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Abstract. Let 2" be an RD-space, namely, a metric space enjoying both doubling and reverse
doubling properties. In this paper, for all s € [—1,1] and p,q € (0, 0], the authors introduce the
grand Besov spaces &/ B; 4(Z") and grand Triebel-Lizorkin spaces </ F;Q( Z), and prove that when

€ (0,1), |s|] < e and p € (max{n/(n+e€),n/(n+ €+ s)}, o], ,52%3;7(1(%) N(GE(8,7)) = B;’q(%)
with ¢ € (0, 00] and ng}q(%) N(E(8,7)) = Fz‘f’q(%) with ¢ € (max{n/(n+e€),n/(n+e+s)}, ]
for all admissible 8 and ~y, where g%(ﬂ,w) is the space of test functions. As applications, the
authors obtain some real interpolation results on these grand Besov and Triebel-Lizorkin spaces.

The corresponding results for inhomogeneous spaces are also presented.

1. Introduction

The theory of Besov and Triebel-Lizorkin spaces on metric spaces has developed
rapidly in recent years. In particular, a theory of Besov spaces By (Z") and Triebel-
Lizorkin spaces F;q(% ) on the so-called RD-spaces 2", namely, metric spaces enjoy-
ing both doubling and reverse doubling properties, was established in [14, 15] and fur-
ther developed in [20, 24]; see these papers and their references for part of the history
of these spaces on metric measure spaces. Very recently, in [18 19], a class of grand
Besov spaces &7 BS and grand Triebel-Lizorkin spaces &/ F * . and their inhomoge-
neous counterparts 427 B, and & F] , on both R" for full range of parameters and
RD-spaces for s € (0,1) and p,q € (0 oo] were introduced and proved therein that
these spaces coincide with, respectively, Besov spaces and Triebel-Lizorkin spaces for
some parameters s, p and ¢. Furthermore, the grand Triebel-Lizorkin spaces & F} '

and &/ F]  were also proved to cover, respectively, the Hajlasz—Sobolev spaces M s’p
and M S’p Recall that the Hajtasz—Sobolev space when s = 1 was introduced by
Hajlasz in [11, 12] and when s € (0,1) in [22]|. In recent years, a lot of attention has
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been paid to the study of Hajlasz—Sobolev spaces on metric spaces; see, for example,
[9, 13, 17].

In this paper, motivated by [17, 18, 19], for all parameters s € [—1,1] and p, q €
(0, 0], we introduce the grand Besov spaces &/ B;’q(ﬁi” ) and grand Triebel-Lizorkin

spaces &/ F;q(% ) on an RD-space 2" via the grand Littlewood—Paley g-function,
and prove that when € € (0,1), |s| < € and p € (max{n/(n+¢€),n/(n+ €+ s)}, 0],
A By ((27) N (45(5,7)) = By,,(27) with ¢ € (0,00], and &/ F ,(27) N (%5(5,7))" =
ES (27) with ¢ € (max{n/(n + €),n/(n + € + s)},00] in the sense of equivalent

quasi-norms for all admissible § and 7, where Eéoe(ﬁ, 7v) is the space of test func-
tions introduced in [15]; see Theorem 1.1 below. This generalizes [18, Theorem 1.4|
and [19, Theorem 4.1] by taking s € (0,1), p € (max{n/(n+¢€),n/(n+ €+ s)}, 0]
and ¢ € (0,00]. As an application of these coincidences and via the Calderon re-
producing formulae in [15], we establish some real interpolation conclusions of the
spaces &/ B;’q(e%” ) and &7 F;q(% ), which generalize the real interpolation theorems
of Besov and Triebel-Lizorkin spaces on Ahlfors n-regular metric spaces in [23] and
RD-spaces in [15]; see Theorem 1.2 below. The corresponding results on inhomoge-
neous grand Besov spaces & B, (2") and grand Triebel-Lizorkin spaces & F; (")
are also obtained; see Theorems 3.1 and 3.2.
We begin with the notion of RD-spaces in [15] (see also [24]).

Definition 1.1. Let (£, d, 1) be a metric space with a regular Borel measure p
such that all balls defined by the metric d have finite and positive measures. For any
re Z and r € (0,00), let B(z,r) ={y € 2 : d(x,y) <r}. The triple (27, d, p) is
called an RD-space if there exist constants 0 < x < nand 0 < C; <1< () <
such that for all z € 27, 0 < r < 2diam(2") and 1 < X < 2diam(Z")/r,

(1.1) CIXN*(B(x, 7)) < p(B(x, Ar)) < CoA" (B, 7)),

where diam(2") = sup,, ¢ o d(,y).

We remark that a connected space of homogeneous type in the sense of Coifman
and Weiss |7, 8] (with the quasi-metric replaced by metric) is an RD-space; see [24].

In what follows, we always assume that (2, d, 1) is an RD-space. Let V (z,y) =
pu(B(x,d(z,y))) and V,.(z) = u(B(x,r)) for any x, y € 2 and r € (0,00). It is easy
to see that V(z,y) ~ V(y, ).

Definition 1.2. Let 23 € 27, r € (0,00), 8 € (0,1] and v € (0,00). A function
@ on A is said to be in the space ¥ (x1,r, 3,7) if there exists a nonnegative constant
C such that

(i) lp(z)] < CVT(m)jV(m,m) [ratey)” forallz € 27

.. d(z, - . .
(i) |e(x)—p(y)] < C’[Hé(;ﬁz)]ﬁVr(m):v(mm) [rrdtrmy| forallz, y € 27 satisfying
Moreover, for any ¢ € 4 (x1,7,3,7), its norm in 4 (xq,r, 3,7) is defined by

¢l (@18 = inf{C: (i) and (ii) hold}.

