 100

1—>00

(Hsi)71 = 07
then the same conclusion holds.

Proof. We only prove (i). The proof of (ii) is similar. For notational brevity, we
write € for g;, and still use ¢ after taking a subsequence. By the definition of X
there exist {U.} C Sy, and {z.} C M” such that

) ue — p(ex — z.)Us (m — ;)‘

3
< —d,.
Hg_20
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Since Sy, and M? are compact, there exist Uy € Sy,, 19 € M? such that U. — Uy
in H'(R?) and z. — xg as € — 0. Thus, for € > 0 small,

(4.6) } u. — @(ex — x:)Uy <a7 — &> ‘ < 2d,.
e /llm.
Step 1. We claim that
(4.7) lim sup / lus|® =0,
€0 yEAe Bi(y)
where A; = Bsg/.(x./€)\Bgj2:(z./€). If the claim is true, by Lemma 2.5, we see that
(4.8) lim [ |ul® =0,
e—0 B.

where B. = Bag/-(2./€)\Bgs/e(z./¢). Indeed, since

sup/ |u.|® > sup/ |ua-XA;|6,
y€A: J Bi(y) yE€R3 J By (y)

where Al = Bsg/e)-1(2:/€)\B(g/20)+1 (2= /), then

lim sup / e - xa1|® = 0.
Bi(y)

e—0 yER3

By Lemma 2.5, we have
/ [ue - xa1® =0 as € = 0.
R3

Since Al D B. for £ > 0 small, (4.8) holds.
Next, we will prove (4.7). Assuming the contrary, there exists r > 0 such that

lim sup / lue|® = 2r > 0,
a—)OyEAE Bl(y)

then there exists y. € A, such that for ¢ > 0 small, fBl(yE) luc|® > 7 > 0. Note

also that y. € A., there exists * € M* C A such that ey. — 2* as ¢ — 0. Set
Ve(x) := uc(x + ye), then, for e > 0 small,

(4.9) / lve|® > 7 >0,
B1(0)

up to a subsequence, v. — v in H'(R?) and v satisfies
—Av 4+ V(") + v = NP +0° in R3, v > 0.
Case 1. If v # 0, then

1 1 . 2p—6 1
V() < [V(m*)(v) — §GV(I*)(U) = gV(fE )/RS 1)2 —+ 7)\ /RS VP 4+ g /RS 2}67

we have
20— 6
P = Y R I
R3 p R3 R3

2p — 6
> V(a:*)/ v+ L )\/ v”+/ 08 > 3Cy(z+) = 3Cyy,.
R3 p R3 R3
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Hence, for sufficiently large R,

. 2p — 6
i (Vg [ 2+ 2200 [ [
e—0 Br(ye) p Br(ye) Br(ye)
' 2p — 6
L Y R = |
e—0 Br(0) b Br(0) Br(0)
2p—6
> |:||V||L°°(/_\)/ vt 2 )‘/ Up+/ Uﬁ}
Br(0) Br(0) Br(0)
1 2p 6
R3 R3 R3

On the other hand, by the Sobolev’s Imbeddlng Theorem and (4.6),

2p —6
||v||L°°(A)/ uZ + >‘/ “5"‘/ ug
Br(ye) p Br(ye) Br(ye)

2
< Cdy+C ‘go(ex—:ce)Uo (:c— E)‘
Br(ye) €

+CA /BR(ys) ‘cp(ex —x.)Up (1’ - %) ’

Le

6
—I-C/ ‘gp(ezx—za)Uo(:B——)
Br(ye)

(4.10)

3

< Cdy+C |%@W+C{/ |Uo()|?

BR(Z/E_%) BR(Z/E_%)
—I—C/ \Uo(2)|® = Cdy + o(1),
BRr(ye )

where o(1) — 0 as ¢ — 0, and we have used the fact that |y. — %| > §/2¢. This
leads to a contradiction if dy is small enough.

