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Abstract. In this paper, we continue to discuss normality based on a single holomorphic
function. We obtain the following result. Let F be a family of functions holomorphic on a domain
D C C. Let k > 2 be an integer and let h (£ 0) be a holomorphic function on D, such that h(z)
has no common zeros with any f € F. Assume also that the following two conditions hold for every
feF: (a) f(2) =0 = f'(2) = h(z), and (b) f'(2) = h(z) = |f*)(2)| < ¢, where c is a constant.
Then F is normal on D. A geometrical approach is used to arrive at the result that significantly
improves a previous result of the authors which had already improved a result of Chang, Fang and
Zalcman. We also deal with two other similar criterions of normality. Our results are shown to be
sharp.

1. Introduction

In [11], Pang and Zalcman proved the following theorem.

Theorem PZ. Let F be a family of meromorphic functions on a domain D C C,
all of whose zeros have multiplicity at least k, where k > 1 is an integer. Suppose there
exist constants b # 0 and h > 0 such that, for every f € F, f(z) =0 <= f®(2) =b
and f(z) =0 =0 < |f**Y(2)| < h. Then F is a normal family on D.

Then, in [1], Chang, Fang and Zalcman proved the following result.

Theorem CFZ1. [1, Theorem 4| Let F be a family of functions holomorphic
on a domain D C C. Let k > 2 be an integer, and let h(z) # 0 be a function analytic
in D. Assume also that the following two conditions hold for every f € F:

(a) f(2) =0= f'(2) = h(z), and

(b) f(2) = h(z) = |f®)(2)| < ¢, where c is a constant.

Then F is normal on D.

And in [4], we replaced the condition h(z) # 0 with h(z) #Z 0 and obtained the
following result.

Theorem LN. Let F be a family of functions holomorphic on a domain D C C.
Let k > 2 be an integer, and let h(z) (% 0) be a holomorphic function on D, all of
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whose zeros have multiplicity at most k — 1, that has no common zeros with any
f € F. Assume also that the following two conditions hold for every f € F:

(a) f(2) =0= f'(2) = h(z), and
(b) f'(2) = h(z) = |f¥)(2)| < ¢, where c is a constant.

Then F is normal on D.

We now pose the following question: Can the restriction for the zeros of h(z)
with multiplicity at most £ — 1 be dropped? In this paper, we continue to study the
above problem and obtain an affirmative answer.

Theorem 1. Let F be a family of functions holomorphic on a domain D C C.
Let k > 2 be an integer, and let h(z) (# 0) be a holomorphic function on D that has
no common zeros with any f € F. Assume also that the following two conditions
hold for every f € F:

(a) f(2) = 0= [f'(2) = h(z), and
(b) f(2) = h(z) = |f®)(2)| < ¢, where c is a constant.

Then F is normal on D.

Also in [1], the case for the kth derivative was considered and the following result
was proved.

Theorem CFZ2. [1, Theorem 1| Let F be a family of functions holomorphic
on a domain D C C, all of whose zeros have multiplicity at least k, where k # 2 is a
positive integer, and let h(z) # 0 be a function analytic in D. Assume also that the
following two conditions hold for every f € F:

(a) f(2) =0= f¥(2) = h(z), and
(b) f®(2) = h(z) = |f**V(2)| < ¢, where ¢ is a constant.

Then F is normal on D.
For the case k = 2, the following result was obtained.

Theorem CFZ3. [1, Theorem 3| Let F be a family of functions holomorphic
on a domain D C C, all of whose zeros are multiple, where s > 4 is an even integer;
and let h(z) # 0 be a function analytic in D. Assume also that the following two
conditions hold for every f € F:

(a) f(z) =0= f"(z) = h(z), and
(b) f"(2) = h(z) = | f"(2)| + |f¥(2)| < ¢, where c is a constant.

Then F is normal on D.

In view of the improvement of Theorems CFZ1 and LN via Theorem 1, the
question that naturally arises concerning Theorems CFZ2 and CFZ3 is whether the
condition h(z) # 0, z € D can be weakened to “h # 0”. It turns out that the answer
is negative in both cases. It is negative even if A has no common zero with any f € F
(like in Theorem 1). To construct the first example, concerning Theorem CFZ2, we
first need to mention the following famous result of Lucas.

Theorem Lu. [5], [6, p. 22] Let P(z) be a nonconstant polynomial. Then all
the zeros of P'(z) lie in the convex hull H of the zeros of P(z). Moreover, there are
no zeros of P'(z) on the boundary of H, unless this zero is a multiple zero of P(z)
or the zeros of P(z) are colinear.
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Example 1. Let » > 1 and k£ > 3 be integers, D = A be the unit disc and

h(z) = 2". Define
k
fn(z) = anp <Z€ - %) )

(k=1

where £ = k +r and n = "

We have ,
H(z—a")

( 27Tj)
exp ZT
) = , for 1 < 7 < /. By calculation,

where ozg-n = m
. k
k 1\’
f(k) ( 5n)> = kla, H <a§n) — agn)) = kla, (zé — 7)
t=1,t£] n o=al")
k(1)
= Klant* (af”) " .
Thus,
2 2rwkg 2111
W s [ (o)) = - 2 -2 2|

Here the equalities are modulo 27, and we used in the last equality that r + k& = /.

