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Abstract. Motivated by the work of Mateu, Orobitg, Pérez and Verdera, who proved inequa-
lities of the form T, f < M(Tf) or T, f < M?(Tf) for certain singular integral operators T, such as
the Hilbert or the Beurling transforms, we study the possibility of establishing this type of control
when T is the Cauchy transform along a Lipschitz graph. We show that this is not possible in
general, and we give a partial positive result when the graph is substituted by a Jordan curve.

1. Introduction

Given a complex Radon measure v on the plane R?> = C, we define the Cauchy
transform of v by

dv

Cu(z) = / (6), z € C\ supp(v).
cé—=z

The integral in the definition may not be absolutely convergent if z € supp(v). For

this reason, we consider the truncated operators {C.}.~o, which are given by

_ dv(£)
Cv(z) = /|g—z|>e§—2’ z e C.

Notice that the integral above is absolutely convergent for all z € C if, for example,
|V](C) < 0.
If 4 is a fixed positive Radon measure in C and f € LL _(u), we set

Cf(2) = C(f du)(2), = € C\ supp(f dp)

and, for € > 0,
Cuef(2) = Ce(fdp)(2), =€ C.

We say that C'is bounded between two spaces of functions X and Y (typically, LP(u),
LP>°(p),...) if the operators C), . are bounded from X to Y uniformly on e > 0.

A particularly interesting case is the one that arises when p is the arc-length
measure (or some measure comparable to this) supported on a Lipschitz graph. To
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be more precise, let A: R — R be a Lipschitz function, and let I' ¢ R? = C be its
graph, which we parametrize by

2(z) =x+1A(x), z€R.
We define a measure p on I' by

p(z(E)) = |E],

where £ is any Borel subset of R. We will normally call C, the Cauchy transform
along I'. Recall that, since A is Lipschitz, it is differentiable almost everywhere and,
furthermore, its Lipschitz constant coincides with ||A’||... Moreover, it is easy to
check that the measure p that we are considering is comparable to the arc-length
measure on [".

In [1], Calderon proved that C,, is bounded in L?*(p) when [|A’[|« is sufficiently
small. Later, in [2|, Coifman, McIntosh and Meyer proved that C, is bounded in
L*(p) for every Lipschitz function A. Tt also follows from the work of Calderén that

pv. Cuf (2) = 1m G f (2)

exists for a.e. z € supp(p) for all f € L?(u), and, as a result, we can think of C,, to
be defined as a principal value operator

it = [ L auie)

All the considerations regarding the Cauchy transform along I' can be posed in
terms of its parametrized version, which, abusing notation and language, will be
again denoted by C' and called the Cauchy transform along I'. It is defined, for
feL*R)and z € R, by

. f(y)
Oste) =p. [ Sy i

Associated with it, we consider as well the truncated operators

_ f(y)
Cel(z) = /| W) — =)

and the maximal operator
Cof(z) = sup |Cef ()]

Notice that the truncated operators C, are not the exact analogues to the truncated
operators C), . defined above, which would correspond to

5 o) — f)
Cef (@) /z(yw).x W) -2 Y

We will deal with this issue later.

From the standard Calderén-Zygmund theory, we obtain that C' is bounded in
LP(R) for 1 < p < oo, it is bounded from L'(R) to L'*(R) and from L*(R) to
BMO(R), and it satisfies the classical Cotlar’s inequality, i.e., for all f € L*(R) and
all z € R,

Cof(z) S M(Cf)(x) + Cf(z),
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where M is the Hardy-Littlewood maximal operator, defined for h € L} _(R) and

x € R by
1 T+r
Mh(z) = sup |h(y)| dy.
r>0 &1 Jp_p

Here, and throughout the whole paper, the notation A < B will mean that there
exists a constant ¢ > 0, not depending on A or B, such that A < ¢B. Also, the
notation A &~ B will be equivalent to A < B < A.

In the papers [7], [8] and [9], Mateu, Orobitg, Pérez and Verdera study the
problem of controlling the maximal singular integral T, f in terms of the singular
integral T'f. As it is stated in those papers, one reason to consider this problem is to
gain a better understanding of David—Semmes conjecture regarding the possibility of
characterizing uniform rectifiability by the boundedness of the Riesz transforms (see
31):

Next we describe some of the results proved in those papers. First, recall that
for a Calderon—Zygmund operator with kernel K = K(x,y), the truncated operators
T, are defined, for € > 0, by

= [ Kewsta

and the associated maximal operator is

T.f(z) = sup [Tef(x)].

e>0

Definition 1. A higher-order Riesz transform is a Calderéon—Zygmund principal
value operator defined, for f € L*(R"), by

Tf(x)zp-V/ Mf(y)dy,

n | — y’ner

where P is a harmonic homogeneous polynomial of degree d > 1. We say that T is
odd (respectively, even) if d is odd (respectively, even).

