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Abstract. We obtain a priori estimates in LP(w) for the generalized Beltrami equation, pro-
vided that the coefficients are compactly supported VMO functions with the expected ellipticity
condition, and the weight w lies in the Muckenhoupt class A,. As an application, we obtain improved
regularity for the jacobian of certain quasiconformal mappings.

1. Introduction

In this paper, we consider the inhomogeneous, Beltrami equation

1) 8 (2) — u(2) 0f (=) — v(2) BF(2) = gl2), ae. 2 €C,

where i, v are L*°(C; C) functions such that |||u|+|v|||cc < k < 1, and g is a measur-
able, C-valued function. The derivatives df, df are understood in the distributional
sense. In the work [3], the L? theory of such equation was developed. More precisely,
it was shown that if 1 +%k < p < 1+ 1 and g € LP(C) then (1) has a solution
f, unique modulo additive constants, whose differential D f belongs to LP(C), and
furthermore, the estimate

(2) IDfl[erc) < Cllgllerco)

holds for some constant C' = C'(k,p) > 0. For other values of p, (1) the claim may fail
in general. However, in the previous work [9], Iwaniec proved that if 4 € VMO(C),
then for any 1 < p < oo and any g € LP(C) one can find exactly one solution f to

the C-linear equation _
0f(2) —u(2) 0f(2) = g(2)

with Df € L?(C). In particular, (2) holds whenever p € (1,00). Recently, Koski [11]
has extended this result to the generalized equation (1). For results in other spaces
of functions, see [5].

In this paper, we deal with weighted spaces, and so we assume g € LP(w), 1 <
p < oo. Here w is a measurable function, and w > 0 at almost every point. By
checking the particular case = v = 0, one sees that, for a weighted version of the
estimate (2) to hold, the Muckenhoupt condition w € A, is necessary. It turns out
that, for compactly supported p € VMO, this condition is also sufficient.

Theorem 1. Let 1 < p < oco. Let p be a compactly supported function in
VMO(C), such that ||u|le < 1, and let w € A,. Then, the equation

9f(2) — u(2) 0f (2) = g(=)
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has, for g € LP(w), a solution f with Df € LP(w), which is unique up to an additive
constant. Moreover, one has

IDfllzry < Cllgllzew)
for some C' > 0 depending on ji, p and [w]a,.

The proof copies the scheme of [9]. In particular, our main tool is the follow-
ing compactness Theorem, which extends a classical result of Uchiyama [18] about
commutators of Calderéon—Zygmund singular integral operators and V MO functions.

Theorem 2. Let T be a Calderén—Zygmund singular integral operator. Let w €
A, with 1 < p < o0, and let b € VMO(R"). The commutator [b,T]: LP(w) — LP(w)
is compact.

Theorem 2 is obtained from a sufficient condition for compactness in LP(w).
When w = 1, this sufficient condition reduces to the classical Frechet—-Kolmogorov
compactness criterion. Theorem 1 is then obtained from Theorem 2 by letting 7" be
the Beurling—Ahlfors singular integral operator.

A counterpart to Theorem 1 for the generalized Beltrami equation,

(3) 0f(2) = u(2) 0f(2) = v(2) 9f(2) = g(2),
can also be obtained under the ellipticity condition |||u] + |V|||l < k < 1 and the
VMO smoothness of the coefficients (see Theorem 8 below). Theorem 2 is again the
main ingredient. However, for (3) the argument in Theorem 1 needs to be modified,
because the involved operators are not C-linear, but only R-linear. In other words,
C-linearity is not essential. See also [11].

It turns out that any linear, elliptic, divergence type equation can be reduced
to equation (3) (see e.g. [2, Theorem 16.1.6]). Therefore the following result is no
surprise.

Corollary 3. Let K > 1. Let A: R*> — R**? be a matrix-valued function,
satisfying the ellipticity condition
1
17 <v'A(z)v < K, whenever v € R? |v] =1,
at almost every point z € R?, and such that A —Id has compactly supported VMO
entries. Let p € (1,00) be fixed, and w € A,. For any g € LP(w), the equation
div(A(z) Vu) = div(g)
has a solution u with Vu € LP(w), unique up to an additive constant, and such that
IVullrw) < Cllgllzrw)
for some constant C' = C'(A,w,p).

Other applications of Theorem 1 are found in connection to planar K-quasi-
conformal mappings. Remember that a Wﬁ)cz homeomorphism ¢: Q — € between
domains §2,€) C C is called K-quasiconformal if

- K -1
0 <

B9(2)] < g
In general, jacobians of K-quasiconformal maps are Muckenhoupt weights belonging

to the class A, for any p > K (see |2, Theorem 13.4.2 |, or also [3]), and this is sharp.
As a consequence of Theorem 1, we obtain the following improvement.

|0p(2)| for a.e. z € Q.
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Corollary 4. Let u € VMO be compactly supported, such that ||u||. < 1, and
let ¢: C — C be a quasiconformal solution of

99(2) — u(z) 9(z) = 0.
Then, for every 1 < p < oo there exists a constant C = C(p) > 1 such that the
estimate

(4) (7{) J(z, ¢)pdz)p <G, fDJ(z,gb) dz,
holds for every disk D C C.

By quasiconformality, the above result is equivalent to say that the inverse map-
ping ¢! has jacobian determinant J(-,¢~!) € A, for every p > 1. In turn, Johnson
and Neugebauer [10] proved that this is equivalent to the fact that the composition
with ¢~1 quantitatively preserves the Muckenhoupt class Ay, and this is what we
actually prove. The above Corollary improves the results in 9], which assert that
J(-,¢) € L . for every finite p > 1. Note also that general K-quasiconformal maps
need not satisfy the estimate (4) if p > £ [3].

The paper is structured as follows. In Section 2 we prove Theorem 2. In Section 3
we prove Theorem 1 and its counterpart for the generalized Beltrami equation. In
Section 4 we study some applications. By C' we denote a positive constant that may
change at each occurrence. B(x,r) denotes the open ball with center x and radius 7,
and 2B means the open ball concentric with B and having double radius.