We have
f(k;) (a(n)>‘ B kwkné(kfl) l k(¢—1) B l r B
N Rt n “\n/)

(2)
From (1) and (2) we have that f,(z) =0 = fék)(z) = h(z), i.e., assumption (a) of
Theorem CFZ2 holds.

In order to confirm (b) of Theorem CFZ2, set

_ ¢
fn(2) = fnl2) =

z
=1y (r+1)
We have fi7(z) = h(z) < fP(z) =0.
Now

" k=17 , 1\* A
®) =0 =" (4 ) = ey

Suppose by negation that there exist a sequence {z,}32, (z, — 0) and a se-
quence of natural numbers {k,}>°, (k, — 00), such that f, (z,) = 0. Then since
n—oo

¢
(knza)” —1 — 1, from (3), we get
(K 2n)
nzn n—oo

ol

(4) k;r,(zk_l)e(knzn)ke k?'fk
H .
ket n—oo L({ —1)---(r+1)

But the left hand side of (4) tends to 0o, as n — 0o, a contradiction.
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We deduce that there exists some 0 < C} < oo, such that every zero z, of fvn

Cl . By Theorem Lu, we have also |z,| < =L C for every z,, which is a

satisfies |zn| <
zero of fi. But those {z,,} are exactly the points where fn ( ) = h(z).

Hence f,gk)(z) = h(z) implies that |z| < %, and we have only to prove the
following claim.

Claim 1. There exists 0 < C' < 0o, such that |z| < % implies ]f£k+1)(z)| <C.

(k—1)¢ k (k—1)¢ k 4 L(k—7) )
Proof. We have f,(z) = nk!ﬁk <z€ — #) = nk!ﬁk 3 (?)zfﬂ (%) (—1)~.

7=0
Thus, since 5 > k + 1 only for j > 1, we get that

(k=1 k k 1 Lk—1j ' '
R = = D0 ( ) (—) (D0l = 1) (6 — K = 1)

klek =\ n

Thus, if |z] < Cl , then

(k—1)¢ k k
n i—k— . . . iy i
FEVE < — Z(j)cfﬂ UG = 1) (G — k= ) g
I
nkt1-t k EN\ pipy
=k,—£k§j(j)cﬁ‘ Ui - 1) (G —k=1) <G,
T

k )
where C' = k%ek > (HCr (6 =1) - (4j—k—1). (Here we used that k+1—( <
0.) Claim 1 is proved. O

Hence, {f,} with h satisfy (a) and (b) of Theorem CFZ2, but {f,} is not normal
at z = 0.

Observe that when k = 1, then a, = % -+ 00, and we do not get a non-normal
family, as expected by Theorem 1.

The following example shows that the condition h(z) # 0 is essential also to
Theorem CFZ3.

Example 2. (cf. [1, Ex. 4]) Let s > 4 be an even integer and consider the family

F={fz)}

Let h(z) = 2°~2. We have that

Ful 232 H < (n))

(n) _ exp(i2mj/s) .
Whereaj =—F—,1<j<s
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By calculation we have

5) e =" (s e - )

(6) ) =" (s - pias -2z - B e
_ “5(3 1)z {(43 —9)2f Sn_ﬂ ,

and

(7) f9(z) = % {(23 —1)(25—2)---(s+1)2° — w} .

Now, if f,(z) =0, then z = Oéj(n) for some 1 < j <'s, and thus 2° = # and by (5),
fi(z) = 2°7% = h(2).

If f/(z) = 2572 = h(z), then by (5), z =0 or z = aén), 1 <j<s. By (6)and
(7), we get

(8) LP0) =0, fi2(0) = ==
and
©) £ (al”) =3(s - 1)%, 78 (o) = % {@ —(s— 1)

From (8) and (9), we see that the family F with h satisfy assumption (a) and (b)
of Theorem CFZ3, but F is not normal at z = 0. Indeed, the reason must be that
h(0) = 0.

In Example 1, we have that f**1(z) # 0 at the zero points of f¥)(z) — h(2). If
we strengthen condition (b) of Theorem CFZ2 to be f*)(2) = h(z) = f*+1(2) = 0,
then we can obtain the following normal criterion.

Theorem 2. Let F be a family of functions holomorphic on a domain D C C,
all of whose zeros have multiplicity at least k, where k # 2 is a positive integer.
Let h(z) (# 0) be a holomorphic function on D, that has no common zeros with any
f € F. Assume also that the following two conditions hold for every f € F:

(a) f(2) = 0= f¥(2) = h(2), and

(b) fW(2) = h(z) = f*+D(2) = 0.

Then F is normal on D.

Similarly, if we strengthen the condition (b) of Theorem CFZ3 to f"(z) =
h(z) = f"(z) = f®(z) = 0, then we can also obtain the normality criterion.

Theorem 3. Let F be a family of functions holomorphic on a domain D C C,
all of whose zeros are multiple, where s > 2 is an even integer. Let h(z)(# 0) be
a holomorphic function on D, that has no common zeros with any f € F. Assume
also that the following two conditions hold for every f € F:

(8) f(2) =0 = f"(2) = h(z), and
(b) £(2) = h(z) => f"(2) = ) (z) = 0.