Case 2. If v = 0, ie.,, v. — 0 in H'(R?), then v. — 0 in L; (R?) for s €
[1,6). Thus, by (4.9) and the Sobolev’s Imbedding H\. (R?) — L (R?), 3C > 0
(independent of €) such that, for € > 0 small,

(4.11) / Vo> > Cr/? > 0.
B1(0)

Now we claim that

(4.12) lim sup [{pe, )] = 0,
e—=0 peCe (B2(0)),llell 1 (r3y=1

where p. = Av. + (vF)? € (H'(R?))™'. Tt is easy to check that for ¢ > 0 small,
Jrs Xe(2)ue(x)p(z — y.) = 0 uniformly for any ¢ € C°(B3(0)). Thus for any ¢ €
C2(B2(0)) with [l¢l g1 (gsy = 1,

(pe, 0} = = (J'(ue), o(x — ye)) +/ Viex)ue(r)p(r — ye) + e (@)ue(2)o(2 — ye)

RS

—A/(@Y*@wm—%wah+h+k+n.
R3
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In view of the facts that || J'c(uc)||, . . — 0, suppp C Bs(0), sup,cp,0) V(ez+ey:) <
C' uniformly for all € > 0 small, v. — 0 in Lj (R?) for s € [1,6) and Lemma 2.1, we
have

B < 12 0@ — 90l = oDl = 42,
< o(W)lp(e — )l sy = 0.

1/2 1/2

|Jo] < sup V(ex + eye.) (/ |v€|2) (/ goz) — 0,
z€B2(0) B2(0) B3(0)
1/6 1/3 1/2
[ bure| < ( / |¢U€|ﬁ) ( / |v€|3) ( / s02)
R3 R3 B»(0) Ba(0)
1/3 1/2
< Ol ([ 10B) ([ @) =0
B»(0) B2(0)

. (»-1)/p 1/p
Loenrel<a(f ) () oo
R3 B3(0) B>(0)

as ¢ — 0 uniformly for all p € C2°(B>(0)) with ||| 1 (gs) = 1, Le., (4.12) holds.
In view of Lemma 2.6, we see from (4.9), (4.11) and (4.12) that, there exist
7. € R?® and 0. > 0 with 4. — § € B1(0), 0. — 0 as € — 0 such that

| J5] =

and

| Jal = A

w.(z) = o *v. (0.2 + §.) = w in DY*(R?)
and w > 0 is a nontrivial solution of
(4.13) ~Au=u", ue€ D"(R?).

It is well known that
31/451/2

(02 + | — 20[2)"/?

w(z) =

for some § > 0, xo € R? and

(4.14) / |Vw|? = / wb = 532,
R3 R3
then 3R > 0 such that

On the other hand,

(4.15) / w® < lim w® = lim v8 = lim ul < lim/ ul,
BR(O) e—=0 BR(O) e=0 BGsR(st) =0 BGsR(?e""ys) =0 B2(ys)

where we have used the facts that 0. — 0 and §. — ¢ € B1(0) as € — 0.
Similar to (4.10), we can check that (4.15) leads to a contradiction for dy > 0
small. Hence (4.7) holds.
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For any s € (2,6), using the Interpolation Inequality for L? norms and (4.8), we
have
(4.16)

55 53 -
u|* < (/ |ua|2) (/ |Ua|6) < C(/ |u€|6) —0 ase—0.
B5 1> 1> 1>

It follows that

ST
ol

(4.17) lim [ |u.*=0 forall s € (2,6].
e—0 B.

Step 2. Let u.1(x) = plex — . )uc(x), u-o(x) = (1 —p(ex —x.))u-(z). By (4.17)
and direct computations, we can check that

L= [ @+ [ () o, se e
/R3 [Vue|* > /RB\VUEJPJF/P& Ve of? + o(1),
/RBV(&”C)WEV / V(ex) ucq| +/ V() ueaf?,

¢u5 ua / ¢u5 1 ual / ¢u5 2\ Ue 2 9

Qa(ua 1) =0, Qc(uc2) = Qe(uc) 2 0.
Hence we get,
(4.18) Jo(ue) > I(uey) + I (uc2) + o(1).
Next, we claim that [[uc [/, — 0 as e — 0. By (4.6), we have

ue1 — p(ex — x-)Up (:)3 — %)

lueally, < |

S ||u572||H5(Bzg/5($5/5)) + 4d0

+ 2dy
He

us 1 — plex — x)Ug (x — %)

+ 2dy
He(Bag /e (we/€))

+ 4d,
+ 4dy

- ||u€’2HHE(BQB/E(xs/a)\Bﬂ/s(xs/a))

4.19
(4.19) < Clluclly,

(Bag/e(xe/€)\Bg /e (2e/2))

