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Abstract. Let (X,d, ) be a metric measure space and satisfy the so-called upper doubling
condition and the geometrically doubling condition. Under this assumption, in this paper, the
authors establish a new characterization of the space RBMO(u). As applications, the authors prove
that the LP(u)-boundedness with p € (1, 00) of the Calderon-Zygmund operator is equivalent to its
various endpoint estimates.

1. Introduction

The theory of singular integrals on classical Euclidean spaces has been proved
to be a very fruitful part of analysis. Later, the results of the Calderén—Zygmund
theory for singular integrals on classical Euclidean spaces have been extended to
more general spaces under the assumption that the measure on the underlying space
satisfies the doubling property (see (1.1) below). One of the most general settings
for the Calderén—Zygmund theory is that of the space of homogeneous type in the
sense of Coifman and Weiss [2]. A metric space (X, d) equipped with a nonnegative
Borel measure p is called a space of homogeneous type if (X,d, ) satisfies the fol-
lowing doubling condition: there exists a positive constant C, such that for any ball
B(z,r):={y € X:d(z,y) <r} with z € X and r € (0, 00),

(L1) u(B(z,2r)) < Cupt( B(z, 7).

In recent years, there has been significant progress in the study of the Calderéon—
Zygmund theory associated with non-doubling measures. To be precise, let p be
a non-negative Radon measure on R? which only satisfies some polynomial growth
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condition: there exist positive constants C' and n € (0,d] such that for all z € R?
and r € (0, 00),

(1.2) w(B(x,r)) < Cr".

Such a measure needs not satisfy the doubling condition (1.1). Many results of
the classical Calderén—Zygmund theory have been proved still valid if the doubling
condition of the measure is replaced by (1.2); see, for example, [17, 18, 20, 21, 22]
and their references.

Since the measures satisfying the polynomial growth condition (1.2) are different
from, not more general than, the doubling measures, the Calderon-Zygmund theory
associated with non-doubling measures is not in all respects a generalization of the
corresponding theory on spaces of homogeneous type. To unite spaces of homoge-
neous type and Euclidean spaces with the underlying measure satisfying the polyno-
mial growth condition (1.2), Hytonen [7] introduced a new class of metric measure
spaces which satisfy the so-called upper doubling condition and the geometrically
doubling condition (see Definitions 1.1 and 1.2 below).

Let (X, d, 1) be a non-homogeneous space in the sense of Hytonen |7]. Hytonen [7]
also introduced the space of regularized BMO, namely, RBMO(u) (see Definition 1.3
below), which is a generalization of the regularized BMO of Tolsa [20] in the setting
of R? equipped with the measure satisfying (1.2). It has to be pointed out that the
regularized BMO space introduced by Tolsa is a suitable substitute for the classical
BMO space, which is small enough to fulfil the properties of the classical BMO
space, such as the John-Nirenberg inequality, and large enough so that an L?(u)
bounded Calderén-Zygmund operator is also bounded from L*(ux) to RBMO(u).
These properties are still true on non-homogeneous spaces in the sense of Hytonen;
see |7, 1]. Recently, Lin and Yang [13| introduced the space of regularized BLO,
which is a subspace of RBMO(u), and established several useful characterizations of
this space.

The main purpose of this paper is to establish a new characterization of RBMO( )
in term of the John-Stréomberg sharp maximal functions on the non-homogeneous
spaces introduced by Hytonen |7]. As applications, we prove the equivalence between
the LP(u)-boundedness with p € (1,00) of the Calderén—Zygmund operator and
several corresponding endpoint estimates. To state these results, we first recall some
notions.

Definition 1.1. A metric measure space (X, d, 1) is said to be upper doubling if u
is a Borel measure on X and there exist a dominating function A: X x (0, 00) — (0, 00)
and a positive constant C such that for each x € X, r — \(x,r) is non-decreasing
and, for all z € X and r € (0, 00),

(1.3) w(B(z,r)) < Mz, r) < Cy\(z,1/2).

Obviously, a space of homogeneous type is an upper doubling space if we choose
N, 7)== p(B(z,r)). Also, (R, ||, 1) is also an upper doubling measure space if p
satisfies the polynomial growth condition (1.2).

The function A in Definition 1.1 needs not satisfy the additional property that
there exists a positive constant C' such that for all z,y € X with d(z,y) <,

(1.4) Mz, r) < CAy, ).
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However, it was proved in [9] that there always exists another domlnatlng functlon h\

such that A < A, C;5 < Cy and, for all z,y € X' with d(z,y) <, Xz, ) < C3A Xy, ).
Hence, in this paper, we always assume that the function A also satisfies (1. 4)

Throughout the whole paper, we also always assume that the underlying metric
space (X, d) satisfies the following geometrically doubling condition.

Definition 1.2. A metric space (X,d) is said to be geometrically doubling if
there exists a positive integer Ny such that for any ball B(z,r) C X, there exists a
finite number of balls covering {B(z;,7/2)}; of B(x,7) such that the cardinality of
this covering is at most Nj.

Some equivalent characterizations of the geometrically doubling property were
proved in |7, Lemma 2.3]. Moreover, it is well known that spaces of homogeneous type
are geometrically doubling spaces; see |2, p. 67]. In this paper, a metric measure space
(X,d, pn) is called a non-homogeneous metric measure space, if p is upper doubling
and (X, d) geometrically doubling.

We now recall the coefficients §(B, S) for all balls B and S introduced in [7]. For
all balls BC S C &, let

1
9B, 5) = /(W Nes, di@,z5)) )

where above and in what follows, for any ball B := B(zp,r(B)) and p € (0,00),
pB := B(zp, pr(B)).
Definition 1.3. Let p € (1,00). A function f € L} _(p) is said to be in the space

RBMO(u) if there exist a positive constant C' and a number fp for any ball B such
that for all balls B,

1
S — d <,
and that for all balls B C S,
|fe — fs| < C[1+(B,9))].

Moreover, the RBMO(u) norm of f is defined to be the minimal constant C' as above
and denoted by || f||rBMO(u)-

It was proved in |7, Lemma 4.6] that the space of RBMO(u) is independent of
the choice of p.

The organization of this paper is as follows. In Section 2, we show that a u-
measurable function f belongs to RBMO(p) if and only if its John—Strémberg sharp
maximal function is in L>°(x) and the local integrability of f is superfluous in the defi-
nition of f € RBMO(u) (see Theorem 2.1 below). In Section 3, based on Corollary 2.1
in Section 2, we prove that for a Calderén—Zygmund operator, its boundedness on
LP(p) with p € (1, 00) is equivalent to its boundedness from Hardy space H'(u) (see
Definition 3.1 in Section 3) into weak L'(u), or from L*°(u) into RBMO(p) or some
other estimates (see Theorem 3.1 below).

