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Abstract. In this paper, we give a sufficient condition to ensure that the typical Hausdorff
dimension of slices through a self-similar set in a fixed direction takes the value in Marstrand’s
theorem, i.e., the dimension of the self-similar set minus one.

1. Introduction

The intersections of Borel sets in R™ with (n — m)-dimensional subspaces in
random directions are studied in many publications. The following Marstrand’s the-
orem [8] (also see 9] Chapter 10) is well known: suppose A C R" is a Borel set with
0 < H*(A) < oo and m < s < n, then for 7, ,,—n,-almost all (n — m)-dimensional
subspace V' and H*-almost all x € A,

dimy[AN(V +2)] =s—m.

This theorem was first proved by Marstrand |8] for the intersection of planar sets
with lines. Later, Mattila [9] proved its higher-dimensional version. In particular,
when m = 1, we call (s — 1) the Marstrand’s value of Hausdorff dimension for the
slices.

Wen and Xi [11] studied the slices of scaling self-similar set F = U;(r;E + b;)
(r; € (0,1)) in R™, and obtained that for a fixed (n — m)-dimensional subspace V/,
dimg[E N (V + a)] is constant for H™-almost all @ € V+ with EN(V + a) # 0.

Kenyon and Peres proved in [5] that given two Cantor set X and Y in [0, 1),
invariant under the map = — bz (mod 1), the Hausdorff dimension of (X +¢)NY is
constant almost everywhere.

The following results showed that for some special planar sets, their typical di-
mension of the slices in a fixed direction are strictly less than the Marstrand’s value.
Let £ denote the Lebesgue measure on R.

e Hawkes obtained in [3] that
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dimg[(C x C)N{(z,y): y=x +b}] = ;‘1’5:3 < dimy[C x C] -1
for L-almost all b € [—1,1].
e Benjamini and Peres [2] gave a class of fractal sets in the unit square [0, 1] x

[0, 1] with dimy F = iggg and proved that for any F' in this class,

dimy{y € [0,1]: (z,y) € F} > 1/2

for L-almost all z € [0, 1].
e Liu, Xi and Zhao [6] investigated the Sierpinski carpet with dimy E = %.
Denote by Ly the line y = kx + b. For any fixed k € QT, they proved that

dlmH[E N Lk,b] = diHlB [E N Lk,b] = CL

for L-almost all b € [—k, 1], where the constant ¢, depends only on the rational
slope k and

cr <log8/log3 —1=dimyg F — 1.

They posed a conjecture that ¢, < log8/log3 — 1.
e Manning and Simon [7] proved the conjecture: for any fixed k € QT

dlmH[E N Lk,b] = dlmB[E N Lk,b] =cE < dlmH EF—-1

for L-almost all b € [k, 1].
e Barany, Ferguson and Simon [1] studied the Sierpinski gasket in R? Let

Eop = EN{(r,y): y =tand -z + b}, where 0 € (0, %) and tanf = % with
p,q € N. Then there exists constant «(6) depending only on 6 such that for
L-almost all b € Ay,

diIIlH E@,b = dln’lB Eg’b = Oé(&) < dlmH E—1.

In the above literatures, the typical dimensions of the corresponding slices do not
take the Marstrand’s value. Naturally, we will ask: when slicing the self-similar set,
can we ensure that the typical dimension of the slices takes the Marstrand’s value?

Wu and Xi [12] discussed the intersections of a class of generalized Sierpinski
sponges in R™ with an (n — 1)-dimensional hyperplane of the form

{reR": a-z=>b}

where a € Z™\{0} and b € Z. They give a sufficient condition, under which the
Hausdorff dimensions of slices takes the Marstrand’s value.

In this paper, we discuss the slices for b € R. When b € Z, after certain
modification the slices satisfy the graph-directed construction. When b € R, the
nested structure, which the slices have, is different to the graph-directed construction.
Thus we use the method in [5] and [6], and show that the typical Hausdorff dimension
of slices in a suitable fixed rational direction takes the Marstrand’s value.