Throughout the whole paper, we fix x; € 2 and let 4(8,v) = ¥ (x1,1,5,7).
The space ¢(3, ) is a Banach space with respect to the norm || - |l¢(s,); see [15,
Section 2.1].
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For any given € € (0,1], let 945(8,7) be the completion of the space ¥ (e, €) in
4(B3,7) when 3,7~ € (0, €. Obviously, G5 (e, €) =9 (e,e). We also let G (x1,7,8,7) =
{f € 9(@1,r,8,7): [, f(x)dx = 0}, and the space g%(ﬂ,fy) is defined to be the
Cg)mpletlon of the space g(e, €) in g(ﬁ, v) when (3,7 € (0,¢€. Moreover, it f €
95(8,7), we then define || fllgcs.) = [Ifllwsq- Let (45(3,7))" and (5(8,7))" be
respectively the dual spaces of ¥45(3,~) and g%(ﬂ,’y), endowed with the weak *-
topology. It is easy to see that (45(3,7)) = (45(8,7))/C; sce [15].
We now recall the notion of approximations of the identity on RD-spaces in [15,
Definition 2.3].

Definition 1.3. Let ¢; € (0,1]. A sequence {Sk}rez of bounded linear integral
operators on L%(.2") is called an approzimation of the identity of order ¢, (for short,
€1-AOTI) with bounded support, if there exist positive constants C3 and Cj such
that for all k € Z and all z, 2/, y and v/ € 2", Sk(x,y), the integral kernel of Sy, is
a measurable function from 2~ x %2 into C satisfying

(i) Sk(z,y) = 0if d(z,y) > C427F and |Sk(z,y)| < C3m'

(ii) |Sk(z, ) — Se(@’,y)| < C 2kﬂggg+() for d(z,2') < max{Cy, 1}2'*;

(iii) Property (ii) holds with z and y interchanged,;

(iv) 1[Sk(x,9) = Se(w, )] = [Sk(@'y) = Su(@' )| < Cy22her ERLIHOLL for
d(z,2") < max{Cy, 1}2'°% and d(z,2") < max{C,, 1}2'%;

(V) [, Sk(z,2)du(z) =1 = [, Si(z,y) du(z).

It was proved in [15] that, for any € € (0, 1], there always exists an €;-AOTI
with bounded support on an RD-space Z". In what follows, for all k& € Z, we set
Dy = Sy — Sk—1, and for any € € (0,1) and |s| < €, we let p(s,€) = max{n/(n +
€),n/(n+e+s)}.

Let 2" be an RD-spaces with p(27) = co. We recall the homogeneous Besov
spaces B;’q(% ) and Triebel-Lizorkin spaces Fz‘f’q(% ) on RD-spaces; see [15, Defini-
tion 5.8|.

Definition 1.4. Let € € (0,1), |s| < € and p € (p(s,€),00]. Let {Sk}rez be an
e-AOTI with bounded support as in Definition 1.3. _
(i) Let q¢ € (0,00]. The homogeneous Besov space B, (Z) is defined to be the

set of all f € (g%(ﬁ, 7)), for some 3, v satisfying that

max{s,0,—s+n(l/p—1)3} < B <e,
max{s — x/p,n(1/p—1)4,—s+n(l/p—1)y — k(1 —1/p)4)} <7 <,

such that || f| Bs(2) = D kez 2k3q||Dk(f)||qu(%)}1/q < oo with the usual modifica-
tions made when p = oo or ¢ = oo. _

(ii) Let ¢ € (p(s,€),00]. The homogeneous Triebel-Lizorkin space Fj (Z°) is
defined to be the set of all f € (45(3,~))' for some (3, v satisfying (1.2) such that
HfHF;q({%) < 00, where when p < oo,

(1.2)

/]

1/q
san = | 20}

keZ o(2)
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with the usual modification made when ¢ = oo, and when p = oo,

1/q
1
= Sup su — 2kqu qd
) pxeﬁ{uw(x,z—l» fros Z D)) >}

with the usual modification made when ¢ = oo

It was proved in [15] that the spaces BS (Z7) and F >q(2") are independent of the

choices of the approximations of the 1dent1ty and the dlstrlbutlon spaces (54 (B,7))
with 3, v as in (1.2). Many properties of the spaces BS  (Z) and Fs’ (Z7), such
as the frame characterization, the real interpolation and the dual theory, were also
established in [15]. Recently, Miiller and Yang [20] characterized the spaces B;’q(,% )

and inq( Z") in terms of differences. To be precise, it was proved in [20] that when
s € (0,1), p € [1,00], and ¢ € (0,00], the space B;q(%) coincides with both the
space of all locally p-integrable functions f on X satisfying that

{Z?”q [ e /. (I’Cw)f(w)f(y)pdu(y)du(fv)r/p}l/q<oo

vEZ

and the space of all locally integrable functions f on 2 satisfying that

{ZW | smmemy f(w)f(y)du(y)]pdu(x)r/p}l/q<oo,

vEZ

and when s € (0,1), p € (1,00) and ¢ € (1, o], the space F;,q(c%”) coincides with the
space of all locally integrable functions f on 2 satisfying that

{Z?“q( < /. (_’Cﬂv)f<->—f<y>|du<y>)q}l/q <o

Lr(2)

where €'} and Cy are positive constants independent of f.

