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Abstract. This paper has its origin in a question raised by McMullen [McMO08]: Under what
general circumstances does a smooth family of conformal maps ¢;: D — C with ¢y = id satisfy

(a) L Hdim(¢(0D))| =1 ! 160(2)[21dz?

at? o o Ax[log(1 = )| iy
McMullen has shown that (a) is true for some families (¢;) arising from some dynamical systems.
In order to answer this question, we consider a general analytic 1-parameter family (¢¢), t € U,
a neighborhood of 0, conformal maps with ¢y = id and ¢:(0) = 0, Vt € U defined as ¢:(z) =
foz e du, b € B, where B is the Bloch space. By using a probability argument, we first describe
a relatively large class of functions in B for which (¢:):cy satisfies (a), where Hausdorff dimension
is replaced by Minkowski dimension. This class is defined in terms of the square function of the
associated dyadic martingale of Re(b). The second principal result of this paper is a counter-
example which is reminiscent of Kahane and Piranian’s construction of non-Smirnov domain. We
have constructed a singular Bloch function b such that if we consider the associated family (¢;) as
above, then ¢;(0D) is rectifiable for ¢ < 0. Using the properties of this Bloch function b, we prove
that there exists ¢ > 0 such that M.dim (¢;(0D)) > 1+ ct? (t > 0 small), thus contradicting (a),
where the Hausdorff dimension replaced by the Minkowski dimension.

1. Introduction

Let €2 ; C be a simply connected domain containing 0: by the Riemann Mapping
Theorem, there is a unique conformal map f from the unit disk D = {|z] < 1} onto 2
such that f(0) = 0, f/(0) > 0. In this paper, we are interested in domains with fractal
boundary and more precisely in the (Hausdorff) dimension of these boundaries. Well-
known examples of fractal curves which have deserved a lot of investigations and
attentions are the Julia sets and the limit sets of quasifuchsian groups because of
their dynamical properties. For instance, let us consider the family of quadratic
polynomials

P(z)=2*+t, teC,
in the neighborhood of ¢ = 0. There is a smooth family of conformal map ¢; from
C\ D onto the basin of infinity of the polynomial P,(z) (the component containing oo
of its Fatou set) with ¢g(z) = z and conjugating Py to P, on their basins of infinity.
We thus have

(1) &(Po(2)) = Pu¢r(2)), 2z € C\D.
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Each ¢, extends to a quasiconformal map on the sphere C. Taking the derivative of
the equation (1) with respect to ¢, we obtain the equation

(2) q@t(zz) = 2¢t(z)¢t(2) +1

where ¢; = %—f. Let V(z) denote the holomorphic vector field of V(z) = % o

Letting t = 0 in the equation (2), we get that the holomorphic vector field V' satisfies
the functional equation

(3) V(2% =22V (2) + 1
If we replace z by 22 in the preceding equation, we obtain that
(4) V(zh) =222V (A + 1

Injecting V' (z?) in (3) into (4), one gets

1 1 V(z*)
Viz)=- (2 * 22222) * 22222

By induction, we obtain

— 1 LV
22222 ..222F 0 22222 2207

where the term % tends to 0 as n tends to co. Therefore, one can write V'(z)
in the form of infinite sum

= 1
(5) V(z)=-2) STy
k=0
Using thermodynamic formalism, Ruelle [Rul82| (see also [Zin96| and [McMOS§])

proved that
= lim V'(2)|°|d
ﬁomwmrﬁﬂ )[2|dz].

Using then the explicit formula (5) of V', he could prove that
P 2
t|7).
T+ ol

for this particular family. The definition of Hausdorff dimension can be found in
Apprendix A.

Passing to the disc instead of its complement, let us consider a general analytic
one-parameter family (¢,), t € U, a neighborhood of ¢ = 0, of conformal maps with

¢o = id and ¢,(0) = 0, Vt € U. Then
i) = / SOB (W) gy,
0

(© S HLdm(J(P)

(7) H.dim(J(P)) =1+ ——

and 3 : g
502 = | 5 0w i) s du,
From which follows that
/ 815 10g (bt

():_¢t

t=0
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and b(z) = V'(z) = 2 (log ¢}(z)) ‘t:(] belongs to the Bloch space B, which is defined

as follows:

B = {b holomorphic in D; sup(1—|z|*)|¥'(z)|< oo} .
D

For ¢ small (|t|] < m), it follows from Becker univalence criterion (see [Pom73|,

p. 172) that ¢, is a univalent map in the unit disc D. It then follows from A-lemma
(see [IT91], p. 118) that ¢; has a quasiconformal extension to the plane if ¢ is small
enough (¢ < min{3, m}) In particular, I'y = ¢;(0D) is well-defined.
In [McMO08|, McMullen asked under which condition on the family of (¢;) it is
true that
d2

(8) ~_H.dim(T;)

, 1
i =)

—_— b(2)|*|dz|.
i Tlog =] |6(2)["|d=]

|z|=r

t=0

In other words, the question addresses the problem of how much formula (6) owes to
dynamical properties.
Conversely, starting from a function b € B, it is known that if we put

(9) o) = / N qu, b e B,
0

then (¢;) is an analytic family. There exists a neighborhood U of 0 such that if t € U
then ¢, is a conformal map with quasiconformal extension. Denote by I'; the image
of the unit circle by ¢;,.

The aim of the present work is two-fold: We shall first describe a “large” family
of function b € B for which if ¢, is defined by (9) (¢ being real), then (8) is true with
Hausdorff dimension replaced by Minkowski dimension (see Appendix A). This class
will be defined in term of the square function of the associated of dyadic martingale
of Re(b). Details and proper statement will be given in Section 2. Here we have
written “large” since it is actually questionnable whether it is, indeed, large. This
class generalizes martingales with constant square functions (see below) which form
definitively a small class: we do not know how much more it may be generalized.

The second result of this paper is a counter-example: the starting point is the
construction by Kahane and Piranian of a so-called “non Smirnov” rectifiable domain.
These authors have constructed a Bloch function b such that if we consider the
associated family (¢;) as in (9) then ¢;(0D) is rectifiable for ¢ < 0. This function is
very singular in the sense that

o= [ ),

e — 2

where p is singular with respect to Lebesgue measure on the circle. We use this
feature to prove that there exists ¢ > 0 such that

M.dim(Ty) > 14 ct?, ¢ > 0 small,
which contradicts lim;_, % = 0 by (8) with Hausdorff dimension replaced
by Minkowski dimension. Even if we believe that Minkowski dimension is equal to

Hausdorff dimension in this case we cannot prove it: the question whether there is a
counterexample with Hausdorff dimension instead of Minkowski’s thus remains open.
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2. Martingale condition

Before giving statement of the first result of this paper, we recall some prelimi-
naries on Bloch function and the notion of dyadic martingale.

