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Abstract. We study perturbations of the eigenvalue problem for the Robin p-Laplacian. First
we consider the case of a (p — 1)-sublinear perturbation and prove existence, nonexistence and
uniqueness of positive solutions. Then we deal with the case of a (p — 1)-superlinear perturbation
which need not satisfy the Ambrosetti-Rabinowitz condition and prove a multiplicity result for
positive solutions. Our approach uses variational methods together with suitable truncation and
perturbation techniques.

1. Introduction

Let © C R" be a bounded domain with a C2-boundary 0. In this paper, we
study the following nonlinear parametric Robin problem:

—Apu(z) = Mu(2)P "+ f(z,u(z)) inQ,

(PA) %_‘_ﬁ(z)u(z)p_l =0 on aQ, U>O, 1 <p<o0.

Here A, denotes the p-Laplace differential operator defined by
Ayu = div (|DulP~?>Du) for all u € WHP(Q).

Also % = |Du|P72(Du,n)g~ with n(z) being the outward unit normal at z € 9.

Moreover, A € R is a parameter and f(z,x) is a Carathéodory perturbation (that
is, for all x € R, the mapping z — f(z, x) is measurable on (2 and for a.a. z € Q,
x +— f(z,x) is continuous).

We are interested in the existence, nonexistence and uniqueness of positive solu-
tions for problem (Py) as the parameter A\ € R varies. We can view problem (P,) as
a perturbation of the classical eigenvalue problem for the Robin p-Laplacian, inves-
tigated by Lé [12] and Papageorgiou and Radulescu [15]. Similar studies concerning
positive solutions, were conducted by Brezis and Oswald [5] (for problems driven by
the Dirichlet Laplacian) and by Diaz and Saa [6] (for problems driven by the Dirichlet
p-Laplacian). More recently, Gasinski and Papageorgiou [11] produced analogous re-
sults for the Neumann p-Laplacian. Multiplicity results concerning perturbed Robin
problems involving the p-Laplacian were investigated recently by Winkert [18]. We
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also mention the recent work of Papageorgiou and Radulescu [15], who studied a
class of parametric equations driven by the Robin p-Laplacian and proved multiplic-
ity results with precise sign information for all the solutions produced.

Here we first examine the case where f(z,-) is (p — 1)-sublinear near 400, which
leads to uniqueness results. Next, we consider the case where f(z,-) is (p — 1)-
superlinear (but without employing the Ambrosetti-Rabinowitz condition), which
leads to multiplicity results.

2. Mathematical background

Our approach uses variational methods based on the critical point theory as well
as suitable truncation and perturbation techniques. So, let X be a Banach space
and X* be its topological dual. By (-, ) we denote the duality brackets for the pair
(X*, X). Given ¢ € C'(X), we say that ¢ satisfies the Cerami condition (the C-
condition for short), if the following is true: Every sequence {u,},>1 C X such that
{¢(uy) }n=1 € R is bounded and

(1+ f|unl)¢ (un) — 0 in X* asn — oo,

admits a strongly convergent subsequence.

This is a compactness type condition on ¢ needed to offset the fact that the space
X is not necessarily locally compact (being in general infinite dimensional). It is a
basic tool in proving a deformation theorem which in turn leads to a minimax theory
for the critical values of . Prominent in this theory, is the so-called “mountain pass
theorem” due to Ambrosetti and Rabinowitz [3], stated here in a slightly more general
form.

Theorem 1. Assume that ¢ € C'(X) satisfies the C-condition, ug,u; € X,
lur = uol| > p >0,

max{p(uo), p(ur)} < inflp(u): |u—uol = p] =m,
and ¢ = inf max p(y(¢t)) where I' = {y € C([0,1], X): v(0) = up,y(1) = uy}. Then

~v€l' 0<i<1
¢ > m, and c is a critical value of .
In the analysis of problem (P,), in addition to the Sobolev space W'?(Q), we

will also use the Banach space C''(Q2). This is an ordered Banach space with positive
cone

Ci={uecC'Q): u(z) >0 forall z € Q}.
This cone has a nonempty interior given by
int Cy = {u € Cy:u(z) >0 forall z € Q}.
In the Sobolev space WP(Q), we consider the usual norm given by
lull = [Jul2 + | DullE] " for all u € W#(Q).

To distinguish, we denote by |-| the Euclidean norm on RY. On 92 we use the (N —1)-
dimensional surface (Hausdorff) measure o( - ). So, we can define the Lebesgue spaces
L1(09), 1 < ¢ < oo. We know that there is a unique, continuous linear map
Yo: WHP(Q) — LP(09), known as the “trace map”, such that yo(u) = u|sq for all

u € CL(82). We have 7o(W'P(Q)) = W7 (99) (% vl 1) and ker vo = WP(Q).

P
In the sequel, for the sake of notational simplicity, we drop the use of the trace map
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7o to denote the restriction of a Sobolev function on 0f2. All such restrictions are
understood in the sense of traces.

For every x € R, we set % = max{+x,0}. Then for u € W'P(Q) we define
u® () = u(-)*. We know that

uF e WP (Q), u=u"—u" and |u|=u" +u".

Given a measurable function h : 2 x R — R (for example, a Carathéodory function),
we define

Nu(u)(-) = h(-,u(-)) for all u € WP(Q)

and by | - |y we denote the Lebesgue measure on R”.
Let A: WhP(Q) — W'P(Q)* be the nonlinear map defined by

(1) (A(u),v) = / | DulP~%(Du, Dv)gw~ dz for all u,v € WHP(Q).
Q

Proposition 2. The map A: W'P(Q) — W'P(Q)* defined by (1) is bounded
(maps bounded sets to bounded sets), demicontinuous monotone (hence maximal
monotone too) and of type (S),, that is, if u, — u in W'P() and

lim sup (A1), 1w, — 1) < 0,

n—oo
then u, — u in WP(Q).
Suppose that fy: 2 x R — R is a Carathéodory function such that

|fo(z,7)| < alz)(1+|z]"") foraa. z€Q, allz € R,

o ifp < N
with a € L*(Q)y and 1 <r <p* = N—p% P ’
+ooif p > N.

We set Fo(z,2) = [ fo(z, s)ds and consider the C'-functional ¢o: W'?(Q) — R
defined by

wo(u) = ]%HDuHi + % /mﬁ(zﬂu(z)\p do — /QFO(Z, u(z))dz for all u € WHP(Q).

We assume that 3 € C%7(992) with 0 < 7 < 1 and 8 > 0, 8 # 0. From Papageorgiou
and Rédulescu [15], we have the following result, which is a consequence of the
nonlinear regularity theory.