Remark 1.1. Let a € [0,00), ¢ € (0,00], p € [1,00) and (X, d, 1) be a doubling
metric measure space. Recently, Gogatishvili, Koskela and Shanmugalingam [10]
introduced the Besov space By ("), which is defined to be space of all locally p-
integrable functions f on 2" such that

{/OOO U% m /Bw) (@) = ()P du(y) du(fr)] " tiil }Uq < 0.

This definition can be regarded as a “continuous” variant of the Besov spaces intro-
duced in [20] and, as was pointed by Gogatishvili, Koskela and Shanmugalingam |10,
p.216|, when a € (0,1) and 2" is an RD-space, this space also coincides with the
Besov space defined via test functions in Definition 1.4.

Following the ideas in [18]| and [19], we define the homogeneous grand Besov and
Triebel-Lizorkin space as follows:

Definition 1.5. Let s € [-1,1], ¢ € (0,00] and &/ = { () }kez ez with
(x) ={0 € 9(1,2): |9llgpo-r10 <1} forallz € 2" and all k € Z.
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(i) The homogeneous grand Besov space leB;,q(%) with p € (0, 00] is defined to
be the space of all f € (¢4(1,2)) such that

q 1/q

. — kqs
sy oy = 4 32 2

keZ

sup [(f, )]

pe(-)

< 00

Lr(Z)

with the usual modifications made when p = oo or ¢ = co.
(ii) The homogeneous grand Triebel-Lizorkin space &/ F; (") is defined to be
the space of all f € (¢4(1,2)) such that HfH%F;q(%) < 00, where when p € (0, 00),

1/q
i, o {Zz’w sup |(f, ¢>|}

pEA(+)
keZ Lo (2)

with the usual modification made when ¢ = oo, and when p = oo,

[e'e) l/q
1
. ms = sup sup —/ E 2kt sup  |(f, #)|? du(x
H H%F () I€Z zeX M(B(l’,Q_l)) B(z,271) k=1 PEA, () ‘< >‘ ( )

with the usual modification made when ¢ = oo

By the same reason as in [18, Remark 4.1 (see also [19, Remark 4.2|, noticing
that (4(1,2)) = (9(1,2))/C, if we replace (¢(1,2)) by (¢(1,2))" in Definition 1.5,
the obtained new spaces, modulo constants, are respectively equivalent to the original
spaces in Definition 1.5.

Remark 1.2. Let all the notation be as in Definition 1.5.
(i) Similarly to the proof of [15, Proposition 5.7], we obtain that if f € (%E(ﬁ 7))

with ||f||,chg’q () < 00 (resp. ||f||9{FS J(2) < o), then f € (gﬁ(ﬁ 5)) for every 3,
7 satisfying (1.2), namely, for any h € ge(@ 7). (R < CHnyng,q(%)HM
(tesp. {7, ) < Cll Lt o1
of f and h.

(ii) Recall that when s € (0,1) and p € (p(s, €), oc], it was proved, respectively, in
[19, Theorem 4.1] and [18, Theorem 1.4 that &/ B; (2°) = B; (Z7) for ¢ € (0, o0}
and JZ%F;’Q(%) = F"If’q(c%”) for ¢ € (p(s,€),00] with equivalent quasi-norms via a
Sobolev embedding theorem (see Lemmas 4.1 and 4.2 in [18]|). On the other hand,
from [15, Proposition 5.10], it follows that By (2°) C (45(8,7)) and F; (Z) C
(9<(3,7)) for every 3, 7 satisfying (1.2). Thus, the statement (i) of this remark when
s € (0,1) still holds if we only assume that f € & B; (Z°) (resp. [ € ZF} (Z)).

We have the following coincidences.

Theorem 1.1. Let all notation be as in Definition 1.4. Then
A By (2) 0 (G5(8,7)) = By () and  E} (27) 0 (45(8,7)) = Fj(2)
with equivalent quasi-norms.

When s € (0,1), by Remark 1.2(ii), we know that %B;’q(%) N(9(3,7)) =
ﬂB;q(%) and MF;,q(%)m(éég(ﬁ, 7)) = MF;[](%) with # and v as in (1.2). Thus,
Theorem 1.1 generalizes [19, Theorem 4.1] and |18, Theorem 1.4| by taking s € (0, 1),

95 (BA)
e (3 ?))’ where C' is a positive constant independent
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p € (p(s,€),00] and ¢ € (0, 00]. However, when s € (—1, 0], it is still unclear so far if
we can replace & By (27)N(95(8,7)) (resp. ' F,; (2N (Y5(8,7))) by &/ B, (Z)
(resp. ,Q%F}f’q(%)) in Theorem 1.1.