We remark that there exists other application of the new characterization of the
space RBMO(p) established in Section 2. Using Corollary 2.1 as an important tool,
Lin and Yang [14] proved that a sublinear operator, which is bounded from the Hardy
space H'(p) into LY (1) and from L* (i) into RBMO(p), is also bounded on LP (1)
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for all p € (1,00); see [14, Proposition 2.6] and the proofs of [14, Lemma 3.1 and
Theorem 1.1| for more details.

Finally, we make some conventions on notation. Throughout this paper, we
denote by C' a positive constant which is independent of the main parameters, but
may vary from line to line. Constants with subscript, such as C, do not change in
different occurrences. The symbol f < g means that there exists a positive constant
C' such that f < Cg, and the symbol f ~ g means f < g < f. For any ball B C X,
we denote its center and radius by xp and rp, respectively. Also, for any subset
E C X, xg denotes its characteristic function.

2. A new characterization of RBMO(u)

In this section, we introduce a space of functions via the John—Strémberg sharp
maximal function and then prove that this space and RBMO(u) coincide with equiv-
alent norms.

To introduce the John—Stromberg sharp maximal function, we first recall the
notion of (a, #)-doubling balls for a, 3 € (1,00). Given o, § € (1,00), a ball B C X
is called (o, 3)-doubling if u(aB) < fu(B). It was proved in |7, Lemmas 3.2 and
3.3| that for any o € (1,00), 3 € (CY%2*,00) and any ball B C X, there exists some
j € N:={1,2,---} such that o/ B is (a, 3)-doubling. On the other hand, let (X, d)
be geometrically doubling, 5 € (o™, 00) with n := log, Ny and u a Borel measure
on X which is finite on bounded sets, where Ny is as in Definition 1.2. Then for
p-almost every = € X, there exist arbitrarily small (o, (3)-doubling balls centered at
x; furthermore, the radii of these balls may be chosen to be of the form a~/r for
j € N and any preassigned number r € (0,00). In this section, for fixed ¢ € [1, 00),
by a doubling ball B, we always mean that B is a (60?, (,2)-doubling ball with
Bsge 1= (602)m<(ndt 1 307 1 307 where d satisfies C'°%®) = (60%)2. For any ball
B C X, we use the symbol B to denote the smallest (602, F,2)-doubling ball of the
form (60°)! B with j € Z, :={0,1,---}.

Let f be a p-measurable function. If f is real-valued, then for all balls B with
p(B) # 0, define the median value of f on the ball B, denoted by m¢(B), to be one
of the numbers such that

p({z € B: f(x) >my(B)}) < p(B)/2
and
p({z € B: f(x) <my(B)}) < u(B)/2;
see [6, p. 161]. For all balls B with u(B) = 0, set m¢(B) = 0. If f is complex-valued,
we take my(B) 1= mpge f(B) + imm, ¢(B).
Let s € (0,1) and p € (1, 00). For any fixed ball B and u-measurable function f,
define mg . 5(f) by setting

mg o p(f) =inf{t > 0: p({y € B: |f(y)| > t}) < su(eB)}

when y(B) > 0, and mg .. 5(f) := 0 when u(B) = 0. For any u-measurable function

f, the John—Stromberg sharp mazimal function Mogjf (f) is defined by setting, for all
re X,

B B) — S
M) = (1= (B)) ¢ e PSR

B,S (602 ’ﬁ6g2 )—doubling




A new characterization of regularized BMO spaces on non-homogeneous spaces and its applications 7

Using M&’f, we introduce the space RBMOg ¢(p1) as follows.

Definition 2.1. Let s € (0,1) and p € (1,00). A p-measurable function f is said
to belong to the space RBMOg s(p1) if Mé’,’sﬁ(f) € L>®(p). Moreover, ||M§”’£(f)\|Loo(u)
is defined to be the RBMOq (1) norm of f and denoted by || f||rBMmOq.. (1)-

The main result of this section is as follows.

Theorem 2.1. Let ¢ € (1,00) and s € (0,5&922/4). Then the spaces RBMO (1)
and RBMOy (1) coincide with equivalent norms.

If (X,d, u) == (R% ||, dx), Stromberg |19] proved that RBMO(u) = RBMOg (1)
if and only if s € (0,1/2]. Moreover, if y is an absolutely continuous measure on R,
namely, there exists a weight w such that du = w dx, Lerner [12] established the John—
Stromberg characterization of BMO(w). Furthermore, if (X,d, i) := (R%, ||, ) with
p satisfying (1.2), it was proved that RBMO(u) = RBMOg,(u) for s € (0, 3;%/2)
with 3, € (2%, 00) in [6].

By Theorem 2.1, we obtain the following conclusion.

Corollary 2.1. Let ¢ € (1,00) and ¢ be a strictly increasing and nonnegative
continuous function on [0, 00) such that lim, ... ¢(t) = co. If f € Li. (1) and there
exists a positive constant C' such that for all balls B C X,

w0y J, 2 (1@ =ms (B)]) iy < @

and that for all (6¢%, fBs,2)-doubling balls B C S, |ms(B) —my(S)| < C[1+4(B, S)],
then f € RBMO(pu).

A typical example of ¢ satisfying Corollary 2.1 is ¢(r) := rP for all r € [0, 00)
with p € (0,00). We remark that if p € [1,00), the conclusion that a p-locally inte-
grable function satisfying the hypothesis of Corollary 2.1 belongs to RBMO(u) can be
deduced from the John—Nirenberg inequality established by Hyténen in [7]. However,
if p € (0,1), this conclusion cannot be deduced from the John—Nirenberg inequality
anymore. Other typical examples of ¢ satisfying the hypothesis of Corollary 2.1 are

p(r) := log(e + log(e + - --log(e +7) - -)
k

with k£ € N.

The remaining part of this section is devoted to the proofs of Theorem 2.1 and
Corollary 2.1. To this end, we first establish the corresponding John-Nirenberg
inequality for the space RBMOg (1) with p € (1,00) and s € (0, 56_@22 /4). It plays an
important role in the proof of Theorem 2.1.

Proposition 2.1. Forany g € (1,00) and s € (0, ng%/ll), there exist two positive
constant C, and c, such that for all f € RBMOg 4(u), all balls By C X andt € (0, 00),

] ({x € By: ’f(x) —my (E)‘ > t}) < C’Qe_l“f”RBlc‘jéovs(“) 1 (Q2BO> )

We point out that Proposition 2.1 is a generalization of the John-Nirenberg
inequality for the space RBMO(u) on the non-homogeneous spaces, which was proved
in |7, Proposition 6.1] by Hytoénen.
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To prove Proposition 2.1, we need some technical lemmas. The following Lem-
ma 2.1 is a direct corollary of [3, Theorem 1.2| and [7, Lemma 2.5|.