2.1. Preliminaries on Bloch function.
Proposition 1. Ifb € B and b(0) = 0, then

1 ) 1 \"
i n <n! 2n o
s e Plagl< ol <1og1_r2)

forO<r<landn=0,1,....
Proof. See [Pom92], p. 186. O
This proposition implies that if b € B, b(0) = 0,

[27 |b(rei®) |2 do

10 lim sup =%
(10) e ? 2mlog(=)

< ||bl|lE < +oo.

This proposition can be generalized as follows.

Corollary 1. Ifb € B and b(0) = 0, then there exists a constant C' such that

1 p/2
[ e < ¢ (1oe )

forO <r <1andp>0.

Proof. For p > 0, there exists a positive integer n such that 0 < £~ < 1. Applying
the Hélder’s inequality for o = £ < 1, we deduce that

[ o= ( [ |b<r£>|2"a|d5\)l/a (2m)1/7

where é + % = 1. Then Proposition 1 implies that

(/T Ib(r€)|p|d§|) = (/T |b(r§)|2"°‘|d€|) < (2m)-o/ (/le(r§)|2"|d§|)a
<C (IOg - i T)m’

where C = (277‘)_0‘/5(”!”6”%?)0(. .

For the construction of the dyadic martinagle of a Bloch function, it is necessary
to introduce Zygmund functions. These are the functions A on the unit circle T and
satisfying

sup |h(e?z) — 2h(z) + h(e™™2)| < CH, for 6 > 0.

|2[=1

Theorem 1. (Zygmund) Let b be analytic on the disk D and let h be an anti-
derivative of b. Then b belongs to Bloch space B if and only if h is continuous on the
closed disk D and h | 0D is a Zygmund function.

Proof. See [Dur70], p. 76. O

Let b be a Bloch function. Then h: z — [ b(u)du of b is a Zygmund function.
Let I = (¢, ¢2) be a subarc of 9D. We can define b;, the mean value of b on the
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arc I C 0D, as the limit lim,_,1(b,);, where b.(z) = b(rz), z € D. Integration by
parts shows that
—ie"2h(e2) + je= 01 p (et

1 | ) 1 .
by = lim — [ b(re®) do = + — / e h(e?) do
1= ), e N A

and by the property of continuity up to the boundary of the primitive function h(z),
the limit exists. Hence the definition of mean value of Bloch function is well-defined.
We recall now the notion of dyadic martingale of a Bloch function.

2.2. Dyadic martingale. On the probability space (9D, |.|) (|d¢| = db/2m,
¢ = €% € 9D), we consider the increasing sequence of o-algebras {F,,n > 0}
generated by the partitions of the unit circle by the intervals bounded by the (2™)th
roots of the unity.

Let b be a Bloch function, b(0) = 0. We define S = (S, F,,) by setting S,,|I = by
on each dyadic interval I of rank n. In other words, S, = E(b|F,). Then

VE € OD,  S.(&) =Y brxu(9).
IeFn

This sequence is a martingale in the sense that E(S,.1|F,) = S,. And it has the
property:
(11) Vn,VE € 0D, [S,(€) = b((1 = 27)¢)| < C|lblls,
where C' is an absolute constant (see [Mak90]|). We consider the increasing sequence
(S)2 = >0 E((AS))*|Fj-1), where AS; = Sj — S;_1. In the dyadic case, AS? is
Fj-1 measurable, so that (S)7 = 377 (AS;)?. We call (S)2 = .. (AS;)? the
square function.

Our first result, Theorem 2 will follow from the computing of the integral means
Joier e!Re(=)|dz|, b € B in which there is only the real part of a Bloch function b that

appears. Therefore, we use the dyadic martingale which arises from the real part of
the Bloch function. Let us state this result.

2.3. Statement of Theorem 2. Let b be a Bloch function and b,, be the dyadic
martingale of Re(b). Let us assume the following condition for its square function
()

1
2

(%) Vo € [0, 27],

870 -5 [ (510 de' < ni(n),

where 0(n) is a positive function which depends only on n and which tends to zero
as n tends to co. Let us also write d(t) = M.dim(I';).

Theorem 2. Ifb belongs to B and satisfies the condition (x), then the Minkowski
dimension of I'; has the following development at zero:
2T ]
b 10\ 12 de t2
(12) M.dim(I';) = 1 + lim sup Jy” Iblre )1‘ —
r—1 A lOg s 2

+ o(t?).

2 i
b 16 |2 do
By (10), lim sup Jo | (T€1)|
r—1 log i
Put ©; = ¢4(D). The proof of Theorem 2 uses probability arguments and may be
divided in two steps. In the first one, we shall deduce Minkowski dimension d(t) of

exists.
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I’y from the relation between Minkowski dimension d(¢) and the spectrum of integral
means [((d(t), ¢,) (the definition is in the following).

2.4. The first step of the proof. Given any real number p and ¢, = exp(tb(z))
(z € D; be B, t € R), the limes superior

log ( [ (exp{t Re(b(re")) })7 do)

B(p, ¢;) = limsup

r1 | log(1 — )]
) log (fozﬂ exp{tp Re(b(re))} d@)
e [log(1 — 1)

is referred to as the spectrum of integral means of ¢;. Remark that in this general
setting of S(p, @), t is some real number, so that ¢; need not to be conformal. In
particular, let us consider the family of conformal maps ¢,(z) = [ e du (2 € D;
t real and small). We note that for ¢ small €, = ¢,(D) is a quasidisk and its
boundary T'; = 02 is a quasicircles (boundaries of quasidisks). Denote ¢; by ¢.

Then B(p, ¢}) = B(tp, ¢').
Proposition 2. If f maps D conformally onto a quasidisk ), then

M.dimof) = p,
where p is the unique solution of B(p, f') =p — 1.
Proof. See [Pom92|, p. 241. O
As a consequence of Proposition 2, we deduce the

Proposition 3. Let b be a Bloch function. If the spectrum of integral means of
¢'(z) = expb(z) (z € D) has the development at p = 0,

B(p, ¢') = ap® + o(p?),
then the Minkowski dimension of I'y has the development at t = 0,
d(t) = 1+ at* + o(t?).