< C’Hcp(sx — z.)Up(z — %)

+ Cdy
He(Bag)e(ze/€)\Bge(z/¢))

< O||vs (= - &) + Cdy
€ " IWHY(Byg o (we/€)\Bge(2e /<))

< CHU0||H1(Bzﬁ/s(o)\3ﬁ/s(o)) + Cdy = Cdy + o(1),

Te

where o(1) — 0 as ¢ — 0. Hence we have @ us2l|l ;. < Cdo.
e— €
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: /E(Sy (31.17) >and the facts that (J'c(u.),uc0) — 0 as e — 0 and (Q'_(u.), ues) =
Q e\Ug2), Ueg 2 Z 0, we get

vus : vu€,2 + / V(gx)u€u€,2 + / ¢u5ueue,2 + <Q/a (u€,2)7 u€,2>
R3 R3 R3
3 [ Mt [ @ s+ o),
R3

RS
then

fucally, <2 [ Jueal+ [ fueal® + 001
R3 R3
1
< CAlucallt, + C llucally, +o(1) < 3 [uealy + C lluszllyy, + o(1),

ie., lually, < Clluealy, +o(1).
Taking dy > 0 small, we have |[uc ||, = o(1). From (4.18), it holds that

(4.20) Je(ue) = I (ue1) + o(1).

Step 3. Let w:(z) = u.1(z+ %) = p(ex)u.(z+ %), up to a subsequence,
Juw € H'(R?) such that
(4.21) W, — W in H'(R?)
and
(4.22) W, — w a.e. in R®.
We claim that
(4.23) W, — w in L°(R?).

In view of Lemma 2.5, assuming the contrary that 3r > 0 such that

li_msup/ [, —w|° = 2r > 0.
e—=02eR3 J By (z)

Then, for € > 0 small, there exists z. € R? such that
(4.24) / [, —w|° >7r > 0.
Bi(ze)

Case 1. {z.} is bounded, i.e., |z.| < a for some « > 0, then for £ > 0 small,

(4.25) / 5.1° > r >0,
Ba+1(0)

where 9. = w.—w and 9. — 0in H!'(R?). Similarly as in Step 1, 3C > 0 (independent
of €), such that for € > 0 small,

(4.26) / V|2 > Crt/? > 0.
Ba+1(0)

Now, we claim that

(427) hm Sup |<ﬁ€a 95>| = Oa

=0 PeC2®(Ba+2(0)), 18l 1 (r3y=1
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where p. = Ao, + (07)° € (H'Y(R?))™!. It is easy to check that for ¢ > 0 small,

o(1) = <J;(u€),¢ (1’ - %)> - /R Vu. (a?+ %) Vo
+ /R3 Ver + z.)u. (:c + %) o+ /R3 Puc (22 ) Ue (x + %) %
(4.28) —)\/Rg (uj (x+%))p_l¢—x/m (uj <x+%>)5<ﬁ

= vwa-v¢+/

R3 R3
i\ / (@) — A / (@) + o(1),
R3 R3

where we have used the fact that ||u.s||z. — 0 as € — 0 and note that o(1) — 0 as
e — 0 uniformly for all ¢ € C°(Bat2(0)) with [|@] 41 ga) = 1.

By (4.28) and the fact that . — zy € M” as ¢ — 0, we see that @ > 0 and
satisfies

(4.29) — AW + V(20)W + ¢pgi = MdP " +@° in R,

By Lemma 2.2(ii) and direct computations, we can check that the following Brezis—
Lieb splitting properties hold, as ¢ — 0,

[ @ - @) o

~ -1~ ~ -1~ ~\p—1 ~
| @re =@y e— @y te o

/N

x — %) = 0 uniformly for all p € C2°(B,+2(0)). Hence, we have

V(ex + x)w.p + D Wep
RS

(4.30)
Qo WP — Q5. VP — PP — 0,
R3
/ Vib. - V§ — Vi, - V& — Vi - VG = 0

\ /JR3
and
(4.31) / (V(ex + 2.). — V(1)) — 0

R3

uniformly for all ¢ € C2°(Ba+2(0)) with [[][ 41 gs) = 1. From (4.28), (4.29), (4.30)
and (4.31), we can verify (4.27).

