
Annales Academiæ Scientiarum Fennicæ
Mathematica
Volumen 37, 2012, 245–249

ON THE OPTIMAL CONSTANT FOR THE BERGMAN
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Abstract. In this note we obtain the best constant for the Bergman projection from L∞ onto
the Bloch space. We also consider the question for the projection from C(D) onto the little Bloch
space.

1. Introduction

Bergman type projections are central operators when dealing with questions re-
lated to analytic function spaces over domains of the complex plane. They are studied
in their own right, or in connection to Toeplitz operators, for instance. One often
wants to have bounded Bergman projections, while the exact operator norm of the
projection is less important. Let D = {|z| < 1} be the open unit disk of the complex
plane and dA(z) = π−1 dx dy stand for the normalized Lebesgue area measure. The
Bergman projection P is then defined as

Pf(z) =

ˆ

D

f(w) dA(w)

(1− zw̄)2
, z ∈ D.

Let 0 < p < ∞ and consider the Bergman space Ap consisting of those analytic
functions f on D, satisfying ˆ

D

|f(z)|p dA(z) < ∞.

The space H∞ is the space of bounded analytic functions on D. For 1 < p < ∞ it is
known that the Bergman projection maps Lp boundedly onto Ap. The exact operator
norm is, however, difficult to verify unless p = 2, in which case the norm is one. In
[1] K. Zhu studied the asymptotic behaviour of the the norm of P when p → 1+

and p → ∞. It is known that the Bergman projection is not bounded L1 → A1 or
L∞ → H∞.

Let us now consider the Bloch space consisting of analytic functions f : D → C,
for which

‖f‖B := sup
z∈D

(1− |z|2)|f ′(z)| < ∞.

It is known that the Bergman projection L∞ → B is bounded and onto. A good
source for theory of Bergman projections and the Bloch space is the book [2]. Note
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that ‖ · ‖B is not a norm, so by boundedness we mean that there exists C > 0 such
that
(1.1) ‖Pf‖B ≤ C‖f‖∞
for every f ∈ L∞. In this note we calculate the smallest possible C such that (1.1)
remains true for every f ∈ L∞. As a main result of this paper we get that the optimal
constant equals 8/π. The same thing also is shown to hold for P : C(D) → B0, where
B0 is the little Bloch space.

The author wishes to thank Academy Professor Kari Astala and Professor Kehe
Zhu for showing interest in the problem and for the encouragement during the course
of work. The author also thanks Juhani Koivisto for his nice piece of advice for the
final stage of the proof.

2. The result

Lemma 2.1. The optimal constant C is given by

(2.1) C = 2 sup
z∈D

ˆ

D

(1− |z|2)|w| dA(w)

|1− zw̄|3 .

Proof. For f ∈ L∞ we can differentiate

Pf(z) =

ˆ

D

f(w) dA(w)

(1− zw̄)2

under the integral sign to obtain

‖Pf‖B = 2 sup
z∈D

∣∣∣∣
ˆ

D

(1− |z|2)w̄f(w) dA(w)

(1− zw̄)3

∣∣∣∣ .

If now ε > 0, there exist a function gε ∈ L∞ and ζ ∈ D such that ‖gε‖∞ ≤ 1 and

(1− |ζ|2)|(Pgε)
′(ζ)| > C − ε.

On the other hand, for every z ∈ D, we can pick

(2.2) fz(w) =
w|1− zw̄|3
|w|(1− z̄w)3

.

Note that ‖fz‖∞ = 1 for every z ∈ D and that for each g ∈ L∞ with ‖g‖∞ ≤ 1 we
always have ∣∣∣∣

ˆ

D

w̄g(w) dA(w)

(1− zw̄)3

∣∣∣∣ ≤
∣∣∣∣
ˆ

D

w̄fz(w) dA(w)

(1− zw̄)3

∣∣∣∣ ≤
ˆ

D

|w| dA(w)

|1− zw̄|3 .

In particular
(1− |ζ|2)|(Pfζ)

′(ζ)| ≥ (1− |ζ|2)|(Pgε)
′(ζ)|.

The claim now follows. ¤
Our next aim is to study integrals of type (2.1). To this end, we denote by

F : D → C the following function:

(2.3) F (z) =

ˆ

D

(1− |z|2)|w| dA(w)

|1− zw̄|3 .
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Proposition 2.2. The function F is radial, that is F (z) = F (|z|) = F (r) for
every z = reiθ ∈ D.

Proof. Suppose z = reiθ and make a change of variables w 7→ eiθw. Then

F (z) =

ˆ

D

(1− |z|2)|w| dA(w)

|1− zw̄|3 =

ˆ

D

(1− r2)|w| dA(w)

|1− rw̄|3 = F (r),

and the claim is proved. ¤
To proceed with our proof, we want to express F in a slightly different form.