Proof. We observe that d(t) — 1, ast — 0. Put z(t) = d(t)—1. The Proposition 2
implies that

Bld(t), 1) = d(t) — 1.
Since B(d(t), 6) = B(td(t), &), we get
(13) Bt(L+x(t)), ¢) = x(t).
By the assumption, we have S(t(1+z(t)), ¢') = at*(1+z(t))* +o(t*(1+z(t))?). Since
x(t) > 0ast— 0, t3(1+z(t))? = t* + o(t?). This implies that
(14) Bt(L+x(t)),d) = at® + ot?).
From (13) and (14), we obtain that z(t) = at® 4+ o(t?). The result follows. O
Next we proceed with the second step of this proof.

2.5. The second step of the proof. As it follows from Proposition 3, it is
sufficient to show that for any Bloch function b(z) satisfying the condition (x), the
spectrum of integral means of ¢/(z) = expb(z) expressed as B(p, ') = ap? + o(p?),
where p small. This will be demonstrated in the following theorem.



On Minkowski dimension of Jordan curves 793

Theorem 3. Ifb belongs to B and satisfies the condition (x), then the spectrum
of the integral means of function ¢/(z) = exp b(z) has the following development at
p=0:

1 2 |b(ret®)[ df
ﬁ(p,d)zilirflj}lpfz?ll( ()|) p’

Proof of Theorem 3. Let us give some remarks and the strategy for the proof of
this theorem. First, we note that if v = Re(b(0)) # 0 then put b(z) = b(z) —b(0) and
we have

+ O(p*).

/ ‘ IOg (f ep'y—i—pRe(b ret? d@)
B(p,¢') = limsup

r—1 log ﬁ
27 e Tel@

Ly log (f ePRe(b( d@) Dy
= lim sup T + 1

r—1 IOg 1—r log 1—r

log ( f ePRe(b(re d@)

= lim sup T .

r—1 log i

This tells us that we do not loose generality if we assume that b(0) = 0. Moreover,
we observe that for each r € (0,1), there exists n such that 1/2" <1 —r < 1/27
and from (11) (|ba(e) — Re(b(re))| < C||b||s, (r =1—27")), we deduce that

/ y lOg (f27r ePRe(b (rei?)) d@) y log <f27r 6pbn(629 de)
B(p, @) = lim sup og (1) = limsup log?

)

where b, is the dyadic martinagle of Re(b) (the real part of the Bloch funtion b); of
course, n depends on r and for simplicity’s sake throughout this paper let us denote
such n( ) by n. Then, Theorem 3 will follow from the estimation of the integral
f027r Pon(e”) dh. The main idea of this estimation is to make use of the exponential
transformation of dyadic martingale b, (the dyadic martingale of Re(b)) which is
defined as a sequence

Zp = exp pby;
_ exp pbn
Zn HZ écosh(pAbk) n Z L.

Checking the condition E(Zn|]:n_1) = Z,_1, we see that Z = (Z,,, F,,) is a positive
martingale. The integral f027r P (@) 49 will be derived from the following equality
which follows from the martingale’s property that

1 [*"  exppb,(e”)

2m Jo TIizg cosh(pAby(ei))

VneN, E(Z,) = =E(Z) = 1.

In other words,

2m
1 / (b (€%)1o5([T8 cosh(pAby () gp — 1
0

(15) o
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The rest part of the estimation of f027r P (€) 4 is quite simple. We just apply the
following inequalities and the condition (x) to (15),

n—1 2 4 n—1
(16) log(] [ cosh(pAby)) — *(S)2| < 11)— (Ab)* < C'p*[blIE(S)7s
k=0 =0

where (" is an absolute constant and (S)?2 is the square function of b,. The first
inequality of (16) follows from the estimation that

il
log(cosh(x)) — 5 < o %€ R.
Indeed, put g(z) = log(cosh( ) — ; — L. We see that ¢"(x) = (tanh :c) — 22 <0,
vz € R. Hence, ¢'(z) = [ ¢"(u) du < 0 V:B € R. Therefore, g(x) = [ ¢'(u) du <0,

Vz > 0 and as g(z) is a even functlon g(x) <0, Vx € R. Slmllarly, put h(z) =
log(cosh(z))— %—l—% We observe that h”(x) = —(tanh x)?+2? > 0, Vo € R because
|tanh z| < |z|, Yz € R. Analogously, we obtain that Vz € R, h(z) > 0.

Besides, (11) (V€ € T, |Ab,(§)| < C||b|g) implies that

n—1 n—1 n—1
D (Ab) = (Ab)P(Ab)? < CYlbllE Y (Ab)* = C2[b]IE(S)3
k=0 k=0 k=0

Then the second one of (16) follows.
Finally, we shall apply the following lemma to conclude that for p small

B(p, &) = I log (Jy" eV d9) p o o Ibre)|?do
p,¢)=1nsp nlog?2 oy TP 2mlog T

+0(pY). O

Lemma 1. Let b be a Bloch function and (S)? be the square function of the
dyadic martingale b,, of Re(b). Then

2T 21 .
S\2(0) db b(re')|* db

mup o SROW L blre”)
e nlog?2 r—1 2log =

< 7lolz-

Proof. Denote b = Re(b) and recall b, be a dyadic martingale of b. We have:

[bal2 = / "12(6) db = / "3 (b (8)) do = / "(5)2(6) db.

The second equality follows from Proposition 5.4.5 [Gra08], and the third one follows
from the definition of the square function of the dyadic martingale b,. Moreover, the
fact that |b,(0) — b(re®)| < C||b||s if r =1 — 27" (see (11)) implies that:

‘anlb — [[b(re) 2| < 1ba(e”) = b(re?)ll2 < V2 (Cbl]5).

Therefore, if we divide both sides by (nlog2)/? of the above inequalities, and take
the limit as n — oo, then we obtain:

27 —n\ ,i0\)2 1/2
a7 lm ( 2T (b,)? d@) - (fo (B((1 —27)e™)) d@) e

n—00 nlog 2 nlog 2
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By Proposition 1,
Jo " (B((1 —27")e?))* df

nlog 2

is bounded, then by (17)
27 (b2 o
nlog2

is also bounded. Furthermore, since the function 22 is continuous uniformly on some
compact set of [0, +00), (17) implies that

T(ba)2d0 [T (B((1 = 27)e?))? df

! 0 =0.
s nlog 2 nlog 2
Thus,
2 2m /7 i
bn2d9 b((1 =2~ 10 2d9
lim sup 7f0 (b) = limsup fO St ) :
noeo nlog?2 n—00 nlog2
Then,
2 2r 7 ]
$)2(6) do b(re”))? df
lim sup M = lim sup = ( (7“61)) (r=1-27").
00 nlog2 r—1 10g(m)