Let m > 2 be an integer and Q C {0,1,---,(m — 1)} (n > 2). For all v € Q,
let f,(x) = (z +v)/m. The self-similar set

(11) E=JrE) = (F+v)

is called a self-similar set with initial cubic pattern {=([0, 1]"+v)}yeq. Thendimy E =
log(#£2)/logm (see e.g. [4]).
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Fix a = (a1, aq,--- ,a,) € Z"\{0}. For b € R, let II,; be the hyperplane in R”

defined by
., ={z€R": a -z =b},
and the slice E,, = E N1l,;.

Let T™ be the n-dimensional torus and P: R" — T" the map defined by
P(xy,--+,x,) = (Y1, ,yn) € T™ where y; = {z;} the fractional part of z; for
every i. Set F' = P(F), then F' is an invariant set with respect to the expansive
mapping 7(y) = my. For b € R, write

Fop=FnN {y = (y1, " ,yn) €T™: Zizlaiyi = b (mod 1)}

The main results of the paper are stated as follows.

Theorem 1. If there exists a positive integer s such that
(%) #{veQ:a-v=t (modm)}=s
for all't € {0,1,--- ,m — 1}, then

(1) for allb € R,

1
dimp F,, = dimp (U Ea7b+z-) = 965 _ dimy F — 1;

e logm

(2) for L-a.e. b € R,

1
dimy Fy, = dimy (U Ea,bH) 8% _ dimy E - 1.

. - logm
1€Z
Remark 1. Under the assumption (%), Theorem 1 in [12] showed that for b € Z,
dinlB(UieZEa,b+i) = diHlH(UiezEa,b_;_i) = dlInH E—1.

When b € R\Z, it is not clear that whether the Hausdorff dimension of slices
Uiez Eapti €quals to its box dimension or not.

Remark 2. For b € Z, the slices have the graph-directed construction (see [12]).
To compute the box dimension, we only need to evaluate the spectral radius of a fixed
adjacency matrix. When b is not an integer, the slices fail to have the graph-directed
construction. To evaluate the box dimension, we need to compute the Lyapunov

log || M (b) M (’Zb)'”M (™I where the matrix M (t) is variable for ¢ (see

exponent limy_, .
Section 3).

Let A:={be R: ENIl,, # 0}. Then A is self-similar. We have £(A) > 1 under
the assumption (%) (see Proposition 4).
Theorem 2. Preserve the assumption of Theorem 1. Then for L-a.e. b € A,

log s

lelH Ea,b = dimB Ea,b = = dll’IlH E—1.

logm

Remark 3. Under the assumption (x), Theorem 2 answer the question on typical
dimension of slices.

For Q C {0,1,---,m — 1}", n > 2, then the self-similar set £ = |J, ., 2 has

vVEQ m
Hausdorff dimension dimg E = l?fg—#w?. Then dimy £ > 1 if and only if

#Q > m.
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From Theorem 2 and the results listed above, we pose the following conjecture.

Conjecture 1. Suppose E = J,.q 22 with #Q > m. Let a € Z"\{0} and d,

the typical value of dimy E,; for £-almost all b € A. Then

da:dlmHE—]_

if and only if the assumption (%) holds for (.

In this paper, we face the following difficulty: in the Sierpinski carpet, we have
(1.2) ., NE #0iff I, N[0, 1]" # 0,
note that [0,1]" N 11, # 0 iff b € [A~, AT], where

Am=Da, AT =) a,
a; <0 a; >0
and set A~ = 01if {i: a; <0} =0 and A" =0 if {i: a; > 0} = ). Thus we obtain
that

(1.3) M,NE#0 if be[A”,AT];

whereas for the self-similar set with initial cubic pattern, the property (1.2) does not
hold as in the following example and thus the claim (1.3) also fails. That means we
do not know when the slice ENII,;, # (). We overcome this difficulty by introducing
an equivalent condition (|12, Lemma 1] or Lemma 6 in Section 3) to determine that
when the slice is not empty.

Example 1. Let a = (3, —4) and 1l the line 3z — 4y = b.

(1) When m = 3 and Q = {0,1,2}*\{(1,1)}, F is the Sierpinski carpet and
E NI, # 0 if I1,, touches [0,1]* (Fig. 1).

(2) When m =4 and Q = {(0,1),(0,2),(1,2),(1,3),(2,0),(2,3),(3,0),(3,1)}, £
is a self-similar set with initial cubic pattern. In this case, the assumption (%)
holds and E N {(x,y): 3z —y =0} = 0 (Fig. 2).

