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Abstract. We establish a Denjoy—Wolff theorem for compact holomorphic self-mappings of
bounded and strictly convex domains in arbitrary complex Banach spaces.

1. Introduction

The following version of the Denjoy—Wolff theorem ([8], [33], [34] and [35]) for
bounded and strictly convex domains in complex and reflexive Banach spaces has
recently been established in [4] (see [3] and [5] for an up-to-date list of references
regarding this topic).

Theorem 1.1. [4] If D is a bounded and strictly convex domain in a complex
and reflexive Banach space (X, | - ||), and f: D — D is compact, holomorphic and
fixed-point-free, then there exists a point & € 0D such that the sequence { f™} of the
iterates of f converges in the compact-open topology to the constant map taking the
value &.

Since the assumption that the complex Banach space (X, || - ||) is reflexive is es-
sential in [4], it is natural to ask if Theorem 1.1 holds in all Banach spaces. In the
present paper we answer this question in the affirmative. In other words, we extend
Theorem 1.1 to the case of compact holomorphic (more generally, kp-nonexpansive)
self-mappings of bounded and strictly convex domains in arbitrary complex Banach
spaces. We also show that the sequence { f™} of the iterates of f converges to the con-
stant map taking the value £ even in the bounded-open topology. Observe that in such
a general setting, the main difficulty is that we cannot use either complex geodesics
or reflexivity in the proofs of our results. We do, however, retain the compactness as-
sumption on our self-mappings because in the setting of infinite-dimensional complex
Banach spaces, the Denjoy—Wolff theorem fails even for biholomorphic self-mappings
of the open unit ball in Hilbert space [32].
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Our paper is organized as follows. The next section contains several preliminaries
concerning the Kobayashi distance and holomorphic mappings in Banach spaces.
See, for instance, Theorems 2.3 and 2.4. Section 3 is devoted to horospheres (see
Theorems 3.1-3.3). Finally, two versions of our Denjoy—Wolff theorem are stated
and proved in Section 4 (see Theorems 4.1 and 4.2). This section also contains three
consequences of these theorems (Corollaries 4.3-4.5).

2. The Kobayashi distance kp, holomorphic
mappings and kp-nonexpansive mappings

Let (X, | - ||) be an arbitrary complex Banach space. Throughout this paper all
domains D C X are bounded and convex.

In this part of our paper we recall a few properties of the Kobayashi distance kp
(23], [24], [25]), which are common to all bounded and convex domains in complex
Banach spaces (for more properties of kp see [27]).

We begin with the definition of the Poincaré distance. Let A be the open unit
disc in the complex plane C. Recall that the Poincaré distance pp on A is given by

Z—Ww

N

= argtanh(l — o(z,w))2,

k = := arg tanh
) = palew) = angtant | E

where
(1= 1211 = Jw[*)

5 . z,w €A,
|1 — 20|

o(z,w) =

Next, for any a € A, consider the Mobius transformation m,: A — A defined by

z+a
mq(2) == T 2 € A.
This mapping is not only a biholomorphic automorphism of A, but also a ka-isometry.
We also know that for each pair of distinct points z,y € A, there exist a unique
geodesic line in (A, ka) passing through them and a unique geodesic segment [z, y]
joining them, i.e., for each 0 < t < 1, there is a unique point z = (1 — t)x & ty
satisfying ka(z, z) = tka(x,y) and ka(z,y) = (1 — t)ka(z,y). For each 0 # z € A,

the segment {z € A: there exists ¢t € (—1,1) C R such that x = t”—;'} is the unique

geodesic line passing through 0 and z ([16], [9]).

Now let D be a bounded and convex domain in a complex Banach space (X, [|-]]).
We use the following definition of the Kobayashi distance on D. This definition is,
in fact, the definition of the Lempert function ¢ ([30], [11]):

kp(z,y) = dp(x,y) :==inf{pa(0,A): A € [0,1) and there exists F' € H(A, D)

so that F(0) =z, F(\) = y}.
It is known that the Kobayashi distance kp is locally equivalent to the norm ||-|| in
X [18].
We also recall the following result.

Lemma 2.1. [21], [28], [29] Let D be a bounded and convex domain in a complex
Banach space (X, ||-]|).

(i) If ,y,w,z € D and s € [0, 1], then
kp(sx+ (1 —8)y,sw+ (1 —s)z) < max [kp(z,w), kp(y, 2)];
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(ii) if x,y € D and s,t € [0, 1], then
kp(sz 4 (1= s)y,tx + (1 —t)y) < kp(z,y).