2. Compactness of commutators

By singular integral operator T', we mean a linear operator on LP?(R™) that can
be written as

Tf(z)= . fy) K(z,y) dy.

Here K: R" x R"\ {z = y} — C obeys the bounds
(1) |E(z.y)| < 9

= |z—y[™’

(2) |K([B,y) - K([L’,y,)‘ < CZ |xlg;|zﬁr1 whenever ’[B - y’ > Q‘y - y/’7

(3) |K(z,y) — K(2',y)| < 03% whenever |z —y| > 2|z — 2.

One then calls ||T]|cz = max{C},Cy, C3} the Calderon—Zygmund constant of 7'
Given a singular integral operator 1", we define the truncated singular integral as

= [ Kt

and the mazimal singular integral by the relationship

Tef(w) = sup [T f()]

As usually, we denote f, f(z)dz = ﬁ [ f(z)dz. A weight is a function w €

L} .(R™) such that w(z) > 0 almost everywhere. A weight w is said to belong to the
Muckenhoupt class A,, 1 < p < oo, if

r
7

6 sy = s f @ ar ) (f e ¥ ar)” <o



94 Albert Clop and Victor Cruz

where the supremum is taken over all cubes () C R", and where i + ]% = 1. One
may equivalently consider balls instead of cubes. By LP(w) we denote the set of
measurable functions f that satisfy

©) Il = ([ @paan) <o

The quantity | f||zr() defines a complete norm in LP(w). It is well know that if 7" is
a Calderon—Zygmund operator, then 7" and also T are bounded in LP(w) whenever
w € A, (see for instance [7, Cap. IV, Theorems 3.1 and 3.6]). Also the Hardy-
Littlewood maximal operator M is bounded in LP(w). For more about A, classes
and weighted spaces LP(w), we refer the reader to |7].

We first show the following sufficient condition for compactness in LP(w), w € A,,.
Remember that a metric space X is totally bounded if for every € > 0 there exists a
finite number of open balls of radius ¢ whose union is the space X. In addition, a
metric space is compact if and only if it is complete and totally bounded.

Theorem 5. Let p € (1,00), w € A,, and let § CLP(w). Then § is totally
bounded if it satisfies the next three conditions:

(1) § is uniformly bounded, i.e. sup ez || f]lLr(w) < oo

(2) § is uniformly equicontinuous, i.e. sup sz || f(- +h) = f(-)||zr(w) 2290,

R—o00

(3) § uniformly vanishes at infinity, i.e. sup ;e || f —xq(0,r) f||zr(w) — 0, where
Q(0, R) is the cube with center at the origin and sidelength 2R.

Let us emphasize that Theorem 5 is a strong sufficient condition for compactness
in LP(w), because for a general weight w € A, the space LP(w) is not invariant under
translations. Theorem 5 is proved by adapting the arguments in [8]. In particular,
the following result (which can be found in [8, Lemma 1|) is essential.

Lemma 6. Let X be a metric space. Suppose that for every ¢ > 0 one can find
a number 6 > 0, a metric space W and an mapping ®: X — W such that ®(X) is
totally bounded, and the implication

AD(@), DY) <5 = dr,y) <e
holds for any x,y € X. Then X is totally bounded.

Proof of Theorem 5. Suppose that the family § satisfies the three conditions of
Theorem 5, and let € > 0 be fixed. According to the third assumption on §, we can
choose a positive quantity R > 0 such that

€
(7) sup || f — f Xoo,») |l zr@w) < T
fesd
Let us also find p > 0 small enough so that
€
8 sup (sup fe)—f(G+nh pw)<—.
®) heQ(0,2p) \ feF 17¢) ( Mz 22+n/p

Such a p exists due to the equicontinuity assumption on §. Now, let us choose N
cubes ()1, . . ., Qn with sidelength 2p, having pairwise disjoint interiors, and such that

(9) Q(0,R) C UQi.
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Define

f(z)dz, z€Q;,i=1,...,N,

0, otherwise.

(10) Of(x) =

Since functions in LP(w) are locally integrable, ®f is well defined for any f € §.
Moreover,
p
| w@ @)

| 1@r@)ate) i - fj () dz
gi( (: >|pw<>z) (fiw‘ﬁ’(z)dz) | wtoyas

In particular, ®: LP(w) — LP(w) is a bounded operator. As § is bounded, then ®(F)
is a bounded subset of a finite dimensional Banach space, and hence ®(§) is totally
bounded.

On the other hand, by (7) and (9) one gets that

< s

f
Q:
|

i=

< [wla,

€
||fXR"\U Qi || LP(w < ||fXR"\Q(0R HLP Za
for any f € §. Also, by Jensen’s inequality,
N p
1£x00 = @l = 3 [ [70) = F f(e)dz] w(o)ds
i=1 7 Qi

N 1 )
<X / 156 = SP dz ) de

Now, if x, 2z € Q;, then z—x = h € Q(0,2p). Therefore, after a change of coordinates,

700~ iy <3 m/l/w ~ o+ P dh(z) do

T (0 Pl ooz = Ja o) e ity dedn

P
|Q0p|/02p/n|f f(xz+ h)[Pw(z)dzdh
= ) = FC+ D) dh

2 ]émp) 1£C) = FC+ M

€

<2 s (sl = el ) < (5)

heQ(0,2p) \feF

Summarizing,

€
Hf - q)fHLp(w) < HfXRn\UiQi LP(w) + HfXUin‘ - (I)f”Lp(W) <

57
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for any f € §. Hence
(1) [l < 5 + 1@fllr), whenever f €3,
Since ® is linear, this means that
I = gllir < 5+ 19F = Dglliry,  whenever f.g € 5.