Then F is normal on D.
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Before we go to the proofs of the main results, let us set some notation. Through-
out, D is a domain in C. For z5 € C and r > 0, A(zg,7) = {2: |z — 20| < 7}
and A'(z9,7) = {2: 0 < |z — 2| < r}. The unit disc will be denoted by A and
C* = C\ {0}. We write f,(2) & f(2) on D to indicate that the sequence {f,} con-
verges to f in the spherical metric, uniformly on compact subsets of D, and f,, = f
on D if the convergence is in the Euclidean metric. For a meromorphic function
f(z)in D and a € C, Ey(a) :== {2z € D: f(z) = a}. The spherical derivative of the
meromorphic function f at the point z is denoted by f#(z).

Frequently, given a sequence {f,,}5° of functions, we need to extract an appro-
priate subsequence; and this necessity may recur within a single proof. To avoid the
awkwardness of multiple indices, we again denote the extracted subsequence by {f,}
(rather than, say, {f,,}) and designate this operation by writing “taking a subse-
quence and renumbering”, or simply “renumbering”’”. The same convention applies to
sequences of constants.

The plan of the paper is as follows. In Section 2, we state a number of preliminary
results. Then in Section 3 we prove Theorem 1. Finally, in Section 4 we prove Theo-
rem 2.

2. Preliminary results

The following lemma is the local version of a well-known lemma of Pang and
Zalcman [11, Lemma 2|. For a proof see [4, Lemma 2|, also cf. [9, Lemma 2|, [14, pp.
216-217], |7, pp. 299-300|, [8, p. 4].

Lemma 1. Let F be a family of functions meromorphic in a domain D, all of
whose zeros have multiplicity at least k, and suppose that there exists A > 1, such
that |f®)(z)| < A whenever f(z) = 0. Then if F is not normal at zy € D, there
exist, for each 0 < a < k,

(a) points z, — zo,
(b) functions f, € F, and

(c) positive numbers p, — 0"

such that g,(C) := p;%fa(zn + fo0) = g(¢) on C, where g is a nonconstant mero-
morphic function on C, such that for every ¢ € C, g#(¢) < g#(0) = kA + 1.

Lemma 2. [1, Lemma 5| Let f be a nonconstant entire function of order p,
0 < p <1, all of whose zeros have multiplicity at least k, where k # 2 is a positive
integer. And let a # 0 be a constant. If E;(0) C E s (a) C E s (0), then

a(z — b)*
1) = 0
where b is a constant.

Lemma 3. [1, Lemma 6| Let f be a nonconstant entire function of order p,
0<p<1,al oflfhose Zeros are miﬂtiple. Leis > 4 be an even integer and a # 0
be a constant. If E;(0) C Egn(a) C Epn(0) N E(0), then

s = 22

where b is a constant.
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Lemma 4. (see |2, pp. 118-119, 122-123|) Let f be a meromorphic function on
C. If f# is uniformly bounded on C, then the order of f is at most 2. If f is an
entire function, then the order of f is at most 1.

The following lemma is a slight generalization of Theorem CFZ2 for sequences.

Lemma 5. (cf. [4, Lemma 5|) Let {f,} be a sequence of functions holomorphic
on a domain D C C, all of whose zeros have multiplicity at least k, and let {h,}
be a sequence of functions analytic on D such that h,(z) = h(z) on D, where
h(z) # 0 for z € D and k # 2 be a positive integer. Suppose that, for each n,
fu(2) =0 = fP(2) = hu(2) and fP(2) = ha(z) = [ (2) = 0. Then {f,} is
normal on D.

Proof. Suppose to the contrary that there exists zy € D such that {f,} is not
normal in zg. The convergence of {h,} to h implies that, in some neighborhood

of z, we have fu(z) = 0 = [fP(2)] < |h(z)] + 1 (for large enough n). Thus
we can apply Lemma 1 with @ = k& and A such that kA + 1 > max{|h(zo)| +

h k! k! .
1, (‘k (_201))’!, \lli(zlg)\} = max{]h(zo)] +1, %} So we can take an appropriate

subsequence of {f,} (denoted also by {f,} after renumbering), together with points
2p — 2o and positive numbers p, — 07 such that

) = fn(2n + pnC)

" = g(¢) on C,

9n(C

where ¢ is a nonconstant entire function and

g(Q) < ¢°(0) = kA + 1 = k(|h(z)] + 1) + 1.
We show that
(10) E4(0) C B m(h(20)) C Eywi1)(0).

In fact, if there exists (y € C, such that g({y) = 0, then since ¢g(¢) # 0, there
exist (,, ¢, — (o, such that if n is sufficiently large,
. fn(zn + ,On(n)

gn(Cn) - T = 0.

Thus f,(z, + pnCs) = 0, so that f,(lk)(zn + pnCn) = hn(2n + pnCn), i-e., that g,(zk)(cn)
P (Zn4pnCn). Since g®)(¢o) = lim 9%(¢a) = h(z0), we have established that E,(0) C

Eg(k)(h(ZQ)).