This result shows, for example, that our horospheres are convex (see Theo-
rem 3.1(i) below). It is also used in the proof of Theorem 3.2.

In order to recall a characterization of kp-bounded sets, we need the following
notion.

Definition 2.1. [18] Let D be a bounded and convex domain in a complex
Banach space (X, || - ||). A nonempty subset C' of D is said to lie strictly inside D if
diSt”.H(C, OD) :=inf{||lx —y| : x € C, y € D} > 0.

Let D be a bounded and convex domain in a complex Banach space (X, ||-||). It
is known that a nonempty subset C' of D is kp-bounded if and only if C' lies strictly
inside D [18].

Next we recall the definition of strict convexity.

Definition 2.2. [15] We say that a bounded and convex domain D in a complex

Banach space (X, || - ) is strictly convex if for each z,y € E”'”, the open segment
(x,y) ={z€ X:z=s2+ (1 —s)y for some 0 < s < 1}
lies in D.
Using strict convexity, one can prove the following very useful lemma.

Lemma 2.2. [21], [27] Let D be a bounded and strictly convex domain in a
complex Banach space (X, |- ). Let {z;},., and {y;},, be two nets in D which

converge in norm to £ € 0D and ton € ﬁ”'”, respectively. If
sup {kp(zj,y;): j € J} =c < o0,
then & = .

The notion of a nonexpansive (that is, 1-Lipschitz) mapping plays a key role in
our paper. This is due to the fact that if D; and Dy are bounded domains in the
complex Banach spaces (Xi, ||-||,) and (Xb, [|-||,), respectively, and kp, and kp, are
the Kobayashi distances on Dy and Ds, respectively, then each holomorphic mapping
f: D1 — Dy is nonexpansive, i.e.,

k:Dz(f(m)a f(y)) < le(xay)

for all z,y € Dy [18] (see also [9], [14], [16], [19] and [31]).

In particular, if D is a bounded domain in a complex Banach space (X, | - ||),
then each holomorphic self-mapping f: D +— D is kp-nonexpansive.

Let D be a bounded domain in a complex Banach space (X, || - ||). A mapping
f: D — D is said to map D strictly inside D if f(D) lies strictly inside D. Such
a mapping is a strict kp-contraction according to the Earle-Hamilton theorem [12]
(see also [14]).

Theorem 2.3. [12| Let D be a bounded domain in a complex Banach space
(X, ||-|). If a holomorphic f: D+ D maps D strictly inside itself, then there exists
a number 0 <t < 1 such that

kp(f(z), f(y)) < thkp(z,y)
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for all x and y in D.

Hence, if D is a bounded and convex domain in a Banach space (X, ||-||), then
by the Earle-Hamilton theorem, the mapping gs.(-) := (1 —s)z+s(-): D— D is a
strict kp-contraction for each z € D and 0 < s < 1. Thus for each kp-nonexpansive
mapping f: D — D, the mapping f;, == gs.of = (1 —s)z+sf: D+~ Disa
strict kp-contraction and has exactly one fixed point, which we denote by hy(s, 2).
Fix 0 < s < 1 and zy € D. Then the mapping h¢(s,-): D + D is kp-nonexpansive
(holomorphic if f is holomorphic [7]|, [14] and [17]) as the limit of the sequence
(72 (o)}

Finally, we recall the definition of a compact mapping.

Definition 2.3. Let D be a bounded and convex domain in a complex Banach
space (X, || -]|). If f: D — D and the norm closure of the set f(D) is compact in
(X, ]| - |), then we say that f is a compact mapping.

Using Catka’s theorem |[6], one arrives at the following basic result.

Theorem 2.4. (28] (see also [20], [21] and [26]) Let D be a bounded and convex
domain in a complex Banach space (X, || -||). If f: D~ D is kp-nonexpansive and
compact, then the following statements are equivalent:

(i) f has a fixed point;
(ii) there exist a point x € D and a kp-bounded subsequence {f"i(z)} of its
iterates;
(iii) there exists a point x € D such that {f™(x)} is kp-bounded;
(iv) for each point x € D, the sequence {f™(x)} of its iterates is kp-bounded;
(v) there exists a nonempty, kp-closed, convex, kp-bounded and f-invariant sub-
set C' of D;
(vi) there exists a nonempty, kp-bounded and f-invariant subset C' of D;
(vii) there exists a kp-bounded and norm convergent sequence {x,} with
(f(zn) — 20) = 0;
(viii) there exists a kp-bounded sequence {z,} such that (f(x,) — z,) — 0.