Proposition 3. Let ug € W'P(Q) be a local C*(Q)-minimizer of ¢, that is,
there exists py > 0 such that

wo(uo) < go(ug +h) forall b€ CH(Q), [|hllcry < po-

Then ug € CY7(Q) for some v € (0,1) and it is also a local WP(Q)-minimizer of g,
that is, there exists p; > 0 such that

wo(uo) < wolug +h) for all h € WH(Q), ||| < p1.

Remark 1. We mention that the first such result was proved by Brezis and
Nirenberg [4] for the space H; ().
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Finally consider the nonlinear eigenvalue problem
—Ayu(z) = Mu(2)|Pu(z) in Q,

E 0
(E)) B |ulz)P?u(z) =0 on A
ony,

This eigenvalue problem was studied by Lé [12| and Papageorgiou and Radulescu
[15].

We say that A € R is an eigenvalue of the negative Robin p-Laplacian (denoted
by —Af), if problem (E)) admits a nontrivial solution u, known as an eigenfunction
corresponding to the eigenvalue .

Suppose that 8 € C%7(92), 0 < 7 < 1 and () > 0 for all z € 99, 8 # 0. Then
we know that (E)) admits a smallest eigenvalue A; such that
° 5\1 > 0;
e )\, is simple and isolated (that is, if u, v are eigenfunctions corresponding to
A1, then v = &v for some £ € R\ {0} and there exists ¢ > 0 such that

(A1, A1 + €) contains no eigenvalue);
e we have

) Dull? + rd
(2) A; = inf IDully + Joo Sl U:uGWI’p(Q), u#0]|.

lullp

The infimum in (2) is realized on the one dimensional eigenspace corresponding to
M. From (2) it is clear that the elements of this eigenspace, do not change sign.
Let 4y € W'P(Q) be the positive, LP-normalized (that is, ||t4]|, = 1) eigenfunction
corresponding to A;. The nonlinear regularity theory (see Lieberman [13]) and the
nonlinear maximum principle (see Vazquez [16]), imply @; € int Cy. We mention
that A; is the only eigenvalue with eigenfunctions of constant sign. All the other
eigenvalues have nodal (sign-changing) eigenfunctions. For more about the higher
parts of the spectrum of —Af, we refer to Lé [12] and Papageorgiou and Radulescu
[15].

As an easy consequence of the above properties, we have the following result (see
for example, Papageorgiou and Radulescu [14]).

Proposition 4. If ¥ € L>(Q), ¥(z) < A, a.e. in Q, ¥ # Ay, then there exists
&o > 0 such that

|Dul2 + / B)ul do — / Il dz > Eolull,
o0 Q
for all u € WhP(Q).

In the next section, we study the case in which the perturbation f(z,-)is (p—1)-
sublinear.

3. Sublinear perturbations

Our hypotheses on the data of problem (Py), are the following:

H(B): B e C%(09), with 7 € (0,1) and 5(z) = 0 for all z € 99, B # 0.
H(f): f: QxR — R is a Carathéodory function such that for a.a. z € Q, f(z,0) =0,
f(z,z) > 0 for all x > 0 and
(i) f(z,z) <a(z)(1+2P7!) for a.a. 2 € Q, all x > 0, with a € L>®(Q)4;
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(ii) liIP f(pzml = 0 uniformly for a.a. z € §;
T—1+00

(iii) liI(I)I L (pz %) = 400 uniformly for a.a. z € Q.
T

Remark 2. Since we are interested in positive solutions and the above hypothe-
ses concern the positive semiaxis (0, +00), without any loss of generality, we assume
that f(z,2) = 0 for a.a. z € Q, all x < 0. Hypothesis H(f)(ii) implies that the
perturbation f(z,-) is strictly (p — 1)-sublinear near +oo, while hypothesis H(f)(iii)
dictates a similar polynomial growth near 07. A simple example illustrating such a
perturbation, is given by the function f(z) = 297! for all x > 0, with ¢ € (1,p). In
the sequel F(z,z) = [; f(z,s)ds.

We introduce the following two sets related to problem (Py):

P ={X € R: problem (P),) admits a positive solution},
S(A) = the set of positive solutions for problem (P).

Note that as in Filippakis, Kristaly and Papageorgiou [8|, exploiting the monotonicity
of the operator A (see Proposition 2), we have that S(\) is downward directed, that
is, if uy,ug € S(N), then we can find u € S(A) such that v < uy, u < us.

Proposition 5. If hypotheses H(3) and H(f) hold, then P # () and for every
A € P, we have S(\) C int C..

Proof. For every A € R, we consider the C''-functional ¢ : W*(Q2) — R defined
by

<>=—||Du||p —||u 2+ / B(z pda—l—ﬁnu*np / F(zut) d

for all u € WHP(Q2). Hypotheses H(f)(4), (i) imply that given € > 0, we can find
c1 = c1(g) > 0 such that

(3) F(z,z) < Z%xp +¢ foraa. ze€Q alx>0.
Let A < A;. Then for all u € W'P(Q), we have
eata) > Dy + / 5 do -

—HDU I+ —Ilu Il = c1lQn (see (3))

Ate

[l

1 1 .
> —[eg —g]||lut P + =|Ju”||P — c1]|Q|y  (see Prop. 4 and recall A < \y).
p p

Choosing ¢ € (0, ¢y), we see that

~

oa(u) > C—3||u||p — 1|y with ¢g = min{l,c; —e} >0 = ¢, is coercive.
p

Also, using the Sobolev embedding theorem and the continuity of the trace map,
we see that ¢, is sequentially weakly lower semicontinuous. So, by the Weierstrass
theorem, we can find 4, € W?(2) such that

(4) Pa(in) = inf [@a(u): u € WHP(Q)] .
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By virtue of hypothesis H(f)(iii), given any £ > A\; — A, we can find § = §(¢) > 0
such that

(5) F(z,z) > §xp for a.a. z € Q, all z € [0,4].
p

Choose t € (0,1) small such that ti,(2) € (0,9] for all z € Q (recall that 4, € int C).
We have

A
w@m>-4wmw //3 cw—lwmw inmw (see (5))

t N
= EP\I —A—=¢] (recall ||aq]], = 1).

Since & > A1 — A, it follows that
PAtan) <0 = @a(in) < 0=p(0) (see (4)), hence ay # 0.
From (4), we have

P\(Ur) =0 =
(6) (A(tn), h) + ﬁ( )@y )P hdo — /Q(ﬁ;)p_lhdz
—A/Q( i 1hdz+/f 2,0} )hdz for all h € WhP(Q).