Set 0 = ¢/2. The above inequality says that if f,g € § are such that d(®f, ®g) < 6,
then d(f,g) < e. By the previous Lemma, it follows that § is totally bounded. [

In order to prove Theorem 2, we will first reduce ourselves to smooth symbols
b. Let us recall that commutators C, = [b,T] with b € BMO(R™) are continuous
in LP(w) [15, Theorem 2.3]. Moreover, in [13, Theorem 1] the following estimate is
shown,

(12) ICs o) < C bl M f | oo,

where ||b||. denotes the BAM/O norm of b, and the constant C' may depend on w, but
not on b. Now, by the boudedness of the Hardy-Littlewood operator M on LP(w),
we obtain

1Cfllzr )y < ClOI ] 2r )
Since by assumption b € VMO(R™), we can approximate the function b by functions
b; € C°(R") in the BMO norm, and thus

1Cof = O, fllr@) = 1Cos, fllLrw) < C 1= bills [l o)
In particular, the commutators with smooth symbol (4, converge to Cj in the oper-
ator norm of LP(w). Therefore it suffices to prove compactness for the commutator
with smooth symbol.

Another reduction in the proof of Theorem 2 will be made by slightly modifying
the singular integral operator 7. This technique comes from Krantz and Li [12].
More precisely, for every n > 0 small enough, let us take a continuous function K"
defined on R™ x R", taking values in R or C, and such that:

(1) K'(z,y) = K(z,y) if |z —y[ =,

(2) |K"(z,y)| < S for § < [o—yl <n,

(3) K'(z,y) = 0if [z —y| < 3,
where Cj is independent of . Due to the growth properties of K, it is not restrictive
to suppose that condition 2 holds for all x,y € R". Now, let

T"f(z)= | K'z,y)f(y)dy,

Rn

and let us also denote

Oy f(x) = . T (x) = / (b(x) — b(y))K"(z,9) £ (4) dy.

n

We now prove that the commutators C} approximate Cj, in the operator norm.
Lemma 7. Let b € C}(R"). There exists a constant C' = C(n, Cy) such that
|Cof(x) — C) f(x)] < Cn||Vb|lw M f(z) almost everywhere,
for every n > 0. As a consequence,

lim |G} = Chllo)-00) = 0
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whenever w € A, and 1 < p < 00.
Proof. Let f € LP(w). For every x € R™ we have

@ﬂm—cwmaz/ (b() — b(y)) K (2 9) [ (4) dy

le—yl<n
_/] o (b(z) = b(y)) K" (x,y) f(y) dy
= I(z) + I(x).

Using the smoothness of b and the size estimates of K", we have that

|h@ns/’<:ww—bWMK@wmﬂwmy

«wwmzf -ﬁ%g@

T <lv— y|< L |II? -

< 9nCy, ||VbHooZM £ (y)] dy

j+1
2 lz—yl<3%

<n2"Cy IIVbHoo IB(O, DI M f(z)

for almost every x. For the other term, similarly

|b@nsmwwm/' Kz, )| /()] dy

2<|z—yl<n
Snawvwm/’ T

F<]z—yl<n |l‘ - yln

<n2"Co[|Vb]l |B(0,1)] |f(y)] dy
lz—yl<n

< 12" Co [|Vblloo [B(0, 1) M f ().

Therefore, the pointwise estimate follows. Now, the boundedness of M in LP(w) for
any A, weight w implies that

1Cof = CY fllLrwy < CnlIVblloo (M fllrw) < Cn [ Vbl [[ £l Lrw) — 0,

as 17 — 0. This finishes the proof of Lemma 7. 0

We are now ready to conclude the proof of Theorem 2. From now on, n > 0
and b € CH(R") are fixed, and we have to prove that the commutator Cy = [b, T"] is
compact. Thus, the constants that will appear may depend on b and 7.

We denote § = {C}'f; f € LP(w), ||f]lzrw) < 1}. Then § is uniformly bounded,
because Cy is a bounded operator on LP(w). To prove the uniform equicontinuity of
§, we must see that

lim sup ||C} f(-) = CY f(- + h)||rw) = 0.
h—0 feg
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To do this, let us write

Cyf(x) = G f(x+h) = (b(z) —b(z+h)) | K'(z,y)f(y)dy

Rn

T / (bl -+ h) = b)) (K72, y) = K"z + ) () dy

—/ ]1<I>y7h)dy+/ IQ(x7y7h>dy

For I1(x,y, h), using the regularity of the function b and the definition of the operator
T.,

/ ]1($7y,h)dy‘

< [IV0]|oo| ]

/| » (K"(z,y) — K(z,9)) f(y) dy+/ K(z,y)f(y)dy

lz—y|>2

< [[Vb]llh] </|_ . |K"(x,y) — K (2, y)] If(y)lderT*f(l'))

< |IVbl|oo| 2 (C M f(2) + Tof ()

for some constant C' > 0 that may depend on 7, but not on h. Therefore

(13 (1] ataman] wwae)” <l iflo,

for C' independent of f and h. Here we used the boundedness of M and T on LP(w)
(see |7, Chap. IV, Th. 3.6]). We will divide the integral of I5(z,y,h) into three

regions:

p

A:{yER": |x—y|>g, \x+h—yl>g},
B—{yER .|x—y|>§, \x+h—y|<§},
_ n. n n
C’—{yER .|x—y|<§, |x+h—y|>§}.

Note that Ir(x,y,h) =0 for y € R*\ AU BUC. Now, for the integral over A, we
use the smoothness of b and K",

/Iz(x,y,h)dy < C||Vb|o|h] Mdy
A

le—y|>7 |£C - y|n+1

h o0
<ovil LSl < ol g
7=0

z— y|< =1
( [ ][ e may w(w)dx) < O v
n|JA

for some constant C' that may depend on 1 and b, but not on h. In particular, the
term on the right hand side goes to 0 as |h| — 0.

thus
P
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The integrals of Iy(x,y,h) over B and C' are symmetric, so we only give the
details once. For the integral over the set B, let us assume that |h| is very small. We
can first choose Ry > 1/2 + |h| such that b vanishes outside the ball By = B(0, Ry).
It then follows that b(- + h) has support in 2By. Then, since B C B(x, |h| +1/2), we
have for |z| < 3Ry that B C 4B, and therefore

r+h—
[ nenu|scw. [ et
B BN4By |z — y

< Col| Vb / Wy,

BB, |7 — Y[

1

< Co | Vbl (2/m)™ / @) wiy) dy

BN4By

< Co Vbl (2/)" £l 0o ( [ et dy)