Proposition 2.3. For every z ∈ D, we have

F (z) =

ˆ

D

|z − w| dA(w)

|1− zw̄|2 .

Proof. We use the Möbius map ϕz(w) = (z − w)/(1 − z̄w) for z, w ∈ D. It is
known that ϕz is a conformal self-map of the unit disk, ϕz interchanges z and 0 and
that ϕz is its own inverse under composition. Moreover, the complex Jacobian Jz of
ϕz is given by

Jz =
(1− |z|2)2

|1− zw̄|4 .

We first note that

1− zϕz(w) =
1− |z|2
1− zw̄

.

Using change of variables, we now have

F (z) =

ˆ

D

(1− |z|2)|w| dA(w)

|1− zw̄|3 =

ˆ

D

|ϕz(w)| |1− zϕz(w)| dA(w)

1− |z|2

=

ˆ

D

|z − w| dA(w)

|1− zw̄|2 ,

which was the claim. ¤
By proposition 2.3, we can deduce that F extends to a continuous function on

D. Because F is radial, we set

F (1) = lim
r→1−

F (r) =

ˆ

D

dA(w)

|1− w| ,

and the continuous extension is well-defined, so we will think of F as a function
defined on D. We also know that if F obtains its maximum on the boundary, the
optimal constant would be C = 2F (1).

Proposition 2.4. The function F obtains its maximum at any point on the
boundary of the unit disk.

Proof. For each w ∈ D the map z 7→ (z − w)/(1 − zw̄)2 is analytic. Therefore
Gw(z) := |z−w|/|1− zw̄|2 is subharmonic for every w ∈ D. Then, for the Laplacian
we have

4Gw(z) ≥ 0,
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for every z, w ∈ D, z 6= w. From formula (2.3) it is easily seen that F is C2 on D. It
now follows that

4F (z) = 4
ˆ

D

|z − w| dA(w)

|1− zw̄|2 =

ˆ

D\{z}
4Gw(z) dA(w) ≥ 0,

for every z ∈ D. Therefore F is subharmonic and the proof is finished by use of the
maximum principle. ¤

We are now ready to state and prove the main theorem with ease.

Theorem 2.5. The optimal constant C for the inequality
‖Pf‖B ≤ C‖f‖∞

equals 8/π.

Proof. By the preceding set of results, the optimal constant is given by

C = 2

ˆ

D

dA(w)

|1− w| ,
so it remains to calculate this integral. By using real variable theory, we can write

ˆ

D

dA(w)

|1− w| = π−1

ˆ 1

−1

ˆ √
1−x2

−√1−x2

dy dx√
(1− x)2 + y2

= π−1

ˆ 1

−1

[
arsinh

(√
1− x2

1− x

)
− arsinh

(−√1− x2

1− x

)]
dx

= π−12

[
x arsinh

(√
1 + x√
1− x

)
+
√

2 + 2x− artanh

(√
1 + x√

2

)]1

−1

.

The last identity is easily verified by taking a derivative (the author obtained the
formula by the use of computers). Now, it can be verified by using the logarithmic
formulas for arsinh and artanh that

lim
x→1−

[
arsinh

(√
1 + x√
1− x

)
− artanh

(√
1 + x√

2

)]
= 0.

The rest of the boundary terms are easily computed and thus we obtainˆ

D

dA(w)

|1− w| = 4/π.

It follows that C = 8/π. ¤
Let B0 stand for the little Bloch space, consisting of those f ∈ B with

lim
|z|→1−

(1− |z|2)|f ′(z)| = 0.

It is known that P : C(D) → B0 is bounded. The following corollary deals with the
optimal constant for this projection.
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Corollary 2.6. The optimal constant D for the inequality
‖Pf‖B ≤ D‖f‖∞, f ∈ C(D)

equals 8/π.

Proof. Since C(D) ⊂ L∞ it is easy to see that D ≤ C. We want to show that
D ≥ C. The functions fz in (2.2) are not in C(D). For 0 < ε < 1/2 define functions
f ε

z by

f ε
z(w) =

{
fz(w) if |w| > ε,

fz(w)|w|/ε if |w| ≤ ε.

Clearly f ε
z ∈ C(D) so Pf ε

z ∈ B0 for every z ∈ D and 0 < ε < 1/2. If now z ∈ D,
then

|P (f ε
z − fz)(z)| ≤ 2

ˆ

|w|≤ε

|w|(1− |z|2)|f ε
z − fz|(w)dA(w)

|1− zw̄|3

+ 2

ˆ

|w|>ε

|w|(1− |z|2)|f ε
z − fz|(w)dA(w)

|1− zw̄|3
≤ 32ε3.

Therefore Pf ε
z(z) → Pfz(z) as ε → 0. From this, it is immediately deduced that the

optimal constant of the corollary is the same as in the main theorem: D = 8/π. ¤
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