By Lemma 2.6, we see from (4.25), (4.26) and (4.27) that, there exist z. € R?
and d. > 0 such that z. — Z € B,41(0), . — 0 and

W () == 620 (0. + 2.) — w(x) in DM2(R?),
where w > 0 is a nontrivial solution of (4.13) and satisfies (4.14).
Since
/ 0 <lim [ |on®=lim [ |5/°
R3

(4.32) e—0JR3 e—0JR3

~ lim |wa|6—/ 5 <lim [ |ulf,
e—0JR3 R3 e—0JR3
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then by (4.6) and the Sobolev’s Imbedding Theorem, we get

6
< Cdy +/ Ug,
RS

Te

/ lu.|® < Cdy + / ‘go(ex —xz.)Up (a: — —)
R3 R3 €
and combining with (4.32), it holds that

(4.33) /q|wﬁfgcmr+/“(@.
R3 R3

Thus

1 1 2p — 6 1
= Iy, (Uy) — =Gy, (Uy) = = U? A/Up —/U6
CVO VO( 0) 3 VO( 0) 3/1:{3 0 + 3p R3 0 +3 R3 0
1 1
> —/ [w|® — Cdy > 257 — Cd,
3 Jrs 3
where we have used (4.14) and (4.33). Letting dy — 0, we have
1
CV() 2 gS%a
which contradicts to Lemma 3.5.

Case 2. {z.} is unbounded. Without loss of generality, lim. .o |2z.| = co. Then,
by (4.24),

(4.34) lim W [° > 7 >0,
e—0 Bl(zs)
ie.,
: T\ |6
lim ’ap(ex)ug (a: + —)’ >r>0.
e—=0.J By (ze) €

Since ¢(x) = 0 for |z| > 28, we see that |z.| < 35/¢e for ¢ > 0 small. If |z.| > (/2¢,
then z. € Bsg/.(0)\Bgs/2-(0) and by Step 1, we get

6
lim [w.|% < lim sup / Ue (:c + E) = lim sup / lu.|® =0,
=0/ By (z) €=02€B35/:(0)\Bg/2:(0) J B1(z) € e=0z€4: J Bi(z)

which contradicts to (4.34). Thus |z.| < 8/2¢ for € > 0 small. Assume that ez. —
z € Bgs(0) and w.(z) := w.(x + z.) — w(z) in H'(R?). If @ # 0, we see that @
satisfies

— AW + V(xg + 20)0 + dpw = M +@° in R w > 0.
Similarly as in Step 1 (4.10), we get a contradiction if dy > 0 is small enough. Thus
w =0, ie.,
w, — 0 in H'(R?).
By (4.34), we have

(4.35) lim |w.|® >7r >0
e—0.J B1(0)

and similar as in Step 1, we can check that 3C' > 0 (independent of €) such that for
e > 0 small,

(4.36) / V. |> > Cri/? > 0
B1(0)
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and

(4.37) lim sup [{P=, @) = 0,
£ peC(B2(0), 12l 1 (m3)=1

where p. = Aw, + (wF)® € (H'(R?))™!. By Lemma 2.6 again, we see from (4.35),

(4.36) and (4.37) that 37. € R? and 7. > 0 such that . — 7 € By(0), 7. — 0 as

e — 0 and
w?(z) == 0. (yex 4+ 7.) = w*(z) in DV*(R?),

)

where w* > 0 is a nontrivial solution of (4.13) and satisfies (4.14). Thus, 3R > 0

such that
* |6 1 * |6 1 3
|w*]® > = lw*|® = =52 > 0.
Br(0) 2 Jrs 2

1 .
~S: < / w*|® < lim |w?|® = lim | |®
2 Br(0) =0 Br(0) e=0. B, (a2

On the other hand,

< lim/ lus|® < lim e |°,
=0 B’ng(js'f‘Zs‘Fx?s) =0 B2(Zs+x?€)

which contradicts to (4.6) for dy > 0 small. Therefore

lim sup / lw. — w|® = 0.
20 .eRs3 Bi(2)

By Lemma 2.5, (4.23) holds. Similar to (4.16), using the Interpolation Inequality for
L? norms, we have

(4.38) W, — w in L(R?), s¢€ (2,6

In view of (4.20) and recall that @ (z) = u.1(z + %), we have

1 B 1 B 1 B 1 N 1 N
= Vi + = V )w? —/ @ 2——)\/ +p——/ +
2/}{3\ W, | +2/R3 (6:c+x)w€+4 R3¢ D2 p Rg(we) G Rg(we)

< Cy, + 0(1)