Let us now recall some general background on the real interpolation for quasi-
Banach spaces in [21]; see also [4] for the case of Banach spaces. Let 2 be a linear
complex Hausdorff space, and let Ay, A; be two complex quasi-Banach spaces such
that Ag C 77 and A; C . Let Ag+ A; be the set of all elements a € .7 which can
be represented as a = ag + a; with ag € Ag and a; € A,. Then Peetre’s K-functional
of a =ayg+ay at t € (0,00) is given by
K(t,a) = K(t,a; Ao, A1) = inf {||ag|| 4y +1t|la1]|a, : @ = ag+a1, ag € Agand a; € A},

Definition 1.6. Let 0 €(0,1) and g€ (0,00). The interpolation space (Ag, A1)y 4
is defined by

> AN
(AO’Al)Uvq =qa:a€ Ao+ A, ||a||(Ao,A1)a,q = (/ [t_UK(t’a)]q ?) =0
0

If o € (0,1) and ¢ = oo, then define

(Ao, A1)ooo = {a: a € Ao+ A, |lallag,a1)e. = sup tT7K(ta) < oo}

0<t<oo

Using the Calderon reproducing formulae obtained in [15], we establish the fol-
lowing interpolation theorem. By Remark 1.2(i), in the below proof of Theorem 1.2,

we choose S = (%Oe(ﬁ, 7)) with § and v as in (1.2).
Theorem 1.2. Let ¢, 5 and v be as in Definition 1.4, o € (0,1) and q € (0, co].
(i) Let s =1 —20. Then for p € (p(s,€), o0,

(9/B,oc(2) N (G5 (3.0 B (2 NG5 (8.7))) =By (2)

U?q

and

(B 2) 0 5620 S L) NG5 (5.7))) | = B ),

q

(ii) Let s; € (—€,€), s= (1 — o)+ osy and p € (p(s1,€),00]. If ¢ € (0,00], then

(o Bloo 2) N G5 (5,7)) B, (2) 0 (G5(5,7))) = By 2);

b 0,
if ¢1 € (p(s1,€),00], then
(7Bl 2) 0 (G5(5.7)) o/ B (2) 0 (G5(5.7)) ) = By ().
(iii) Let sg € (—€,¢€), s= (1 —0)sg — o and p € (p(sg,€),0]. If gy € (0,00], then

(7 B30 (2) 0 (5 (8,7)) s/ B A (2) 1 (95(5’7))/)(,# = B2

if go € (p(so, €), 00|, then
(7 F,(2) N (G (8.0 () 0 (G5 (8.7))) = By ().

psqo
)
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(iv) Let sg,s1 € (—€,€), s = (1 —0)so + osy and p € (max{p(so, €), p(s1,€)}, 00].
If o, ¢1 € (0, 00|, then
(9 Byou(2) 0 (G5 (8.7) /By (2) N (G5(8.7)) ) = By 2);

if qo, q1 € (p(s;,€),00], then
(7 By (2) N (s (BA) s By (2) N (5(B,7)) ) = By ().

P:0 P.a1
o.q

We point out that by Remark 1.2(ii), when sy € (0,1) (resp. s1 € (0,1)), the
space %B;Oqo(%) N(Y5(08,7)) (resp. MB;lql(%) N (9 (
be replaced by %B;?qo(%) (resp. %B;lql(%)).

Similarly, we also obtain the inhomogeneous counterparts of Theorems 1.1 and
1.2; see Theorems 3.1 and 3.2 below.

From Theorems 1.1 and 3.1, we deduce that Theorems 1.2 and 3.2 generalize |23,
Theorem 2.3| and [15, Theorems 8.3-8.6| by taking sg, s € (0,1) and go, ¢1, ¢ € (0, 00]
and p € (max{p(so, ¢}, p(s1,€)}, .

Recently, Gogatishvili, Koskela and Shanmugalingam [10] proved that if a dou-
bling metric space 2" supports a (1, p)-Poincaré inequality, then for all p € [1, 00),
S0, 81,0 € (0,1) and qo,q1,9 € [1,00], or 59,0 € (0,1), s1 = 0, qo,q € [1,00] and

g1 = X

,7))") in Theorem 1.2 can

(B (Z), Byl (Z))og = By (27), s=(1—=0)s0+0s1, 507 51

P,q0 P,q1
and

(KS"(Z), B3 (2))pq = By (), s=(1-0)+0sy,

P.q1
where KS'P(2) is the Sobolev space in the sense of Korevaar and Schoen [16]. Tt
was also pointed out in [10] that KS1P(2") coincides with the Hajtasz—Sobolev space
MY (%) when the doubling metric space 2" supports a (1, p)-Poincaré inequality.
From this and the coincidence &/ F, . (Z") = M"P(Z") for RD-space 2~ obtained in
[18], we deduce that if an RD-space 2" supports a (1,p)-Poincaré inequality, then
AF) (Z) = KS"(Z), and hence Theorem 3.2 generalizes [10, Theorem 4.4] in
this case.

Some other recent developments on the real interpolation theory of Sobolev spaces
on metric spaces were made by Badr |1, 2] and Badr—Bernicot [3]. Badr in [1, 2] ob-
tained the interpolation properties between two Sobolev spaces both with order 1
on some classes of manifolds, Lie groups and metric spaces satisfying certain dou-
bling properties, while Badr and Bernicot [3] studied the real interpolation between
Hardy—-Sobolev spaces and Sobolev spaces both with order 1 on doubling Riemann-
ian manifolds via an atomic decomposition. Notice that the Triebel-Lizorkin spaces
coincide with Sobolev spaces for parameters s = 1 and certain p,q. In comparison
with Theorems 1.2 and 3.2, Badr and Bernicot’s interpolation results can be seen as
the endpoint case of Theorems 1.2 and 3.2 with so =s; =1 and ¢gg = ¢ = ¢ =
which are not included in Theorems 1.2 and 3.2.