Now, suppose there exists ¢, € C, such that ¢ ((y) = h(z). If ¢ (¢) = h(z),
then ¢g**Y = 0 and we are done. Thus we can assume that ¢*) is not constant and
since fT(Lk)(zn + pnC) — (20 + puC) = g™ (¢) — h(20), we get by Hurwitz’s Theorem
that there exist (,, ¢, — (o, such that

fék)(zn + pnGn) = hn(zn + puCn) = gﬁzk)(gn) — (20 + pnCa) = 0.

Thus we have fékﬂ)(zn + pnGy) = 0 and gffﬂ)(gn) = 0. Letting n — oo, we get that
g* 1 (¢y) = 0. This completes the proof of (10). Now, by Lemmas 4 and 2, we have
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9(¢) = h(%)(i!— Cl)k

, where (; is a constant. Thus

_ h(o)l|G* /(R — 1)!
gﬁ(o) - 1+ ’h(Zo)‘2’C1’2k/k‘2 :

Now, if |¢;] < 1, then ¢*(0) < |h(z0)] < kA + 1, and if |¢;| > 1, then ¢*(0) <

(k—1)!
|h(zo) 1G]/ (k= 1)! < k- k!
h(z0) Pl /R~ [h(20)]

Similarly, we can get a slight generalization of Theorem CFZ3 for sequences.

< kA+ 1. In either case we get a contradiction. [

Lemma 6. Let {f,} be a sequence of functions holomorphic on a domain D C C,
all of whose zeros are multiple and {h,,} be a sequence of functions analytic on D such
that h,(z) = h(z) on D, where h(z) # 0 for z € D, and s > 2 be an even integer.
Suppose that, for each n, f,(z) = 0 = f/(2) = h,(2) and f)(2) = h,(z) =
F"(z) = f$(2) = 0, then {f,} is normal on D.

The proof is very similar to the proof of Lemma 5. We start to argue the same
(with 2 instead of k), and then instead of proving (10) we prove that

E,(0) C Egr(h(20)) C E,0(0) N E . (0).

The left inclusion is proved in the same manner. Concerning the right inclusion, we
now deduce from f”(z, + pnCn) — hn(zn + pnn) = 0 that f,(l3)(zn + pnCn) = és)(zn +
pnn) = 0. Then, since p, £ (2, + puC) = g@(C) in C and p5 27 (2 + puC) =
g (¢) in C, we conclude that ¢© (o) = ¢'®(¢) = 0. To get the final contradiction,
we apply now Lemmas 4 and 3 instead of Lemmas 4 and 2.

The following result will play an essential role in treating transcendental functions
which is used in the proofs of Theorems 2 and 3.

Theorem B. ([15], see also [2, p. 117]) Let f(z) be a function homomorphic in
{z: R < |z| < 0o}, with essential singularity at z = co. Then ‘l|im 2| f#(2) = +o0.

For the proof of Theorem 2, we need also the following Lemma.

Lemma 7. Let h be a holomorphic function on D, with a zero of order ¢(> 1)
at zo € D. Let {f,}32, be a sequence of functions with zeros of multiplicity at
least k, such that {f,} and h satisfy conditions (a) and (b) of Theorem 2. Let
{an}22, be a sequence of nonzero numbers such that o, — 0 as n — oo. Then
{fa(z0 + @)/l | is normal in C*.

n n=1
Proof. Without loss of generality, we may assume that zy = 0. In a neighborhood
of the origin we have h(z) = 2°b(z), where b(z) is analytic, b(0) # 0. Define r,(¢) =
Ctb(a,¢). We will show that the assumptions of Lemma 5 hold in C* for the sequences

{GL (O}, Gu(Q) i= fulanO)/ak+t and {r,(¢)},. First, we have that r,(¢) =
b(0)¢* on C and ¢* # 0 in C*. Assume that G,(¢) = 0. Then f,(a,() = 0 and

f,gk)(an(’) = (nQ)b(a,(), and we get that Ggﬁ)(o = 1,((). Suppose now that
G%k)(g) = r,(¢). This means that fT(,,k)(anC) = h(a,¢) and thus f,S"““)(ang) =0. We
have Ggﬁl)((’ ) = 0, and thus the assumptions of Lemma 5 hold. Hence we deduce
that {G,(¢)} is normal in C*, and the lemma is proved. O
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The following lemma plays a similar role in the proof of Theorem 3 to the role of
Lemma 7 in the proof of Theorem 2.

Lemma 8. Let h be a holomorphic function on D, with a zero of order {(> 1) at
2o € D. Let {f,}>°, be a sequence of functions whose zeros are multiple, such that
{fn} and h satisfy conditions (a) and (b) of Theorem 3. Let {a,,}>°; be a sequence
of nonzero numbers such that «,, — 0 as n — oo. Then {f,(z0 + anC)/a2T4}% ;| is
normal in C*.

The proof of this lemma is analogous to the proof of Lemma 7. Of course, we
use Lemma 6 instead of Lemma 5.

3. Proof of Theorem 1

In this section, we do not use any of the preliminary results. The proof is ele-
mentary.

By Theorem CFZ1, F is normal at every point z; € D at which h(zp) # 0 (so
immediately we get that F is quasinormal). So let 2y be a zero of h of order ¢ (> 1).
Without loss of generality, we can assume that 2y = 0, and then h(z) = 2%b(z). Here
b is an analytic function in A(0,9) and b(z) # 0 there. We assume that 0 < § < 1,
and by taking a subsequence and renumbering, we can assume that

(11) fo=>f in A(0,0).