In addition, as b is holomorphic in the unit disk D and by Proposition 1, we have:

2T
Re(b de b(re')|2do
lim sup =2 (Re(b(re™))” = lim su f o(re” < 7||b||%.
1 log(1=) T 200 g(=)
The lemma is proven. O

The proof of Theorem 3 remains the main step: that is to estimate the integral
by
fo ePon () dg.
The main step of the proof. Put

o nilCOS 6719 _i 2 .
Log[Tiq cosh®pAb () =5 (5 ) 3 (V2 () £ 0,

en(0) = E($)2(0) ’
0, otherwise,

6 € [0,2x]. This says that

n—1 2
(18) kg@kmew%Q=%wmmwwm»
k=0
where |e,(60 )| < C”p2||b||3 by (16).
Put [, = 5~ fo 0)df. By (18), (15) is equivalent to
2

%/0 exp {pbn(ew) S(920)1+ en(e))} do=1.

By subtraction and adding the term ﬁ[ (1 +€,(0)), we can rewrite the preceding
equality as follows

exp {pbn(ew) . %In(l +ea(0)) — %((S)i(@) — L)1+ en(e))} o = 1.

1 21

27 Jo
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Remark that I,, is a number, so we can take the term exp{%[n} out of the above
integral, then the equality turns out to be

% i Cexp {pbn(e”) - 6"(g)p In — %((SX‘;(@) — L)1+ en(é’))} df = exp (%In) .
Put
I = % WeXp {pbn(e“’) B en(g)P I, — %(<S>i(9) —L)(1+ en(e))} de.

Next, we shall estimate the integral /. Combining the condition (x) [(S)2(6) — I,
no(n ) with the fact that |e,| < C'p?||b]|%, we have: |(1+ €,(0))((S)2(0) — I.,)|
(1+ C'p?||b||%)nd(n). Then, this implies that:

no(n) , 120702 1/% P (
— <
5 PO+ CPIE) p o [ e an <1

exp {—C'p‘lnbn%fn -

and

) 1 2m .
r< o { Oyl + N b b o [ e a
0

Replacing I by exp(%z[ ») and then taking logarithm of sides of the above inequalities,
we deduce that

o i no(n ) / ,
log (/ (Pbn(e) da) _ 2( )p2(1 + O |bl|s) — C'p|[Bl|A T, — log(2m) < %[n
0

and

2 2 i 0
P, < g ( e de) #0021 02 bl + O B3, — los(2m).
0

Next, if we divide both sides of the inequalities by nlog2, we then obtain the in-
equalities

I >log (f ePbn(e) d@)
2 nlog?2 nlog?2

- (p2(1+0’p2||b||?3) nd(n ) + P bl + log(%))

2n log log 2 nlog?2

and

2o, . log ( Ik 2T gpb e! d6’>
2 nlog?2 nlog 2
nd(n)

I
2 120172 A2 in
14 C'p*||b C'p*||b —
(P4 ORI e + O Il
Taking the limes superior as n tends to oo of these inequalities, then we get

2 I log ( [ epnle) d9>
( 5 - 4Hb||3) lim sup ———— l < lim sup

n—oo n Og 2 n—oo n log 2

log(27r)) |

nlog2

2
I,
< 'pt li
< (2 +C'p HbHB) msup s

n—o0
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Finally, we obtain the estimation

log <f027r ePbn(e™) d@) 2

19) |l — i < C'pY|bl|E i
(19) in sup log 2 y msup oo =P R im sup ng,
where
27
: (S)a(@)do f [b(re®)[2d6_ ||b]|3
li =1 Jo \w/ni T < B
lgl_igpnlo 2~ ot 27nlog 2 i p drlog(s=) — 2 oo

by Lemma 1. Thus, the estimation (19) gives us the desired formula for the spectrum
of integral means

log (f erble” dﬁ) f |b(ret)|? do
AT _Py Ot
B(p.¢) fn sup log (L) e o) +0@("),
as p tends to zero. This finishes the proof of Theorem 3. O

From Theorem 3 and Proposition 3, we conclude Theorem 2. For the sake of
completeness of this section, we give a non-trivial example for Bloch function which
satisfies condition (x)

2.6. An example with constant square function. First, we define the
independent Bernoullian random variables €, on dD by the formula

. —1, z,=00r3
W (e3T) = ro ’ =1,2,...
en(e™) {1, 2, =1 or2, (n=12..)

where z,, denotes the 4-adic nth digit of z € [0, 1].

Proposition 4. For any bounded sequence of a real numbers {a,}, the 4-adic
martingale S, = > _, axey Is a dyadic martingale (if considered as dyadic).

Proof. See [Mak90)|.

O

n 2
Let {ax} be a bounded sequence of real numbers. Then limsup,,_, %

a < 4o00. By Proposition 4, there exists a Bloch function b whose real part Re(b)
generates the dyadic martingale Sh-

Let ¢y(z) = foz () du: these are conformal mappings for ¢ close to 0. Denote
Q; = ¢(D). Then the Minkowski dimension of I'; = 0€); has the following develop-
ment at 0:

2w
b 0|2 dé )
(20)  M.dim(T;) =1 + limsup f |b(re )‘ t

t2 4+ o(t?).
r—s1 47 log —— T 2 olt")

) =1
+olt’) +2log2

Indeed, as ASy, = axey, (S)2 = > 1_, a} is a constant square function. Thus, certainly
the square function (S)?2 satisfies the condition (). Besides, we have

, [27|b(re®) |2 do _ 2T(S)2(9) df , (S)2 2
1 =21 L =] =
1r£1_§}1p 2mlog(1=) l?_igp 27n log 2 lgl_igp nlog2 log2’

r=1—2" Then, (20) follows from Theorem 2.
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3. Counter-example

In this section we show that McMullen’s property does not hold for all b € B.
The counter-example we construct is reminiscent of Kahane’s construction of a non-
Smirnov domain.

3.1. Kahane measure and its Herglotz transform.

3.1.1. Kahane measure. First of all, let us recall the construction of Kahane
measure. Denote by wy the interval [0, 1] and by w; one of intervals of form 4-adic
[p4~7, (p+1)477] contained in wy. We construct simultaneously a sequence of measure
t; and their supports E; as follows:

[t is the Lebesgue measure on interval wy;
f; is proportional to the Lebesgue measure on each w;.