N4 Bgy
whence

[ Lo ) dy| wle)de < Ll ( /330w<x>dx) (f ety Fay)'

for some constant C' that might depend on 7, but not on h. If, instead, we have
|z| > 3Ry, then b(z + h) = 0 (because |h| < Ry so that |x + h| > 2Ry). Note also
that for y € B one has |z| < C|x — y| where C' depends only on 7. Therefore

O] a
I(z,y,h) dy’ < CHbHoo/ Mdy < ﬂ/ |f(y)|dy
B B BN4Bg

N4Bo |z —y| ||
1
C’ bl oo 2 o
Sl ([ v Fa)”
|| BN4B,

p

w(z)dx

P
/

This implies that

/ /fz(w,y,h)dy
R"\3B, |/ B
w(x S o
<olbtlsl ([ da) ([ wwva)
R"\3Bo :L'| BN4By

Summarizing,

|1 Bt iay
<Oy (07" )" ([ 00 [ )

After proving that
/ w(z) dr < o0,
|>3Ro 17|

the left hand side of (14) will converge to 0 as |h| — 0 since |B| — 0 as |h| — 0.
To prove the above claim, let us choose ¢ < p such that w € A, |7, Theorem 2.6,

p

w(zr)dz

(14)

’U\‘»@
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Ch. IV]. For such ¢, we have

/l w(z) dx:i/g i 2~'R)""w(B(0,2’R)).

z|>R |z |"P it Izl <9 ’$|np

By |7, Lemma 2.2] we have

C —Nn n C
(15) /| Z (271R)™" (2 R)"w(B(0,1)) = g < O

z|>R ’1:‘ p _

as desired. The equlcontlnulty of § follows.
Finally, we show the decay at infinity of the elements of § . Let x be such that
|z] > R > Ry. Then, x ¢ supp b, and

/ (b() = b(y) K" (. ) () dy‘ < 00”5”00/ %d

C1b]| s Cb]| s _p
< Clltl / ) dy < Pl ( / w(y) pdy)
|£L‘| supp b | | supp b

11) w(z) »
(/I:r:>R |ng($)|pw<l’> dfl:) < OHb”OOHfHLP(w) (/|I>R |x|np dx) )

The right hand side above converges to 0 as R — oo, due to (15). By Theorem 5, §
is totally bounded. Theorem 2 follows.

Gy f ()| =

e

whence

3. A priori estimates for Beltrami equations

We first prove Theorem 1. To do this, let us remember that the Beurling—Ahlfors
singular integral operator is defined by the following principal value

Bf(z) = —%P.V./%dw.

This operator can be seen as the formal 0 derivative of the Cauchy transform,

1
Cf(z) = — fw) d
T) z—w
At the frequency side, B corresponds to the Fourier multiplier m(§) = 5o that

é Y
B is an isometry in L?(C). Moreover, this Fourier representation also explains the
important relation

Bf)=of
for smooth enough functions f. By B* we mean the singular integral operator ob-
tained by simply conjugating the kernel of B, that is,

B (f)(2) = —%P.V/(_JCL_)dw.

zZ —w)?
Note that B* has Fourier multiplier m*(§) = % Thus,
BB* = BB =1d.
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In other words, B* is the L?-inverse of B. It also appears as the C-linear adjoint of
B,

/C Bf(=)9()dz = /C 7(2) Brg(2) .

The complex conjugate operator B is the composition of B with the complex conju-
gation operator Cf = f, that is,

B(f) = CB(f) = B(/).
It then follows that
B=CB=DB7C.

Note that B and B* are C-linear operators, while B is only R-linear. See [2, Chapter 4]
for more about the Beurling—Ahlfors transform.

Proof of Theorem 1. We follow Iwaniec’s idea [9, pp. 42-43|. For every N =
1,2,..., let

Py =Id+pB+---+ (uB)".

Then
(16) (Id — uB) Py 1 = Py_1(Id — puB) = 1d — " BY + Ky,

where Ky = pVBY — (uB)N. Each Ky consists of a finite sum of operators that
contain the commutator [u, B] as a factor. Thus, by Theorem 2, each K is compact
in LP(w). On the other hand, the N-th iterate BY of the Beurling transform is
another convolution-type Calderon—Zygmund operator, whose kernel is

T 2 N+1

bN(Z) =

(see for instance [16, p. 73]). Arguing as in |6, Lemma 7.9 & Theorem 7.11], one sees
that the operator norm ||BY| 1s(.) depends linearly on both the unweighted norm
|BY||»rn) and the Calderén—Zygmund constant |[BY|¢cz. Since both quantities
are bounded by a constant multiple of N2, one immediately sees that

(17) ||BN||Lp(w) < CN2,
with constant C' that depends on [w]a,, but not on N. As a consequence,

11BN fll oy < CONPll XN f1l v @)

and therefore, for large enough N, the operator Id — pVBY is invertible. This,
together with (16), says that Id — B is an Fredholm operator. Now apply the index
theory to Id — puB. The continuous deformation Id — tuBB, 0 < t < 1, is a homotopy
from the identity operator to Id — u3. By the homotopical invariance of Index,

Index(Id — uBB) = Index(Id) = 0.

Since injective operators with 0 index are onto, for the invertibility of Id — uB3 it just
remains to show that it is injective. So let f € LP(w) be such that f = uBBf. Then
f has compact support. Now, since belonging to A, is an open-ended condition (see
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e.g. |7, Theorem IV.2.6]), there exists § > 0 such that p—9J > 1 and w € A,_s. Then

W € L} .(C). Taking € = %, we obtain

14e p—(1+e)
p

. /C|f(x)\1+edx < (/suppf‘f(x)’pw(m)dﬂﬂ) v (/suppfw@)_m dx)

p=(+e€)
__14e P

< ||f||1L—£(ew) (/ fw(m) p—(1+e) d;p) < 00,

supp

therefore f € L'*¢(C). But Id — pB is injective on LP(C), 1 < p < oo, when
p € VMO(C), by Iwaniec’s Theorem. Hence, f = 0.