Lemma 2.1. Let (X,d) be a geometrically doubling metric space. Then every
family F of balls of uniformly bounded diameter contains an at most countable
disjointed subfamily G such that UgcrB C UgeghB.

Lemma 2.2. |9, Lemma 2.1]
(i) For all balls BC S C R, §(B,S) <4d(B,R).

(ii) For any p € [1,00), there exists a positive constant C', depending on p, such
that for all balls B C S with r(S) < pr(B), 0(B,S) < C.

(ili) There exists a positive constant C such that for all balls B, §(B, B) < C.
(iv) There exists a positive constant ¢ such that for all balls B C R C S,0(B,5) <
d(B, R) 4+ ¢d(R,S). In particular, if B and R are concentric, then ¢ = 1.

(v) There exists a positive constant ¢ such that for all balls B C R C S, §(R,S) <
c[1 + 6(B,S)]; moreover, if B and R are concentric, then 6(R,S) < §(B,5).

Lemma 2.3. [7, Corollary 3.6] Let (X,d) be a geometrically doubling metric
space and i a Borel measure on X which is finite on bounded sets. Let € (5", 00).
Then for all f € L;, (1) and p-almost every x € X,

f@)= lm % / £(y) ducy)

Blx
(5,8)—doubling

Let o € (1,00). The doubling mazimal operator N and the doubling local maximal
operator Mg{s are, respectively, defined by setting, for all f € L] (1) and z € X,

1
N(f)(z) == sup L) duty)
B <692v 5?;;1)*doubling M(B) /B

and, for all y-measurable functions f and z € X,

ME(H)@) = s ml ().

B>z
B (692, ﬁ692)—doubling

Lemma 2.4. Let 9 € (1,00) and s € (076(5;12)' If f is a u-measurable function,
then for all t € (0, 00),

(2.1 pl{e € X2 ()] > 1)) < o (fo € X: ML(F)(a) 2 1}).
Proof. Tt is easy to see that for all ¢ € (0, 00),
{weX: |f(@)] >t} = {r € X: xyex: s (@) = 1},

which, along with Lemma 2.3 and the fact s € (0, ﬁgg 1), implies that for p-almost
every x € X satisfying |f(z)| > t,

N (Xqex: 11w)>n) (%) 2 Xqyex: 1m0 (@) = 1> sBs..
This means that
{reX:|f(z)] >t} C{ze€X: N (Xyer: 1f)>13) () > Bog2s} UO,
where 1(0©) = 0. By Lemma 2.3 again, we see that for any x € X satisfying

N (Xyex: 1fw)>0) (@) > Bog2s,
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there exists a (60%, Bg,2)-doubling ball B containing z such that
1

w(B) /BX{yeX: w)>t (W) di(y) > 55602

This means that
n{y € B:[f(y)] > t}) > sbse2p(B).
Notice that
p1(0B) < u(60°B) < B u(B).
Hence,
n{y € B: [f(y)| > t}) > sp(eB).
On the other hand, by the definition of mﬁysz 5(f), we easily conclude that for any

r € (mg.p(f),00), p{y € B: |f(y)| > r}) < sp(oB). Therefore, mg . 5(f) >t and
hence Mg ,(f)(x) > t, which implies that

{zeX:|f(x)] >t} c{zeXx: M{,(f)(z)>t}UO.

The desired conclusion (2.1) then follows directly, which completes the proof of
Lemma 2.4. U

Lemma 2.5. Let p € (1,00), s € (0,66_912/2] and B be a (60%, 35,2 )-doubling ball.
Then for all u-measurable real-valued functions f,

’mf<B)’ S mé,s;B(f)'
The proof of Lemma 2.5 is similar to that of [6, Lemma 1|. For brevity, we

omit the details here. Moreover, by Lemma 2.5, we easily conclude that for all
p-measurable complex-valued functions f and all (60?, 85,2 )-doubling balls B C X,

(2.2) [ms(B)] < |mge p(B)|+|mum s (B)| < mg . p(Re f)+mg . g(Im f) < 2mg . 5(f),

which is used in Section 3.

Lemma 2.6. Let p € (1,00) and g € [1,00). For any given f € L _(n), let || f|«

be the minimal nonnegative constant C' such that for all balls B,

u(;B) /B [f () = mp(f)] duly) < C.

and that for all (6¢%, s, )-doubling balls B C S,
imp(f) —ms(f)| < C[L+ (B, 5],

where B denotes the smallest (60%, Bp,2)-doubling ball with the form (6¢*)'B for
i € Zy, and for any g € L\ (u) and any ball B C X, mp(g) denotes the mean of

loc

g over B, namely, mg(g) := ﬁ [ 9(x) du(x). Then || - ||, is a norm of RBMO(p),

which is equivalent to || - [|[remo(u)-

Lemma 2.6 is a variant of |9, Proposition 2.2|, in which ¢ = 1. The proof therein
is still valid in the current case.

Proof of Proposition 2.1. We use some ideas from Hytonen [7| and adapt them
to the space RBMOy s(1). It suffices to prove that there exist two positive constant
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C, and ¢, such that for any real-value function f € RBMOy (), any ball By C X
and t € (0, 00),

(2.3) M ({x € By: ‘f(ac) —my <§6)‘ > t}) < 6'967”](”RB§)‘;07S<“>,LL (0*Bo) -

In fact, for any complex-valued function f, we write f := f;+1fs, where f; and f; are,
respectively, the real and the imaginary parts of f. Notice that || fi||rmo,. . (u) and
| f2llRBMOG.s () are both not greater than | f|lremo,.(u)- Therefore, if the inequality
(2.3) holds for the real-valued functions f; and f;, then

o (fe e 1= ()| ]
<u({ze B @) —my (Bo)| > t/2})
en({re [t ()| 12)

ot ot

S 5@ l€2f1RBM00,s(u) + 62f2|RBMOO,s(N):| ,U (QQBO>

_ Eot 3 Zot
2 2
<C, |:€ WIRBMOG,s (1) 4 ¢ |f”RBMOO,s(#):| I (QQB())

Cot

< 20 T 1 (5 By)

Therefore, Proposition 2.1 holds for all complex-valued functions with C, := 259 and
Co 1= Cp/2.