Theorem A. Let T' be a higher order Riesz transform, and let T, be the asso-
ciated maximal operator. Then,

(1) if T is even, then for all f € L*(R") and all z € R",

T.f(x) S M(Tf)(x).
(2) if T is odd, then for all f € L*(R™) and all z € R",
T.f(z) S MX(Tf)().

Definition 2. A smooth homogeneous Calderon—Zygmund operator is a principal
value Calder6n—Zygmund operator which is defined, for f € L?(R"), by

Tf(x) =p.v. / Q=)

R x_y’n

f(y)dy,

where €2: R® — C is a homogeneous function of degree 0 whose restriction to the
unit sphere S™7! is of class C* and satisfies the cancellation property

/S Q(u) do(u) = 0,
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where o is the surface measure on S"~!. We will say that the operator is odd (resp.,
even) if  is odd (resp., even).

Theorem B. Let T be a smooth homogeneous Calderén—Zygmund operator,
and let T, be the associated maximal operator. Then,

e if T is even, the following assertions are equivalent:
(1) Tof(x) S M(Tf)(z) for all f € L*(R™) and all z € R™.
(2) I1T-fl[ > S |ITfllze for all f € L2(R™).

e if T is odd, the following assertions are equivalent:
(1) T.f(x ) < M*(Tf)(zx) for all f € L*(R") and all x € R".
@) IT.f i S ITfllse for all f € LA(R™).

The statements in the previous two theorems concerning even operators were
proved in [8], while those concerning odd operators were proved in [7].

Motivated by these results, we consider the problem of controlling the maximal
Cauchy transform just in terms of the Cauchy transform. We will only deal with the
problem of giving a pointwise estimate of the form

Cof(x) S M™(Cf)(x),

for some n € N, n > 2, since the inequality

1Ccf 2y S ICfll 2wy

is almost trivial, as we will show later (observe that Theorem B cannot be applied
to C since it is not a convolution operator).

Notice that the Cauchy transform along a Lipschitz graph I' coincides with a
constant multiple of the Hilbert transform when I' is a straight line, and this is a
reason why one could think that the pointwise estimate C.f < M™(Cf) could hold
for the Cauchy transform along, at least, some class of graphs I'. We will show that
one cannot have a similar inequality for the Cauchy transform, unless I' is a straight
line.

Theorem 1. Consider the Lipschitz function A(x) = |z|, and let C' denote the
Cauchy transform along T, the graph of A. Then, there exists f € L*(R) such that
for all ¢ > 0 and all n > 1, there exists € > 0 such that

Cef(0)] > eM™(Cf)(0).
This theorem can be easily generalized to Lipschitz graphs I with angles, meaning
with this points = where A’ has a jump discontinuity, as we will show later.
After obtaining this result, one might think of establishing the inequality C,f <
M™(C f) imposing some restrictions on the smoothness of A. This is not the case, as
the next theorem shows.

Theorem 2. Let A be a Lipschitz function with compact support, and let C
denote the Cauchy transform along I', the graph of A. Suppose A is not identically
null, or, equivalently, that I" is not a straight line. Then, there exists © € R such
that for all ¢ > 0 there exists f € L*(R) with

Cif(x) > eM™(Cf)(x)
for all n > 1.

We want to remark that the points x mentioned in this last theorem are ‘easy’
to find. For example, when A is of class C?, any point x with A”(z) # 0 will do the
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job. Notice also that in the case when A has compact support and I' has an angle at
a point z, the failure of the inequality C, f(z) < eM™(Cf)(z) for all f € L*(R) can
also be deduced from this result, but Theorem 1 is stronger in this setting, since the
argument used there provides a single function f for which the previous inequality
fails for all possible constants ¢ > 0.

2. Another version of the Cauchy transform

We define a new operator, which, abusing language, will also be called the Cauchy
transform along I, by

1 f(y)
Tf(x)=—p.v. / ————dz(y),
D=5V f ) — o Y
where dz(y) = Z/(y)dy = (1 + iA'(y))dy. As before, associated with it, we will
have the truncated operators 7. and the maximal operator T,. This operator is very
closely related to C'. Indeed,

_ 1. fly) 4.
" T = o [ 0
_ o FWZW) o 1 i

Analogously,

2) Cf(z) = mil (i) (2).