By Lemma 2.1(iii), (4.21), (4.22) and (4.38), we get

1 1 1 1
—/ |Vw|2+—/ V(xo)w2+—/ gmeQ——)\/ (
2 R3 2 R3 4 R3 P R3

ie.,

=3
T
=
I
(o2}
7
B
T
v@
IA
9}
S

(439) ]V(xo)(ﬂ}) < Cyy-

Since (J'c(uz), ue1) = 0, [Jucelly. — 0 as e — 0 and (Q'.(ue), ue1) = 0 and together
with the fact that @.(z) = u.1(z + %), we get

/ |vwa|2+/ Vier +x)w + | ¢g? :)\/ (mj)%/ (@)° + o(1),
R3 R3 R3 R3 R3
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then by (4.29), we have

/\vw|2+/ V(zg)d® + | ¢
R3 R3 R3

< lim |V, |* + / V(ex + z)w? + b, W2
R3 R3 R3

e—0

:lim)\/ (u?j)p—k/ ()" :)\/ (w+)”+/ (wH)°
e—0 R3 R3 R3 R3
:/ |V121|2—|—/ V(l’o)ﬁ}2+ ¢@Ib2,

R3 R3 R3

hence as ¢ — 0,

(4.40) / 3 V(ex +x)w? — | V(rg)w®

R3
and

(4.41) /|vw€\2—>/ V|2
R3 R3

In view of (4.6), (4.38) and the fact that [|uc sl — 0ase — 0, taking dy > 0 small,
we can check that @ # 0. By (4.29), we have

(4.42) Iy (@) (W) 2 Cv(ap)-

Since g € MP C A, (4.39) and (4.42) imply that V(z¢) = V, and 2y € M. At this
point, it is clear that 3U € Sy, and 2y € R? such that w(x) = U(x — 2). Since

/ V(z0)w? < / V(ex + x)w?,
R? R3
by (4.40) and (4.41), we have

W, — w in H'(R?),
which implies that
ue — @(er — (v + 620))U<SL’ — (% + zo)> ‘ .

And we recall that z. — xg € M as € — 0, this completes the proof. O

—0 ase —0.

Lemma 4.4. Let dy be the number given in Lemma 4.3, then for any d € (0, dy),
there exist €4 > 0, pg > 0 and wy > 0 such that

[T ()l cp = wa >0
for all w € J&O T A (XP\X2) N HY(BR(0)) with e € (0,e4) and R > Ry/e.

Proof. If the lemma does not hold, there exist d € (0,dy), {&;}, {p;} with
e, pi — 0, Re, > Ro/e; and w; € Jo° " 0 (X@\X2) N HY(Bpg.,(0)) such that

[ (wi)ll, o, p. — 0 asi— oo.
By Lemma 4.3(i), we can find {y;}2, C R?, zg € M, U € Sy, such that
lim g;y; — xo| = 0 and lim [lu; — o(eix — &)Uz — wi)ll ., =0,
1—00 1—00 i

which implies that u; € X i for sufficiently large ¢. This contradicts that u; ¢ X gi .G
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Lemma 4.5. There exists Ty > 0 with the following property: for any 6 > 0
small, there exist as > 0 and €5 > 0 such that if J.(7.(s)) > ¢y, — as and € € (0, 5),
then ~.(s) € XTI where v.(s) := We u,, s € [0,1].

Proof. First, we may find a Ty > 0 such that for any u € H'(R3),
(4.43) le(ez)u(@) ||y, < Tollw(@)l g1 (gs)-
Define

1
Q5 = Z min {CVO - [VO(Szt?)U*(St()SL’)): s € [0’ 1]’

> 0,

U (stox) — U™(2)]| o sy 5}

we have

(4.44) Iy, (s*t3U* (stox)) > cy, — 2as implies ||s*5U* (stoz) — U* < 4.