To show (2.3), without loss of generality, we may assume that || f||rBmo,.,(u) >
0. Otherwise, by the definition of || f||rBMmO,.,(x), We easily conclude that for all
(602, Bpp2)-doubling balls B C S, ms(B) = m;(S) and

Sup Mg ,.p (f — mf(§)> =0.
Bcx

Thus, there exists a constant M such that for any (6¢%, Gs,2)-doubling ball B, m(B)
= M and hence mgsp(f — M) = 0. This further implies that for all z € X,
M¢(f — M)(z) = 0. From this and Lemma 2.4, it follows that f(z) = M for
p-almost every z € X', which implies that for any ball By C X and t € (0, 00),

(e 161y (B0)] 1)) =0

Therefore, the inequality (2.3) holds in this case.
Denote by L a large positive constant which is determined later. Choose v €
(2Bp42,00) such that vs < 66_912/2. It is easy to see that for all x € By satisfying

|f(x) — my(By)| > 2L,

X{yeBo: |7(y)—m,(Boy|>20y () = 1 > 8.
On the other hand, frfclm Lemma 2.3, it follows that for p-almost every z € B
satisfying | f(z) —my(By)| > 2L,
1

XtyeBo: |f(y)-my (Boyl>203 (%) = lim 11(B) /BX{yeBo:|f(y>mf<E)>|>2L}(y) dp(y)-

Blx
(602 1B 2) —doubling
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Therefore, for p-almost every = € By satisfying |f(z) — mf(fBz)| > 2L, there exists
an arbitrarily small (60?, (s,2)-doubling ball B := B(z, (6¢%)*r) such that

1

u(B) BX{yex;|f(y)—mf(éi))|>2L}(y> du(y) > vs.

This means that

(2.4) [ ({y € B: ’f(y) —my @VO)‘ > 2L}) > ysu(B).

Let B; be the maximal (6¢?, 3,2)-doubling ball of the form B(z,(6¢%*) *r) with
k € N satisfying B} C 0By and (2.4).

Denote by B}* the smallest (602, s,2)-doubling ball of the form (60?)* B} with
k € N. We claim that

(2.5) ]mf (B*) — my (79;)) <L,

To show (2.5), we consider the following three cases.
Case A. BX* ¢ 0By and r(B:*) < r(Byp). In this case, BX* C 60*By. By Defini-
tion 2.1, we conclude that

e~

(2.6) ’mf (E) —my (692E)>‘ < {1 +0 (%,GQQE)] | flIRBMOG 4 (1) -

On the other hand,

—_— —_—

my (BE) — m; (6@279“0) \ < [1 s (B ngaﬂ I Fllrevon. 0.

Let (60?)" B} be the smallest expansion of B such that (60?)*B: ¢ 9B, with k € N.
Then, r((60*)"B*) ~ r(By), (60*)* 'B: C 0By and (6¢°)*~1B* C B:*. Thus, by
(iv), (v), (ii) and (iii) of Lemma 2.2, we see that there exists a positive constant C' 1,
depending on ¢ and u, such that

240 (793, 6925)) +4 (B;*, 692E)>

(2.7)

<2494 (737), 6QZ§O> +4 (69250, 6925))

+3((60%)" 7" B1,66*Bo) +¢ {5 (60°Bo,60°Bo) + 6 (692193, 6@2”33)}
<Cia.

From this, the estimates (2.6) and (2.7), it follows that

—~—

‘mf (B;") —my <§O>‘ < ‘mf (B;") —my (6027370) +|my (69273:)) —my (E)

< 0171 ”fHRBMOO,s(H)'

Case B. B* ¢ 0By and r(B*) > T’(EB). In this case, By C 60°B:*. Tt follows,
from Definition 2.1, that

(28)  |my ()~ my ((6072By)

< [1+5 (B (662285 ) | 1| fllsnion. o
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and
29)  |my (Bo) —my ((6077Bx")

Since E; C 60°B**

that 7(By) > r((60%)™B2)/(60%)% and By C (602)™B: C (602)2B%*. Thus, r(By) ~
r((60*)™B;) and hence, by (iv), (v), (ii) and (iii) of Lemma 2.2, we see that there
exists a positive constant (' o, depending on g and g, such that

—_—

< [14 0 (Bo, 602B5) | 1 flwnion. -

it follows that there exists a positive constant m € N such

246 (B, (602)2B;*) + 5 (Bo, (602 B
<346 (B, (60°)2B) + 0 ((66°) By, (602 By
+c [0 (Bo, (66%)"B;) + 0 (B2, (60 By") + 3 ((60°)° By, (602)2B; )|
< (o
This, along with (2.8) and (2.9), implies that
my (B = my (Bo)| < |my (B = my ((602)7B5)
+|mg ((6027B5) = my (Bo)| < Cual Fllwmnion. o

Case C. BX* C pBy. Recall the fact vs < 66_912/2. Then we choose 1 € (0, 00)

such that vs +n < g, } /2. From the choice of B, it follows that (2.4) does not hold
for the ball B}*, that is,

1t ({y € B ‘f(y) —my (go)‘ > 2L}) < s (By) < (ys+n)p(By).
This means that

L <f —my (B())) < 2L,

which, along with Lemma 2.5, implies that

my (B:;*) —my (B())‘ = ’mf—mf(%)(B**) S mg,’ys—‘rr];B;* <f — My <BO>> S 2L7

where we used the fact that for any ball B, ¢ € C and p-measurable function h,
mp(B) — ¢ = my_.(B).

Let Cy := max{C} 1, C12}. Choose L > < || f||rpmoy., (). Then (2.5) is true.

Let Cy € (1,00) be a constant, depending on p and p, such that 140 (B}, BX*) <
Cy. Then, if L > 20| f||[rRBMO,..(n)» by Definition 2.1, (2.5) and Lemma 2.2(iii), we
conclude that

my (B;) — my <§0>

(210) < lmy (B)) = my (B)|+ |my (Br") —my (By)|

* ok 5
< [1+0(B5 B llrmon, ) + 2L < Col| fllrBMon, () + 2L < 5 L.

By Lemma 2.1, we choose disjoint balls { B} }; among the balls { B} }.cp, so that the
expanded balls {58 }; cover all the original B}. It follows, from Definition 2.1, (iv),
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(ii) and (iii) of Lemma 2.2, that there exists a constant C5 € (1, 00), depending on p
and p, such that

my(By) —my (5Bz,)| < [1+6 (B2, 5B2) |1 Inmion.o
< Csl| fllrBMO..4 (1)

which, along with (2.10), implies that if x € 5B satisfying [f(z) — mf(E))| > kL
with k£ > 3 and L > 2Cs]| f|lremoy..(u)» then

‘f(x) —my (5321-)‘
> | @) =y (Bo)| = [my (Bo) =
>

)| = [ms(Bz) = my (5B2,)|

5

> kL — §L CSHfHRBMOos (k 3)L

Therefore,
{.’p € By: ‘f(x) —my (EB)) > kL}

c 9 {yeB;;; ‘f(y)—mf</Bv()>‘>kL}

{w€Bo, |f(x)—ms(Bo)|>kL}

<U {y € 5B |f(y) — my (53;1,)] > (k- 3)L} .