It is clear that T satisfies the same boundedness properties that C' satisfies (with
different multiplicative constants). Moreover, by equations (1) and (2), and taking
into account that 2’ € L*> and |2/| ~ 1, we can limit ourselves to prove the Theo-
rems 1 and 2 substituting C' by T', C, by T, and C, by T,.

The main reason for using this version of the Cauchy transform is contained in
the following result, which we learnt from Escauriaza [5].

Lemma 1. If f € L’(R), 1 < p < oo, then T*f = f.

Proof. For w € C and a > 0, we define the upper and lower half cones with
vertex at w and generatrix slope «, respectively, by

XT(w,a) ={2 € C: |Rez — Rew| < a(lm 2z — Imw)},
X (w,a) ={z€C:|Rez— Rew| < a(Imw — Im z)}.

It is immediate that for all w € " and all 0 < a < m,

Xt (w,a) C{z+iye C:y> A(z)}

and

X (w,a) C{z+1ye C:y < A(z)}.
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Fix 0 < a < . Let f € L?(R), and let us define, for = € R,

Ao
. 1 f)
T f@)= 1 Ly )R
+f(‘r) w—1>rzr(la:) i RW— Z(x) Z(y)u
weX T (2(x),q)
. 1 f)
T_ = 1 — ——=—d .
/(@) w—lg(lm) i Jg w — z(x) )
weX ~ (z(x),a)

From the Plemelj’s formulas (see, for example, Chapter 8 of [10]), we obtain
Ty f(z) =Tf(x)+ f(z); T-f(z) =T[f(z)— f(z)
for a.e. z € R. In particular, T'= T, — Id. Hence,
T? = (Ty —1d)* = (T)* — 27, +1d.
A direct application of Cauchy’s integral formula gives (T'y)? = 2T,. As a conse-
quence, T? = Id, as desired. O

As a consequence of this result, one easily gets the LP control of the maximal
Cauchy transform in terms of the Cauchy transform, for 1 < p < oo.

Corollary 1. If f € L?(R), 1 < p < oo, then || T fllr ST f||Le-
Proof. Indeed, taking into account the LP-boundedness of T, and T', and the fact
that T?f = f, we get
1T flle SN lee = 1T fllee S NS o O

The following lemma states that T" is antisymmetric with respect to dz, and its
proof follows by an easy application of Fubini’s Theorem.

Lemma 2. Let 1 < p < oo, p’ the conjugate exponent to p and f € LP(R),
g € L’ (R). Then,

/R Tf(x)g(x) d=(x) = — /R () To(y) d=w).

3. The proofs

We argue here as Mateu, Orobitg, Pérez and Verdera did in |7], where they proved
T.f S M?(Tf), for T an odd higher order Riesz transform.
Let f € L*(R), z € R and € > 0. We have

1 f(y)
=2 [ T
For z € R and € > 0, define
n MX\y—xlx(Q)y
so that

T.f(x) = /R F) Ko ) d=(y).

A straightforward computation yields that K, . € L?*(R) N L>=(R) and
1

1
1Haellze < == [ Kaellz= < =

7
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Now let g, = T(K,.), so that

/f Ky () dey /f K. ) (y) d=(y)

/ T F ()T (K ) () d2(y) = /R T ()90 (y) d=(y).

Fix N > 0 to be chosen later, and denote, for « € R and r > 0,
I.,=(a—ra+r).
Also, for a function h € L .(R) and an interval I C R, denote

1
mh:—/hx dx
=1 )
Then, we have,

Tf(a) = /R T () 9o (y) d=(y)
_ /| ) ) + /| 0 0)
_ / T F () g0e(y) — M, . (90)] d=(y) + M, 5. (92) / Tf(y) d=(y)

Iz,Ne Iz,Ns

+ / TF(W)guc(y)dz(y) =1+ 11+ II1.
ly—z|>Ne

Let us check now that |I| < M*(Tf)(x) and |I1| < M(Tf)(x). We recall first
the following tesults, stated in [7], and whose proofs can be found in [11] and [6],
respectively:

Lemma 3. Let ¢ € BMO(R"), 1) a measurable function in R"™ and Q) a cube
in R™. Then,

5 /Q 16(2) — mod|[(@)] dz < el aroll ¢l s o:

where ¢ > 0 only depends on n.

Lemma 4. There exists a positive constant ¢ = ¢(n) > 0 such that for every
cube @ C R" and every function v € Li (R") we have

¥l z10g .0 < CM%/’(@’
where M? = M o M and M is the HardyLittlewood maximal operator.