Figure 1. Slices of Sierpinski carpet. Figure 2. The case that empty slices occur.

The rest of the paper is organized as follows. In Section 2, we give some basic
results on discrete structure {b+i: i € Z} N[A~, AT| and images of slices by map
P. In Section 3, we investigate the box dimensions of Fj; and UieZ E, p+i to prove
Theorem 1(1). Section 4 is devoted to Theorem 1(2) on Hausdorff dimension. In
Section 5, we discuss the Hausdorff and box dimension of E,; for b € A and prove
Theorem 2.
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2. Preliminaries
Fix Q C {0,1,--- ,m — 1} and
a=(a, - ,a,) € Z"\{0}
satisfying for every ¢t € {0,1,---,(m — 1)},
#{veQ:a-v=t (modm)} =s.
For all v € €, let

fo(z) = (x +v)/m.
Let I, (b € R) be the hyperplane in R" defined by

I, ={z€R": a- -z =b},

477

and the slice E,, = E N1l,;, the intersection of the self-similar set with the hyper-

plane. For any v € €, set
T,(z)=mz —a-v, S,(v)=T,(2)=(z+a-v)/m.
Note that
fo (Map) = o, ).
Using the above formula, we can check that
(2.1) Forooon (B) AT = fooe (B O T, ).
Recall that

(2.2) A=) a4, AT=D a

a; <0 a; >0

and set A~ =01if {i:a; <0} =0 and AT =01if {i: a; >0} =0. Then AT — A~

||lal]1, where the norm of a row vector is given by

n

@y szl =) .

i=1
It is easy to see that

(2.3) 0,1]" NTL,, #0 if and only if be[A™, AT].

We also need the following lemma, for a proof, refer to [12, equation (1.4)].
Lemma 1. [12] For any v € Q,

(2.4 Su([A7, A%])  [47, A7),

(2.5) T,(JA=, AT]°) Cc [A, AT]°.

2.1. Discrete Structure I'y. Let D = {b € R: m*b ¢ Z for any integer k >
0}. Let 79: R =R be the map 79(z) = mx. It is easy to see that for any integer

k>0,
(2.6) (D) Cc D and 7F(D°) C D°.
For any b € R, let
[y={b+ic[A",AT]:i€Z} C[A", AT].



478 Zhixiong Wen, Wen Wu and Lifeng Xi
Then I'y, =T, if by = by(mod 1) and

ur, {A+—A-+1, ifbeZ,
AT — A, otherwise.
In particular,
HL, ey =A" — A~ forany be D and k > 0,
and
[,={A", (A" +1),--- AT} forallbeZ.
Given b € R, we arrange the element of I', in ascending order, i.e.,
[p(1) < Tp(2) < -+ < Ty(#Iy).
Set
L=[A" =1+ A +i)(1<i< At — A7),
When i < A" — A~ we have

(2.7) I'y(i) € I; forallbeR.
Whereas i = AT — A~ + 1 we have
(2.8) Ty(A* — A~ +1) = A* forallbe Z.

Since a - v € Z, we obtain the following lemma.
Lemma 2. If z € 'y and T,,(z) € [A~, AT], then T,(z) € T
2.2. Projection from R™ to T™. Let
T =R"/Z"
be the n-dimensional torus and P the corresponding natural mapping from R" to
T". For y,y’ € T", the metric d on T" is defined as follow

" 1/2
d<yvy’>=(Z(rmnﬂyi—y;r,l—ryz-—y;|}>2> = min |z — 2|

i=1 P(z)=y

Pa')=y'
Now, we will map the slice E,; into T™. Let 7: T" — T" be the map 7(y) = my.
Set
K=P (U £.([0, 1]”)) c T
veld
Suppose F' = {y € T": 7%(y) € K,V k > 0}, then

F = P(E)

where E is the self-similar set defined by (1.1).
Recall that a = (a1, ,a,) € Z"\{0}. For b € R, let

Fa,b:Fm{y: (y17"' 7yn) GTn: Zazyzzb (mOd 1)}

=1

Lemma 3. For any b € R, we have

P (U E) = F,p

zel'y
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Proof. For any = € (J,¢p, Faz, We have Y77, a;z; = b (mod 1). Suppose y
P(z), theny € F and >, a;y; = b (mod 1). Hence

P( U E) C Fap.