Finally, since Id — puBB: LP(w) — LP(w) is linear, bounded, and invertible, it then
follows that it has a bounded inverse, so the inequality

9/l < C /(XA — uB)gl|r(w)

holds for every g € LP(w). Here the constant C' > 0 depends only on the L”(w) norm
of Id — uB, and therefore on p, k and [w],,, but not on g. As a consequence, given
g € LP(w), and setting

(

fi=Cd - uB)'y,
we immediately see that f satisfies 0f — udf = g. Moreover, since w € A,,

IDf ey < N10f vy + 10.f] o)
= |B(Id — uB) gl o) + 1(Id — pB) gl o) < Cllgll o)

where still C' depends only on p, k and [w]a,.

For the uniqueness, let us choose two solutions f;, fs to the inhomogeneous
equation. The difference F' = f; — f, defines a solution to the homogeneous equation
OF — nOF = 0. Moreover, one has that DF € LP(w) and, arguing as before, one
sees that DF € L'*¢(C). In particular, this says that (I — uB)(0F) = 0. But for
€ VMO(C), it follows from Iwaniec’s Theorem that Id — B is injective in LP(C)
for any 1 < p < oo, whence OF = 0. Thus DF = 0 and so F is a constant. O

The C-linear Beltrami equation is a particular case of the following one,

9f(2) = n(2) f (2) = v(2) 9f (2) = g(2),

which we will refer to as the generalized Beltrami equation. 1t is well known that, in
the plane, any linear, elliptic system, with two unknowns and two first-order equa-
tions on the derivatives, reduces to the above equation (modulo complex conjugation),
whence the interest in understanding it is very big. An especially interesting exam-
ple is obtained by setting @ = 0, when one obtains the so-called conjugate Beltram:
equation,

0f(2) —v(2)0f(2) = g(2).
A direct adaptation of the above proof immediately drives the problem towards

the commutator [v, B]. Unfortunately, as an operator from LP(w) onto itself, such
commutator is not compact in general, even when w = 1. To show this, let us choose

vV =11y XD t+ V1XC\D,
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where the constant 1y € R and the function v; are chosen so that v is continuous on
C, compactly supported in 2D, with |||« < 1. Let us also consider

E={f¢eL” ||fller <1, supp(f) C D},
which is a bounded subset of LP. For every f € E, one has
vB(f) —B(vf) = xpiroB(f) + xc\p v1 B(f) — B(iny f)
= xpoB(f) + xc\p v1 B(f) + ivoB(f)
= xp2ivoB(f) + xc\p (ive + 1) B(f).
In view of this relation, and since B is not compact, we have just cooked a con-
crete example of function v € VMO for wich the commutator [v, B] is not compact.

Nevertheless, it turns out that still a priori estimates hold, even for the generalized
equation.

Theorem 8. Let 1 < p < oo, w € A, and let pu,v € VMO(C) be compactly
supported, such that |||p| + |V|||c < 1. Let g € LP(w). Then the equation

9f(2) = ul2) 0f (2) = v(2) f (2) = 9(2)
has a solution f with Df € L”(w) and

IDfllzrwy < Cllgllzrw).
This solution is unique, modulo an additive constant.

A previous proof for the above result has been shown in [11] for the constant
weight w = 1. For the weighted counterpart, the arguments are based on a Neumann
series argument similar to that in [11], with some minor modification. We write it
here for completeness. The following Lemma will be needed.

Lemma 9. Let pu,v € L*°(C) be measurable, bounded with compact support,
such that [[|p|+ |Vl < 1. If1 <p < 0o and p' = £, then the following statements
are equivalent:

(1) The operator Id — B — VE;LP(C) — LP(C) is bijective.

(2) The operator Id — i B* — v B*: L¥ (C) — L¥'(C) is bijective.

Proof. When v = 0, the above result is well known, and follows as an easy
consequence of the fact that, with respect to the dual pairing

(19) / e

the operator Id — uB: LP(C) — LP(C) has precisely Id — B*fi: L¥ (C) — L*'(C)
as its C-linear adjoint. Unfortunately, when v does not identically vanish, R-linear
operators do not have an adjoint with respect to this dual pairing. An alternative
proof can be found in [11]. We will think the space of C-valued L functions L?(C)
as an R-linear space,
L’(C) = Lg(C) ® Lr(C),

by means of the obvious identification u + iv = (u,v). According to this product
structure, every bounded R-linear operator T': L (C) & Lg(C) — L (C) & L (C)
has an obvious matrix representation

T(u+iv)=T(5>:(% %2)(75)
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where every T;;: L (C) — L% (C) is bounded. Similarly, bounded linear functionals
U: L%(C) @ L%(C) — R are represented by

(7)o (),

where every U;: L (C) — R is bounded. By the Riesz Representation Theorem, we
get that L% (C) @ L& (C) has precisely L%(C) ® Lg(C) as its topological dual space.
In fact, we have an R-bilinear dual pairing,

<( » ) ’ ( Zﬁ )> = /U(Z)U’(z)dz+/v(z>v'(z)dz,

whenever (u,v) € Li(C) @ L (C) and (u/,v) € Lg(C) @ L’P’;(C), and which is
nothing but the real part of (19). Under this new dual pairing, every R-linear
opeartor T': Lj(C) & L{(C) — LR (C) @ LR (C) can be associated another operator

T': Li(C) ® L (C) — Lp(C) @ Lk(C),
called the R-adjoint operator of T', defined by the common rule

() ()= (r(2)-(0))

If T is a C-linear operator, then 7" is the same as the C-adjoint T* (i.e. the adjoint
with respect to (19)) so in particular for the Beurling—Ahlfors transform B we have
an R-adjoint B’, and moreover B* = B’. Similarly, the pointwise multiplication by
p and v are also C-linear operators. Thus their R-adjoints p/, v/ agree with their

respectives C-adjoints p*, v*. But these are precisely the pointwise multiplication

with the respective complex conjugates. Symbollically, ¢ = 7n and v/ = 7. In
contrast, general R-linear operators need not have a C-adjoint. For example, for the

complex conjugation,
Id 0
C= < 0 —-Id )

one simply has C’ = C. Putting all these things together, one easily sees that
(Id — uB —vB) = (Id — uB — vCB)' =1d — (uB)’ — (vCB)’