3. Horospheres

The main tool in the proof of our Denjoy-Wolff theorem (see Section 4) is the
horosphere H(xz,&, R,{x,}). To define it, we first recall that the set N of natural
numbers can be treated as a sequence {n},en. Hence it has a subnet {n.},er which
is an ultranet (see [13] and [22] for properties of ultranets). We fix, once and for
all, such a subnet {n,},er. Now we define the horosphere H(z,¢, R, {x,}) in the
following way.

Definition 3.1. [5] (see also [21], [27] and [29]) Let D be a bounded and convex
domain in an arbitrary complex Banach space (X, - ||). Let z € D, ¢ € 0D,
R>0,z,€ D,n=1,2,..., and lim,_, x, = . The horosphere H(z,{, R,{z,}) in
D is defined as follows:

H(z,& R, {x,}) := {y € D: lim [kp(y,z,,) — kp(z,2,)] < 1log R} :
vyel’ 2

The following properties of the horospheres H(z, &, R, {x,}) are known.
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Theorem 3.1. [4] Let D be a bounded and convex domain in a complex Banach
space (X, ||-]]). Letx € D, £ € 0D, R>0,z, € D,n=1,2,..., and lim,,_,, x,, = £.
Then the horospheres H(x,&, R, {x,}) have the following properties:

(1) if the horosphere H(x,&, R,{x,}) is nonempty, then it is convex;
(ii) for every 0 < Ry < Rs, we have

Hw & R {oah) ' 0D € H(w, & R, {});
(ili) if z, @ € D and limyer [kp(Z,x,,) — kp(z,2,,)] < $log L, then
H(z,& R {z.}) C H(z, & LR, {xn});
(iv) for every R > 1, we have B(x, % log R) C H(z,&, R, {x,}), where B(x, 5 log R)
is a ball in the metric space (D, kp);
(v) for every R < 1, we have B(z,—31logR) N H(z,&, R, {z,}) = 0, where

B(z, —3log R) is, once again, a ball in the metric space (D, kp);
(vi) U H(z,& R {z,}) =D and (| H(z,&, R, {z.}) = 0;

R>0 | R>0
(i) NH@ER (o)) ¢ op;

R>0

viii) if D is strictly convex and if the intersection (| H(x,&, R, {x, I is nonempty,
(viii) y ¥,

then () H(z,& R, {zn}) | = {€}.

R>0

Observe that directly from (iii) we get that if for some # € D all the horo-
spheres H(z,&, R, {x,}) are nonempty, then the same is true when 7 is replaced with
any x € D. We do not know, however, whether for each R > 0, the horosphere
H(z,&, R, {x,}) is always nonempty. Recall that this is valid for open unit balls
in complex Banach spaces ([5], [20], [21], [26], [27], [29]; see also [1], [2] and [3] for
the case of bounded and convex domains in C*). Now we prove this fact in the
special case where the sequence {z,} stems from a compact, fixed-point-free and
kp-nonexpansive self-mapping f of D; in particular, from a compact, fixed-point-free
and holomorphic self-mapping of D. In contrast with [4], we no longer assume that
the complex Banach space X is reflexive.

Theorem 3.2. Let D be a bounded and convex domain in an arbitrary complex
Banach space (X, || -||). Let f: D+ D be a compact, kp-nonexpansive and fixed-
point-free mapping. Fix & € D and an arbitrary sequence {z,} C D. Let the
sequences {s,} C R and {x,} C D be such that

O0<s, <1
for each n € N,

lim s, =1,
n—oo

Tp = Tn(Sns 2n) = N (Sny 20) = fonzn (@n(5n, 2n))
= (1 - Sn)zn + Snf(xn(sm Zn)) = (1 - SN)Zn + Snf(xn)
for each n € N, and
lim z, =& € 0D.

n—oo

Then the horosphere H(%,&, R, {x,}) is nonempty for each R > 0.
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Proof. Directly from the definition of the Lempert function, we get that for each
w € D, w # 7, and for each € > 0, there exist a holomorphic function £,z .: A +— D
and a real number 0 < t,,; . < 1 such that F, ; .(0) = Z, Fy5(tws.) = w, and

kp(Z,w) = kp(Fui:(0), Fyze(twie)) < ka(0,tyz:) < kp(Z,w) + €.