Now, if f is holomorphic in A’(0,¢), we deduce by the maximum principle that
fn = f on A(0,9), and we are done. So let us assume that f, = oo in A’(0,6). Fix
n, 0 < n < 0. By the minimum principle (i.e., the maximum principle for {1/f,}),
there exists N = N(n), such that for every n > N, f, has k,(k, > 1) simple zeros
in A(0,n) — {0}, say aﬁ“), agn), e a,EZ) (otherwise we get that f,, = oo in A(0,7)
and we are done). Since f, = oo in A(0,0), we get that

(n)
(12) Jax {|aj”|} = 0, as n— co.

i _

We can write f,,(2) = t,(2) [] <z — az(")), where t,(z) # 0 for z € A(0,n) and
i=1

n > N. Since n < 1, we get by (12) that tg<<j>) = oo in A(0,7). By condition (a) of

Theorem 1, we have, for n > N, f,’l(ag.n)) = ag-")zb(ozg»n)), 1 < j < k,. By calculation,

kn kn

£2) =t T (= = af”) + tal2) [H (- @gm)] ,

i=1

and so

19 (o) [T G-
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By (13) we get that M, <oz§n)> =0for1 <j <k, and so for n > N, M, has at

least k,, zeros in A’(0,7), including multiplicities. Here we use the fact that h has
no common zero with any f,,. Since such a zero must be z = 0 and would be a zero
of order m (must be m > 2 by condition (a)) of f,, and it would be a zero of order
m — 1 of M, (if £ > m — 1) or even of order £ < m — 1 (if ¢ < m — 1), then we
would not know that the number of zeros (including multiplicities) of M, is at least
k,. This fact, under the assumption that there are no common zeros, will lead to the
desired contradiction.

Claim 2. tg(%) ijl (z - agn))]/ = o0 in A'(0,7n).

Proof. We write
GG XS I G-,

For any ¢, 0 < € < 1, we have that

kn
tn n . -
(15) b((zz)) g <z - ag )) =00 in R.,:={z:e<|2] <n}
kn
Indeed () I[1(z— a(")) = ﬁ, and since < 1 and by (11) and (12),

T b(2) i ’ b(z)(i— aﬁ”))
this term tends uniformly to oo in R, ,,.
Now, for every 7, 2 < 5 < k,,, we have that

k
ST (- o)
z — aq
b(z) g Cz- a;n)
En o (n)’
tn(2) ( (n)> Z—
b(2) z':l;'[aéj

and by (12) this term tends uniformly to 1 as n — oco. This means, that for every

1<j<k,and z € R, %z ﬁ# (z — al(»n)) lies in the same quarter plane, that
is,
" , t(2) 15 (n) ™
5 _{z_arg[b(z) I (-« )]_Z
10) tn(2) o s
<argz < arg [l:(z) 111 <z — a")) + Z}’

for large enough n.
Now, if @ and b are two complex numbers in the same quarter plane, then a + b
also belongs to that quarter plane and |a + b| > |al, |b]. We then conclude by (16)
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that for each z € }_%M, we have for large enough n,

()] |

1=

and by (15) and (14), Claim 2 is proved. O

kn !
Now, tg(<5)> [ II (z—a,ﬁ"))] has, for large enough n, exactly k, —1 zeros in A(0,n)
i=1

(by Theorem Lu). Then for large enough n we have, for every z, |z| = n,

WIRRCEY) (e N (e |

i=1

and by Rouche’s Theorem, we get that M, has k, —1 zeros in A(0, ), a contradiction.
Theorem 1 is proved. ([l

4. Proof of Theorem 2

This proof is similar to the proof of Theorem 1 in [4]. By our Theorem 1, we
need only to prove the case that £k > 3. By Theorem CFZ2, F is normal at every
point zyp € D at which h(zp) # 0 (so that F is quasinormal in D). Consider zy € D
such that h(zp) = 0. Without loss of generality, we can assume that zy = 0, and then
h(z) = 2'b(z), where £(> 1) is an integer and b(z) # 0 is an analytic function in
A(0,0). We take a subsequence {f,}7° C F, and we want to prove that {f,} is not
normal at z = 0. Suppose by negation that {f,} is not normal at z = 0. Since {f,}
is normal in A’(0,6), we can assume (after renumbering) that f, = F on A’(0,0).
If F(z) # oo, then it is a holomorphic function. Hence, by the maximum principle,
F extends to be analytic also at z = 0, and so f, = F on A(0,4), and we are done.
Therefore, we assume that

(17) fn(z) =00 on A'(0,9).
Define F; = {F = %: n e N}. It is enough to prove that F; is normal in