The organization of this paper is as follows. Section 2 is devoted to the proofs of
Theorems 1.1 and 1.2. The key tools used in the whole paper are the dyadic cubes of
Christ [6] and the Calderon reproducing formulae established in [15]. In Section 3,
we establish the counterparts of Theorems 1.1 and 1.2 for the inhomogeneous spaces;
see Theorems 3.1 and 3.2 below.
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Finally, we make some conventions. Throughout this paper, we always use C' to
denote a positive constant that is independent of the main parameters involved and
whose value may differ form line to line. Constants with subscripts, such as Cy, do
not change in different occurrence. If f < Cg, we then write f < g or g 2 f; and if
f < g < f, wethen write f ~ g. Denote the set of integers by Z, the set of positive
integers by N and NU{0} by Z,. For a,b € R, we denote min{a, b}, max{a, b} and
max{a,0} by a A b, a Vb and a,, respectively. If £ is a subset of 2", we denote by
X g the characteristic function of E.

2. Proofs of Theorems 1.1 and 1.2

We first recall the following construction given by Christ in [6], which provides
an analogue of the grid of Euclidean dyadic cubes on spaces of homogeneous type in
the sense of Coifman and Weiss |7, §].

Lemma 2.1. Let 2  be a space of homogeneous type. Then there exists a
collection {QX € 2" : k € Z,«a € I} of open subsets, where I, is some index set, and
constants 0 € (0,1) and C5, Cs > 0 such that

(i) (2 \ UaQL) = 0 for each fixed k and Q% N Q= 0 if a # f3;

(ii) for any o, 3, k, I with | > k, either Q% C QF or Q4N Q% = 0;

(ii) for each (k,a) and each | < k, there exists a unique (3 such that QF, C Qf;

(iv) diam(Q*) < Cs6*;

(v) each Q% contains some ball B(z¥, C46%), where ¥ € 2.

In fact, we can think of Q% as being a dyadic cube with diameter rough §* and
centered at 2*. In what follows, to simplify our presentation, we always suppose
§ = 1/2; otherwise, we need to replace 27 in the definition of approximations of the
identity by 6* and some other changes are also necessary; see [15] for details.

In the following, for k € Z and 7 € I, we denote by {Q*": v =1,---  N(k,7)}
the set of all cubes Qf,ﬂ' C QF, where Q is a dyadic cube as in Lemma 2.1 and j is
a fixed positive large integer such that 277Cs5 < 1/3. Denote by 2" the “center” of
Q%" as in Lemma 2.1 and by y* a point in Q**. From (1.1), it follows that

(2.1) QE") ~ Vartan (y57) ~ Var(y7")

with equivalent constants depending on j.

The following discrete Calderén reproducing formula on RD-spaces and its vari-
ants were established in [15].

Lemma 2.2. Let € € (0,1) and {Sx}rez be a 1-AOTI with bounded support.

Then, for any fixed j € N large enough, there exists a family {Ek}kez of linear oper-
ators such that for any fixed y* € Q™ withk € Z, 7 € Iy andv € {1,--- ,N(k,7)},
r € X, and for all f € (9§(5, fy))’ with 3, v € (0,¢€),

=>. 2. Z (@) D, g ) Di() (5",

k€Z el v=1

where the series converges in both the norm of (5!%(6, 7)) and the norm of LP(Z")
for p € (1,00). Moreover, for any € € (e,1), there exists a positive constant C,

depending on € and j, such that the kernels, denoted by lN)k(x, y), of the operators
Dy, satisfy
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(i) for all z, y € 2, |Dk(l’ y)| < C V,_ k(@ )1+ V(x y)[2—’“i_d(w,y)]€/;

(ii) for all z, o', y € X with d(z,2") < (27% +d(z,v))/2,

/

~ ~ d(z,z") ]° 1 2~k ©
e - D <€ [0 | vy [Free )
(iii) for all k € Z, [, Dy(z,2)du(z) = 0 = [ Dy(z,y) du(z).

Lemma 2.3. Let € € (0,1) and {Sk}rez be a 1-AOTI with bounded support

as in Definition 1.3. Then, for any fixed j € N large enough, there exists a family
{Dy}rez of linear operators such that for any fixed y** € Q%" with k € Z, 7 € I,

andv e {l,-- N(k,7)}, z € 2, and for all f € (45(3,)) with 3, v € (0,¢),
N(k,T)

=N3> wQE) D, yE") Di(£) (2),

k€eZ rel, v=1

where the series converges in both the norm of (%ﬁ(ﬁ, 7)) and the norm of LP(%Z")
for p € (1,00). Moreover, for any € € (e,1), there exists a positive constant C,
depending on € and j, such that the kernels, denoted by Dy (z,vy), of the operators
D, satisfy .

(i) for all x, y € 2", |Dg(x,y)| < C’V27k($)1+v(x7y) [2*kid(x,y)]€/>'

(ii) for all z, y, ' € 2 with d(y,y') < (27% +d(x,y))/2,

Ble ) — Dl dy,y) | 1 2% 1%
D~ < |50 | vy [rrs i)
(iii) for all k € Z, [, Dy(z,z)du(z) =0 = [, Di(z,y) du(z).

We now present some basic estimates which are used throughout the whole paper;
see [15, Lemmas 2.1, 5.2 and 5.3].

Lemma 2.4. (i) If a > n > 0 and § € (0,00), then there exists a positive
constant C', independent of §,n and a, such that for all xt € Z~,

1 ) “ . .
V@) 1 V(y) (6 T d(x,y>) @ )] duly) < CO°.

(ii) If a € (0,00) and § € (0,00), then there exists a positive constant C, inde-
pendent of a and 6, such that for all f € Li.,.(2") and all z € 2,

1 5 a
/¢1(z7y)>5 V(z,y) (5 + d(x,y)) |f(y)| du(y) < CM(f)(z),

where M is the Hardy-Littlewood maximal function on 2.