Using Definition 2.1, (iv), (ii) and (iii) of Lemma 2.2, we see that there exists a
constant Cy € (1,00), depending on g and p, such that

s (a75) oy ()
< ‘mf (EJ\B/O) —my (Bo)‘ + ‘mf (Bo) —my (BNON
1) < [24+5(Bo, 0Bo) + 6 (Bo Bo)] I/ lnmon.m

< [2+ 6 (Bo,0Bo) +5 (¢Bo,eBo) + (B, Bo) | I llmsion
< Cul| fllrBMOg S (1)

Take L such that L > Cyl| f||rBMm0,.(s)- Then by the facts that {B; }; are (60%, G5,2)-
doubling and disjoint, which are contained in 9By, (2.11) and (2.4), we conclude

that
D1 (e"B;) <D (60"B;) < gz 1 (B
A (e - ()| 20)

0F]
< 5 (e ot [0 - ()] > 1)
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<t (oot 10y (65)] o (5) s ()| 23)

féﬁ%?#({yengo:Lﬂy)—wnf<;§0}>>L}><<§%£M(dq%)'
Therefore,
{x € By: ‘f(x) —my (E))‘ > kL}
C U{y € 5B} : ‘f(y) —my <5B;i>‘ > (k_g)L}
and Z

ZM (50°By,) 5?;’ (¢°By) -

Denote 5B simply by B'. Let n € N. Iterating n times with the balls B? in place
of By, we see that

{ZL‘EBot ‘f(x) —my (E;)’ >3nL}
CLJ{yEBi1 : ‘f(y)—mf (év”)’ >3(n—1)L}
c U {vesr: |fw) - my (B7")

11,82

cC---C U {y c Bi1,i2,--.’in . ‘f(y) —my <Bi1,i2,"',in)

11,42,

>an—mL}

>0}

and hence

i ({x € By: ’f(x) —my <E)>‘ > 3nL}) < Z " (Bil,---,in,l,in)

i1>"' :inflyin

Z Z’u le in— 1zn) Sﬁifﬂ Z M(QQBz‘l,..-,in,1>

yin—1 in 11, 4in—1

§~~§<@@>;Mf3®-

Y

Take L := Cs||f|[rBmO,. () With C5 := max{C}/2,2C5,2Cs,Cy} and choose n € N
such that ¢ € [3nL,3(n + 1) ). We then know that

I <{x € By: ‘f(:z:) —my (EB)‘ > t}) <u ({35 € By: ’f(:t) —my (E)‘ > 3nL}>
< (B2)uiem) < (22)" iem)

(In2)t

< 26_ 3¢5/ IRBMOG 4 (1) m (Q2BO) )

This means that (2.3) is true for any t € [3L, 00).
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On the other hand, it is easy to show that for any ¢ € (0,3L),

i <{x € By: ‘f(:z:) —my (B())‘ > t}) < u(0*By)
(In2)t _ (In2)t _ (In2)¢
< 63C5“f”RBM00,S(M) e 365”fHRBM0078(;¢) m (Q2Bo) < %2¢ 305”/(”RBMOO73(M) L (QQBO) .

Thus, (2.3) still holds for any ¢ € (0,3L), which completes the proof of Proposi-
tion 2.1. 0

Based on Proposition 2.1, we now prove Theorem 2.1.

Proof of Theorem 2.1. We first show that if f € RBMO(u), then f € RBMOg ().
Let ¢ € (1,00). For any ball B C X, from the definition of mg . z(f — my(B)), we
deduce that for any ¢ € (0,mg ,.5(f — my(B))),

I <{y € B: ’f(y) —my <B>’ > t}) > sp(oB),

which implies that

1 (B)| o)

Letting t — mg . 5(f — mf(B)) we then conclude that

mg,s;B (f — My (B

s (B)] o)

Choose p = p in Lemma 2.6. Then the above estimate, along with the fact that
for any ball B, ¢ € C and p-measurable function h, my(B) — ¢ = my_.(B) and
Lemmas 2.5 and 2.6, implies that

mhon (7 =ms (B))
1

(Ol duto) + L0 (1)~ my (B)

—mp(f |du —|—‘mf my (B )(EN
5N du(w) +me o (f=my (B))
1
QB /| mg(f)ldu(x)JrSM(QE)/E\f(x)—mé(f)\dﬂ(x)

||f”RBMO( )-

On the other hand, by the similar argument, we conclude that for all (60%, Bs,2)-
doubling balls B C S C &,
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imy(B) —mg(S)| < |mp(B) — mp(f) + Imp(f) — ms(f)] + [ms(f) — m(S)]
< | Mpompp)(B)| + [ma(f) = ms(f)| + [msmsp) ()]
<mg.p (f —mp(f)) +[1+ (B, 9] flrB7mo()

_'_mOsS (f —ms(f))

QB /'f (Nl dp(z) + [1 4 0(B, )] || fllremo

s [ 1@ = ma(Plduto)
< (257" + D fllrsmog

Therefore, for any f € RBMO(u), f € RBMOg (1) and || f||rBymog. () S | [[RBMO()-
Now we prove that if f € RBMOy s(u), then f € RBMO(u) and

(2.12) I/ l[Byowy S 1 IRBMOG, (1)

To prove (2.12), we consider the following two cases.

Case I || f|[rBMO,.,(u) = 0. Just as in the proof of Proposition 2.1, we know that
there exists a constant M such that f(z) = M for p-almost every x € X, which
implies that ||f||RBMO(u) = 0.

Case II. || f|[rRBMmOo . (u) > 0. We now show (2.12). Indeed, by Definition 2.1 and
Lemma 2.6, to prove (2 12), it suffices to show that

213)  sw—s [ 1) = mp()] duta) < 1 Inovion o1
and that
214 sp () = ms(] S [1+ 8B, )1 msion -

rzeBCS
B,S (6g2,[7‘6g2 )—doubling

With the aid of Proposition 2.1, we easily see that for all balls B C X,

%B / £(2) = mi()] )
23 [ 71 =ms (B)duto) + | (B )-mé<f>1
< 7 ), 110 - (B)| )+ [ |60 = (B) it
e Folfres. -m -
% /°° (o8 po-w0)- e
e ( HfHRBMOOS ;“

+_ exp( i (B) dt < 1 lssion. o
||f||RBMooS (1)

~—

+t

IS

1:
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which implies (2.13).
On the other hand, applying Proposition 2.1 again, we conclude that for all
(602, Bpp2)-doubling balls B C S C X,

o) =) % ) =B+ b (2) = 5+ (5) = ()
i) / £0) = my(B)] dita) + [1+ 5(B. S)) o 0
e / 1£(z) = my(S)| du(x)
-5 /OOO ({o € B: |f(@) = my(B)] > t}) di
+ [1+ (B, 9)]|l fllrBMOG . (1)
+ﬁ/ i({e € St |f@) —my(S)] > 1) di

1 /°° c,t
S o exp (—é) 1 (0®B)dt
w(B) Jo 1.f lRBMOO . (1) (¢°5)
+ [T+ 0(B, S)]I| fllrBMO (1)

1 o cot
i W/o o <_ Hf”RBE/IOO,s(#)) Hle"S)et
S 14 6(B, )1 l[rBryo, (),
which implies (2.14). This finishes the proof of Theorem 2.1. O
We end this section with the proof of Corollary 2.1.