In (6) we choose h = —i, € W'P(Q). Then
[Day |l + llax]l; =0 = ax =0, ax # 0.

Therefore (6) becomes

T IO ey
o0

Q

e 1hdz+/fz i) h dz

for all h € Whr(Q).
By (-,-)o we denote the duality brackets for the pair (W=7 (Q), W, *(Q)). From

the representation theorem for the elements of W1 () = W, (Q)* (see, for exam-
ple, Gasinski and Papageorgiou [9, p. 212|), we have

te (Dip2Din) w0 (34 =1)

p p

Integrating by parts, we have
(A(y), hy = (=div (|Diy[""2Diiy) , h)o for all h € Wy P(Q) € WP(Q).
We use this in (7) and recall that h|sq = 0 for all h € W, ?(Q). We obtain

(=div (|Dis[P"2Diiy) , hyo = )\/ il 1hdz+/f 2, i) hdz
Q

for all b € WyP(Q) = —Apia(2) = Max(2)P + f(z,1x(2)) a.e. in Q.

From the nonlinear Green’s identity (see, for example, Gasinski and Papageorgiou
19, p. 210]), we have

(G + [

Q

(Aylx)hdz = <%, h> for all h € WHP(Q)  (see (8))
B)

Tp
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where by (-, -)aq we denote the duality brackets for the pair
1y 1
(9) (W @), wrr@e0)  (3+1=1).
We return to (7) and use (9) above. We obtain
/( Apiy)hdz + <a“A h> + | B(x)@E " hdo
0 8”17 90 o0

:)\/ e 1hdz+/f z,tix)hdz for all h € WP(Q)
Q

(10) -
= <a h> + | B(x)@2 'hdo =0 forall h € W'(Q) (see (8))
Oy’ [ ag  Joo
— Oy 5t =0 on 09,
on,

From (8) and (10) it follows that @y € S(\) and so A € P for every A < A;. From
Winkert [17], we have that @, € L*(£2). So, we can apply Theorem 2 of Licberman
[13] and obtain that @) € C \ {0}.

Hypotheses H(f)(i),(iii) imply that given p > 0, we can find £, > 0 such that

(11) f(z,2) + &7 >0 foraa. 2€Q, allz €0, p).
Let p = [|Ua|/o and let £, > 0 be as in (11) above. Then
— Ay (2) + &iia(2)"
= A (2)P 71+ f(2,00(2) + &aa(2)P >0 ae. in Q (see (11))
= Ayir(2) < &an(2)P! ae. in Q,
= Uy €intCy (see Vazquez [16]).
So, we have proved that S(\) Cint C,. O
-

Proposition 6. If hypotheses H(/3) and H(f) hold and A € P, then (—oo, )|
P.

Proof. Since A € P, we can find uy € S(\) C int C; (see Proposition 5). Let
p € (—oo, A]l. Using uy € int C, we introduce the following truncation-perturbation
of the reaction in problem (FP,):

0 if x <0,
(12) eu(z,2) =< (u+ DaP~t + f(z,2) if 0 <z < uyz),
(p+ Dun(2)P1 + f(z,un(2))  if ur(z ) < x.

This is a Carathéodory function. We set E,(z,2) = [ eu(2,s) ds and consider the
C'-functional 7,,: W'?(Q) — R defined by

T,(u) = —||Du||p —Hqu / B(z)(u™)P do — /QEH(Z,U) dz for all u € WHP(Q),

1
= 7,(u) > —||u||” — ¢4 for some ¢y >0 (see H(B) and (12))
p

= T, IS coercive.
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Also 7, is sequentially weakly lower semicontinuous. Hence we can find u, € W'?(Q)
such that

(13) 7u(w,) = infr,(u): u € WHP(Q)).

As in the proof of Proposition 5 for ¢ € (0, 1) small (at least such that ¢4, (z) < minwu)

for all z € Q; recall that @, € int C,), we have "
7,(th) <0 = 7,(u,) <0=17,(0) (see (13)), hence u, # 0.

From (13) we have
Tﬁ(uu) =0 =
(14) (A(uy), h) —i—/ |, [P ?u,h dz + B(z)(u:)p_lh do = / eu(z,u,)hdz
for all h € Wl’?’(Q). " '
In (14) we choose h = —u;; € W?(Q). Then
[ Du, ||+ llu, ll5 =0 (see (12)) = wu, >0, u, # 0.
Next in (14) we choose (u, — uy)™ € W'P(Q). Then

(A(uy), (u, —uy)™) + /Quﬁ_l(uu —uy) T dz + . B2yl (uy, — un)* do

ez, up) (u, — uy) " dz

/|
_ /Q [ 4 £z, u0)] (= wn)* dz + / W (- uy)* de

Q

< / B+ F(zun)] (u — un)Tdz + / uf (uy, —upy) T dz
0 0

— (Aun), (1, — un)*) + /

u’;_l(uu —uy)Tdz + ﬁ(z)u’;_l(uu —uy) " do,
Q o0

— (Auy) — Alns), (1t — u)*) + / (W2 — )y — n)* 2

+ [ BEET = el (= ) do <0,
o0
= |{u, > ur}|ny =0, hence u, < u,.
So, we have proved that
Uy € [O>u>\] \ {O}>

where [0, uy] = {u € W'P(Q): 0 < u(z) < uy(2) ae. in Q}. Then (14) becomes
(A(uy), h) + / wthdz+ [ B(z)ul thdo = (p+1) / ub~thdz + / f(z,uu)hdz
Q o0 Q Q

for all h € WP(Q). As in the proof of Proposition 5, using the nonlinear Green’s
identity, we obtain
u, € S(p) CintCy and so p € P.

Therefore (—oo, \] C P. O
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Hypotheses H(f)(i),(iii) imply that given any £ > 0 and r € (p, p*), we can find
cs = ¢5(€,7) > 0 such that
(15) flz,z) > P — sz foraa. z2€Q, allz > 0.

This unilateral growth constraint on the perturbation f(z,z), leads to the following
auxiliary Robin problem:

(16) 9 B u( = 0 on 89, u > 0.

Proposition 7. If hypotheses H(/3) hold, then for £ > 0 big problem (16) has a
unique positive solution u € int Cy.

Proof. First we establish the existence of a positive solution for problem (16).
To this end, we consider the C''-functional ¢: W'?(Q2) — R defined by

1 1, 1 cs §
Y(u) = —||Dul|? + = |lu p+—/ B(z)(uT)Pdo+ Z[u™|r — 2[ju™|?
(u) p|| 15 p|| 15 o ) (2)(u™) 7ﬂ|| | p|| 15
for all u € W'?(Q). We have
1
(17) Y(u) > §||u||p + [%Huﬂﬂ_p — <Z§9 + 1) Cﬁ:| |lu™||Z for some cg > 0.