We have
1| =

/[ Tf(y) [gac,6<y> — M, Ne (gw,6>] dZ(y)

< / TS )\ goe () — ma, . (92)] dy
Iz,Ne

N |Iz N6|||gx E“BMOHTfHL (log L),1z,Ne
S el T(Ke )| sio M*(T f) ()
S el Kol M*(T ) () S M(Tf)(x).
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On the other hand,

< 1
|[x,Ne‘

|Hw:mumwm[[ TF(y) d=(y)

| wdan| [ il
]z,Ne IZ,NE

T f(y)| dy

:Q[ T(K, ) (y) dy

7K )| 2 M(Tf)(2) S €2 || Ky cl| e M(Tf)(z) S M(Tf)(2),

‘Ix,N6| I Ne

S |[x,N6

as claimed.
Now, since M(Tf) < M*(Tf), we get
(3) 1] + [11] £ M*(T [)(2).
Let us study /71 now. Recall that
@ = T = [ THT(E. W) d)
ly—z|>Ne ly—z|>Ne
An easy contour integration argument yields the following result:

Lemma 5. Fixx € R and € > 0. Then, for almost every y € R with |y — x| > e,
we have

T(Km,e)(y) - gz(y) _ Z(ZL‘) [B(LL'7 6) + Gm,s(y)] )
where
z(x+e€)—z(z)] |
B(z,€) = log (=) = 2(0)] + z<7r + arg[z(z + €) — z(z)] — arg[z(z — €) — z(x)])
and

B |Z(1‘—E)_Z(y)’
Gacly) =108 - =]

where, for a complex number w # 0, we consider —5 < arg(w) < 37“

+ z’(arg[Z(x —€) —2(y)] —arglz(z +¢) — Z(y)])a

Proof. Let x € R, e > 0 and y € R with |y — 2| > e. We will assume that y > x
(the case y < z is treated analogously) and also that A is differentiable at y. For
aset I C R, denote I'(I) = {z(t): t € I}, and for a complex number w # 0, let
Log(w) = log |w| + i arg(w). Then, we have

T(Kee)y) = i p.v. /R Z(I(x’—e(ﬂ dz(t)

e t) — z(y)
) / dw
= lim —
1}330 T Jr({t: |t—z|>e,|t—y|>6,|t|<R}) (w — z(z))(w — 2(y))
1 . 1 1
= — lim — dw
Ti(z(y) — 2(x)) B0 Jr({t: [t—a|>¢ [t—y|>8[t|<R}) \W — 2(y)  w—z(z)
1

li I 17 177
ENEEE)) R
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where, for sufficiently small 6 > 0 and sufficiently big R > 0,

1 1
IR76 B /F((R,we)) (w - Z(y) - w = Z(ZE)) e
— Loglz(x — ) — 2(y)] — Logl2(—R) — 2(y)] — Loglz(z — €) — 2(x)]

+ Log[z(=R) — 2(2)],

1 1
Hrs = /I‘((achey 8)) ( (y) w — Z@)) e
= Log[z(y — 6) — 2(y)] — Log[z(z + €) — 2(y)] — Log[z(y — ) — 2(z)]

+ Log[z(z + €) — 2(x)]

and

1 1
'”hﬁ:ﬁ%wwm(w—zw>‘w—z@0dw
— Log[2(R) — =(y)] — Logl=(y + 8) — =(y)] — Log[=(R) — =(x)

+ Log[z(y + d) — 2(z)].

Gathering the previous identities, we obtain

2(x — €) — 2(y)||2(z + €) — z(2)]
Re(Ips + [ps+ I11gs) = b%(z+@ 2(y)]|2(z — €) — 2(2)]
o FER) = 2(@)[[2(R) — 2(y)|
(5) o R ) (R) = 2(a)]
[2(y = 8) = 2(y)l|2(y +9) — 2(2)]
T8 L0 — 2wy = 0) — =)
On the other hand,
Im (Ips+ Igrs + I11rs) = (arg[z(x — €) — 2(y)] — arg[z(z — €) — 2()]

—arglz(z + €) — 2(y)] + arg[z(z + €) — 2(x)])
©) + (—arg[z(=R) — z(y)] + arg[z(—R) — 2(
+ arg[z(R) — 2(y)] — arg[z(R) — z(z)])
+ (arg[z(y — 0) — 2(y)] — arg[z(y — 0) — 2(7)]
— arg[z(y +0) — 2(y)] + arg[z(y + 0) — z(2)]).

Gathering the identities (5) and (6), letting R — oo and § — 0, and using the
fact that A is differentiable at y, we obtain
I%im (Irs+ 1lps+ I11ps) = Gpc(y) + Bz, €),
550
and so the desired conclusion follows. U
It is easy to check that the term B(x,¢€) satisfies the following:
Lemma 6. Let x € R and € > 0. Then, the following assertions are equivalent:
(1) B(x,e) = 0.