We denote by D;(w,) its density on a given interval w; and its support Ej is the union

of intervals w; where D;(w;) # 0. In order to obtain y;.; from pu;, we divide each

interval w = w; of rank j contained in F; into four equal subintervals w', w? w?, w*

of rank j 4+ 1 and put

Dji(w') = Dip(w') = Dj(w) — 1,
Dj1(w?) = Djp(w?) = Dj(w) + 1.
Put g = lim; o p; and £ = ﬂ;?io E;. This measure p is referred to as Kahane
measure.
The set E can be rebuilt in another way as follows. Recall the independent Ber-

noullian random variables £, on D (defined in 2.6): put $;(e*™®) = 37 er(e2™®)

and let N be the first integer number j such that 14 37 _, ex(€>™) = 0 (z € [0, 1]).

By the definition of Dy, we have:
Vo € [0,1], Do(@) =15 Du(@) = (Dpor(w) + (e 1, , (2).

Therefore,
Di(z) = (((1+&1(€¥™)) 1gy () + £2(€>™)) 1, (2) + ... +) 15, ,(2)
+ (7)) 1p, (), = €]0,1].
Since Fp D By D ... D Ey_q, 1g,...15,_, = 1g,_,, we have
Dy(z) = (1 + Zp(e*™N1g,_, ().
This implies that the support of Dy: Ey = Ey_1 N {1+ X, > 0}. Then,
Er={14%,>0,...,1+ %, >0}, k=1,2,....
Moreover, for x € [0, 1]
Dy(z) = (1 + Zp(e*™))1p, , (2)
= (14 Z4(e*™))1p, (2) + (1 + 2k (™) 1g,_\m, (2)
= (14 Z4(e*™))1p, (2),

because on the set Ej_1 \ Ey we have 1 + X (z) = 0.
In his paper [Kah69], Kahane showed that the set E = (\;_, Ej (support of the
measure ) has a null Lebesgue measure. Therefore this measure is totally singular.
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3.1.2. Herglotz transform of Kahane measure. Let b(z) be Herglotz trans-
form of Kahane measure pu: that is

Kahane proved that b € B. Put A;(e*™) =1+ %;(e*™*) and
1+ 3;(e*™), ifze{N>j}=E;

0, otherwise,

Sj(62m‘x) — Aj/\N(e27rim) — {

€ [0,1]). Similarly to the example of the square constant function in 2.6 above,
A; is a dyadic martingale (if consider as dyadic). By the construction of Kahane
measure p, {N = j} = Jw; = Ej_1 \ E; € F; , where w; is an interval 4-adic of
rank j — 1 i.e dyadic of rank j. Therefore N is a stopping time with respect to the
o-algebra {F;,j > 0} (defined above). Thus, S; = Ays; is a dyadic martingale as
well. Moreover, we have the following result.

Lemma 2. S; is the dyadic martingale of the Bloch function Re(b).

Proof. Indeed, we recall h(#) the cumulative distribution function of the Kahane
measure j, i.e., h(p) = u({z= > 0}, ¢ € [0,27] and h(0) = 0. We observe that for
zeD

1 [P e 42 1 [
21 = — . / — 1423 ez | i/(
(21)  b(z) 2W/g T () de = o ( + Ze z)h p) dp.
By the Schwartz integral formula and Im b(0) = 0, we have

2r i )
b(z) = i/ ‘ e Reb(e'?) dy
0

2 ew — z

1 ot [ ' .
—ing n ip
_27r (1 +2 nél e "z ) Re b(e'?) de.

From (21),(22) we obtain foﬂ e”™?(Reb(e?) — W'(p))dp =0, n=0,1,2,.... Since
the sequence {e™’} (n =0,1,2,...) constitutes a basis for L%([0, 27]),
Reb(e™) — h'(¢) =0 in L*([0,27]).

Thus, Re b( ?) = I/(p) a.e. in [0,27]. We observe that for each subarc 4-adic w; =

(22, ;‘; + ] of rank j of the interval [0, 1],

(22)

pilw;) 1 D;(x)dx = ﬁ/ (14 2;(e*™))1g, da
i j Wi J wj

— Aj/\N(€27rix)1wj (ZL’) — Sj(62mx)|wja

while
pi(w;) e+ @o) — hio)
|j| |l
Therefore,
; h(p + ¢o0) — h(o) /
S (e, = = 2”” )dz = (Re(b))w, -
J( )‘ ' ‘(p‘ |w]‘ ( ( )) '

It means that S; is the dyadic martingale of Re(b U
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Now, let us state concretely the second result of this paper.

3.2. Statement of Theorem 4. Let p be Kahane measure and b(z) its Herglotz
transform. We recall that I'; is the image of the unit circle T by the conformal map
¢¢(2) which is defined as ¢}(z) = ), t small enough.

If a family of conformal maps ¢,(z) = [; €™ du, z € D; b € B, satisfies (8) with
Hausdorff dimension replaced by Minkowski dimension, then

2m i0) |2 2
(23) M.dim(I';) = 1 + limsup Jo” Iblre )1‘ e
r—1 A log s 2

+ o(t?).

Theorem 4. The behaviour of the curve Iy differs with the sign of t: In the case
of negative t, the singular property of the Kahane measure p (the density function of
the probability measure p is non negative and zero almost everywhere) makes ¢; €
H'. This is equivalent to the rectifiability of Ty and then H.dim(T';) = M.dim(T;) = 1.
On the other hand, in the case of positive t, I'; is a fractal curve and its Minkowski
dimension satisfies the following inequality:

2

t
d(it) > 1+ Slog 2’ Vt > 0 small enough,

as a consequence the family of conformal map (¢;),t > 0 gives a counter-example to
(23).
Next, we shall give the proof of this theorem.

3.3. Proof of Theorem 4. First of all, we shall use the singularity of Kahane
measure to prove that in the case of small negative ¢, H.dim(I';) = M.dim(T";) = 1.

3.3.1. Negative t. We recall now two theorems on H?(p > 0) functions and
then we shall show how they imply the first part of Theorem 4. Let us introduce
some notions. Given a function f(z) # 0 of class H?(p > 0). Let (a,) (may be finite,
or even empty) be the sequence zeroes of the function f. A function of the form

m |an| ap — 2
B(Z) =z Ha—

1—a,z

is called a Blaschke product. A singular inner function is a function of the form

s =ew{- [T G a0,
o €9—=z

where p(6) be a bounded non-decreasing singular function (¢/() = 0 a.e). And an
outer function of class H” is a function of form

, 1 [P e? 42 -
F(2) = ¢ exp {% | S o) de} ,
0

el

where 7 is a real number, |f(e?)| € LP([0, 27]).