Since 7 > p, from (17) it follows that 1 is coercive. Also, it is sequentially weakly
lower semicontinuous. So, we can find w € WP(2) such that

(18) V(@) = inf[(u): u € WHP(Q)].

Choosing € > A; and since r > p, we see that for ¢ € (0,1) small, we have
Y(tuy) <0 = P(u) <0=1(0) (see (18)), hence u # 0.

From (18) we have

H(m) =0 = (A@),h) - /

@ )P 'hdz+ | B()@ )P ' hdo
Q 0N

(19)
— g/(u+)p—1h dz — %/(ﬂ*)“lh dz for all h € W'P(Q).
Q Q

Choose h = —u~ € WHP(Q). Then we obtain u > 0, U # 0 and so (19) becomes

(A@@),h) + | B(2)@ " hdo = 5/ @ hdz — cs / @ 'hdz for all h € W'P(Q)
o9 Q Q
—> T is a positive solution of (16) (as in the proof of Proposition 5).

The nonlinear regularity theory (see [17], [13]) implies that w € C \ {0}. We have
—Au(2) = —cst(2)" ae. in Q = Au(z) < os||ul|’ Pu(z)P"! ae. in Q
— weintCy (see Vazquez [16]).

Next we show the uniqueness of this positive solution. For this purpose, we introduce
the integral functional ¥: LP(Q2) — R = R U {400} defined by

1 1
~|| Du/?|P + —/ B2 udo if u>0, ul/? € WHP(Q),
Y u) =< p P Joaa

+00 otherwise.
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Lemma 1 of Diaz and Saa [6] implies that ¥ is convex and lower semicontinuous.
Suppose that u, v are two positive solutions of the auxiliary problem (16). From the
first part of the proof, we have

u,v € int C'p
— ",v” € domd = {y € WH(Q): ¥(y) < oo} (the effective domain of ).
Then for every h € C*(Q) and for [t| < 1 small, we have
u’ 4+ th, v+ th € dom?.

It follows that ¥ is Gateaux differentiable at w” and at v? in the direction h. Using
the chain rule, we have

@) (h) = ~ / T 0 ! [ Bz do

P u ! P
1 —-A 1

V' (") (h) = = / 22 hdz+— [ B(z)hdo for all h € WP(Q)
pJa VP P Joq

(recall that C1(Q) is dense in W1P(€)). The convexity of ¥ implies the monotonicity
of ¥'. So, we have

1 -Au —A
o< [ | -] w v

1
< - / (VTP —=u"P) (WP —vP)dz <0 (see (16))
P Ja
— uw=wv = u € int C; is the unique positive solution of (16). O

Proposition 8. If hypotheses H(f3) and H(f) hold and X\ € P, then u < u for
allu e S(N).

Proof. Let u € S(\). We introduce the following Carathéodory function
0 if r <0,
(20) Y(z,2) =< (€ + 1)aP™t — ez if 0 <z < u(2),
€+ Du(2)Pt —csu(z)" if u(z) < .

Let I'(z, x) fo 2,8)ds and consider the C'-functional x: W'?(Q2) — R defined
by

() = —||Du||p —||u||p / B(z)(u* )P do — / P(zu)dz for all u € WHP(Q).
0
Using hypothesis H(f) and (20), we see that
x(u) > 1||u||p —¢g for some cg >0 = x is coercive.
p

In addition, x is sequentially weakly lower semicontinuous. So, we can find w, €

WhP(Q) such that
(21) X (@) = inf[x(u): v € WHP(Q)].
As before, since r > p, for t € (0, 1) small, we have
X(tty) <0 = x(u,) <0=x(0) (see (21)), hence u, # 0.
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From (21) we have

X (W) =0 =
(22) (A(u,), h) +/ [, [P~*u,h dz + 6( Y@ thdo = / Y(z, ) hdz

Q Q

for all h € WHP(Q).

In (22) we choose h = —u, € WP(Q). Then
|DE 4+ (a5 =0 (see (20)) = T >0, & £0.

Next in (22) we choose h = (u, — u)™ € W'P(Q). Then

(@ —
(A(W.), (T —u)™) + Qﬂi‘l(ﬂ* —u)"dz + 6( V& (T — u)t do
(@ —

— /Q [EuP™! — csu" (T
< /Q P+ f(z,0)] (W — )T dz + / W, —u)tdz (see (15))

Q

u)t dz+/ﬂup l(u* u)Tdz  (see (20))

= (A, @~ )+ [ -0t [ g -0 e
Q o0
(since u € S(N))
= |{@. > u}|y =0 (as before), hence w, < u.

So, we have proved that

€ [0,u] \ {0}.
Then from (20) and (22) it follows that u, € int C; is a positive solution of (16) and
so by virtue of Proposition 7, we have

U, =u = u<u foralueS\). O

In the proof of Proposition 5 we have seen that (—co, \;) € P. Next we show
that in fact we have P = (—o0, A1).

Proposition 9. If hypotheses H(f) and H(f) hold, then M ¢ P.

_Proof. Arguing by contradiction, suppose that A € P. Then we can find ug €
S(A) C int Cy. Recall that 4; € int Cy too. Invoking Lemma 3.3 of Filippakis,
Kristaly and Papageorgiou [8] we can find ¢7, cg > 0 such that

~ ﬁl 1 Ug 1
crug KUy S cgug = 7 < — < g and — < — < —
(23) Uo G U1 C7
ﬁ/l Ug .
= — and — belong in L*=(Q).
Uo Uy
We have
. 0 -
(24) —Ajuo(z) = Muo(2)P~" + f(2, uo(2)) ae. in Q, a—ZO FB(2)ul =0 on Q.
P

Let
@) Rl () = D) - 1wt (Duo(2). 0 ( ) <z>)RN .
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From the nonlinear Picone’s identity of Allegretto and Huang [2]|, we have

~D

(26) 0 < / R(Ialyu()) dZ — HD’ang — / ‘DUO‘p_z <DUO,D< uil)) dZ.
p

Q @ 1o "

From (23), (24) and the nonlinear Green’s identity (see, for example, Gasinski and
Papageorgiou |9, p. 211]), we have

~p
/|Du0|p (Duo,D< :_1)) dz
U
0 RN
ﬁp 8u0 ,&p
= —Ayug) [ —= dz—|—<—, L > .
/Q( P 0) <u]0)—1) anp ug—l 00

Returning to (26) and using (24) and (27), we obtain

(27)

< || Dt ||f — )\1||u1||p /f 2, Up)—— dz + B(2)d} do
o0

0

- [ Sz <0 fsee 1),

Ug
a contradiction. So, \; ¢ P. O
From Propositions 6 and 9 it follows that

73 = (—OO, 5\1)

(recall that in the proof of Proposition 5 we established that (—oo, A;) C P).