ZGFb
On the other hand, suppose y € F,, with Y | a;y; = b (mod 1). Since P(E)

F, there exists x € E such that P(z) =y. Then >  a;x; = z € {b+i: i € Z}. Note
that x € E C [0,1]", we have II, . N[0, 1]™ # (), which implies z € [A™, A*] by (2.3),
le,zely,={b+ic[A,AT]:ie€Z}. Hencey= P(z), wherex € ENIl,, = E, .

with z € I'y. Therefore

F, C P( U Ea)

zely
Notice that E C [0,1]™ and there exists a constant 6 > 0 such that

d(P(x), P(z)) = & — 2|
whenever |z — 2’| < 0. Therefore, we have the following result.

Lemma 4. For any b € R, we have

dim | J E,. = dim F,,,

zely

where ‘dim’ stands for any one of dimy,dimy and dimpF .

3. Box dimension of sections

O

The nested structure of the slices {anb}be[ A-,4+] is characterized in the following

Lemma, which is similar to Proposition 1 in [12].

Lemma 5. For any b € [A~, AT],

Eor,m +v
(3.1) Eop = folBaruw) = | Zal® T 7

veS) vEQN m
Further, for k > 1,

ENIl,, = U foro (BN oz, 1)

(3 2) vy v €QF
- U fvln-vk (E N ]-_-[a,Tvk...v1 (b))
Top-vq (D)EL, &y

Proof. The equation (3.1) follows from Proposition 1 in [12].
For (3.2), using induction, we have

EnN Ha,b = U fvlu-vk (E N :Ha,Tvk‘.‘v1 (b))

'Ul""Uker
Further, if T,,...,, (b) € [A7, AT]% then [0,1]" N1, 7, ., ) = 0 by (2.3), and thus
Enllyr, .0 = 0.

Combine this fact and Lemma 2, we have

En Ha,b = U fvy--vk (E N Ha,Tvkmvl (b))

Ty (O)ET, 1,
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Remark 4. Some E, 1, in (3.1) may be empty.

The following lemma describes when the intersection £'N1l,; is not empty. This
has been done in [12] for integer b € [A~, AT]. In fact the proof in [12] holds for all
be A, AT].

Lemma 6. [12, Lemma 1| For any b € [A~, A™],
ENM, #0 <= Fuv v €Q%, s.t. T,y (b) € [A7, AY] for all k > 0.
Lemma 5 and Lemma 2 implies the following fact.

Claim 1. For any z € T'y, E, is composed of some reduced (with ratio 1/m)
copies of E., for some 2z’ € ',

We record the number of copies with a non-negative integer matrix.
For b € R, the integer matrix M (b) = (¢;;)1<i<#r, 1<j<r,,, 1S defined by

(3.3) cij = #{v € Q: T,(Iy(4)) = Ly (4) }
where ¢; ; is the number of reduced copies of Er, ,(;) contained in Ep, ;).
e If b€ D, then M(b) is an (AT — A7) x (AT — A7) matrix.
e If b e Z, then M(b) is an (AT — A~ +1) x (AT — A~ + 1) matrix.
e For b € D°\Z, suppose m*b € Z and mF~1b ¢ Z, then M(m* ') is an
(AT — A7) x (A" — A~ + 1) matrix and M (m'b) is a square matrix for any
non-negative integer t £ k — 1.
Let 1, = (1,---,1) be a vector in R#I* with every coordinate 1.
Lemma 7. For any b € R, every column sum of the matrix M (b) equals to s,
ie.,
Proof. For all 1 < j < #I',,,,, we need to show that
#I'y