Theorem 5. (Canonical factorization theorem) Every function f(z) # 0 of class
HP(p > 0) has a unique factorization of the form f(z) = B(2)S(z)F(z), where B(z)
is a Blaschke product, S(z) is a singular inner function and F'(z) is an outer function
of class HP. Conversely, every such product B(z)S(z)F(z) belongs to H?.

Proof. See [Dur70], p. 193. O
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Theorem 6. Let f(z) map the unit disc D conformally onto a Jordan domain
Q. Then the boundary 9% is rectifiable if and only if f' € H*.

Proof. See [Dur70], p. 42. O

Since ¢ small enough and b(z) is a Bloch function, by Becker univalence criterion
([Pom73|, p. 172), the maps ¢;(z) map conformally the unit disk D onto a quasidisk
Q,. And its derivative has the form

s =eo{t [T G a0},

el — 2
where ¢t < 0 and p is a positive singular measure, i.e., the density function hA'(6) of
Kahane measure y is non negative and zero almost everywhere on [0, 27] (mentioned
above). Then, Theorem 5 yields ¢}, € H'.
Since the fact that ¢} € H! is equivalent to the rectifiability of the boundary T
by Theorem 6, obviously

(24) H.dim(I';) = M.dim(I'y) = 1.

The first part of Theorem 4 follows.
Now, we proceed to the main part of the proof of Theorem 4: the case of small
positive t.

3.3.2. Positive t. In this part, we need to prove that for small positive ¢,
d(t) > 1+ %. Analogously to the proof of Theorem 2, again by using Proposition 2,
d(t) can be deduced from the spectrum of integral means 3(p, ¢'), where ¢’ = exp b(z)
and p small. Therefore, if one can show that (p, ¢') satisfies the following inequality

2
p

25 ) >

(25) B, d) 2 1052

then the inequality d(t) > 1+ ﬁz‘gz easily follows. It follows from the fact: |S;(e®) —

Re(b(re?))| < C||blls, r =1 — 277 (see (11)) that

f27r eP Reb(re'?) do

2 (10

eP%i(€) dg

B(p,¢') = lim sup 0 ] 1 = lim sup k+
r—1 08 1 j—o0 jlog?2

p > 0 small,

The above argument asks us to estimate the integral fozﬂ ePSi©) qg, S;i=MNjan,p>0
small. The main issue in this estimation is that .S; is not a sum of independent random
variables. However, we can go around this difficulty by using the stopping time of
the random walk argument of the dyadic martingale S; which will be introduced in
the following.

3.3.3. Random walk argument. Let us describe this random walk on graph.
On the lattice ZT x Z, we consider that a particle moves in the direction parallel
to two diagonals of the unit square. We denote the individual steps generically by
£1,€9,...,&, with the probability p = % (defined above in 2.6) and the position of
the particle by ¥, %9, ..., 3,. According to the assumption of the dyadic martingale
S;, the particle will stop as it reaches to the horizontal axis y = 0 on the lattice.

Denote the event {at epoch n the particle is at the position r} by {¥, = r} and
one can write the event {N > k} by {1+ %; > 0,...,1+ X; > 0} and then by
{¥1 >0,...,3; > 0}. The following lemma is a basic result needed to prove the
inequality (25).
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Lemma 3. For a random walk >,, = €1 + 9 + ...+ &,, where ¢, are Bernoulli
independent random variables with the probability p = %, we have:

n
C2n

P(Zl20,2220,...,22nzo)zp(z%:o):ﬁ,

where C3, = % Moreover, by Stirling’s formula P(N > 2n) ~
Proof. See [Fel50], p. 76. O

In the proof of the inequality (25), we shall also use the remark that for each
positive integer k, {N > 2k + 1} = {N > 2k}. Indeed, {£; > 0,..., %39, > 0} =
{1 >20,...,8% > 0,341 > 0fN{X >0,...,8 > 0,3 < 0}. By the
assumption of the stopping time, the particle will stop as it reaches to the axis y = 0,
hence {21 > O,...,ng > 0a22k+1 < O} = (. Thus, {21 > 0,...,22k > 0} = {21 >
0,...,%0% >0, X941 > 0}

3.3.4. The main step of the proof. We shall estimate the integral fT ePSi @) qg.
First we note that on the set {N < j} S;(e?) = Ajn(e?) = 0, then

1

_/ ePSi(€) 4o — i ePSie”) qp 4 — ePSi(€) qp
{N>j} 2 {N<i}

% dh + P({N < j}),

s
S

1

(26) =
27 J N>y

where
1 S g9 — L P(1435(%) g9
21 Jin>5) 21 Jin>j)
We observe that
2i eP(H+25(e) qp — i/ eP(+25(e) g9 — 1 P42 () g,
™ J{N>j5) 2m 21 Jin<iy

As ¥, = Zi:l £k, Where €, with £k = 1,2,... are the independent random variables,
we have

1
2_ eP(IH25(e)) gp — P H E epfk = eP H coshp = ep(COShp)
™
k=1 k=1

(1+35(e™))

Besides, the integral |, (N<j) e df can be rewritten as:

J
/ 55 gg = 3 / P55 gp.
{N<j} 1 7 AN=k}

The fact that 143 (e’ %) is equal to zero on each set { N = k} makes the value of the
integral > 7_, [, (N—k ep(HE ) df unchanged if we divide the integrand e?(+%i(<")

by the term el+2k(e . Thus we have:

J

3 / PRESHED) d@_z / P(143; ()~ 1= () g

k=1 {N=k}
J .
Z/ P(S,(EN)-5(c) gg
k=1
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In addition, if we rewrite the integral

/ P EN-SE) g9 s / Ly PE D2 g,
(N=k} T

then by the independence of two random variables 1{y—; and ePEi—2k) it follows
that

g/ Loy @D 4 — PN = k})E (P )=y
T
= P({N = k})(coshp)*.

Hence we obtain

! ePSi(@”) g = ¢ cosh(p)! (1 — ZJ: —P({N — k})>

27 Jinsj) — (cosh p)ker

> ¢ (cosh p)’ (1 -> PN = k})) (p>0)
(27) = e"(coshp) P({N > j}) (p>0).