Proof of Corollary 2.1. From the fact that ¢ is strictly increasing, it follows that
for any ¢ € (0,00), any ball B C X and y € B such that |f(y) — ms(B)| > t,

o (|1 = ms (B)|) > w0
This implies that

{veB: 1) —ms (B)| >t} < {we B o (|1 - my (B)]) > wt)}.
Furthermore,
(2.15) s <{y €B: ‘f(y) —my <§>‘ > t})

< p ({y €B:y (‘f(y) —my <§>D > w(ﬂ}) :

On the other hand, by the definition of m§ . (f — 7nf(§))7 we see that for all ¢ €
(O’ mg,s;B(f - mf(B)))7

w({veB: [rw) —ms (B)| > t}) = suen),

which, along with (2.15), yields

I ({y €B:y (’f(y) —my <§> D > s@(t)}) > sp(oB).
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Therefore,

(2.16) qws&@B/ (|7t — my (B)]) dutu.

By the choice of the function ¢, we easily know that the inverse function of ¢
exists, which is denoted by ¢~'. From (2.16) and the facts that ¢ is nonnegative
continuous and

lim () = oo,

t—o0

we infer that for all ¢ € (0, mg . z(f — ms(B))),

=5 (s o (0 - (8) )

By letting t — mg . 5(f — mf(B)), we conclude that

(s (8)) < (s (100 ()] ).

From this fact and Theorem 2.1, we deduce that if f satisfies the assumptions of
Corollary 2.1, then f € RBMOg(u). Hence, f € RBMO(u), which completes the
proof of Corollary 2.1. OJ

3. Some applications

We begin this section with the notion of the Calderén-Zygmund operator on the
non-homogeneous metric measure spaces.

Let A := {(z,2): v € X} and K be a p-locally integrable function mapping
(X x X&)\ A to C, which satisfies the size condition that there exists a positive
constant C' such that for all x,y € X with z # vy,

1
Az, d(z,y))’
and the regularity condition that there exist some positive constants 7 and C' such
that for all z, 2",y € X with d(z,y) > 2d(x,z'),

(3.1) |K(z,y)| <C

[d(z, 2)]"
[d(z, )" Az, d(z,y))
The Calderon—Zygmund operator associated to the above kernel K and the measure
1 is formally defined by

(3.3) zwmeémmw@ww

This integral may not be convergent for many functions. Thus, we consider the
truncated operators T, for € € (0,00) defined by setting, for any suitable function f
and z € X,

3.9 T = [ K duty)

Throughout this paper, we say that T' is bounded on LP(u) if the operators T, are
bounded on LP(x) uniformly on € € (0,00), and T satisfies some type of estimate if
T. satisfies the same type of estimate uniformly on € € (0, c0).

(3.2) |K(z,y) — K(=" y)| + |K(y, ) = K(y,2')| < C
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A new example of operators with kernel satisfying (3.1) and (3.2) is the so-called
Bergman-type operator appearing in [25]; see also [§] for an explanation. Notice
that (3.1) and (3.2) are more general than the conditions satisfied by the classical
Calderéon—Zygmund operators.

The purpose of this section is to show that the L”(u)-boundedness with p € (1, 00)
of the Calderén-Zygmund operator is equivalent to several corresponding endpoint
estimates, based on the results obtained in Section 2. To this end, we first recall the
definition of the atomic Hardy space H'(u) as follows.

Definition 3.1. Let p € (1,00) and p € (1,00]. A function b € L. () is called
a (p, 1) -atomic block if

(i) there exists some ball B C X such that supp(b) C B;

(i) [, b(z)du(x) = 0;

(iii) for j € {1,2}, there exist a function a; supported on ball B; C B and a
number x; € R such that b = k1a; + kea2 and

lailleew < l(pB)]"" 7 [L+6 (B, B
Then define |b|H1,€(M) := |k1] + |Kk2|. A function f € L'(p) is said to belong to the

space HYP () if there exist (p, 1)x-atomic blocks {b; }ien such that f = 322, b; with
Yo |bi|H;t*{;(#) < 0o. The HLP (1) norm of f is defined by

1 r2gp o = i {Z |bi|Hig{i<u>} ’

i=1
where the infimum is taken over all the possible decompositions of f into (p,1)x-
atomic blocks.

It was proved in [9, Proposition 3.1(ii)] that for each p € (1, 00], the space H.P (1)
is independent of the choice of p € (1,00) and, for all p € (1,00), the spaces H;ﬁ(p)
and H.>°(p) coincide with equivalent norms. Thus, in this paper, we write H" (1)
simply by H'(u).

The following theorem is the main result of this section.

Theorem 3.1. Let p € (1,00), K be a p-locally integrable function mapping
(X xX)\A to C which satisfies (3.1) and (3.2), and T' a Calderén—Zygmund operator
as in (3.3). Then the following seven statements are equivalent:

(i) T is bounded from H'(u) into L'(u);

(ii) T is bounded from H'(u) into weak L'();

(iii) for some v € (0,00), there exists a positive constant C' such that for all
€,t € (0,00), balls B and bounded functions f with supp(f) C B,

p{z € B: [T(f)(x)| > t}) < C7pu(pB) || f 11700 ()3

(iv) for some o € (0,1), there exists a positive constant C' such that for all € €
(0,00), balls B and bounded functions f with supp(f) C B,

1 . o .
57 L ITD@F i) < g

(v) T is bounded from L*°(u) into RBMO(u);
(vi) T is bounded on LP(u) for some p € (1,00);
(vii) T is bounded on L*(u) for all p € (1, 00).



20 Guoen Hu, Yan Meng and Dachun Yang

When (X,d, ) := (R%| - |,p) with u satisfying the polynomial growth con-
dition (1.2), the corresponding result was obtained in [5]. Furthermore, it was al-
ready proved in [15] that for the Calderon—Zygmund operator 7' on non-homogeneous
spaces, its boundedness on LP(1) with some p € (1, 00) is equivalent to its bounded-
ness from H'(p) into weak L'(u). To be precise, (i) < (i) < (vi) and (ii) = (iil) =
(iv) have been proved in [15]. In this article, applying the new characterization of the
space RBMO() in Section 2 (to be precise, Corollary 2.1), we prove the implication
(iv) = (v).

From Theorem 3.1, we further deduce the following result.