=Id- By -BCV =1d - Bu— B*Cv

=B"(Id —uaB*— CvB*)B =B (Id — uB* — vCB"*) B,
where we used the fact that B*B = BB* = Id. As a consequence, and using that
both B and B* are bijective in LP(C), we obtain that the bijectivity of the operator
Id — uBB — yl? in L%(C,) ® L% (C) is equivalent to that of Id — BB* — vCB* in the
dual space L} (C) @ L& (C). Similarly, one proves that

(Id — uB* — vCB*) = B(Id — u B — v B)B*.
Hence, the bijectivity of Id — uB’j — VCB*lin L% (C) & LR (C) is equivalent to the
bijectivity of Id — B — v B in LK (C) & L (C). O
Lemma 10. If 1 < p < o0, w € Ay, p,v € VMO have compact support, and

| + |¥]||oo <k < 1, then the operators

Id — uB—vB and Id— uB* —vB*
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are Fredholm operators in LP(w).

Proof. We will show the claim for the operator Id — uB—vB. For Id —uB* — vB*
the proof follows similarly. It will be more convenient for us to write B = CB. As in
the proof of Theorem 1, we set

Then
(Id — uB — vCB) o Py_1 = Id — (uB + vCB)Y

Py_10(Id — uB+vCB) = 1d — (uB + vCB)Y
We will show that
(20) (uB+ vCB)Y = Ry + Ky
where Ky is a compact operator, and Ry is a bounded, linear operator such that
1Ry fllzow) < C kY N || fllzow)

Then, the Fredholm property follows immediately. To prove (20), let us write, for
any two operators 17, 15,

(11 + Tz Z 15,

oe{1,2}V

where 0 € {1,2}" means that o = (0(1),...,0(N)) and o(j) € {1,2} for all j =
1,...,N, and

TG’ = U(I)TU(Q) S TO’(N)‘
By choosing Ty = ulBB and T, = vCB, one sees that every T;(;) can be written as

To() = Mo(5Coy)B
being My = pu, My = v, C; = 1Id and Cy = C. Thus
T, = MyyCo)B My 2)Co)B ... My(n)Co(nyB-
Our main task consists of rewriting 7T, as
(21) Ty = MoyCo(1YMy(2)Co(2) - - - Mo(n)Co(ny Bo + Ko

for some compact operator K, and some bounded operator B, € {B,B8*}". If this
is possible, then one gets that

(Tl + T2 Z M 0(1 o(2 )Ca(g) e MO'(N)CU(N) B, + Z K,
oe{1,2}N oe{1,2}N
= Ry + Ky.

It is clear that Ky is compact (it is a finite sum of compact operators). Moreover,
from B, € {B,B*}", one has

B2 f(2) Z|B"f A+ 1B f(2)
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Thus
[Bxf() < ) IMoyCotty - M) Co) Bof(2)]
oe{1,2}N
N N
< D Moy ()] Mo (2)] (Z !B”f(Z)I+Z!(B*)”f(Z)I>
oe{1,2}N n=1 J=1

= (Z B"f(2)] + Z I(B*)”f(zﬂ) (M (2)] + [M2(2) )Y

Now, since ||B? f|| o) < Cu3* || fll1r(w) (and similarly for (B*)", see (17)), one gets
that

N
IRN fllze@) < II[Mi] + [M2]]|% Co (Zf) 1£llzr@) = CKY N* [ fll o)
j=1

and so (20) follows from the representation (21). To prove that representation (21)
can be found, we need the help of Theorem 2, according to which the differences
K; = BM,(jy — M,;)B are compact. Thus,
To = MU(I)CO'(I)B MU(2)CO'(2)B s MO’(N)CO'(N)B
= 0(1)00(1)]\/[0(2)8 CG—(Q)MO-(3) e BCU(N)B + K,
where all the factors containning K; are includded in K,. In particular, K, is com-
pact. Now, by reminding that
CB=B"C,
we have that BCy (1) = Cy(j41)B; for some B; € {B,B*}. Thus
Ty = My(1)Co(1)yMy(2)Co2) By My(3) - .. ConyBn-1B + K,
Now, one can start again. On one hand, the differences B; My(j12) — My(j1+2)B;
are again compact, because B; € {B,B*} and M,;2 € VMO. Moreover, the
composition B;Cy(j+2) can be writen as Cy(j12)B;, where B; need not be the same
as B; but still B; € {B,B*}. So, with a little abbuse of notation, and after repeating
this algorythm a total of N — 1 times, one obtains (21). The claim follows. O

Proof of Theorem 8. The equation we want to solve can be rewritten, at least
formally, in the following terms

(Id — uB — vB)(9f) = g,
so that we need to understand the R-linear operator 7 = Id—uB—vB. By Lemma 10,
we know that 7" is a Fredholm operator in L?(w), 1 < p < co. Now, we prove that it
is also injective. Indeed, if
T(h)=0
for some h € LP(w) and w € Ay, it then follows that
h = uB(h) + vB(h)

so that h has compact support, and thus h € L'*¢(C) for some € > 0 (arguing as in
(18)). We are then reduced to show that

T: L'**(C) — L'**(C) is injective.
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Let us first see how the proof finishes. Injectivity of T'in L'*¢(C) gives us that h = 0.
Therefore, T' is injective also in LP(w). Being as well Fredholm, it is also surjective,
so by the open map Theorem it has a bounded inverse T7!: LP(w) — LP(w). As a
consequence, given any g € LP(w), the function

f=CT"(g)

is well defined, and has derivatives in LP(w) satisfying the estimate

1D fllzr@y < 10 llzow) + 10F o) = IBTH(9)ll oy + 1T~ (9) ] o)
< (C+DITH9llzrw) < Cligllzrw).

because w € A,. Moreover, we see that f solves the inhomogeneous equation

9f(2) = p(2) 0f (2) = v(2) 0f (=) = g(2).
Finally, if there were two such solutions fi, fs, then their difference F' = f; — f
solves the homogeneous equation, and also DF' € LP(w). Thus
T(OF) = 0.