E Cij = S.
i=1

By (3.3), we have
#L'p #I'p
> ey = #{ve @ T(Ny0) = Tu(i)}
o = ;E;v €eQ:3zeTly, st. T,(2) =Tu() }-
Suppose that z = b+, T';p(j) = mb+ j' where i, j' € Z. Then
T,(2) =Tw(j) = mb+mi’'—a-v=mb+j
= a-v=—75 (modm).
Hence
s=#{veQ:ia-v=—j (modm)} > #{v e Q:Fz ey, st. T,(z) =Tw(h)}
Conversely, for any v € € satisfying a - v = —j’ (mod m), we have

j+a-v
m

Sy(Ts(§)) = Su(mb + ') = b+ cb+1Z.
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By (2.4), we know that S,(I,s(j)) € [A7, AT]. That means
So(Tms(7)) € T,
le, 3 zely, st Ty(2) =Tm(j). Therefore
s=#{veQia-v=—j (modm)} <#{veQ:3Fzel,, st. T,(z) =Tmn(j)}-

This completes the proof. ([l
Write fy,..0), = fo, 00 fy,. Let
(3.5) Ne(d) = > #{vr--vp € Q% fr, ([0,1]") N1, . # 0}
zely

We also have

(3.6) Ne(d) = > #{vr--v € Q¥ T, 0, (2) € [A7, AT]},

zely

since
fv1-~~vk<[07 1]71) N Ha,z 7& @ < [07 l]n N 1_Ia,Tvkum1 (2) 3& @
= Ty (2) €[A7, AT]

due to (2.1) and (2.3).
The following proposition shows us how to compute Ny(b).

Lemma 8. For any k > 0, we have

(3.7) Ni(b) = ||[1,M (b)M (mb) - - - M(m*b)]|;.
Proof. First, by (3.6), for any k > 0, we have
(3.8) Ne(b) =Y #{v1 vkt Ty (2) € Ty}
zer

Now we will show that
Z #{vy - € OF: Topoon (2) € Ty} = || 1o M (b) M (mb) - - - M(mk_lb)Hl.

z€ly

Suppose that M(mtb> = (Cit+1it+2)it+177:t+27
11 M (b) M (mb) - - - M (m"~"b)||,

= E CiyigCigiz ** * Cigipiq

i1y

= > JI#{v € Q: T (Toe-ns(ir) = T (irg1) }

ip-eipyr t=1
= > #{or v € Q8 T (Do (in)) = Doy (i) for 1 < ¢ <k}
111

= Z #{1}1 YIS 0*: Tvl(z) € Fmb>Tv2v1 (Z) € Fm2b,Tv3v2v1 (Z) € I‘m3b>

z€ly

then we obtain that

w s Ty (Z) € kab}
= Z #H{vr - vg: Ty (2) € Tpp b

zel'y
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where the last equality follows from (2.5). Therefore
Ni(b) = 1M (D) M (mb) - - - M (m*~*0) . O
Proposition 1. Every column sum of M (b)M (mb) - - - M (m*~'b) is s*. Further,
Ni(b) = (#T usp)s"
Proof. It follows from Lemma 7 that
1, M (b)M (mb) - - - M(m*'b) = s(1,,y M (mb)) - -- M(m*1b) = -+ = "1,
By Lemma 8, we have
Nk’(b) = Sk“lmkal = (#kab)sk 0
Although some E,; may be empty, the following corollary tells us the union
Uzerb E, . is not empty.
Corollary 1. For any b € R,
U B #0.

zely

Proof. Suppose on the contrary that | J E,.. = 0. Then by Lemma 6, there

exists integer k£ such that
Ty, (2) ¢ [A7, AT] for all z € Ty and v; - - - vy, € QF.
It follows from (3.6) that

zely

Ni(b) = 0.
However, by Proposition 1, Ni(b) = (#I,,1)s" > (AT — A7)s¥ > 0. It is a contra-
diction. n
Let
=3 #{vr v € Q1 fuy, (B) 1L, £ 0},

ZGFb
Then we have the following estimate.

Corollary 2. For any b € R and k > 0,
Vi(b) > s*.