A(0,0). Indeed, if (after renumbering) f"T(z) = H(z) on A(0,9), then since h # 0 in
A'(0,0), it follows from (17) that H(z) = oo in A’(0,0), and thus H(z) = oo also in

n

A(0,0). In particular, %(z) # 0 on each compact subset of A(0, ) for large enough

n. Since h # 0 on A’(0,6) and since f,(0) # 0 for every n > 1 by assumptions
of the theorem, we obtain f,(z) # 0 on each compact subset of A(0,d) for large
enough n. Then by the minimum principle, it follows from (17) that f,(z) = oo on
A(0, ), and this implies the normality of F. So suppose to the contrary that F; is not
normal at z = 0. By Lemma 1 and the assumptions of Theorem 2, there exist (after
renumbering) points z, — 0, p, — 07 and a nonconstant meromorphic function on

C, ¢(¢) such that
Fy (20 + pa) fa(zn + puC)
18 dn C - =
1) Y S TN
all of whose zeros have multiplicity at least k& and
(19) for every ( € C, ¢*(¢) < ¢*(0) = kA +1,

= g(¢) on C,
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where A > 1 is a constant. Here we have used Lemma 1 with o = k. Observe that
gn(2) = 0 implies gff)(C) = 1 and so A can be chosen to be any number such that
A > 1. After renumbering we can assume that {z,/p,}°°; converges. We separate
now into two cases.

Case (A).

(20) LN

Pn
Claim 3. (1) g(¢) = 0= g™ (¢) = 1; (2) g () =1 = g**(¢) = 0.
Proof. Observe that from (18) and the fact that h(z) # 0 in A’(0,d), it follows

that ¢ is an entire function. Suppose that ¢g({y) = 0. Since ¢g({) # 0, there exist

Cn — (o, such that g,(¢,) = 0, and thus f,(z, + pn(,) = 0. Since f,, and h has

no common zeros, it follows by the assumption that ¢, is a zero of multiplicity k& of

gn(C). By Leibniz’s rule, and condition (a) of Theorem 2, it follows that gr(lk)(cn) =1

and thus ¢ (¢y) = 1.

For the proof of the other part of Claim 3, observe first that by (20) we have
fn(zn + /)no

kL
Pn%n

= g(¢) on C,

and thus

fék) (Zn + png)

l

“n

= ¢"™(() on C,

and then again by (19) we get that

fr(Lk)(Zn + png)
h(zn 4+ pnC)

Thus, if there exists ¢y € C, such that g*)((y) = 1, there exists a sequence ¢, — (o,

such that fT(Lk)(zn + pnCn) = h(zn + pnC) # 0. By assumption (b) of Theorem 2 we

get that f,gkﬂ)(zn + puCn) = 0, and letting n tend to oo we get that g*+1)((y) = 0.

Claim 3 is proved. 0

= ¢®(¢) on C.

k
We conclude by Lemmas 2 and 4 that ¢(¢) = (C—k,ﬁ for some b € C (observe
that ¢ is holomorphic by (20)). By calculation we get that

1+ |bf** /K12
Then if [b] < 1, we get that ¢g#(0) < G _1 ik and if [b| > 1, then ¢*(0) < %— In either
case, we get a contradiction to (19).
Case (B).
(21) v LaeC.
Pn
As in Case (A), it follows that g(¢y) = 0 = ¢¥({,) = 1. Now set

Gulc) =1 "/f,fff).
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From (18) and (21) we have
(22) GalC) = GI) = 9(¢ — a)C'b(0) on C.
Indeed,

100 Tl hipu0) I (e (= 3)) (0,000,

P phh(paC) P ph (zn s (g _ %)) o,

(cf. [12, p. 7]). Since g has a pole of order ¢ at ( = —« (here we use the fact that for
every n, h has no common zeros with f,,) and since {G,} are analytic, we have

(23) G(0) # 0, 00,

We now consider several subcases, depending on the nature of G.

Case (BI). G is a polynomial. Since {f,} is not normal at z = 0, there exists
(after renumbering) a sequence z* — 0 such that

(24) fn(z) = 0.

Otherwise, there is some ¢’, 0 < ¢’ < ¢ such that (before renumbering) f,,(z) # 0 in
A(0,¢"), and since f,(z) = oo on A’(0,0) we would have by the minimum principle
that f,(z) = oo on A(0,¢), a contradiction to the non-normality of {f,} at z = 0.
We have that all the zeros of g are of multiplicity exactly k. Then by (22) and (23),
it follows that all the zeros of G are also of multiplicity exactly k. We consider now
two possibilities.

Case (BI1). deg(G) = 0. We can assume that z;; from (24) is the closest zero of
fn to the origin. Then we have

falpal) _ G(O)

(o) by

(25)

By (25) we have

2 2 — 00.

(26) Pn >

Define t,(¢) = fa(2;¢)/ (2F7b(2:¢)). We want to show that {¢,(¢)} is normal
in C*. For this purpose set t,(¢) = fn(2:¢)/z¥**. Since b(0) # 0, co and 2 — 0,
the normality of {t,} is equivalent to the normality of {#,}, and the latter follows by
Lemma 7. Now, if {¢,,} is not normal at ( = 0, then we can write (after renumbering)
tn(¢) = oo on C*; but ¢,(1) = 0, so this is not possible. Hence {¢,,(¢)} is normal at
¢ =0. By (25) and (26), t,(0) — 0 as n — oo; and thus since ¢,(¢) # 0 in A(0,1/2),
we get by Hurwitz’s Theorem that ¢,,(¢) = 0 on C. But ¢,(1) = 0; so by assumption
(b) of Theorem 2, we get that t,gk)(l) = 1, a contradiction.