The inequality above follows from the fact that for p > 0 (coshp)*e? > 1, k =
1,2,...,j. From (26), (27) and Jensen’s inequality, we deduce

1- 1 : 1
log </ epsﬂe@)de) > ~log (2/ ePSi() d@) + 5 log (4rP({N < j}))
T 2 (V>5) 2
1 . 1
> g + log(47) + 5 log(cosh(p)’) + 5 log(P({N > j}))
1 .
+ 5 log(P({N < j}))

By Lemma 3: log(P(N > j)) ~ —% and log(P(N < j)) ~ —% as j — oo, thus
when we divide the above inequality by jlog 2 and take the limes superior as j — oo,

we deduce that

B(p,¢’) > limsup log(cosh(p)’) _ log cosh(p)

= > 0.
o0 2jlog 2 2log2 ' b

Moreover, the inequality log cosh(z) > %2 — 91”—;, x > 0, (proved in 2.5) implies that

log cosh(z) > %2 for x > 0 small enough, which implies (25): (p,¢’) > 81’(’;2, p>0
small. As a consequence of (25), the spectrum of integral means 5(d(t), ¢;) of the

family of the conformal maps ¢}(z) = exptb(z) satisfies the following inequality:

t2d(t)?
8log2’

B(d(t), ;) = B(td(t),¢") > t > 0 small,
where d(t) = M.dim(I';) > 1.
Finally, by Proposition 2: d(t) = B(d(t), #;) + 1, we deduce that
2
t > 0 small.

2 >1
(28) a0 > 1+ g,
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This means that (23) fails for the family of conformal map (¢;), t > 0, because if this
family holds for (23), then the fact that
2m ; 2m ;
b(re?)|* do Reb(ret?)|* db
(29) lim sup fo | (T61)| = 2limsup fo | Re (rle ) =
r—1 log grp— r—1 log grp—

0

which follows from the following results: Theorem 7 and then Corollary 2, would
contradict (28). Theorem 4 is proven. O

Theorem 7. Let (S); be the square function of the dyadic martingale S; of
Reb (b defined in 3.1.2) and p be a positive real number. Then there exist positive
constants My, My, Ky, Ko, T}, Ty do not depend on j such that: if p > 1, then

1 2m
M2 < o [0S0 do < 2
0

27 J
if p=1, then
1 2w
Kilogj < o [ (S120)77d8 < Kalog
0
if p <1, then
1 2
T, < — 2(0))P* do < To.
e A (CHO

Proof. First we shall show that
j—1
((S)2(0)P/do = ((k+ 1)"/* = k"*)P({N > k})

J
k=1

1 2

(30)

21 Jy
and then we shall prove that there exist positive constant Ay, Ay which do not depend
on j such that

l l

B) A G | (O o

n=1 n=1
where [ is equal to (7 — 2)/2 if j is even number and equal to (j — 1)/2 otherwise.

The proof will follow from the estimation of the sum 22:1 m The equality

(30) can be proved by using the stopping time’s argument. By separating the unit
circle into two sets {N > j} and {N < j}, we have

2m
L [aspopra= £ [ aspoprae L [ oot
2T iy 2 Jin<iy
Observe that on the set {N > j}, (S)5(f) = j. Therefore
1

21 Jn>jy

27 Jo

((S)3(0)2 do = j*2P({N > j}).

Besides,
EJ S)2(0))P/2 de.
/{N_k}(< >g( ))

k=1

[ wspeyrio-
{N<j}
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Note that (S)%(f) = k on {N = k}. Thus

% ((S) p/2d9_z27r/ p/2d9—2kp/2P {N =Ek}).

(N<) k=1

By using summation by parts, we have

STEPPUN = k}) = i((k +1P2 = KPP PN > k}) = j"PP({N > j}).

This implies (30). Now, we estimate the left hand side of the equality (30). We
observe that if p > 2, then

g, (30002 S 0/28 PN > b

and
1 2

21 o
and since (k 4+ 1)P=2/2 < P=2/2p0=2/2 1 — 1 9

(p/2)(k + )PP PN > k}),

—~
—
N
S~
SN0
—~
>
S—
SN—
Q.
CD

1 2

o |, ((S)3(0)) do < =22 ;@/2)1{;(1’_2)/2}7({]\7 > k}).

Thus,

-1
KP=22PUN > k}) <

1

=y EHOERT

27 Jo

N |3
L

e
Il

(p—2)/2 =1
> kPARPEN > k}).

k=1

<p6
=2

If p < 2, by an analogous argument, we have the inverse inequality
—1

PN > ) 2 A CHOG

™ Jo

J

p

2

k=
peP=2)/2 {1

> D KUUEP(N > k}).

k=1

In the following, we continue to estimate the above sums by using the remark in 3.3.3
that P({N > 2n+1}) = P({N > 2n}). In order to do so we shall consider two
following cases: j is an even integer and j is an odd integer. In each one, we shall
also consider two situations p > 2 and p < 2 respectively. In the case of j = 2(1+1),
if p > 2, then

p/2 (1 +2;(2n)(p‘2)/2P({N > 2n}>> < % /0 W((S)?(W’/2 de

(p—2)/2 !
< e 5 <1+ (1+ eP=2/2) ; (2n)P=2/2p( {N>2n})>
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if p < 2 then

™

l 27
p/2 (1 +2) (2n)P 2PN > 2n})> > QL/ ((S)2(0))"* d6

n=1

pe(p_2)/2

l
2/2 ( 2)/2
> = <1+ (1+ eP~ ;2711’ P{N>2n})>

In the case of j =20+ 1, if p > 2, then

p/2 (1 +2 (li(zn)@—mp({zv > 2n})> + (2D)P=D2P({N > 21}))

n=1

1 2

(r-2)/2 l
< 200\0/2 g < P (r-2)/2) (p—2)/2
<5/ ((5)5(6)P" df < — (1 +(1+e ;:1 (2n) P({N > 2n})>

if p < 2, then

n=1

p/2 (1 + 22(271)(1’—2)/2}7({1\1 > 2n})> > %/0 W(<5>§(9))p/z 20

vV

n=1

pe(p;)/? (1 4 (14 e®2/2) (i@n)(p‘wlj({]\f > 2”}))

+ (2P 22P({N > 21})).