(2) Im B(z,¢€) = 0.
(3) The points z(x — ¢€), z(x) and z(x + €) are collinear.
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On the other hand, we can prove the following decay at infinity of the term
Gae(y)-
Lemma 7. Choose N > 1+ 4(1 + ||A'||). Then for |y — x| > Ne,

€
Grely)] S .
R

Proof. Denote Ay = ||A'||, and let

2z =€) = 2(y)]

|z(x — €
|2(x +€) = 2(y)|

Uze(y) = ReGye(y) = log

and
Use(y) =Im Gy c(y) = arglz(z — €) — 2(y)] — arglz(z + €) — 2(y)].
Recall that, for w € C, |w| < 3,
| Log(1-+ )| < 2ul,

where Log is defined as in the previous lemma.
Now, for |y — x| > Ne, we have

2(r—e)—2(y) 2(z—€) —z(x+e€)
z(x+€) — z(y) =1 2(x+¢€)—2(y)
and
2(x —€) — z(z +€) (14 Ay)2e (14 Aq)2e
wro—2) | y-G+al - Sy —a
_ (A2 201441 1
- NANe N-1 —2

where the last inequality holds precisely because of the choice of N. Then,

5 |z(x —€) — 2(y)| ~ o 2z —¢)—z(x+e)
o) = o 25 5= 20 = fos |+ 5 |
z(x —¢) —z2(z +e) sz —€) — 2z te)
= Log(1+ z(z +€) — 2(y) )‘§2 2z +€) = 2(y)
<ol A)2e AN(A+A) e ¢

Nlly—a=  N-1 |y—af~|y—af
On the other hand,

V2. (y)] = |arg[z(z — €) — 2(y)] — arg[z(z + €) — 2(y)]|
< |Log[z(z — €) — 2(y)] — Log[z(x + €) — z(y)]|
dz 1
/W_e,m» =y | < etz = ot e)) max T ]
2(1 + A1>€ < €
ly—x| ~ly—x|

Putting all together, the lemma follows. 0
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As a result, going back to (4), and applying Lemma 5, we obtain

= [ Ty B + G
(7) 1 dz(y) Gre(y) dz(y)

— B [ ri S [ ) e

m |: ly—z|>Ne Z(y) - Z(l’) ly—z|>Ne Z(y) - Z(l’)
= B(z,6)In(Tf)(z)+ IV.

Now, fixing N > 1+ 4(1 + ||A'||«), and applying Lemma 7, we obtain

V] = i/ Ty Sz dZ(y)‘ Se/ T Y :
T Jy—a|>Ne 2(y) — 2(x) ly—z|>Ne ly — x|
~ kzzo /2kNe<y—a:|<2k+1Ne 71wl ly iyxlz
®) se Eaorl N
< EkZZO 2kiN€ 9. 2k1+1N€ /y—a:|<2k+lNe

<e (Z ﬁ) M(Tf)(a) S M(TS)(@) < MA(TS) (@)

k=0
As a result, gathering the estimates in (3), (7) and (8), we have the following:
Lemma 8. For all f € L*(R), allx € R and all ¢ > 0,
| Tef(x) + B(a, ) T(T f)(x)| S M*(Tf)(2).
3.1. Proof of Theorem 1. Fix the Lipschitz function A(x) = |z|. In this case,
2(6) —2(0)] . mi
B(0,¢) = log 1Y 2L, z<7r + arg[z(e) — 2(0)] — arg[z(—¢) — Z(O)]) -
|2(—€) — 2(0)] 2
Assume that the inequality
T.f(x) S M™(Tf)(xz) forall fe L*(R)
were true for some n > 2. Then, applying Lemma 8, this would yield
| B(x, €)Tne(Tf)(2)] S M™(Tf)(x)
for all f € L?*(R). Now, taking into account that 7% = Id, and setting z = 0, the
latter implies
(9) [ Tnef(0)] S M™f(0),

for all f € L*(R), and this is false for f = xjo1. Indeed, M"f(0) < 1, while for
0 < Ne<1,

1 dz(y) 1 /1 147
nef0) = 25 /|3,>NEX[°’”(y)z<y> iy Rl M
1 [t 1
= — @ = ——,log(Ne),
T Jne Y ™
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SO
lim [T (0)] = oc.

yielding a contradiction with (9).