Let 0 < & < kp(%,w) and take 0 < %, 34 < twz.e such that ka(0,%,z4) = & Then
we have

o+ kA (Ew,:f,&a tw,:i,z—:) = k}A(O, g’w,;f:,d) + kA (gw,:i,da tw,:i,z—:) = kA<O> tw,i,s) < kD ('%7 w) +e€

and therefore

Now set Yu zae = Fuie(twza). Observe that
D(Fuie(wza) Fuie(twie))
A(gw,a?,&a tw,fc,s) < kD(j‘a w) +e— a

and

kp(Z, Ywiae) = kp(Fuzc(0), Fuzc(twzia)) < ka(0,twss) = .

Next fix R > 0 and let o > max{—%log R,0}. Since lim,, o, z, = £ € 0D, we can

assume, without any loss of generality, that 0 < o < kp(Z, z,,) for each n € N. Then
for each point y, ;, 1, we have

1
kD (Ys, g2 %) < kp(T,20) =+ —

and therefore

1
kD(yxnfca iaxn) - ]fD(Zi',J}n) < -+ —.
Y bl 7n n

For each n € N, set
Zania = (1= 5n)2n + S0 f (Y, 5.0.1)
Since (see Lemma 2.1)

kp((1 = sp)zn + Snf(Z), 22, 5.0)
- kD((l - Sn)zn + Snf(*%)a (1 - Sn)Zn + Snf(yxn,i,a,%))
S kD<i.7 yxn,j,a,l) S o

and
im([(1 = sp)2n + sn f(2)] = f(2),

n

the sequence {2y, 7. }nen lies strictly inside D. Next, we note that

)] =0,

n

hTIZH szn,fz,a - f(yacn,j,a,
where the sequence {f(v,, s4.1)}nen lies in the compact set f (D)”'”. This implies

that the ultranet {an,w;g’a}’yel‘ is convergent in the norm topology to a limit point
23.o € D. Hence we have

lim k:D(Zz,ch,a, Zza) =0
yel
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and
}ylg%[kD(Zi,ow xru,) - kD<I7 ‘rnW)] = !ylérrl[kD(an,y,f,aa xnw) - kD(‘r; Inw)]
— Lig%[l{:p((l — Sn.)%n, + snwf(yxnwi’a,%), (1= 5n,)2n, + 8n, f(Tn,)) — kp(Z,7,)]
1 1
< i ) — kp(F <lim(—a 4+ —) = — -
< HIBol(0s,, 0,2 ) — k(7)< H( -0 ) = —a < g log R

(see Lemma 2.1). This means that the point zz , belongs to H(z, ¢, R, {z,}) and so
the horosphere H(Z,&, R, {x,}) is indeed not empty, as claimed. O

Using now Theorem 3.1 and the beginning of the proof of Theorem 4.1 in [4],
we get the following result which is crucial for the proof of our main theorem (The-
orem 4.1 below).

Theorem 3.3. Let D be a bounded and strictly convex domain in an arbitrary
complex Banach space (X, || -||) and let f: D — D be compact, kp-nonexpansive
and fixed-point-free. Let {z,} be an arbitrary sequence in D and let the sequences

{sn} C R and {z,} C D be such that
O0<s, <1
for each n € N,

lim s, =1,
n—oo

Tp = xn(sna Zn) = hf(3n7 Zn) = fsn,zn(xn(sm Zn))
= (1 - Sn)zn + Snf<mn(8n7 Zn)) - (1 - Sn)zn + Snf(xn)
for each n € N, and
lim z, =& € 0D.

n—oo

Then each horosphere H(x,&, R,{x,}) is nonempty and f-invariant, and the inter-
section

N H@ &R Aza) " = (H@ & R {w)) 00D

R>0 R>0
is the singleton {&}.

4. A Denjoy—Wolff theorem

We are now ready to formulate and establish the main theorem of our paper.