(x)HHl(RS)
Similar as in the proof of (4.2), we have

(4.45) max | J.(V.(s)) — Iy, (s*taU* (stox))| < as

0<s<1
for all € € (0,e5). Thus if € € (0,&5) and Jo(7:(s)) > ¢y, — as, by (4.44) and (4.45),
we have |[s*63U (stox) — U*(2)|| g1 (gs) < 0, then by (4.43), we have

[We st (%) = p(e2)U™ (@), = [|0(e)s* (U (stox) — p(ex)U* (2|

< T()H82t(2)U*(St0£L') - U*(I)Hﬂl(m) < Tyo.
Recall that 0 € M, we have y.(s) := W, 4, € X0 O
For each R > Ry/e, we have
Y(8) := We s, € Hy(Bg(0)) for each s € [0,1], X. C Hy(Br(0)).

Define

Cen = Inf max J-(7(1)),

where
Tor = {v € C((0,1], Hy(Bg(0))): 7(0) =0, ¥(1) = 7=(1) = Wey, }-
Remark that 7.(s) := W, g, € Teg, ¢ < cer < ¢ and J= N X. N H}(Bg(0)) # 0.
Choosing d; > 0 such that Tyd; < dy/4 in Lemma 4.5 and fixing d = do/4 := d;

in Lemma 4.4. The next Lemma comes from [22], for reader’s convenience, we give
a detailed proof.

Lemma 4.6. 3¢ > 0 such that for each ¢ € (0,&] and R > Ry/e, there ex-
ists a sequence {vf.}>2, C J&te N X% N HY(Br(0)) such that J'o(vf.) — 0 in
(H}(Bg(0)))™ asn — .

Proof. Since J.(7.(1)) — Iy (U

+) < —3 as € — 0, we choose 0 < ¢ <
min{ey,, €5, } such that for each ¢ € (0, ],

1 1
(4.46) Cet+e<cy+ pay, Cc—c < gwdldo, Cry = 508 < Ce, J-(7:(1)) < 0.

Assuming the contrary that for some £* € (0,&] and R* > Ry/e*, there exists a
~v(e*, R*) > 0 such that

(4.47) 1 (@) o 2 A" ) > 0
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for all u € J% " N X% N H} (Bg-(0)).

Let Y be a pseudo-gradient vector field for J'o. in HE(Bg-(0)), i.e., Y: J%+ N
X% N HY(Bg-(0)) — H, 1(BR* (0)) is a locally Lipschitz continuous vector field such
that for every u € J= N X% N H} (B (0)),

(4.48) 1Y ()l .. < 201 (W), o g
(4.49) (J'ee (), Y () = || T e (@)]]2 oo e

Let v, 1y be locally Lipschitz continuous functions in H}(Bg-(0)) such that 0 <
Y1,92 < 1 and

1 lf CVO — Oé51 S Ja* (u) S 6a*>
Y1(u) = . . .
0 lf JE* (u> S CVO - 20{51 Or Cgx +e S Jg* (u),

) = {1 if |lu— X

3
H_~ S Zd()a

0 if lu = Xev|[y, = do.

Consider the following ordinary differential equations:

dpis u Y (n(s,u)) o o
an(s,u) = IIY(H(&U))HHE*WU( ,u))Pa(n(s,u)),
n(0,u) =

By (4.48) and (4.49), we have
@ Jetnts,u)) = (T (s, ), (s, )
o Ylas)
= (=) el
a5, )2 (n(5, )

== ||Y(77(S,U))||H; I 5, )l

< 50105, a5, W) 1 e 05,0 e

and combining with (4.46), (4.47) and Lemma 4.4, it is standard to show that n €
c([o, oo) X H}(Bg+(0)), H}(Bg-(0))) and satisfies

G (s, u))a(n(s, w) )

(i) £J.-(n(s,u)) <0 for each s € [0,00) and u € H}(Bg-(0));
(i) LT (n(s, 1)) < —way /2 3 (s, u) € Jo\J20T W (X207 x D/
(iii) £ J.-(n(s,u)) < —7(e*, R*)/Q if (s, u) € J&\Joro " DXSEOM;
(iv) 7]( u) =u if Jo(u) <
Set s 1= wg, do(y(e*, R*))™! and £(t) := n(s1,7.+(t)), by (4.46) and (iv), we have

£(t) € Tor ge. In view of (4.46) and (i), we may find a ¢; € (0,1) such that
(4.50) cvy — @5, /2 < Cer < Cerpr < e (E(01)) S e (Ve (B1)) < e
Hence, Lemma 4.5 yields

Yer (1) € XI/ ( Jlem\ Joro ™o,
Now, we have two cases:

Case 1. 1(s,ve+(t1)) ¢ Xe?’flo/4 for some s € [0, s1];
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Case 2. n(s, ye(t1)) € X2%/ for all s € [0, s1].