Proposition 10. If hypotheses H((5) and H(f) hold, A € P and uy € S(\) C
int Cy, then for every u < X\, we can find u, € S(u) C int C such that u, < u,.

Proof. We consider the following truncation-perturbation of the reaction in prob-
lem (P,):

ifr <0,
(28) Yul2, ) = (u+1)x” "4 f(z,2) if 0 <2 <ua(z),
(14 Dux(2)P + fz,un(2)) if ur(z )< .

This is a Carathéodory function. We set I'(z,x) = [ 7,(2, s)ds and consider the
Cl-functional n: W?(Q2) — R defined by

n(u) = —||Du||p —||u||p / B(2)(u™)P do — /QFM(z,u) dz for all u € Wl’p(Q).

From hypothesis H(f) and (28) it is clear that 7 is coercive. Also, it is sequentially
weakly lower semicontinuous. So, we can find u, € WP(Q) such that

(29) n(u,) = inf[n(u): u € WH(Q)].

As before (see the proof of Proposition 5), using hypothesis H (f)(iii), we show that
for t € (0,1) small (at least such that t4,(z) < minwuy, recall uy € int C;), we have
Q

n(ta;) <0 = n(u,) <0=n(0) (see (29)), hence u, # 0.
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From (29), we have
'(u,) =0 =

(A(uﬂ),h>+/ﬂ|u“|p_2uuhdz+ 89ﬁ(,z*)(u:[)f”_lhala:/nyu(z,uu)hdz

for all h € WHP(Q2). As in the proof of Proposition 8, choosing first h = —u; €
Whr(Q) and then h = (u, — uy)™ € WP(2), we show that

u, € [0,uy] \ {0}.

From (28) it follows that w, € S(x) C int Cy and w,, < uy. O

Proposition 11. If hypotheses H(3) and H(f) hold, A\ € P = (—o0, \,), then
problem (P\) admits a smallest positive solution u} € S(\) C intC.

Proof. From Dunford and Schwartz |7, p. 336], we know that we can find
{tn}n=1 € S(A) such that
inf S(A) = inf w,,.

n>1

From Proposition 10 and since S()) is downward directed, we may assume that
(30)  wu,<aforalln>1, withaeSA) CintCy, A€P, Ay <A, n>1.
We have

B A+ [ peu s =) /

Q

for all h € WHP(Q), all n > 1. In (31) we choose h = u, € W'P(Q). Then using
hypotheses H (), H( )( ) and (30) we see that

{tp}ns1 € WHP(Q) is bounded.

ufl_lhdz—l—/f(z,un)hdz
0

So, we may assume that
(32) u, = uy in WH(Q) and  u, — u} in LP(Q) and in LP(09).

In (31) we choose h = u,, — u} € WP(Q), pass to the limit as n — oo and use (32).
We obtain

lim (A(up), up —uy) =0 =
u, — u} in WH(Q)  (see Proposition 2 and (32)).

So, if in (31) we pass to the limit as n — oo and use (33) and Proposition 2, then

(A(uy), h) + | B(2)(uy)P ' hdo = )\/(uf\)p_lhdz + / f(z,ul)hdz
o0 Q Q
for all h € W'P(Q) which implies

(34) —Apui(2) = Mu}) (=)~ + f (2, ui(2)) T, A4 () (u3)" = 0 on 09
(as in the proof of Proposition 5). Moreover, from Proposmon 8, we have
(35) u<u, foralln >1 = uw<u) (see(33)).

Then (34) and (35) imply that
uy € S(A) and u) = inf S(N). O
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If we strengthen the conditions on the perturbation f(z,-), we can guarantee the

uniqueness of the positive solution of problem (P).

The new stronger conditions on f(z,z) are the following:

H(f): f: QxR — R is a Carathéodory function such that for a.a. z € Q, f(z,0) =0,
f(z,z) > 0 for all z > 0, hypotheses H(f)'(i),(ii),(iii) are the same as the
corresponding hypotheses H(f)(i),(ii),(iii) and

(iv) for aa. 2 € Q, v — L&2
|QO|N > 0.

Proposition 12. If hypotheses H(S) and H(f) hold and A € P = (—o0, A1),
then S(\) is a singleton {uy} and the map A — w, is continuous from (—oo, A1)
into C*(Q) and increasing (that is, if ;1 < X, then uy —u, € Cy).

Proof. We already know that for all A € (—oo, Ay), S(A) # 0.
Let u,v € S(A) C int C'y. Then as in the proof of Proposition 7, we have

0< l/ [—Apu — —Apv} (uP —P)dz
Q

is decreasing, strictly for all z € Qy C Q with

p up~1 pp—1
L[ [fEw [ .
:]_7/9|: 1(;—?)‘ ?Ej—?)](u —vP)dz <0,

= u = v (see hypothesis H(f) (iv)),
= S(A\) ={u,} (asingleton).

Next we show the continuity of A\ —— wu,. To this end, suppose {\,},>1 C

(=00, A1) and assume that A, — A € (=00, Ay). Let u, = uy, € S(\,) CintCy, n >
1. We can find A € (—oo, A1) such that A, < Aforallm > 1. Let a € S(A\) Cint C,.
Proposition 8 and 10 imply that

(36) u<u, <u foraln>1.

Also, we have
(37) (A(un), h) + | B(z)ut~'hdo = )\/ b~ hdz + / f(z,un)hdz
o9 Q Q

for all h € WP(Q). Choosing h = u,, € W1P(Q) and using hypotheses H(3), H(f)(i)
and (36), we see that
{tp}ns1 € WHP(Q) is bounded.

So, we may assume that
(38)  wu, = uy in W'P(Q) and w, — uy in LP(Q) and in LF(99).

If in (37) we choose h = u,, — uy € WP(Q2), pass to the limit as n — oo and use
(38), then

(39) Hm (A(up), Uy — uy) =0 = u, — uy in W(Q).

n—oo

So, if in (37) we pass to the limit as n — oo and use (39) and Proposition 2, then

(A(up), by + [ B(z)ub "hdo = X / ud hdz + / f(z,ux)hdz for all h € WP(Q),
o0 Q Q

= uy € S(\) Cint C4.
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Since S(A) is a singleton, we have
(40) u, — uy in WP(Q) for the original sequence.