Proof. The last corollary implies there exists z € T', such that EN1II,, # 0. In
the same way, there exists z* € I',x;, such that E N 11, - # 0.
By Lemma 5, we obtain that

U EN HG,Z = U U fv1--~vk (E N Ha,Tﬂk“'ﬂl(z))

z€Ty 2€ly vy -, €QF
- U U U gipnme
2'el’ mkb zely, Ty, 01 (z)=2'
Then
fm---vk (E N Ha,z*) = fm---’uk (E> M Ha,z 7£ 0
for any T, ..., (2) = z* with z € I';. Denote
ap =#{v1 vkt fora (BN, ) # 0 with Ty, .0y (2) = 2% for some z € T, }.
Hence
Vk(b) > ..
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For M (b)M (mb) - - - M (m*~1b), when we consider its column sum with respect to

2*, by Proposition 1 we have
073 Z 8k7

which implies V(b) > s*.
Consider the union (J,p, [ N1, .] of slices, we have
Proposition 2. For all b € R,

dimp (| J [ENTL,,.]) =

zely

1
8% _ dimpy E — 1.

logm

Proof. Let Uy (b) be the number of m-adic squares of side length m~* intersecting

U.er, [E N 1L,.]. By the definition of the box dimension, we have

" Cee : log Uy, (b)
dimp( U [ENIl,.]) = llglsotjp Tlogm
ZGFb
: .. logUg(b)
d = —_—.
dimp(|J (BN 1TL,.]) = liminf 25
ZGFb
We notice that
(3.9) Ur(b) >V, (b) = 5",
On the other hand, it suffices to verify
(3.10) Ur(b) < m"Ni(b) < m™(#1,)8" <m™(AT — A 4 1)s".

In fact, by (3.9) and (3.10), we have

logUp(b) 1
dimp(| J [EN1L,.]) = lim 08 Ur(b) _ logs

=y k—oo klogm logm

To verify (3.10), given an m-adic cube of side length m~" intersecting £ NI, ,

denote by B, then BN ENII,, # 0, ie.,

B | foeu(BE)| NI #0.

v v €QF
Then for some vy - - - v}, € QF,
B OV foo (B) Nz # 0
= BN fo0(E)#0and fy,..., (E)NIL,, #0
—_—

BN fvl“'vk([()? 1]") # 0 and fvl“'vk([()’ ") n . # 0,

which implies
Uk(b) < m" N (D).
Hence (3.10) holds.
Using Lemma 4 and the above proposition, we have

Proposition 3. For all b € R,

log s

dimB(Favb) = = dlmHE — 1.

logm
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Then Theorem 1(1) follows from Proportions 2 and 3.

4. Proof of Theorem 1(2)

In this section, we will show that the Hausdorff dimension of the slice equals its
box dimension almost everywhere. During the proof we will use the following result
provided by Ledrappier (see [5] Proposition 2.6).

Lemma 9. (Ledrappier) Let T,, denote the endomorphism T,,z = mx (mod 1)
of the (n — 1)-dimensional torus T"~!, and let S be a continuous transformation of
a metric space Y. Assume that A C T" ! x Y is compact and invariant under the
map T, x S, and that v is an S-invariant probability measure on Y. Then for v-a.e.
y, we have

dimy [7~!(y)] = dimp [7~' ()],
where m: A — Y is the projection onto the second coordinate.

Recall that 7: T™ — T" is the endomorphism
7(y) = my (mod 1).

Proof of Theorem 1(2). Suppose a = (ay,--- ,a,) € Z™\{0}, without loss of
generality, we may assume

a, # 0.
For any fixed b € R, we have
Fop=Fn{z= (21, ,z,) €ET":a-2=b (mod 1)}.

Let T,, denote the endomorphism 7},,x = mz(mod 1) of the (n — 1)-dimensional
torus T"~ !, S(x) = ma(mod 1) the map on one-dimensional torus T, and g: T™ —
T" the map

g(x) = (1, - ,xp_1,a - x(mod 1)).
Then
T=T,%x5
and both F' and ¢g(F') are T-invariant, i.e., F' = 7(F') and

T(9(F)) = g(7(F)) = g(F)

since goT =Tog.

Since |a,| > 1, for i =0,---,(3|a,| — 1), we let
t 1 +1
Bi={ye |- T~ anber.
(v [ ] o0 )
Let
h(z) = apx

which is defined on the torus T. Then h|p, is a bi-Lipschitz map. Set o' =
(@, ,a,_1), we have

g(z,y) = (z,d -z +ayy) forallz € T" ' and y € T.
It is easy to check that
(4.1) glrn-1xp, is a bi-Lipschitz endomorphism.
Since T™ = U;(T™! x B;), by (4.1), we obtain that
(4.2) dim g(F,p) = dim F,,
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where ‘dim’ stands any one of dimy,dimy and dimpg.
Now, let Y = T equipped with a normalized Lebesgue measure v. Since