Corollary 3.1. Let K be a p-locally integrable function mapping (X x X')\ A
to C which satisfies (3.1) and (3.2), and T a Calderén—Zygmund operator as in (3.3).
Let ® be a Young function such that for all t1,ty € [0,00), ®(t1t2) < Co®(t1)P(t2),
where Cy is a positive constant independent of t; and ts, and that for some o € (0, 1),

o0 1
/ o <—> ot dt < 0.
0 t

If there exists a positive constant C' such that for all ¢,t € (0,00) and bounded
functions f with bounded support,

il € x5 L@ > ) < [ 0 ('f(t—)') ().

then T is bounded on LP(u) for all p € (1,00).

We remark that if we let ®(t) := tlog”(2 + t) with v € [1,00) for all ¢ € [0, 00),
then by Corollary 3.1, we easily see that if T is of weak type (Llog” L(u), L' (1)),
namely, there exists a positive constant C' such that for all ¢ € (0, 00) and bounded
functions f with bounded support,

e e xs np) > th < [ Hlop ( n @) ().

then T is also bounded on LP(u) for all p € (1, 00).
To prove Theorem 3.1, we need the following technical lemma.

Lemma 3.1. Let K be a p-locally integrable function mapping (X x X))\ A
to C which satisfies (3.1) and (3.2), and T a Calderén-Zygmund operator as in
(3.3). Let o € (0,1). If Theorem 3.1(iv) with p = 3/2 is true, then for all € €
(0,00) and bounded functions f with bounded support, |T.(f)| € RBMO(u) and
NTe(H)I” IrBMO(u) < Cllf||7o0(,)» where C'is a positive constant independent of f and
€.

Proof. By the homogeneity of || - |[remo(y), We may assume that || f||peoq) = 1.

For any ball B C X, set
hpo :=mp ( T <fXX\%B> ) ’

where for any p-locally integrable function g and any ball B C X, mp(g) denotes
the mean of g over B, namely, mg(g) := ﬁ [ 9(@)du(x). It follows, from Defini-
tion 1.3, that the proof of Lemma 3.1 can be reduced to proving that

1 .
(35 557 | |mO@I s,

dp(r) S 1,
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and that for all balls B and S with B C 9,
(36) |hB,U - hS,J' 5 1 + 5(37 S)

We first show (3.5). For any fixed ball B and bounded function f with bounded
support and || f||ze(u = 1, decompose f as f = fX%B + fXX\%B =: f1 + fo. Write

555 L [FO@ = ki de)

% / ]|T€<f><:c>|“—|Te<f2><x>|f’\du(az)+L [T — b e
2B /|T f1) ()] dp(x /‘|T ) (@) = hpo|du().

By the hypothesm we easily know that

i) J, FR@I ) < o / IT() (@) dpl) S 1.

On the other hand, from (3.1) and (3.2), it follows that for all z,y € B,

‘\Te(fz)(aﬁ)l" — [T f2) (W)l () (@) = T(f)WI” SNl Tey S 1,
which implies that

557 L | @F = hnfauta)

w L e = memr

Therefore, (3.5) holds.
We now turn to prove (3.6). For all balls B and S with B C S, we denote the
smallest positive integer k such that %S C 2B by N. Write

\hBo — hso| < ‘mB ( T, (fXX\%B) ‘0) —mp (|T. (fxxovg)|”)
+[mp (|T. (fxaevs)|7) —ms (\T (fxaeve)|)]|

(y) du(z) S 1.

+ ‘ms ( T. <fXX\§S> ’J) mS fXX\QNB)r)
<mp < Te <fX2NB\%B> U> )mB T (Fxxve)|)
—ms (|Te (fxanavs)|”) | +mr ( (fX?NB\ S) U)
= E; + Ey + Es.
By (3.1), we first conclude that for all x € B,
T. (fxgwg\g3> (x)) S /ZNBWB % dp(y)

1f(y)]
+/23\g3 NCXICT) du(y) S 1+46(B,5),
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which, along with the fact o € (0,1), implies that

Ei, S[146(B,9)° <1+4(B,5).
Analogously, E3 < 1. It follows, from (3.1) and (3.2), that for all z € B and y € S,

||T6(fXX\2NB>(x)’J - ’TE(fXX\QNB>(y)‘U‘ < |Te(fXX\2NB)(3C)_Te(fXX\zNB)(Z/)‘U S L

This further shows that
1 1
Eg——//T6 vp)(x)|? — |T. N 7 d dp(z) S 1.
2 w(BY u(S) /5 s“ (fXX\Z B)(7)] | (fXX\2 B)(W)| ‘ u(y) du(x)

By the estimates for E;, Es and Ej, we obtain (3.6), which completes the proof of
Lemma 3.1. U

Proof of Theorem 3.1. By [15, Theorem 1.1, Corollary 1.1 and Lemma 3.1|, we
know that (i) < (ii) < (vi) and (ii) = (iii) = (iv). Now we prove that (iv) = (v) =
(1), which implies the statements (i)—(vi) are equivalent. We then finally show that
(vi) & (vii).

(iv) = (v). For simplicity, assume that (iv) is true with p = 3/2. To show (v),
it suffices to prove that for all ¢ € (0,00) and bounded functions f with bounded
support,

| Te(f)IrBMo) S I llzee(w)

It follows, from Lemma 3.1, that |T.(f)|” € RBMO(u), where o € (0,1). By the
John—Nirenberg inequality in |7], we know that T.f is p-locally integrable. For each
fixed ball B, set hp := mB(Tg(fXX\%HB)). By some arguments similar to those used
in the proof of Lemma 3.1, we conclude that for all balls B,

(37) o7 | @) = al” o) S 1 g

and that for all balls B and S with B C S,
(3.8) |hp = hs| S [1+0(B, S| fll oo 0)-

Notice that for any ball B, ¢ € C and p-measurable function h, my(B)—c = my,_.(B).
From this fact, (3.7), (3.8) and (2.2), it follows that for all balls B,

| [140)0) = mar) (B)

<),

" duly)

\_/

Te(f)(y)_hB‘adM(y)+’hB_hE‘U,U )h~—mTe( ) (B

S OB f 5y + [1+ 8B B)]” w(B)I e + [y (B) | m(B)

< 0B f 5o + (mC 5 [Tf) - hg})”uw)

S ueB) gy + 2L [ 100)0) — hi| i) S eB) g,
" u(eB) B v
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and that for any two (602, 36,2)-doubling balls B C S,
|ma (1) (B) = ma, ) (S)| < |mr.ip)(B) — hg| + |hg — hs| + |ma, ) (S) — hs|
< mu(y—np (B)|+[1 + 8(B, I fll ey + | migcr)—ns) ()
Smgop (Te(f) = hp) + [14+6(B, )] fll o
+m05$’( «(f) = hs)

< ) - 1/o
< [M o5 LT —hs duwﬂ
+ [+ 0B, Nl oo
. o 1/o
+ {m «(N)(y) = hs (y)}

S [+ 6(B )l zoeuy

where B is the smallest (6¢%, fg,2)-doubling ball of the form (6¢?)’B with j € Z,
as in Section 2. By Corollary 2.1 with () := t7 for all t € [0,00), we see that
IT. ) lssstogn S 1l Thus, (v) holds.