b(O)Ce—H
41

+ C(¢ + D, where C' and D are two constants. Since all

Case (BI2). G® = p(0)¢*. Then we have G*=Y(¢) = + C and
b<0><€+2
(C+1)(0+2)

zeros of G have multiplicity exactly k, then for any zero Z of G, we have G(k*Q)(Z ) =

GU-(() =
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G*-1(C) = 0. So

EZ+1 Z€+2 N
2 = —_ D =0.
(27) €+1+O 0, and (€+1)(£+2)+CC—I— 0
By calculation, we have %E = —D. If CD = 0, then by (27), E: 0, a
_(t+2)D

contradiction. If C'D # 0, then Z = (el which implies that G has only one

zero (p, and then

b(0)CH(C — Co)F
This contradicts G*) = b(0)¢*’.

Case (BI3). G is a nonconstant polynomial and G*) # b(0)¢*. Since all zeros of
G have multiplicity exactly k, we may assume that

t
G=AJJC-¢)*
j=1
where A # 0 is a constant and (; #0, j =1,2,--- ,¢.
Claim 4. G(¢) = 0= G®(¢) = b(0)¢* = G*+V(¢) = 0.
Proof. Suppose first that G({y) = 0. Then there exists a sequence, ¢, — (o,
such that f,(p,(,) = 0, and thus fflk)(pnﬁn) = (pnG) 0(pnCy), that is, % =

CEb(pnCy). In the last equation, the left hand side tends to ({b(0) as n — 00. This
proves the first part of Claim 4.
Suppose now that G*) (Co) = b(0)¢{. Since G®(¢) # b(0)¢?, there exists a se-

quence G, — Co, such that % CEb(pnCa), that is, £ (00Ga) = (uCa) B(onGa),

(k+1)

and thus £ (p.C,) = 0. Since f—(PnC) = G*H((), we deduce that G*+1)(¢p)
oh

= 0, and this completes the proof of the Claim 4. 0

It follows from Claim 4 that G#+Y(¢;) =0, for 1 < j < t.
If t > 2, we know that for every 1 < 5 <,

¢ (k+1)
H ¢—¢) ]

GE (¢

I
2

k+1 t (1)
> (’“ " 1) [(¢ = ¢t [ I1 - g)’“]

=0 \ M i=1,i#j

=A{<k+1> [H@ G)*

2 1##]

!/

+ (C—Cj)Pj(C)},
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where P; is a polynomial. Thus, by Claim 4 we have

(28) [H(C—Q)’“] =0, 1<j<t.
i=1,i#] ¢

This means that for every 1 < j <'t,
dC—=¢)H! H (C—-¢)f =o.

i=1 G

i#]

S o
.
<.

Dividing in [](¢; — ¢)*! gives
Iy

t t
> 116 -
i=1 ¢=1
i#j AFi,j

Thus 7"(¢;) = 0 for 1 < j < t, where T(() = H(C Gi)-

Now, if t > 3, then T"” is of degree t — 2 and vanishes at t different points, a
contradiction. If ¢ = 2, we get from (28) that [(¢ — () }

= (0 and this is also
¢1

a contradiction. So ¢ = 1 and G has only one zero {y ({o # 0), which means that

6(0) — NOGS -~ Gl

By Hurw1tz s Theorem, there exists a sequence (,, o — (o, such that G,,(¢,0) = 0.
If there exists ¢', 0 < ¢ < ¢, such that for every n (after renumbering), f,(z) has
only one zero 2,0 = pnno in A(0,0).

Set

H,(z)= f"—(z)
(2 — 2Zno)¥
Since H,(z) is a nonvanishing holomorphic function in A(0,0") and H,(z) = oo on
A'(0,0), we can deduce as before by the minimum principle that H,(z) = oo on
A(0,0"). But
fn(QZn,O) . prGn(QCn,O)
Zﬁ,o B Cs,o

a contradiction. Thus, we can assume, after renumbering, that for every ¢’ > 0,
fn has at least two zeros in A(0,0") for large enough n. Thus, there exists another
sequence of points z,; = pn(,1, tending to zero, where z,; is also a zero of f,(2)
and (,; — 00, as n — oo. We can also assume that z,; is the closest zero to the
origin of f,, except z,0. Now set ¢, = 2z,0/2,1 and define K, () = fn(zn, 1(’)/2’““.
By Lemma 7, {K,,(¢)} is normal in C*. Now, if {K,,} is normal at ( = 0, then after
renumbering we can assume that

K,(() = K(¢) on C.
If K(¢) # const., then consider

Hn(2zn70) =

— 0,
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Since ¢, — 0, then the sequence { L, }{° is normal in C*. It is also normal at ¢ = 0.
n—od

Indeed, K,(c,) = 0 (a zero of order k) and so L, is a nonvanishing holomorphic
function in A(0,1). Thus (after renumbering)

L,(() = Kvg(]f) on C.
But

K,(0) G, (0) _
= — 0, (since (,1 — 00),
(eF  Gal—GualF o 00 Gt 2 20)

and L, (¢) # 0 in A(0,1/2); thus K(¢)/¢* = 0 in C, a contradiction. If, on the other
hand, K(¢) = const., then K(¢) =0 and K®(1) = 0. But K®) (1) = lim K (1) =

Ln(()) =

(k)
lim M = lim M = lim b(2,1) = b(0), a contradiction. Hence we can
n—oo Zn 1 n—o0 Zn 1 n—oo

deduce that {K,} is not normal at ¢ =0, and since K,(¢) is holomorphic in A, then
K,(() = o0 on C".