7 1B (mod 1)] = g(F,),
then by the previous lemma, for v-almost all b € T,
dimpy g(F,p) = dimp g(F,p).
Therefore, it follows from (4.2) that for L-almost all b € R,
dimpy F,p = dimp Fip.
This completes the proof of Theorem 1(2). O

5. Proof of Theorem 2

Recall that
A={be[A™,AT]: EnIl,, # 0}.
In this section, we will give the Hausdorff and box dimension of E,; for £-almost all

beA.
The following lemma is useful (for details, see [10] and [11]).

Lemma 10. The following functions

g1(b) = dimy[E N,,), go(b) =dimg[ENTL,,] and g3(b) = dimp[E N1,
are Borel measurable.

We will show some properties about A.

Proposition 4. A is a self-similar set with positive Lebesgue measure, i.e.,

(5.1) A={]JS,(A) and L(A)>1.
ve)
Further,
: log s
(5.2) LH{beA: dimpy E, ) = loggm}) > 1.

Proof. First, we will show that A is compact. In fact, we only need to show that
A is closed, since A C [A7, A*] is bounded. For any b € A, EN1Il,;, = 0, which
implies for sufficiently small ¢ > 0,
En{fzeR" a-ze(b—ecb+e)}=0.

That means A€ is open. Hence A is closed and thus compact.
By (3.1) in Lemma 5, we know that

EN, = fo(ENTmg,w).

vEQR
Then for any b € A, the above formula implies
EﬂHa,HéQ) — doveq, st. EﬂHa,T,U(b) 7&@

— Jve st T,(b) €A
< Jve st beS,(AN),

which means

A={JS.A).

veEQN
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Therefore A is a self-similar set.
Now we will show that

L(A) > 1.

By Theorem 1(2), we know that

max (dimy E, ;) = dimpy U Eu.p = log 5 for L-a.e. be [A™, AT].

2€ly ory logm
Hence for L-a.e. b€ [A~, AT],
(5.3) TY € (A, AT N (b+ Z)(=Ty) st. dimy By — 2225

’ logm
Let
K= {beA: dimy By, — 2851,
’ logm

Then K is Borel measurable from Lemma 10. We have K C A and

AT—A— At—A—
E(K)zﬁ(U Kﬂ]) Zcfmf
=1

It follows from (5.3) that
(AT—A") (At —A——i)
be U U (KnILi+j) for L-ae be A A",
Jj=—i+1
By the above formula, we obtain that
(A

+_A"—4)
> LKNI+j)

j=—1+1

<A+
(AY — A7) = L([A~, AT]) Z

At —A-
< ) (AT—ALENL) < (AT - AT)L(K)
i=1
which implies
(5.4) L(A) > L(K) 21
This completes the proof. 0
We will also use the following key technique in [11].

Lemma 11. [11] If B C A is a Borel measurable set such that

Js.(B)cB

vEQ
then L(B) = L(A) or 0.
Now we will give the proof of Theorem 2.
Proof of Theorem 2. Let Ky = {b € A: g1(b) = dimpy E,p > 1oﬁ} Then K is

logmJ*

Borel measurable with £(K;) > £(K) > 1 due to Lemma 10 and (5.2).
According to Lemma 5, for any v € Q2 and b € K,
EnNnll,,+v

EN Ha,Sv(b) D) T = f’U(E N Ha,b)7
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then
. . . log s
dlmH(E N Ha,:%(b)) Z dlmH(fv(E N Ha,b)) = lelH(E N Ha,b) 2 1 y
ogm
which implies S,(b) € K;. Hence S,(K;) C K, for any v € Q, i.e.,
U Su(K1) € K.
veEQN
Notice that Ky C A. Then it follows from Lemma 11 that
L(Ky) = L(A).
That means 1
dimg E,p > 08¢ for L-a.e. b€ A.
’ logm
Whereas for all b € R,
_ 1
dimy E,p < dimpF,, < dimgFE,; < dimp( U E,.) = o8 ;
' ' ' ' logm
z€ly
hence 1
dimy Ea,b = dimp Ea,b = 10g8 for L-a.e. b€ A. O

ogm
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