This counterexample can be generalized in the following way. Suppose I' has an
angle at a point z(x), x € R, meaning with this that A’ has a jump discontinuity at
x, l.e.,

Al +h)—Alx) by g Alw+h) — A(z)
h1i>r(r)l+ h = Ay(@) # AL (@) = hlgglf h '

A straightforward computation shows now that

lim Im B(z, €) = arctan(A4’, (z)) — arctan(A’ (z)) # 0,

e—0

and so B(x,€) stays away from 0 as € — 0. The same argument that was used above,
substituting X[0,1] by X{z,«+1], Will show that the inequality

Tof(z) S M™(Tf)(z)
cannot hold.

3.2. Proof of Theorem 2. We will study now the term Tn.(7f)(z) to give
more light to this subject. This will lead us to prove that, when A has compact
support, the inequality

T.f(x) s M™(Tf)(x)

can only hold when A = 0, i.e., when ' is a straight line, which is a case already
known since T is, essentialy, the Hilbert transform.

Assume that A has compact support, say supp(A) C [-L,L], L > 0. Let f €
L*(R), and write

g = (Tf>X[—2L,2L}7 h = (Tf>XR\[—2L,2L}>
so that Tf = g+ h and
Tne(Tf)(x) = Tyeg(z) + Tyeh(x).
Fix « € [-L, L]. Observe that
itTeg(z) = / _gw) dz(y) = i / _gw) dz(y).
|ly—z|>Ne Z(y> - Z(Q?) k0 Y 2FNe<|y—z|<2F+1Ne ’Z(y) - Z(LE)

Now, taking into account that supp(g) C [-2L, 2L], one gets that, when 2*Ne >
4L,

W) gy -
/QkNe<|y—:c|<2k+1N€ Z(y) - z(x) d (y) 0.

This yields that only the first M}, . terms of the sum above do not vanish, where

log 2

(by [t] we denote the smallest integer n such that ¢t < n).



Counterexamples to pointwise estimates of the MCT by the CT 669

Furthermore, for each k > 0,

9(y) dz(y)‘ </2 Wl 4,

/ I x|
2k Ne<|y—z|<2kt1Ne Z(y) - Z(.T) kNe<|y—z|<2kt1Ne ’y - .1"

1 /
S l9(y)| dy S Mg(x).
2kNe ly—x|<2k+1Ne

Putting all together, and taking into account that Mg < M (T f), we obtain

log (i)
log 2

Theg(@)] S (1 +

> M(T'f)(x).

On the other hand, since A =0 on supp(h), we get

| _ M)y = M)
lﬂ-TNEh(x) B /|y—x|>Ne Z(y) - Z(ZL‘) ! (y) \/ZJ_I|>N€ Y- Z(l’) dy

Now, for |y — x| > Ne,

1 1 n ( 1 1 ) 1 n D( )
= - - x,Y),
y—z2x) y—z \y—z@ y-= y—zx
and so
h
irTyeh(x) = / ) dy + / hy)D(z,y) dy
ly—z|>Ne y—x ly—z|>Ne
= Hych(x) +/ h(y)D(z,y) dy.
ly—=z|>Ne

Observe now that, for x # vy,
1 I ‘ iA(x) ' < |A(x)|

y—z) y—z| [(y—o)y—=@)| " |y

Then, taking into account that h = 0 on [-2L,2L], and recalling that |z| < L, one
gets

D] -

[ N h(y)D(w,y)dy|§|A(x)| - ’y’h_(yi‘P |

Splitting the last integral into the regions {2*L < |y — 2| < 2*"1L}, and using the
fact that M (h) < M(Tf), we get

8
[ nwptei) < i)
ly—z|>Ne
The previous discussion shows that
1
TNe(Tf)(JJ) = EHNEh(LU) -+ V,

where
V| < e(x,e, N, L)M (T f)(z)
and 0 < ¢(z,¢, N, L) < co. Recall now that, by Lemma 8, we have

T f(x) + B(x, ) Tne(T f)(w)| £ M*(Tf)(x).
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Then, it follows that
1
Tef(x) + —B(z, ) Hyeh(z)| < (@€, N, L)M*(Tf)(x),
T

where 0 < ¢(z,¢, N, L) < oc.
Assume A is not identically null, and suppose that the inequality 7. f(z) <
M"™(Tf)(x) holds. Applying Lemma 6, we may pick = € [—-L, L] and ¢ > 0 with

—L<z—-Ne<zx<z+Ne<L
and such that B(x,€) # 0. Then, it follows that
(Bo, | Hyo (T Yxr-2.00) (@) < (e, N, )M (Tf)(a),
with 0 < ¢’(z,¢, N, L) < oc.
Now, for each k = 3,4,..., pick f; € L*(R) such that T'f;, = x[oxz], and so
(T fr)xm\[-2L,20] = X(2L.kr]- Applying the previous inequality for each fi, and using
that M™(T f;) < 1, we obtain
| B(x, €)|[Hne(Xer i) ()] < (2,6, N, L).
Finally, observe that
Rl dy kL —x

i _ ~1 7
Ne(X@Lkr) (T) /2L y—x CoL

and so

kL —
[B(,€)|log 57— < (¢, N, L),

yielding a contradiction, since the left hand side tends to oo as k — oc.