In Case 1, denote

= inf{s € [0, s1ln(s, 7~ () ¢ X2}
and
53 = sup{s € [0, salln(s, 7 () € X2/,
then
Sy — S3 > %do, (s, 7o (t1)) € X3P/ XD for every s € [s3, sa).
By (i) and (4.50), for all s € [0, s4],

b = 305 < T (01,73 (1)) < S (5,70
)

< Jer (0,74 (1)) = Jes (e (1))
then by (4.46) and (ii), we obtain

Jo6(t)) = Je o) + [ T s ()

1))

(t
< .

ds

3

%2 1
< Con —i—/ — Je(N(8, 76+ (t1))) ds < Cor — deldo < Cox,

which contradicts to (4.50).
In Case 2, by (4.46), (iii) and the definition of s;, we have

~ 1 * * ~ 1
Je+ (E(t)) < Cer — 57(5 ,RY)s1 = Cr — §wd1d0 < Cex,
which contradicts to (4.50). The lemma is proved. O
Proof of Theorem 1.1.  Step 1. By Lemma 4.6, 3¢ > 0 such that for each
e € (0,¢] and R > Ry/e, there exists a sequence {olf Yoo, c JE N X2 NH)(BR(0))
such that J'-(v,) = 0 in (Hj(Bg(0)))™" as n — oc.
Since {vF } is bounded in H}(Br(0)), up to a subsequence, as n — oo, we have

vfe — v in Hy(Bg(0)),

(4.51) v, = vl in L¥(Bg(0)), s € [1,6),
v, = vl ae in Bg(0).

By standard argument, we can check that v* > 0 and satisfies

—Avft + V(ex)vlt + qﬁvm} + 4<fR3 Xe(v ) dr — 1) Xevlt
(4.52) = \(F)"™ 4 (vF)" in B(0),
v® =0 on BR(0),

and we will show that v2 € J%+e N X% for dy > 0 small.

Indeed, we write that vfia = uﬁa + wfza with uR € X, and Hw HH < dy. Since
Sy, is compact in H 1(R?’), up to a subsequence, we can assume that ul® ne — ult in
Hj(Bg(0)) and wf, — wf in HI(BR(O)) as n — oo. Then we have v? = uff + wlt
with vt € X, and HwaRHHE <dp, i.e., vE e X,
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By Brezis-Lieb’s Lemma [11, Theorem 1|, Lemma 2.1(i), Lemma 2.2(i) and
(4.51), we have

e 2 () = ) + o [l R»

R|6

H. @ H — Ve HLﬁ(RS) + 0(1)
+o(1)
+o(1)
2 (1 1.3, g R|4
. (5 = 59 lwile = wllly,, ) +o(1)

> J.(vf) +o(1) for dy > 0 small.
Letting n — oo, we have J.(v®) < ¢ + ¢, that is vff € J=T°.

Step 2. We claim that 3¢ > 0 such that for any € € (0,&] and R > Ro/¢,
(4.53) v <C.

= L) + 5 [[of. -

.~ gl RH
H. 6 wn,s ws L6 (R3)

2 T R||6
HE_ES Hwn,a_wE‘Hs

)

> L0of) + 5 [Jwlt, —

= J.(vF) + Hw,}ia — wf‘

R
€ HLOO (R3)
Otherwise, Je; — 0, R; > Ry/e; such that HU€J HLOO (R3)

Lemma 4.3(i), there exist, up to a subsequence, {y;}>; C R? 2o € M, U € Sy, such
that

— 00 as j — o0. By

. im [|of
]li)rgo |5jyj — x0| =0 and J]Lrgo ,Usj] (;)j') — gp(gjl’ — Ejyj)U(l' - y]) ., = 07
then
lim [[of (2 4 4y) — elemU @), =0,

which implies that as 7 — o0,
vgj (z +y;) = U(x) in L°(R?).
Using the Brezis—Kato type argument (see also Lemma 2.4), we have
o (@ + 93) | oo sy < €
which leads to a contradiction.