By Lemma 3, there exist absolute positive constants C;, Cs such that

Ch < P({N >2n}) = P({¥3, = 0}) < Co—=

QH
3

1
V2n
This implies that

l

!
2)/2
CiZWsp < 2 G0)PHEPAN > ) S €1 (e 3p/27
n=0

n=1

o~

where C] and C} are some absolute positive constants. This implies (31). The proof

remains to estimate the sum Zlnzl W Observe that if p > 3 the function

f(z) = W is increasing on [1, 00), then

3/ l 1 I+1 1 11 1
p—3)/2
2 +/1 (2;;;)(3—p)/2 dz < 2_:1 (Qn)(3—17)/2 < /1 (Qx)(g—p)/z dx,

where

1
1 1 ' ) _
/1 de - ((j _ 2)(19 1)/2 2(p 1)/2)

and

AR 1 (-1)/2 _ op-1)/2
_ S\ \P— _ p—
[ e = o @),
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If p < 3, the function f(z) =
22 <1 (& p>1), then

27.G2 is decreasing on [1,00) and then if
n

M l 1 S 1
/1 Gz &S 2. En)Enn = /1 o)z &t e

where
/l L L ((j—2) /2 — o072
_——adr = ——— — —
L @oEar ST W
and

AR 1 0-1)/2 _ o(p-1)/2
_ \(P— _ P— .
ﬂ? e = =1 (0 2

where

+1 1 l 1
/ —dx =log(j) —log2 and / de =log(j — 2) — log2;
1 1

if 22 >1 (& p < 1), then S W converges as j — 0o because

(2n)
l

/1 (2x)B3-»)/ Z (2n) (3 p)/ —/1 (22)B-p)/2 dz + 2(3—p)/2’

where

!
1 1 . ) _
/1 de - ((J — 2)(p /2 _9lp 1)/2)

and

o 1 0-1)/2 _ o(p-1)/2
_ \(P— _ p—
[ e = =1 (0 270

converges as j — 00.
Now we can go to the conclusion that there exist positive constants My, My, K,
Ky, Ty, Ty which do not depend on 7 such that: if p > 1, then

Mlj(:n—l)/2 < % %((S)?(Q))pﬂ do < M2j(f”‘1)/2;
if p=1, then
Kylogj < % Ozw((5>?(9))p/z df < K log j;
if p <1, then
T < % 0%((5)?(9))?/2 o < T,

The theorem is proven. O
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Corollary 2. Let b be the Bloch function (defined in 3.1.2) and a real positive
p. Then

Jy" [ Re(b(re )7 do_

lim su
r—1 P (log ﬁ)?’ﬂ

Proof. The proof will be given as follows. First of all, we shall show that for
p>0,
2T s o )
Re(b((1 — 279)e))|P df S ([P qp
(32) lim sup Jo” [ Reb( )b _ lim sup Jo” 15,(€)
o0 (jlog2)r/2 imro0 (jlog 2)r/?

Then we shall estimate

Jy" 155 ()P do
(4 log 2)r/

by using two following facts with respect to two cases: 1 < p <ooand 0 <p < 1.

Firstly for 1 < p < oo (see [Bur66]) there exist absolute positive constants b, and B,

such that

1/2 1/2
bl (S22, < 1151, < Byll(S)2L2,

and secondly for 0 < p < 1 (see |Wan91]) there also exists a positive absolute
constant v, such that [|.S;]|, < Vp||<5>?||z/22), where the square function (S)2(0) =

J
7_(ASk(0))2. Then the proof will follow by Theorem 7.
Now, let us prove (32). We start it with the case 1 < p < oco. The fact that
|S;(e) — Re(b(re?))| < C||b||g if r =1 —277 (see (11)) implies that for p > 1,

185 (®)lp = [IReb(re®) ] < [1S;(e”) = Re(b(re™))ll, < (2m)'(C||b5).

Therefore if we divide both sides by (j log2)'/? of the above inequalities and take the
limit as j tends to oo, then we obtain

2m 0\ go\ " 2 | Re oy g\ M7
(33)  lim < 0 195(e”)l de) _ < o | Re(b((1 = 27)e™))| dﬁ) .

(7log2)p/2 (7log2)r/2

=00
According to Corollary 1 the quantity
Jy" [ Re(b((1 — 279)e)) " df
(4 log 2)r/2
is bounded and then by (33) the quantity
Jy" 155(e)lP db

0
(jlog2)p/2
is also bounded. Moreover, as the function xP is continuous uniformly on some
compact set of [0,4+00), (33) implies that
" 1S; (NP d8 [ | Re(b((1 —27)e ) Pdf

li 0 — 20 =0
e (log2)el (jlog 2)7/2

Thus,

2w 4 2 i .
S;(e”)|P db Re(b((1 — 279)e®))|P df

lim sup Jo 155(”)] — lim sup Jo I Re(®(( )e”))l .

jooo  (jlog2)p/? j—ro0 (4 log 2)r/2
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In the case of 0 < p < 1, again the fact that |S;(e”?) — Re(b(re?))| < C|b||s if
r=1—277 (see (11)) implies that

/0 1S, do — / " Re(b((1 — 279)e)) P do

= /0 ﬂ [S5(e”) = Re(b((1 = 277)e")|" do < 27 (C||b|5)"-

Analogously, if we devide the above inequalities by (jlog2)?/? and take the limit as
J tends to oo, then we have

ISP ds [T | Re(b((1 —279)e )P df

li 0 =
T log )2 (log2)2 !
which implies that
2 i 2m —iN i
ey o IS D Refb((1 = 270)e)| do
jooo (jlog2)r/2 jroo (jlog2)p/2 '
Then (32) follows.
According to Theorem 7, if we divide the integral
1 2m ) »
il , /2
5= | (®30)2as
by (jlog2)?/? and let j — oo, then we have
lim su f02”(<5>?(9))p/2 db —
e (10g2)77
This finishes the proof. O

Appendix A. Hausdorff dimension and Minkowski dimension

Let a > 0. The a-dimensional Hausdorff measure of a Borel set E C C is defined
by
Ay (F) = lim inf diamBy,)®,
(E) = lim inf k (diamBy)
where the infimum is taken over the covers (By) of E with diamBy, < € for all k. The
Haudorff dimension is defined by

H.dimFE = inf{a: A,(E) = 0}.
For reference, see [Pom92|, Chapter 10, p. 222.
Let E be a bounded set in C and let N(e, E) denote the minimal numbers of
disks of diameter ¢ that are needed to cover E. Up to bounded multiplies it is the

same as the number of squares of grid of mesh size € that intersect £. We defined
the Minkowski dimension of E by

log N(e, E
(34) M.dimFE = lim sup w.
e—0 log(1/e)
Proposition 5. If F is any bounded set in C, then

log N(e, B
(35) H.dimE < lim inf 28V E)

< M.dimF.
0 Tlog(1/z)
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Proof. Let 8 be any number greater than the limes inferior in (35). Then there are
£, — 0 such that N, = N(e,, E) < ¢;°. If E is covered by the discs Dy, Do, ..., Dy,
of diameter ¢, then, for a > 3,

Nn
Z(diam Dp)* = N,ye® <P 50 as n — o0
k=1
and thus H.dimF < a which implies (35). O
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