From Theorem 2 of Lieberman [13|, we know that we can find @ € (0,1) and ¢9 > 0
such that

(41) u, € CM*(Q) and |un| o @ S ¢ foralln > 1.

Exploiting the compact embedding of C1*(Q) into C*(Q), from (40) and (41) it
follows that

U, — uy in C'(Q) = X\ — u, is continuous from (—oo, ;) into C*(Q).

Finally the monotonicity of A — u, follows from Proposition 10. U

In fact the monotonicity conclusion in the above proposition, can be improved
provided we strengthen further the conditions on f(z, ).
The new stronger conditions on the perturbation f(z,z) are the following:

H(f)" f: QxR — Risa Carathéodory function such that for a.a. z € Q, f(z,0) = 0,
f(z,x2) > 0 for all x > 0, hypotheses H(f)"(i),(ii),(iii),(iv) are the same as
the corresponding hypotheses H(f)'(i),(ii),(iii),(iv) and

(v) for every p > 0, there exists £, > 0 such that for a.a. z € Q, the mapping
r— f(z,2) + prp_l is nondecreasing on [0, pl.

Under these new conditions on the perturbation f(z,z), we have the following
result.

Proposition 13. If hypotheses H(f3) and H(f)" hold, then the mapping A\ —
uy, from (—oo, \;) into C1(Q) is strictly increasing, that is, if \ < ¥ € (—o0, \;), then
Uy — Uy € intC+.

Proof. From Proposition 12, we know that uy —uy, € Cy. Let p = ||luy||« and let
¢, > 0 be as postulated by hypothesis H(f)"(v). Also, for § > 0, let ug = uy +6 €
int C'y.. We have

— Apu(2) + Euy (2)P
< —A,un(2) + Eua(2)PH +4(8) with (6) — 0T as § — 0%
= Mua(2)" 7+ [z, ua(2)) + Eua(2)" + ()
< Mg (2)P 7+ f (2, u9(2)) + Eua ()" +9(0)
(see H(f)"(v) and recall uy < uyp)
wg(2)P 7+ f(2,u9(2) + Euo(2)" ™ — (9 = Nug(2)""" + ()
wp (27 + f 2 us(2)) + Eua(2)" ™ — (0 = )iy~ +(9)

with my = minwuy > 0
Q

< —Apuy(2) + Eug(2)P7 for a.a. 2 € Q and for 6 > 0 small

v
v

/A

:>u§<u19:>u19—u)\eint0+. ]

The next theorem summarizes the situation for problem (P)) when the pertur-
bation f(z,z) is (p — 1)-sublinear in x € R.
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Theorem 14. (a) If hypotheses H(B) and H(f) hold, then for all A € (—
M), S(A) # 0, S(A) C int Cy and S()\) admits a smallest element u}, € int C.y ;
if A > Ay, then S(\) = 0.

(b) If hypotheses H () and H(f) hold, then for all A\ € (—oo, Ay), S(A) = {ux}
and the map A\ — wu, is continuous and increasing (that is, A < ¥ = ug—uy €
Cy).

(c) Ifiypotheses H(B) and H(f)” hold, then the map A — wu, Is strictly in-
creasing (that is, A <0 € (—00, \) = uy — uy € int Cy).

4. Superlinear perturbation

In this section, we examine problem (Py) when the perturbation f(z,-)is (p—1)-
superlinear, but without satisfying the usual in such cases Ambrosetti-Rabinowitz
condition (AR-condition for short). Now we can not hope for uniqueness and we
have multiplicity of positive solutions.

The hypotheses on the perturbation f(z,x), are the following:

H(f)1: f: QxR — Ris a Carathéodory function such that for a.a. z € 2, f(z,0) =0,
f(z,x2) > 0 for all x > 0 and
(i) f(z,2) < a(z)(l + 2" 1) for a.a. 2 € Q, all z > 0, with a € L>(Q), and

p<r< p ;
(ii) if F(z,2) = [, f(z,s)ds, then lirf &) — 400 uniformly for a.a.
T—>+00
z €,

(iii) there exists u € ((7’ — p) max {1, %} ,p*) such that

—pF
T—+00 TH

uniformly for a.a. z € €;

(iv) lim <% = 0 uniformly for a.a. z €

z—0t

(v) for every p > 0, there exists £, > 0 such that for a.a. z € Q, the map

z+— f(z,2) + &,aP~ " is nondecreasing on [0, p].
Remark 3. As before, since we are interested on positive solutions and the
above hypotheses concern the positive semiaxis R, = [0, +00), without any loss of

generality, we assume that f(z,x) = 0 for a.a. z € Q, all x < 0. From hypotheses
H(f)1(ii),(iii) it follows that

i £

r—4o0 Pl

= 400 uniformly for a.a. z € Q.

So, for a.a. z € Q, f(z,-) is (p — 1)-superlinear. However, we do not employ
the usual in such cases AR-condition (unilateral version) which says that there exist
q > p and M > 0 such that

0<qF(z,z) < f(z,z)xr foraa. z€Q, allz > M (see [3]).
This implies that
c102? < F(z,z) fora.a.z €, all z > M, some ciy > 0.

Here instead, we employ the weaker condition H(f)(iii) which incorporates in our
framework (p — 1)-superlinear perturbations, with “slower” growth near +oo (see
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the examples below). A similar polynomial growth is assumed near 0™ by virtue of
hypothesis H(f)1(iv).

Example 1. The following functions satisfy hypotheses H(f);. For the sake of
simplicity, we drop the z-dependence:

fi(z) =2""! forall z > 0 with p < r < p*,
1

fo(z) = 2P~! (lnx + —) for all x > 0.
p

Note that fy does not satisfy the AR-condition.
The sets P and S(A) have the same meaning as in Section 3.

Proposition 15. If hypotheses H(S) and H(f); hold, then P # () and S(\) C
int C_|_.