(iii) Let € € (0,00), k, k' € Z, and y* be any point in Q%" for T € I and
ve{l,--- ,N(k,7)}. If p € (n/(n+e€),1], then there exists a positive constant,
independent of k, k', 7 and v, such that for all € 2,

2—k/\k’

N(Q]T”) €p - i
Z Z 2 ’Wﬂ’( )+V(m,y7’?’”)]p LkAk'de(w,yf’”)} < [ Q*W( )] .

Tel, v=1

(iv) Let € € (0,00), k, k' € Z, and y*" be any point in Q%" for T € I} and
ve{l,--- ,N(k,7)}. If r € (n/(n+ €),1], then there exists a positive constant C,
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depending on r but independent of k, k', T and v, such that for all a®** € C and all
re X,

Z Z (@) l 2 kAW €|ak,u‘
kv 2_]{;/\k/+d(x’y7lf,y) T

Tel, v=1 2 k/\k'( )‘f‘V(ZL’,yT )

N(k,T)

< CQ[kAk’ kln(1-1/r) Z Z ‘CLkV‘ XQ’“’ (33')

Te€l, v=1

1/r

With these tools, we are now ready to prove Theorem 1.1.

Proof of Theorem 1.1.  Let {Si}rez be a 1-AOTI with bounded support. It
is easy to check that Dy(x,) € o (x) for all k € Z and all x € 27, which further
implies that the quasi-norms || - || 5 (o) and Il - | f (2 ATE, respectively, dominated
by || - Ly 2y and ||+ [l (o) Thus, & Bj (27) 0 (4(6,7))" and &/ F,(27) N
(Eéoe(ﬂ, 7v))" are continuously included in B;q(% ) and F;q(% ), respectively.

To complete the proof of Theorem 1.1, it suffices to show that By (Z7) C
A By (2) and F; (2') C FF; (Z). For f € By (Z) or [ € F; (), since
f€(94(8,7)), by Lemma 2.2, for all z € 2, | € Z and ¢ € (), we have

=> > Z (Q")Di(f / Dy (2, y5")6(2) dpu(2),

keZ tel, v=1
where we fix y*” € Q" such that |Dy(f)(y*")| < 2inf, e [Di(f)(2)]. By the

definition of @(z), we know that ¢ € 9(1,2) C ¥(e,€) C 9<(3,7). From this and
the uniform estimates of Dy in Lemma 2.2, it follows that for any fixed 5’ € (|s|, 3)
and ' € (]s|,~) satisfying (1.2) in Definition 1.4,

/

(2.2)

/ Di(z,45")6(2) dp(2)| < - ( " )
2,y ) oz 2= > > ;
A g H %—(k/\l)(l‘) + V(:v,ylﬁ’ ) 2 (kL) +d(x,y'ﬁ’ )

see [15, Proposition 5.7] and also [18] for a detailed proof. Thus,

/ (Q5)|D v 9—(kAl) v
(23) [(fo)l sy 27" ”BZZ Q") Di(f)(y k)u| . Y
‘/2 (k/\l) )+V(.T, yr’ ) 2= (kN + d(l’, yr’ )

keZ TelR v=1

We first prove that B;’q(%) C MB;’q(%) in the case when p € (1, 00]. Notice
that for any z € Q% Vo_uan (z) + V(z,y%") ~ Vo-wan (x) + V (2, 2) and 2 (kA1)
d(x, y*) ~ 27"\) 1 d(x, 2). These estimates, together with the choice of y**, (2.3)
and Lemma 2.4(ii), yield that

D)) 2 T
a2t [ e (w6
S e I MD) o),

where M is the Hardy-Littlewood maximal function. Then applying the Minkowski
inequality and the boundedness of the Hardy—Littlewood maximal function on LP(Z")
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with p € (1, 00], we have

q
q — lgs
||f||<Q{B;S;q(3{) 22 (z)zg‘}z) |<f7 ¢>|
I€Z l LP (%)
q
<D 2|y 2 WMD)
leZ keZ LP(Z)
q
< Z2ZQS Z Q_k_”ﬁ/HDk(f)HLp(g[)) ‘
leZ keZ

If g € (0,1], by the inequality that for all {aj}rez C C and r € (0, 1],

(2.4) (Z |ak|)r <3 il

keZ keZ

and the fact that 3 > [s|, we obtain

115, 0y S D2 (Z 2Rl 4y 7 9kald ”) 1D (2o 2)

keZ <k >k

S 2Dy ~ IFII

B} (2
keZ

If ¢ € (1,00], choosing § > 0 such that |s| +J < ' and then using the Holder
inequality, we see that

1l gy 2y = {ZW <Z 20RO Dy ()55 2'

leZ k<l

1/q
D3 2“-’“W+’“q5||m<f>||%p<%>2‘“’6> }

k>l
1/q
. {Z ok (Z D= Ralstd=3) 1§ gk-Da(o- s)> 1Dk (f )”qm(%)}
keZ 1>k i<k
1/q
k s
{22 N D(F) N0y } S W sy o)
keZ

which completes the proof in the case when p € (1, o0].
For the case when p € (p(s,€), 1], by (2.3), the fact that

Vot (2) + V (@, 45 ~ Voo (02) + VT 45) + Voot (45
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and 27N 4 d(z, yFv) ~ 27D 4 d(yi’f’,,yf’”) when z € QQ,V/,