But K, (1) =0, a contradiction.

Case (BII). G(() is a transcendental entire function. Consider the family

F(G) = {tn(z) = C;yfiij)) 'n € N} .

By Claim 4, we deduce

(i) ta(z) =0 =t (z) = ¢, and

(i) tP(2) = 2t =tV (2) = 0.

We then get by Theorem CFZ2 that F(G) is normal in C*. Thus there exists M > 0
such that for every z € Ry := {z: 1 < |z| < 2},
2n(k+€+1)|G/(2nz)|
t#(2) = < M.
(2) 22n(k+0) 4 1G(2rz)2 —

Set r(¢) := G(¢)/¢**. Then r is a transcendental meromorphic function, whose only
pole is ¢ = 0. For every (, |¢| > 2 there exists n > 1 and z € Ry 5, such that

(29) ¢ =2"z

Calculation gives

_GUQC — (k + OCHIG(Q)]
[CEE GO

()
Thus, if || > 2 satisfies (29), then
(2nz)(2nz>k+€ _ (k + g)(QnZ)k-i—ﬁ—lG(an)’
‘QnZP(kJrZ) + ‘G(QnZ)P
k4041, 2n(k+€+1)|G/<2n2>’ (k + 5)2(n+1)(k+£)|G<2nZ)|
— 92n(k+£) + ‘G(QnZ)P 922n(k+£) + ‘G(QnZ)P
By separating into two cases, depending on |G(2"z)] > 2(DE+) or |G(272)] <
2D+ e see that the last expression in (30) is less or equal to

2k+é+1ti(z) + (k’ + £)22(k+6)‘

()] = 221
(30)
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Thus, to every [(| > 2,
|Crﬁ(C)| < M- ok+E+1 + (k’ +€)22(k+€)‘
But, according to Theorem B, Cm IC|r*(¢) = oo, and we thus have a contradiction

(cf. [3, pp. 19-21]). Theorem 2 is proved. O

5. Proof of Theorem 3

By Theorem CFZ3, F is normal at every point zo € D at which h(z) # 0 (so
that F is quasinormal in D). Consider z; € D such that h(zy) = 0. Without loss
of generality, we can assume that zp = 0, and then h(z) = 2b(z), where ¢(> 1) is
an integer and b(z) # 0 is an analytic function in A(0,9). We take a subsequence
{fn}° C F, and we only need to prove that {f,} is not normal at z = 0.

Define F, = {F = %: n e N}. It is enough to prove that F, is normal in

A(0,0). Suppose to the contrary that F, is not normal at z = 0. By Lemma 1
and the assumptions of Theorem 3, there exist (after renumbering) points z, — 0,
pn — 07 and a nonconstant meromorphic function on C, g({) such that

Fy (2 + pa€) _ fn(2n + pnC)

31 9.(¢) = = = g(¢) on C,
oy = =BG

all of whose zeros are multiple and

(32) for every ¢ € C, ¢*(¢) < ¢*(0) =2A +1,

where A > 1 is a constant. After renumbering we can assume that {z,/p,}5°,
converges. We separate now into two cases.

Case (A). ;—Z — o0. Similar to the proof of Theorem 2, we can prove that

9(¢) = 0 = ¢"(¢{) = 1 and that ¢"(¢) = 1 = ¢"(() = g(s)(C) = 0. Then by
Lemmas 4 and 3, we have

_ (=0
for some b € C. Thus ¢*(0) = % and then ¢*(0) < 1, which contradicts (32).
Case (B).
(33) ;—" —aeC.

As in the proof of Theorem 2, we have ¢({y) = 0 = ¢"(¢y) = 1. Now set G,(¢) =

%. From (31) and (33) we have
Ga(¢) = G(Q) = (0)g(¢ — a)¢* on C.

Since g has a pole of order ¢ at { = —a, G(0) # 0, cc.
We now consider several subcases, depending on the nature of G.

Case (BI). G is a polynomial. By a similar method of proof used in the proof of
Theorem 2 (and using Lemma 8 instead of Lemma 7 in the appropriate places), we

can get
_ bO0)GC — o)
2 Y

G(¢)
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and also we can arrive at a contradiction.

Case (BII). G(() is a transcendental entire function. Consider the family
G(2"z)
We have
(i) t(2) = 0= t/(2) = 2%, and
(i) t1(2) = 2 = t(2) = ti(2) = 0.
We then get by Theorem CFZ3 that F(G) is normal in C*. Set r(¢) := G(¢)/¢**,
and we have that, for every ¢, || > 2, there exists n > 1 and z € Ry o, such that
[CrH(O] < M- 245 4 (24 0)2°C+0,
But, according to Theorem B, Cm IC]r*(¢) = oo, and we thus have a contradiction

(cf. [3, pp. 19-21]). Theorem 3 is proved. O
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