By the injectivity of T we get that OF = 0, and from DF € LP(w) we get that
OF = 0, whence F must be a constant.

We now prove the injectivity of 7" in LP(C), 1 < p < oo. First, if p > 2 and
h € LP(C) is such that T'(h) = 0, then h has compact support, whence h € L*(C).
But B, B are isometries in L?(C), whence

12llz < K [BAl2 = K[l ]2
and thus h = 0, as desired. For p < 2, we recall from Lemma 9 that the bijectivity of
T in LP(C) is equivalent to that of T’ = Id — zBB* — vB* in the dual space L?(C). For
this, note that the injectivity of 7" in L (C) follows as above (since p’ > 2). Note

also that, by Lemma 10 we know that 7" is a Fredholm operator in L (C), since 7
and v are compactly supported VMO functions. The claim follows. O

4. Applications

We start this section by recalling that if pu, v € L*°(C) are compactly supported
with |||s] + V]|l < k < 1 then the equation

I(2) — p(2) 0d(2) — v(2) 9p(2) = 0
admits a unique homeomorphic W,>?(C) solution ¢: C — C such that |¢(z) —z| — 0
as |z| — oo. We call it the principal solution, and it defines a global K-quasiconformal
1+k

map, K = {75. See the monograph [1].

Applications of Theorem 1 are based in the following change of variables lemma,
which is already proved in [3, Lemma 14|. We rewrite it here for completeness.

Lemma 11. Given a compactly supported function u € L*°(C) such that ||j]|oo <
k < 1, let ¢ denote the principal solution to the equation

96(2) — u(2) 9(z) = 0.
For a fixed weight w, let us define

() = w(@ () J(¢, o) 2.

The following statements are equivalent:
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(a) For every h € LP(w), the inhomogeneous equation

(22) 9f(2) = ul(2) 9f (2) = h(2)
has a solution f with Df € LP(w) and
(23) IDfllLrw) < CrllhllLew)
(b) For every h € LP(n), the equation
(24) 9g(¢) = h(¢)
has a solution g with Dg € LP(n) and
(25) 1Dgll oy < Co [Pl oy

Proof. Let us first assume that (b) holds. To get (a), we have to find a solution
f of (22) such that Df € LP(w) with the estimate (23). To this end, we make in (22)
the change of coordinates g = f o $~1. We obtain for g the following equation

(26) 99(¢) = h(¢),
where ( = ¢(2) and

h(Q) = h(z) ff(qj)

In order to apply the assumption (b), we must check that h € LP(n). However,

Il = [ BP0 ¢ = [ o) 0(2) J(z.0)

= [ —2E o a < Il
TR S T

Since h € L?(n), (b) applies, and a solution g to (26) can be found with the estimate
Cy
(1— k)2
With such a g, the function f = g o ¢ is well defined, and

/ Df()Pw(z)dz = / Dg(6(2)) Dé(2) P wlz) dz
- / Dg(C) D6 ()P wl6™1(0)) J(C. & )¢

(M|

dz

1 Dgll ey < C2 ||l Lo

1Al r(w)

(Hk) /|D9 )17 J(671(C), 0) 2 w(9H()) J(¢,671)d¢

= (25 [insoraoac

due to the H’“ -quasiconformality of ¢. Moreover, f satisfies the desired equation,

Ca
1-k°

To show that (a) implies (b), for a given h € L?(1)) we have to find a solution
of (24) satisfying the estimate (25). Since this is a J-equation, this could be done
by simply convolving i with the Cauchy kernel i, but then the desired estimate for
the solution g cannot be obtained in this way, because at this point the weight 7 is

and so (a) follows, with constant Cy =
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not known to belong to A4,. So we will proceed in a different maner. Namely, let
h € LP(n) be fixed, and set h(z) = h(¢(2)) dp(2) (1 — |u(2)[?). Then

/ Ih(2)[Pwlz) dz = / RO (1= [a(d ()2 n(C) d¢ < / RO (¢)d¢

and so h € LP(w). By (a), the equation

9f(2) — u(2) 0f (2) = h(2)
has a unique solution f With Df € LP(w), and furthermore HDf||Lp(w < Cy ||l o
Now we simply set ¢ = f o ¢~ '. By the chain rule, one gets that dg = h, and

[ 105 Pnac = [ Dglo )P0 o () ds
/ D(god)(2) (D6 (2) P (2. 6 (6~ (2)) dz
< / D IDO(6 ()T (226 (67 (=) dz

g(ﬂ) [ ID1EIP 167 @080 (o ()

1—k
14k
- (B ipsepatas
1—k
Thus, || Dyl o) < Ca ||kl 1oy with Co = (Hk) C1, and (b) follows. O

According to the previous Lemma, a priori estimates for 0 — ud in LP(w) are
equivalent to a priori estimates for d in L?(n). However, by Theorem 1, if w is taken
in A, the first statement holds, at least, when p is compactly supported and belongs
to VMO. We then obtain the following consequence.

Corollary 12. Let u € VMO be compactly supported, such that || < 1,
and let ¢ be the principal solution of

Do(=) — (=) 6 (2) =
If1 <p<ooandw € A,, then the weight

n(z) =w(@'(2)) J(z,07")'
belongs to A,. Moreover, its A, constant [n]4, can be bounded in terms of u, p and
[w]Ap'
Proof. Under the above assumptions, by Theorem 1, we know that if h € LP(w)

then the equation f — pdf = h can be found a solution f with Df € LP(w) and
such that || D f||rrw) < Co ||h||1r(w), for some constant Cy > 0 depending on &, p and

[w]a,. Equivalently, by Lemma 11, for every he Lp (n) we can find a solution g of
the inhomogeneous Cauchy—Riemann equation

dg = h,
with Dg € LP(n) and in such a way that the estimate
1Dgllzrimy < C ]l o
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holds for some constant C' depending on Cy, k and p. Now, let us choose ¢ € Cs°(C)
and set h = Jp. Then of course g = ¢ and dp = B(0Jp), and the above inequality
says that _ _

10l + 104l vy < C 0@l o)

whence the estimate

(27) IB) | o) S( C? = 1) Lo

holds for any ¢ € D* = {¢) € C°(C fz/J = 0}. It turns out that D* is a dense
subclass of LP(n), provided that n € Lloc is a positive function with infinite mass.
But this is actually the case. Indeed, one has

/( 0)d¢ = / IURCCRCRE

Above, the integral on the right hand 81de certainly grows to infinite as R — oo.