Lemma 2.4(iii) and (2.4), we have

P
sup |(f, )|
d)ESZVl() Lp(‘%/)
<Y 2y Z [ (QE )P Dr(f) (yr) [P
keZ Tel, v=1

1 2 (kD)
X/ kv ( kAL kv
[Vo-wnn (2 )+V(:p yr") P \270N) + d(z, yr

S S S @ PID

keZ Tel, v=1

874
Ty S—C )

)) ()

v k,v
i o WVamawnn (y77) + V(Y s y77) 4 Vomwenn (y77) P

9—(kAl) VP
X v kv
9—(kAl) +d(yT/ Ly

<Y 2y Z QR PIDR(F)WE P [Varonn (54)] 7

keZ Tel, v=1
N(k,T)
<Z2 |k—L|pB’ +[k—(kAL)]n(1—p) Z Z (QE)Dr(f) ()P
keZ Tl v=1
< Z 9~ Ik=llpA+lk=(kADIn(=p) | D, (£ )”Lp(%
keZ

If ¢/p € (0,1], by (2.4) and (1.2), we see that

q

sup [(f, )]

e ()

leZ

Lr(Z)

S D2y A Dy £ [,

leZ kEZ

kEZ leZ

kEZ <k >k

S ZquSHDk Lp(zr ~ [If] :

Bs (2
keZ

<Y ok (Z z(l‘k)qs"’“"qﬁ'“”‘_(’“Al)lqn(l/p_l)) 1Dk Lo 2y
DI (Z (1=Rals+3+n(1-1/p)] 4 3™ 2“"“)‘“5‘5')) 1D ()72

the choice of y*,
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If ¢/p € (1, 0], choosing 6 > 0 satisfying |s|+d < #" and f'+s+n(l—1/p) - > 0,
by the Holder inequality, we have

q 1/q
i o = 4 S22 || sup [(£, )
ez PEA() Lo(2)
1/q
< {Z okas Z 2(lfk)qsf|lcfl\q(gl,6)+[(k/\l)*k]qn(lfl/P) HDk(f> Hqu(%)}
keZ l€Z ’
1/q
{Z qus |Dk Lp %)} ~ ||f||Bg’q(5{
keZ
Hence) f € %B;,q(‘%.) and ||f||9fB;7q(3{) S ||f| B;’q(%)'

The proof for F;’q(%) C %F;Q(C%”) is similar. Let f € Fl‘f’q(%), r € 2 and
¢ € (). For the case when p < oo, using (2.3), Lemma 2.4(iv), the choice of "V,
and choosing r € (n/[n+ (8" A¥')],p A q), we have

(£ 0)] S Y27 IR0t [ (ID(F)]7) ()]

kez
and hence
1 llig, o
qN 1/q
{Z 2 (Z (ATl (@]”) } |
1€Z keZ

Lr(2)

which together with the Holder inequality when ¢ € (1,00 or (2.4) when ¢ €
(p(s,€),1], and the Fefferman-Stein vector-valued maximal function inequality in
[5] (see also [15, Lemma 3.14]) further implies that

1/r

r/q
1f oy ) S {Z (M <2’f“|Dk<f>|T)]q/’”}

keZ

1/q
< {Z?’“%Dk(mq}

LP/m™(%)

keZ

Le(27)

For the case when p = 0o, notice that

1/q
/Q S92 up f¢>\qdu(:v)} .

a i=j P ()

Hf”;wgo ,(2) ™ Supsup {

’ JEZ aelj
If ¢ € (0,00), for any f € Fcfo,q(%), j€Z aclxce Qj and ¢ € (x),
by (2.3) and the fact that Vy—ga (z) + V(z,y¥7) ~ Vg_(m)(yy N+ V(yy, " yE7) and
2= Nz, yk7) ~ 27 FAD L d(yh T Yk for all z € QT with 7/ € I and v/ € N(I,7),
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we have

[(f, )" dp()

% l_j P (x

X (o (T )/Q (O )

I=j 'el; v'=1 Z/T pEH ()
k=116
Xty caiy (7Y /” [ZQ
=5 7'el; v'=1 Q@ v/ keZ
N(k,7) 9

DIDY

7€l v=1

1(Qu) Dk (f)(ys™)] ( 2~y
‘/270@/\1) (.13) + V(Q3, y’u“) 2-(kAD d(l‘, yll/m-

o P
X{<T @y e (T V) [22

keZ
k,7) ak

w(QE)IDk(f) (b)) ( 9~ (kA1) )7
)

30+ A

))7 dp(x)

=5 7'el; v'=1

Y

Tel, v=1 %7(kAl)(y37)+v(y§77y57T)

Then, similarly to the proof of [15, Proposition 6.3], by the choice of %7, we further
obtain

[(fs )| dp(z)
pe ()

q
< sup sup 2ksa,(QFT) X () QETCOl (1,v) [ mf |De(f)(x )|}
< sup sup / 2ksa| Dy (f 7d 4z .

i€z acly; (1(QR) Z DH@F die) ~ Wz o)

The proof for the case when ¢ = oo is similar, which completes the proof of Theo-
rem 1.1. 0

We now turn to the proof of Theorem 1.2.

Proof of Theorem 1.2.  'We show this theorem by following a procedure used in
the proof of [15, Theorem 8.8] with some modifications.

To verify (i), by Remark 1.2(i), we take J# = (45(3,7)) with ¢, 8 and v as in
(1.2). Let us first prove that
( Byoo () NG5 (8, 7))s 7 B3 2) 0 (F5(8,1) )og © By (2).