Step 3. Next, we claim that v® — v, € H. N X% N J%* as R — oo in H. sense
for € > 0 small but fixed.
Since Q.(vE) is uniformly bounded for all € > 0 small and R > Ry/e, we have

(4.54) / (v™)? < Ce.
RA\(A/2)

By (4.52), we have that for any § > 0,
—Avf + V(er)v? < 6vf + C5(vf)?,

taking 0 = 1n1£ V(z) > 0 and combining with (4.53), it holds that
S

—Avf < C(wB)? < C(wB)?3,
in the weak sense. Letting t = 6 in Lemma 2.7, we have

2/3
sup 08 < € (085, + 21) - v R
1
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By (4.54), we see that
vE(z) < C(e? +€'3) forall |x| > Ry/e +2 and R > Ry/e.

Hence, for € > 0 small but fixed, we have

€

1
AwEPt 4+ (vF)® < 5V(5m)vf for all |z| > Ry/e+2 and R > Ry/e.
By the Maximum Principle (see also [32]), we have
(4.55) 0 < vf(z) < C1(e)e=E1 for all |z| > Ry/e +2 and R > Ry/e,

where C(g) and Cy(e) are independent of R.

Choosing a cut-off function ¢, € C*(R3) such that 0 < o4 < 1, o4 = 0 for
lz| < A, pa=1for|z| >2A and |Vpu| < C/A. Tt follows from (J'.(vF), p4vf) =0
and (4.55) that

JATRLCA R TP
R3\B24(0)

C
¢ VR B2 4 / AR + (WF)°
A Jrs\Ba(0) R3\B4(0)
C
<SRy PR 0(5)/ eCEll 50 as A — oo,
A Jrs R3\B4(0)
i.e., for ¢ > 0 small but fixed,
(4.56) lim Vol |2 + V(ex)|vf)? = 0.

4700 SR\ B2 (0)
Since {v®} is bounded in H., we can assume that as R — oo,

R .
vt — v, in He,

v® — v, in L (R3), s €[1,6),

v — . ae.
By (4.56) and Sobolev’s Imbedding Theorem, we get
v — v in LS(R?), s€[2,6) as R — 0.
By (4.53), we have
v v in LS(R?), s€[2,6] as R — oo.

Using standard argument, we can prove the claim.
Hence, v. € H. N X% N J%*¢ is a nontrivial solution of
—Au+ V(ex)u + ¢y u + 4(/ yeu? dx — 1) et = APt o’ in R
R

3 +

Since Sy, is compact in H(R?), it is easy to see that 0 ¢ X for dy > 0 small. Thus
ve # 0.

Step 4. For any sequence {¢;} with €; — 0, by Lemma 4.3(ii), there exist, up to
a subsequence, {y;}72; C R? xo € M, U € Sy, such that

(4.57) }i_{go lejy; — 20| =0 and jli_)nglo |ve, (2) — @(ejz — gy)U(x — y;)||,, =0,

He;



764 Yi He and Gongbao Li

which implies that as 7 — oo,

w.,(z) == v, (z +y;) = U(z) in LY(R?).
By Lemma 2.4 (ii), we get
(4.58) lim w,,(x) = 0 uniformly for all ;.

|z|—o0
Proceeding as in [32], we get
we,(r) < Cre 2l 2 e R?,

where C and Cy are independent of ;.
Thus

_ — — 2 — T
£; 1/ vfj(a:) =¢; 1/ wfj(a:) <¢; 1/ (Cy)%e 2212l 5 0,
R3\(A/e;) R3\(A/ej—y;) R#\Bg .. (0)

as j — o0, i.e., @, (v,;) = 0 for g; small. Therefore v., is a solution of (4.1). Set
uc () = v:(Z), ue, is a solution of (1.1).

Let P; be a maximum point of w,;, similar to the arguments in Proposition 3.9,
we can check that 3b > 0 such that w, (P;) > b, then by (4.58), {F;} must be
bounded.

Since u,(z) = waj(alj —Y;), Tj = &;P; + €;y; is a maximum point of u.,. From
(4.57), z; = o € M as j — oo. Since the sequence {¢;} is arbitrary, we have
obtained the existence and concentration results in Theorem 1.1.

To complete the proof, we only need to prove the exponential decay of u.. Since
the proof is standard (see [26, 32| for example), we omit it here. O
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