Theorem 4.1. If D is a bounded and strictly convex domain in an arbitrary
complex Banach space (X, || - ||), and f: D — D is compact, kp-nonexpansive and
fixed-point-free, then there exists a point & € 0D such that the sequence { f™} of the
iterates of f converges in the bounded-open topology to the constant map taking the
value &, that is, the sequence {f™} tends to £, uniformly on each kp-bounded subset

C of D.
Proof. Since f is fixed-point-free and kp-nonexpasive, and f (D)H.” is a norm-
compact set, the Earle-Hamilton theorem (Theorem 2.3) and Theorem 2.4 yield a

sequence

{zn} = {an(sn, zn)} = {hp(sn, 20)} = {fonza(@n)} = {(1 = 50) 20 + $nf(2n)}
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(where z, € D, 0 < s, < 1forn=1,2,..., and lim,_,~ S, = 1), which converges
to a point £ € dD. By Theorem 3.3, for each R > 0, the closure in (D, kp) of
the horosphere H(x,&, R, {x,}) is a nonempty and f-invariant set. Next, since f is
fixed-point-free, Theorem 2.4 implies that for each z € D, we have

Tim kp(f"(2). 2) = oc.

Let ) # A C 0D denote the set of all accumulation points of the sequence {f™(z)}.
By Lemma 2.2, the set A is independent of the choice of z € D and therefore by
Theorem 3.3 we get

0£ACoDN (\HwER () ={€},
R>0
where £ € 0D. The equality A = {¢} implies that lim, ., f™(z) = &.
Now take an arbitrary norm-convergent sequence {f"(z;)}, where n; — oo as
i — oo, and {z;} is a kp-bounded sequence in D. Then the sequence {f(z;)} is
kp-bounded too. Choose an arbitrary norm-convergent subsequence { f(x;,)} of the

sequence { f(z;)} (recall that the mapping f is compact) and let lim; o f(z;,) = 2 €
D. Observe that

k(" (5, [™ 7 (2)) = kp ("7 (f(@:,)), ™57 H(2) < ko(f (), 2)
for all 7 € N. Hence

sup kp(f™ (23,), [ (2)) < o0
J
Since lim; o, f™ () = &, Lemma 2.2 implies that lim;_,, f™ (z5;) = &. This means
that the sequence {f™(x;)} also tends to £ as ¢ — 0o. Therefore the sequence {f"}
of the iterates of f converges in the bounded-open topology to the constant map
taking the value ¢. This completes the proof of Theorem 4.1. 0J

Since any holomorphic self-mapping f of D is kp-nonexpansive, Theorem 4.1
immediately yields the following version of our Denjoy—Wolff theorem for bounded
and strictly convex domains in an arbitrary complex Banach space.

Theorem 4.2. If D is a bounded and strictly convex domain in an arbitrary
complex Banach space (X, || -||), and f: D — D is compact, holomorphic and fixed-
point-free, then there exists a point & € 0D such that the sequence {f"} of the
iterates of f converges in the bounded-open topology to the constant map taking the
value €.

We call the point & € 0D, obtained in Theorems 4.1 and 4.2, the Wolff point of
f

Now, as in [4], we obtain the following three corollaries.

Corollary 4.3. Let D be a bounded and strictly convex domain in an arbitrary
complex Banach space (X, || - ||), and let f: D — D be compact, holomorphic (kp-
nonexpansive) and fixed-point-free. Let {z;} be an arbitrary sequence in D and let
the sequence {z;} C D be such that

{25} = {hy(s5.2)} = {foy (@)} = {(1 = 85)25 + 55/ (2)}
where 0 < s; <1 for j =1,2,..., and lim;_,. s; = 1. Then the sequence {z;} tends,
as j — oo, to &, the Wolff point of f.
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Corollary 4.4. Let D be a bounded and strictly convex domain in an arbitrary
complex Banach space (X, | - ), let f : D — D be compact, holomorphic (kp-
nonexpansive) and fixed-point-free, and let £ € D be the Wolff point of f. For each
z € D, let the approximating curve {z(s,z): 0 < s < 1} be defined by

.T(S, Z) = hf(57 Z) = fS,Z(‘r(Su Z)) = (1 - S)Z + Sf(l'(S,Z)).
Then, as s — 17, {x(s,-)} tends uniformly on D to the constant map taking the
value &.

Corollary 4.5. Let D be a bounded and strictly convex domain in an arbitrary
complex Banach space (X,| - ||), let f: D — D be compact, holomorphic (kp-
nonexpansive) and fixed-point-free, and let & € 0D be the Wolff point of f. Let the
approximating curve {x(s,z): 0 < s < 1} be defined by

2(s,2) = hy(5,2) = foulw(5,2)) = (1— )2 + s/ (x(s, 2)).
Then lim5_>1— diam”.Hx(s, D) =0.
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