Otherwise, one would have that .J(-, ¢)2 € LP(w). But ¢ is a principal quasiconformal
map, hence J(z,¢) =1+ O(l/|z|2) |z] — oo. Thus for large enough N > M > 0,

/M<z|<N Tt ulz)dz2 C /M<|z|<Nw<Z> .

and the last integral above blows up as N — oo, because w is an A, weight.
Therefore, the estimate (27) holds for all ¢ in LP(n). By [17, Ch. V, Proposition
7|, this implies that n € A,, and moreover, [n]4, depends only on the constant

(CP = 1)», that is, on k, p and [w]4,. 0

The above Corollary is especially interesting in two particular cases. First, for
the constant weight w = 1 the above result says that

J(o ) P2eA, 1<p<oo

Without the VMO assumption, this is only true for the smaller range 1 4 ||u||o0 <
p<l1l+ m (see e.g. |2, Theorem 13.4.2]). Secondly, by setting p = 2 in Corollary

12 we get the following.

Corollary 13. Let u € VMO be compactly supported, and assume that || p||o <
1. Let ¢ be the principal solution of

Ip(2) — u(2) 9¢(2) =
Then, for every w € Ay one has wo ¢~ € Aj.

The above result drives us to the problem of finding what homeomorphisms ¢
preserve the A, classes under composition with ¢~!. Note that preserving A, forces
also the preservation of the space BMO of functions with bounded mean oscillation,
and thus such homeomorphisms ¢ must be quasiconformal [14]. However, at level of
Muckenhoupt weights, the question is deeper. As an example, simply consider the

weight
1
<) =
z (03

and its composition with the inverse of a radial stretching ¢(z) = z|z|%~1. It is clear
that the values of p for which A, contains w and w o ¢! are not the same, whence
preservation of A, requires something else. This question was solved by Johnson and
Neugebauer [10] as follows.
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Theorem 14. Let ¢: C — C be K-quasiconformal. Then, the following state-
ments are equivalent:

(1) If w € Ay then wo ¢~ € Ay quantitatively.

(2) For a fixed p € (1,00), ifw € A, then wo ¢~ € A, quantitatively.

(3) J(-,¢71) € A, for every p € (1,00).

It follows from Corollary 13 and Theorem 14 that, if 4 € VMO is compactly
supported, [[u[lc < k < 1 and ¢ is the principal solution to the C-linear equation
0¢ = 1 0¢, then

J(,07h) € A, forevery p > 1.
By quasisymmetry, the A, condition (5) for J(-,¢~!) also holds if D is quasidisk.
But then, after a change of coordinates, one gets for any disk D" and D = ¢(D’) that

(fo00) (o) - ((7[ o) (4 J(-,¢>P');'>p,

where p/ = ]%. As a consequence, we get that J(-, ¢) satisfies the reverse Holder
estimate (4) for any 1 < p’ < oco. This shows Corollary 4.

It is not clear to the authors what is the role of C-linearity in the above results.
In other words, there seems to be no reason for Theorem 13 to fail if one replaces the
C-linear equation by the generalized one, while mantainning the ellipticity, compact
support and smoothness on the coefficients. Thus one may ask what is the class of

weights w > 0 for which the estimate

IDfllz2) < CIOf = ndf —vfllize
holds for any f € C3°(C). The following result, which is a counterpart of Lemma 11,
explains this class contains A,,.

Lemma 15. To each pair p,v € L>(C) of compactly supported functions with
Il + V]l < k < 1, let us associate, on one hand, the principal solution ¢ to the
equation

9o (2) — () 96(2) — v(2) BG(2) =,
and on the other, the function A defined by \o ¢ = 1_|;|2+:‘V|2 For a fixed weight w,
let us define

n(¢) = w(¢™H(9)) J(¢.o™H)' .
The following statements are equivalent:

(a) For every h € LP(w), the equation

31 (=) - (=) 01 (2) — () F(E) = h2)
has a solution f with Df € LP(w) and || D f||rw) < C ||h]lLr(w)-
(b) For every h € LP(n), the equation
9g(¢) = M¢) Im(9g(¢)) = h(¢)
has a solution g with Dg € L”(n) and || Dg| sty < C Al ot)-

Although the proof requires quite tedious calculations, it follows the scheme of
Lemma 11, and thus we omit it. From this Lemma, the following one is a natu-
ral question to ask.
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Question 16. Let w € Li (C) be such that w(z) > 0 almost everywhere, and
let A € L>(C) be a compactly supported VMO function, such that ||\l < 1. If
the estimate B

IDfllrwy < CllOf = A Im(Of)]| v (w)
holds for every f € C§°, is it true that w € Ay?

What we actually want is to find planar, elliptic, first order differential operators,
different from the 0, that can be used to characterize the Muckenhoupt classes A,. In
this direction, an affirmative answer tho Question 16 would allow us to characterize
Ay weights as follows: given p, v € VMO uniformly elliptic and compactly supported,
a positive a.e. function w € L{ . is an Ay weight if and only if there is a constant
C > 1 such that

(28) IDflr2w) < C |0f — pof — VWHLQ(W), for every f € C5°(C).
Note that if one assumes |||u| + [V|||« < € for some € > 0, then (28) implies that
10f 122 + 10 |2y < CNOf N2y + C € 01|12 -
In particular, if for some reason € < % then one gets
c—-1 =
10fl120) < 710l
From the above estimate, weighted bounds for B easily follow, and so in this case
such a characterization holds.
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