Proof. For A € R, we consider the C'-functional ¢y: W'?(Q) — R defined by

A
pau )=—|IDUI|7" / Az pd0+z—9llu ||”——||u+||p /QF(z,tﬁ)dz

for all v € WP(Q). Hypotheses H(f);(i),(iv) imply that given ¢ > 0, we can find
Ci1 = 011(5) > 0 such that

(42) F(z,z) < Ca i cpiz” foraa. z €Q, all z > 0.
p

Let A < A;. Then for any u € WP(Q) we have

A 1 _
ox(u )——||Du+||p / B(z)(u™)P do — =|[u™||p + =||Du” ||}
p p
—Hu ||p ||u+||p—012||u|| for some c15 > 0 (see (42))

€ 1
> (Clg — —) uT||P + =||u”||P — cia||u||” for some 13 > 0
p p

(see Proposition 4 and recall A < ;). Choosing ¢ € (0, p ¢y3), we have
ox(u) = ciallul|P — cra]|ul|” for some ¢14 > 0.
Since r > p, if we choose p € (0, 1) small, we have
or(u) > 0=\(0) for all u € W'P(Q) with 0 < |Ju|| < p
= u =0 is a (strict) local minimizer of y,.
So, we can find p € (0, 1) small such that
(43) pA(0) = 0 <inf [ (u): [|ul| = p] =

(see, for example, Aizicovici, Papageorgiou and Staicu [1], proof of Proposition 29).
By virtue of hypothesis H(f);(ii), we see that for every u € int C';, we have

(44) oa(tu) - —oc0 as t — 400.
Moreover, as in Gasinski and Papageorgiou [10], we can check that

(45) @y satisfies the C-condition.
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Because of (43), (44) and (45), we can apply Theorem 1 (the mountain pass
theorem) and obtain uy € W'?(Q) such that

(46) ox(0) =0 <m, <@x(uy) and ¢)\(uy) =0.
From (46) we have uy # 0 and

A )+ [ B o~ | () hds
(47) o0 Q
= )\/Q(uj)p_lh dz + /Q f(z,ut)hdz for all h € WHP(Q).

In (47) we choose h = —uy € W'P(Q) and we infer that uy > 0, uy # 0. So, we have
(A(up), by + [ B(2)uE " hdo = A / ud hdz + / f(z,u)hdz for all h € W'P(Q)
o0 Q Q

= uy € S(A\) (see the proof of Proposition 5).

The nonlinear regularity theory implies u) € C;\{0}. Let p = ||ux|| and let
¢, > 0 be as postulated by hypothesis H(f)i(v). Then

— Apun(2) + Eua(2)Ph = dun (2)P 7+ Flzua(2)) + Eua(2)PT >0 ae. in Q

= Ayup(z) < Eua(2)P! ae. in Q = uy €intC,  (see Vazquez [16]).
Therefore we have proved that P # & (in fact (—oo, A1) C P) and that S()\) C
int C_|_. O

The proof of the next proposition is identical to the proof of Proposition 6.

Proposition 16. If hypotheses H(3) and H(f), hold and A € P, then (—oo, \] C
P.

Moreover, as in the proof of Proposition 9, using the nonlinear Picone’s identity
(see [2]), we have:

Proposition 17. If hypotheses H(B) and H(f), hold, then A\ ¢ P and so
P = (00, ).

In fact, as we already mentioned, in this case for every A € P = (—o0, \)
problem (Py) has at least two positive solutions.

~

Proposition 18. If hypotheses H(3) and H(f); hold and A € P = (—o00, \1),
then problem (P)) has at least two positive solutions
Uy, vy € intCy, uy < Uy, Uy F Uy

Proof. Since A € P, we can find uy € S(\) C int C.. We introduce the following
Carathéodory function:

kx(z,2) = {()\ + Dux(2)P7+ flz,un(2))  if 2 < up(z2),

(48) A+ D2t + f(z,2) if uy(z) < z.

In addition we consider the following truncation of the boundary term (recall that

ur(2)P71if < uy(2),

(49) dy(z,x) = {xf”‘l iy (o) <z for all (z,2) € 002 x R.
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This is also a Carathéodory function on 02 x R.
Let Ky(z,x) = [; kx(z,s)ds and Dy(z,2) = [; dx(z,s) ds and consider the C'-
functional ¥y : W'P(Q2) — R defined by

1 1 1
) = LDl + Ll + / B(2)Da(z, ) dor — / (2 u) dz
p p P Jon Q
for all w € Wr(Q).
Claim 1. We have

Ky, = {u € W"(Q): ) (u) = 0} C [uy) = {u € WH(Q): up(2) < u(z) a.e. in Q}.
To this end, let u € Ky,. Then

(50) (A(u), h) + /Q |u|P~2uh dz + ., B(2)d\(z,x)do = /Qk:,\(z,u)hdz
for all h € WP(Q). In (50) we choose h = (uy —u)* € W'?(Q). Then
(A(u), (ux —u)*) + / lulP2u(uy —uw) T dz 4+ [ B(2)ud " (uy — u) T do
Q 00
_ / 2+ £z, )] (un — ) dz + / Wy —u) Tz (see (48) and (49))
Q Q
= (A(wy), (uy —u)*) + / W uy —uw)Tdz 4+ [ B(2)ul (uy — u)T do,
Q o0

= (Alun) = Alw), (o = 0)) + [O87 = ) — )"z <0 (see H(R),
Q
= |{ur > u}|n =0, hence u) < u and so u € [uy) .
This proves Claim 1.
Claim 2. Every u € K, belongs in S(\).
From (50) and Claim 1, we have

A, + [

whdz+ | B(e)u" hdo = / Mt f(zu)hdz + / "z
Q o0 Q

Q
for all h € WP(Q) (see (48) and (49)) which implies

(A(u),h) + | B(x)uPthdo = /[)\up_l + f(z,u)]hdz for all h € WHP(Q).
20 Q

From this as in the proof of Proposition 5, we infer that v € S(A). This proves
Claim 2.

Claim 3. We may assume that uy € int Cy is a local minimizer of 1y.

Let ¥ € (A, A1) € P. We can find ug € S(¥9). In fact as in the proof of Proposition
6 we can have uy < uy. Then we introduce the following truncation of ky(z, -):

kx(z, ) if © < uy(2),
ka(z,ug(z)) if ug(z) < x.

(51) ka(z,2) = {
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We also consider the corresponding truncation of the boundary term d,(z, ):
A dy(z,x if v < ,
(52) dy(z, 1) = A2, 7) 1 < uy(2) for all (z,z) € 002 x R.
da(z,up(2)) if ug(z) < =z,

Both are Carathéodory functions. We set

~

Ky(z,z) = / ka(z,8)ds and Dy(z,z) = / dy(z,s)ds
0 0
and consider the C'-functional b, : WP(Q) — R defined by
- 1 1 A .
datu) = SlIDullp+ Sl + [ 81D wda — [ R ds
p p i) Q

for all u € W'»(Q). From (51) and (52) it is clear that 1)y is coercive. Also, is is
sequentially weakly lower semicontinuous. So, we can find 4y € W?(Q) such that

dalin) = inf [ (u): W(Q)] = d4(i) =0 =
(53) R .
(A(ﬁx),h>+/|ﬁ,\|p_2ﬂ,\hdz—l— ﬁ(z)d,\(z,u,\)hdaz/k:A(z,u,\)hdz
Q 00 0

for all h € WP(2). As in the proof of Claim 1 earlier, choosing h = (uy — M\y)* €
WhP(Q) in (53), we obtain
U < ﬁ)\.