(v) = (i). We first claim that for all € € (0, 00), balls B and bounded functions
f with support contained in B,

(3.9) | )@ duto) < wB) =0

We consider the following two cases for rpg.
Case I. rg < diam(supp p)/40. In this case, choose p = 2 and ¢ = 1 in Lemma 2.6.
From the hypothesis and Lemma 2.6, it follows that for all € € (0, 00),

[ PN du@) S 4Bl

where for any ball B C X, BS denotes the smallest (6, Bs)-doubling ball of the form
6’ B with j € Z,. Hence, in this case, the proof of (3.9) is reduced to showing

(3.10) |5 (Te())| S #@2B) |1 f | ()
We use the same notation as in the proof of [15, Lemma 3.1]. Let S be the smallest
ball of the form 67 B such that (6B \ 2B) > 0 with j € N. Thus, u(67'5\2B) =0

and p(S\ 2B) > 0. This leads to p(S\ (67'SU2B)) > 0 and BS C S6. By this
and |7, Lemma 3.3|, we choose zo € S\ (6715 U 2B)) such that the ball center at
xo with the radius 6 %rg for some integer k& > 2 is (6, 35)-doubling. Let By be the
largest ball of this form. Then it is easy to show that By C 25 and d(By, B) > rp/2.
It was proved in the proof of [15, Lemma 3.1] that §(B,25) < 1 and 6(Bo, 25) < 1,

which imply that §(B (25) ) < 1 and 6(Bo, (25) ) S 1. Therefore, via Lemma 2.6,
we conclude that

[mea(T()) = mi (T()
< (T ) = Mg (T )| + s (L) = ma (T )

< 249 (B, 25)°) + 9 (B% 29°) | IT(Hllreniow) S 1 e
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which implies that to prove (3.10), it suffices to show

(3.11) [, (Te(O S W F 1l

Notice that for all y € By and z € B, d(y,z) > rg/2 and hence d(zp,y) < d(zp, 2)+
d(z,y) < d(z,y). From this, (3.1) and (1.4), it follows that for all y € By,

T W) < / %dw)s / %m)

_nB) <

which implies (3.11). Therefore, (3.9) holds in this case.

Case II. rg > diam(supp p)/40. In this case, without loss of generality, we may
assume rp < 8diam(supp ). Then B N supp(u) is covered by balls {B;}, with
radius r5/400, where M € N. For j € {1,---, M}, define

XB;
— 2% f
22/1:1 X By,

Since (3.9) holds if we replace B by 2B;, which supports the function a;, we then see
that

@i <32 [ e +Z/ )l du(z)

,]:

(Ij =

S

M M
S N ailleen(B) + > llajl Lo n(4B;) S 1| Flloequu(2B).
j=1 j=1

Thus, the claim (3.9) also holds in this case.
Now based on the claim (3.9), we prove (i). Take p = 4 and p = oo in Defini-
tion 3.1. It suffices to show that for all (oo, 1) -atomic blocks b,

(3.12) 1Tz S [blgee -

Let b := Z?Zl r;a; be a (00, 1) -atomic block, where for any j € {1, 2}, supp(a;) C

B; C B for some B; and B as in Definition 3.1. Write

7.0z = | 10 duo) + | o

2B
<Z|K]|/ e(a;)(z)| dp(z +Z|“J|/B\2B
3

T.(b)(x)|du(x) =: F;.
+/X\(23)| @) duz) = Y

=1

It follows, from (3.9), that

2 2
F1 S eiln@B;) llall ey S 1]
j=1 j=1
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On the other hand, by (3.1) and (1.4), we conclude that

F2<Zm| L . / S duty) dute)
sZw Lo s 3 x;% f{j' ) dp(z)

7‘7:33'))

2
S ZI%;M B) llall i S ) Il
j=1

It remain to estimate F3. We consider the following two cases.

Case (i). € € (0,7p). In this case, it is easy to show that for all z € X'\ (2B)
and y € B, d(z,y) < e. Thus, by the vanishing moment of b with (3.2) and (1.4), we
easily see that

Fy < /X - /X K (2,y) — K, 25)|1b()| dyu(y) dpu(z)

S /x\ 23)/ {d(i: iiﬂ T /\(l“lvb;z! y)) ) )
N Z"’"ﬂ' /X\ - [d(wii'B)} A(x;zl((?,|x3))

T 2
rp du(x
lK]’ /k+13 (2+B) {2’”"3] Mzp,d(z,2p)) Fl‘ﬁjl

Case (1'1'). € € [rp,00). In this case, we first write

dp(y) dp(z)

Py < / / K (2,y) — K (2, 25)|b(v)| dpy) dpz)
d(z,zp)>rp+e J d(z,y)

+ [ [ IRl o) dua) = s + P,
2rp<d(z,zp)<rp-+e Jd(z,y)>e

For the term F3 ;, notice that for all z € X such that d(z,xp) > rg+eand all y € B,
d(x,y) > e. Thus, by the same argument as to the Case (i), we conclude that

Fs1 S ZW\

On the other hand, from (3.1), (1.3) and (1.4), it follows that

2
1
Fyo < m-/ / e du(y) du(z
3.2 E._ |4 PR PN A(I7d(x7y))\ (W) du(y) dp(x)

5Z|m]|/

[\

du(@) sl S D Ikl

d(z,zRB) <2e 6) =1
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Combining the estimates for F3; and F3 4, we see that

2
IS
j=1

in this case.

The estimates for Fy, Fo and F3 imply (3.12). Thus, (v) = (i), which further
implies that (i)—(vi) are equivalent.

(vi) < (vii). The implication (vii) = (vi) is obvious. Let us prove (vi) = (vii).
Indeed, based on the equivalence of (i)—(vi) proved above, we conclude that if (vi)
holds, then 7' is bounded from H*(p) into L' (i) and from L>(p) into RBMO(u). By
the interpolation result [1, Theorem 6.4], we see that T" is bounded for all p € (1, c0).
This means that (vii) holds. Thus, we proved that (vi) < (vii), which completes the
proof of Theorem 3.1. ([l

Proof of Corollary 3.1. By Theorem 3.1, the proof of Corollary 3.1 is reduced
to proving that Theorem 3.1(iv) is true. Let B be a fixed ball and f a bounded
function with support contained in B. By the homogeneity of | - |[rBmo(u), We may
assume that || f||z~(,) = 1. By some trivial computation, we easily see that for any
o€ (0,1),

/B () (@) dp(z) = o / 1 u({x € B |T.(f)(@)| > 1)) dt + o / T

sue)+ oo (1) a [ el s o)

which completes the proof of Corollary 3.1. 0
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