4. Further results

4.1. Another version of the truncated operators. Let us consider now
another version of the truncated operators. Define, for € > 0 and = € R,

- 1 fly) 4.
Lef(@) = i /|z(y)—z(x)|>e 2(y) — 2(z) d=(v)

and the associated maximal operator T, f(z) = sup..q |T.f(z)|. This is a truncation
over balls of radius ¢, while the one for 7. was a truncation over strips of width 2e.
We consider now the same problem as before: that of giving an estimate of the
form
T.f(x) S M™(Tf)(x),

and the same arguments employed before will work here. Indeed, if we define [(x,€) =
2(xz_), r(z,€) = z(x), where

r_ =sup{t < z: |z2(t) — z(x)| = €}
and

ry =inf{t > x: |2(t) — z(z)| = €},
then I(z, €) and r(x, €) will play the same role that z(x —¢) and z(z +€) played before.

Precisely, [(x,€) is the last point of I" to the left of z(z) that belongs to the circle
centered at z(x) with radius €, and r(z, €) is the analogue of this one at the right.
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Since the quantities |y — z| and |z(y) — z(z)| are comparable, one can repeat the
arguments used before to get an analogous of Lemma 8, which will be stated now as

T.f(x) + B(x, )T f ()| S M*(Tf)(x),

where

B(z,€) = log ‘(ln((;: ;) : jg;“ + i(ﬂ' + arg[r(z, e) — z(z)] — arg[l(z, €) — z(x)])

As in Lemma 6, B(x,€) = 0 if, and only if, I[(x,€), z(x) and r(z, ) are collinear.

With this tools at hand, one can prove the following results, which are the analogs
to Theorems 1 and 2 in this setting.

Theorem 3. Consider the Lipschitz function A(x) = |x|. Then, there exists
f € L*(R) such that for all ¢ > 0 and all n > 1, there exists ¢ > 0 such that

| Tef(0)] > cM™(T)(0).

To prove this, one can mimic the argument in section 3.1, since here we have
again B(0,¢) = i7.
Theorem 4. Let A be a Lipschitz function with compact support. Suppose A is
not identically null, or, equivalently, that ' is not a straight line. Then, there exists

x € R such that for all ¢ > 0 there exists f € L*(R) with
T.f(x) > T™(Tf)(x)

for all n > 1.

Again, the argument in Section 3.2 adapts trivially to this case, by just taking
into account that, if A is not identically null, one can find x € R and € > 0 as small
as needed such that I(z,€), z(x) and r(z, €) are not collinear.

4.2. The case of Jordan curves. Let I' be a Jordan curve in the plane,
parametrized by a periodic function v: R — C. We will pose, for the moment, the
following assumptions on 7:

7 is of class C!.

v is L-periodic, ([0, L)) =T

7 is injective on [0, L).

|7/ ()] =1 for all ¢.

w is the modulus of continuity of + (this means that w is a non-negative
and increasing continuous function in [0, 00) with w(0) = 0 and such that
|7 (s) —~'(t)| < w(|s —t|) for all s,t € R).

We denote by p the arc-length measure on I'. We have, for a Borel set I C [0, L),

w(n(I)) = / ()] dt = |1,

For a point z € I' and r > 0, denote
o =y{t: [t =2 <r}),

where z = y(z), = € R.
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The Hardy-Littlewood maximal function of a function f € LY(T,u) is defined,
for z € T, by

MIG) = )

The Cauchy transform of a function f € L?(I",du) is defined, for z € T, as the
principal value integral

1
/|f|du—sup— Wl

r>0 2

Tf(z) = lim T f(2),

1
1.5 =~ | e

We consider as well the maximal operator associated with 7',

T*f(z) = sup |T€f(2)|

e>0

where

In this section we will prove that, if - is regular enough (we will specify later how
much regularity is needed), then

T.f(2) S M*(Tf)(z) forall f e L*(T,p).