Next in (53), we choose h = (i1 — ug)*t € WHP(Q). Then
<A(’&)\), (ﬁ)\ — u0)+> + / 'll‘?\_l('&)\ — u0)+ dz + ﬁ(z)uf;_l(ﬁ,\ — u0)+ do
Q o0

= /Q[)\uﬁ_l + f(Z, Uﬁ)]('&)\ — u0)+ dz + /ng_l(ﬁ)\ — Uﬁ)+ dz (see (51) and (52))

< /[ﬁug_l + f(z,ug)](Ux — ug) ™ dz + / ub () — ug) T dz (since A < 9)
Q Q

= (Aluy), (ity — ug)™) +/

b iy —ug)Tdz + | B(2)ul (i, — ug) T do
Q B
= (A(y) — A(ug), (@r — ug)™) + /(ﬂ’;_l — b ) (G —ug)tdz <0
= |{ay > ug}|ny =0, hence u, < uj
So, we have proved that

Gy € [uy, ug] = {u € WHP(Q): uy(2) < u(z) < uy(2) ae. in Q}.

Then from (51), (52) and Claim 2, it follows that u) € S(A). If 4y # u,, then this is
desired second positive solution of problem (Py) and so we are done. Therefore, we
may assume that 4, = uy.

Note that QAHO,W} = Pxl[o,uy) (see (51) and (52)). Also as in the proof of Propo-
sition 13, using u$ = uy + 9 € int Cy (6 > 0) and hypothesis H(f)i(v), we show



Positive solutions for perturbations of the eigenvalue problem for the Robin p-Laplacian 275

that
Uy —uy €t Cy = wuy € intcl@[(), Uy
— wu, is a local C''(Q2) — minimizer of 9,
— u, is a local W'?()) — minimizer of ¢ (see Proposition 3).

This proves Claim 3.

We assume that Ky, is finite (or otherwise we are done since we already have an
infinity of solutions (see Claim 1 and (48), (49))). By virtue of Claim 3, we can find
p > 0 small such that

(54) Ua(ug) < inf [x(u): [|lu— ug|| = p] = my

(see Aizicovici, Papageorgiou and Staicu [1], proof of Proposition 29). If ¢, is as in
the proof of Proposition 15, then

or=1x+ & with &y € R.
So, if u € int C, then
Ua(tu) = —o0 ast — —oo  (see (44)),
Y satisfies the C' — condition (see (45)).

These two facts and (54), permit the use of Theorem 1 (the mountain pass theorem).
Hence we obtain vy € W'P(Q2) such that

(55) my < 'l/J)\(’U)\) and vy € Kw/\.
From (54), (55) and Claims 1 and 2, we infer that
Uy € S()\) Cint C_|_, Uy < Uy, Uy 7A Vx.- O

We can also establish the existence of a smallest positive solution.

Proposition 19. If hypotheses H(B) and H(f); hold and A € P = (—o0, \y),
then problem (P)) admits a smallest positive solution u} € intCy and the map

X — u} s strictly increasing (that is, A < 9 € (—o0, \) = u’ — u} € int C).
Proof. As in the proof of Proposition 11, we can find {u,},>1 € S(\) such that
inf S(A) = inf w,,.
n>1
Since S(A) is downward directed, we may assume that {u, },>1 is decreasing. So, we
have
(56) U, <uy €intCy forallmn > 1.
We have

(57) (A(un),h) + [ B(z)uP ' hdo = )\/ uP~'hdz + / f(z,un)hdz
20 0 Q

for all h € WP(Q2). Choosing h = u, € WP(Q) in (57) and using (56), we infer
that
{tptns1 € WHP(Q) is bounded.

So, we may assume that

(58) u, — uy in WH(Q) and w, — u} in L"(Q) and in LP(0Q).
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Suppose that u} = 0. Let y,, = 7=

lTunl] ™

> 1. Then ||y,|| =1 for all n > 1 and so
we may assume that

(59) Yp —y in WH(Q) and vy, —y in L"(Q) and in LP(99).
From (57) we have

(60) (AW + [ s hdo =X [y / st / (2, un)

[

for all h € WP(Q). In (60) we choose h = y, —y € WIP(Q), pass to the limit as
n — oo and use (59). Then

(61) lim (A(yn),yn—y) =0 = y, > y in Wl’p(Q), and so |ly|| =1, y > 0.
n—oo

Note that since we have assumed that v} = 0, by virtue of hypothesis H(f)1(iv),
we have (at least for a subsequence) that

(62)
So, if in (60) we pass to the limit as n — oo and use (61) and (62), then

(A(y),h) + | B(2)y* thdo = X / y*"thdz for all h € WP(9)
o0 QO

= =) = WP a0, L5 =0 on o0
P

Since A < Ay, it follows that y = 0, a contradiction to (61). Therefore uy # 0.
In (57) we choose h = u,, — u; € W'P(Q), pass to the limit as n — oo and use
(58). Then

(63)  lim (A(u,),u, —u}) =0 = u, — u} in W"P(Q) (see Proposition 2).

n—o0

So, if in (57) we pass to the limit as n — oo and use (63), then

(A(uy), h) + . B(2)(ux)Pthdo = )\/Q(uf\)p_lhdzjt/ﬂf(z,uj)hdz

for all h € W'P(Q) which implies
uy € S(A) and wu) = inf S(N).

Therefore u} € int C, is the smallest positive solution of problem (Pj).
Suppose that A < € P = (—o0, A1) and let uy € S(¥). Then

uy < uy (see Proposition 10) = u} < uy.

In fact, by considering (u%)? = u} +J € int C; (§ > 0) as in the proof of Proposition
13, via hypothesis H(f):(v), we show that

uy — uy € int . O

Summarizing the situation in the case of superlinear perturbations, we can state
the following theorem.
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Theorem 20. If hypotheses H () and H(f), hold, then for every A € (—00, A;)

problem (Py) has at least two positive solutions

uy, vy € intCy, uy < vy, Uy F Uy

also it admits a smallest positive solution u} € int Cy and the map A — u} is strictly
increasing, that is,

A<V e (—oo,N\) = ul—ul € intCy;

finally for A > A\, problem (Py) has no positive solution.
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