We will follow, essentially, the same steps we have taken in Section 3 for the case
of Lipschitz graphs. Most of the arguments there will be valid in this setting, and
so we will not enter into many details. First of all, we remark that the analogues of
Lemmas 1 and 2 hold now:

Lemma 9. If f € L*(T,u), T?f = f.
Lemma 10. If f,g € L*(T', i), then

/FTf( /f YTy (z

We argue now as in Section 3. Fix f € L*(T',u), 2 € I" and € > 0. Then, we have

1 )
Tf(z) = &= | HOK.(de,
@=z [ Fa= [ ror.
where
1
K. (&)= —7— :
9’ (g) 71_@(5 _ Z) XF\Fz,e (é-)
It is easy to check that K, . € L*(T", u) N L*(T, 1), and moreover
1
K.. 2<— K. lp~ < -.
el NG el S -

Since K, € L*(T',u), we have K, = T*(K,.) = T(g..), for g.. = T(K,.).
Then, we get

/ F(E)K.(€) de = / F(E)T(g2)(€) de = — /F TF(€)g0(€) de.
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and, as a consequence,

Tf(z) = /F TF(E)g.. () dé = /F T(€)g,.(€) dé + /F TF(E)g..(€) de

\FZ,QE

_ / T F(€)[goe(€) — mr, (95.0)] dE + mir.,. (g20) / TF(E) de

Fz,2e

+ [ THQe©ds =111 111
\I'; 2¢

where, for a function h € L'(T, u) and a Borel set E C T with u(E) > 0,

1
m h:—/hdp.
" uw(E) Je

Arguing essentially as in Section 3, one can prove that |I| < M?*(Tf)(z) and
11| < M(Tf)(2). Let us study I11 now,

117 = / L TIEe) de = TF(ET(K...)(€) de.

F\Fz,Qe
A similar argument to the one used in Lemma 5 yields the following result.
Lemma 11. For { e I'\ T, »,
1 1
T(K. (&) = — [B(z,€) + G.e(8)],

Tz — &

where
€

< -

and
|B(z,6)| S w(2e).

Remark. The expressions of G, (§) and B(z,¢€) are totally analogous to the
ones for G, (y) and B(z,€) in Lemma 5, for suitably chosen branches of arg(w — 2)
and arg(w — &). The estimate for G, is proved as in Lemma 7, while the estimate
for B(z,€) follows from an application of the Mean Value Theorem.

From this, it follows that

1= / TFHET(K..)(€) de
\I'; 2¢

= B<Z7€>i./m THE)—de+ Tf(g)GZ’€<£>

e z—£ T J\r, 5 z—&

:B<Z,E)T25<Tf)(z)+l,/ Tf(f)GL(g)df':I[[l—i-I[Ig.
\I'; 2¢ 6

™ Z —

dg

On the one hand,

1 G (6] ITf()|
- ) d <
1I11,| < 7T/F\FW ITf(€)] P 1(8) NG/F\FZ’QE C— P

where the last inequality is shown by splitting the integral over the sets

Fz72k+16\rz’2k6, k - 1,2,3,....

dp(§) S M(Tf)(2),
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On the other hand,

1 T1(8)] T1(8)]
11| =|B(z,¢ —/ —dufgw%/ — = du(§).
[IIh] = |B(z€)| e e (&) S w(2e) e o (€)
To estimate the last integral, we also split it over the sets

Fz,2k+1e \ Fz,2ke7 k == 1, 2, 3, e e

Notice that, for k big enough, I', or. = I', and so I', gr+1, \ T', o = (0. Precisely, this
holds for all k such that 2¥¢ > 2L, which is equivalent to
log 2L
k> L
log 2
As a result, if we denote by kqy(€) the smallest integer k that satisfies the previous
inequality, we have

ko(e)

RO, )]
/F R XZGEDY /F aul€)

=1 z,2k+1e\Fz,2k5 |Z o £|

>

ko(e)
1
< i T p
h k=1 2" /Fz,2k+1€\rz’2k€ ’ f(€)| ,U(f)
ko(e) 1
<4 £ 2 2Fe /FMHE T F(€)| du(€) < dko(e)M(TF)(2).

As a result,

[IL] S w(2e)ko(e) M (T f)(2) S w(2e)

2L
log ?\ MTH)(2).
Gathering the estimates for |1, |I1], |I11;| and |I1l5], we have

ITef (2)] S M*(TF)(2) + w(2e)

log §' M(TF)(2).

From this, it follows that, if w is such that w(2¢)|log €| stays bounded as € — 0, then
we have

I Tef(2)| S MA(Tf)(2).
Thus, we have proved the following result:

Theorem 5. With the notation established in this section, suppose 7' has a
modulus of continuity w such that w(e)|log €| stays bounded as ¢ — 0 (this happens,
for example, if v € C'*° for some § > 0). Then, there exists a constant ¢ > 0 such
that, for all f € L*(T',du) and all z € T,

T.f(2) < cM*(Tf)(2).

We want to remark, finally, that a totally analogous result holds if one considers
the truncated operators given by
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