Assume that f € (beB1 (Z)nN (?%6( )Y, B (2) N (B ,7))’)0(1 and
[ = fo+ f with fy € QQ){B;L (Z)N(95(3,7)) and f1 E ;ZfB L(Z)N(Z(3,7))
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Let { Dy }rez be as in Definition 1.4. Then

2% Di(F)llereay S 2°| sup [(f,9)]
(]561537]@() Lp(ﬁ?f)
S 2% || sup [(fo, )| + 2278 sup [(f1,9)]

S ||f0||<;y311,m(%) + 22k||f1||d3;,go(g;)-

Taking the infimum over all representations f = fy + f; yields that
(25)  2PIDNller) S K (2%, f o/ BL(2), S BL(2))
If g € (0,00), from (2.5), it follows that

q
Hf”(WBé,oo(%),%B,;éo(%))

0,9

o0 —oq ) . . ad
:/0 t [K(t,f7dB;7m(%)’dBp7;(%>>] ?t

B A
3 [ (2 s ), 0B )

keZ

2 Z2quHDk(f)Hqu(y) ~ || f]

keZ

q .
Bpg(2)

if ¢ = oo, by (2.5), we then have
/]

e (o) = Sup 28| Dy ()l o)
hoo(2) T SUD

S sup 2" VK (2, 1o/ Bl (2), o B;A(2)

keZ

S sw UK (1 i By (X)), 9 B A(2)

te(0,00)

S HfH(ﬂB;m(z'),ng,;;o(%))g

,00

Thus, (o BL(27) 0(G5(8,7)), 9 By 1 () 0 (G5 (8,7)) )og C By 2.
Notice that &/ F, (2') C #B, (%) and ZF, J(Z) C B, (Z). We then

,O0
have

(A E} (2 N (G5 (B,7)) AE, () N (G5 (8,7)) Vo
C(ABL ()N (G5(B,7), B (2) NV (G5 (B,7)) )org € Bif(Z).

Thus, to complete the proof of (i), it suffices to show that

B (2) C(AEL (X)) N (G5 (B,7)) s A Ey L () 0 (G5 (8,7)) Jora-
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We only consider the case ¢ € (0,00) and we omit the details for the case ¢ = oo by
similarity and simplicity. Let now f € B> (£). We then write

q _ OO —oq . 1 -1 q@
I Wty oryrsiony), = / e K (1 f B (2), 9 B L (2)]

y t
< ZQ—Qjaq [K (223‘7 f;JZ{F;OO(%)7g{Fp—;O(%)>]q.

JEZ

Let all notation be as in Lemma 2.3. For any j € Z, we write

(2.6) ZZZ (@) Dul=, 47" ) Di ZZZ

k=—oc0 €l v=1 k=j+171€l;, v=1

= fo(2) + fi(2).

From this and the definition of the K-functional, it follows that

1/q
11l A EL ). Fyko(2)) 2720 HfO“MFl e 22]q||f1Hq Sl (2
( p,oo( P, ) )

JEZ
” 1/q
22 a7(1=3) lsup 2 sup |<f0a 9)|
o l€Z  ¢ea() LP(Z)
q 1/q
ZQ W=1=9) \lsup 27! sup |(f], &)
e IeZ pe(-) Le(Z)
=1+ J.

For ¢ € o7(x), by the fact that D, = Sk — Sk_1 and the estimates of Sy in Definition
1.3, similarly to the proof of (2.2), we have

(2.7)

=1kl ( 9—(kAl) >2
Vo-wnny (T )—i—V(m,ylﬁ"/) 2—(kAl) 1 d(x,ylﬁ’”) )

| Do) o) <

From (2.7), Lemma 2.4(iv) and the choices of y**, we deduce that

- £ D) (e 2~ i
va |< Z 27 Z Z ‘/'2 (Ml)( )+V( z, T )(2_(kAl)+d(fL’,le€’V>>

k=—o00 Tel, v=1

J
S D0 2 DG (D)) )]

k=—o00
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where we chose r € (n/(n+2),p). From this, the Minkowski inequality, the Fefferman—
Stein vector-valued inequality and [15, Remark 5.5], we deduce that

q 1/q

sup 2 Z ol ~Hn1=1/0) TA1( D)) ()] "
leZ

1< ZQ qj(1—s)

JE€Z k=—o0 p(2)
j qy 1/a
< {Z 9—ai(1—s) { Z ok HDk(f)HLP(%')} } ~ || f] B ()"
JEZ k=—o00

Similarly, we obtain that J < || f]

By () Hence, we have

B () C(AEL ()N (G5(B,7)) AE, () 0 (G5 (5,7)) Vo

and then complete the proof of (i).
The proofs of (ii), (iii) and (iv) are similar and we only give the proof of (ii).
First, following the procedure used in the proof of (i), we have

(9B 2) N (G5 (8.0) . A By 2) N (G (B.7)) )| € By 2),
Conversely, let g2 € (0,p A q1). Notice that for p € (p(s,€), 0] and ¢; € (0, 0o,

( Byl 2) N 5 (B.)) . By (2) 0 G5 (8.7 )
C (@Bl 2) N (G587 /By, (2) 0 (G5(5.7)))

C (@B 2) N G5(0.7)) . o By 2) 0 (G5(8.7)) )

and for p,q € (p(s,¢€), 0],
(9B 2) N (G5 (8.9)) o Bl (2) 0 (589 )
C (A Byl 2) N G5 (8.7) o Bty (2) 05 (5.7)) )

C (7Bl 2) N (F5(8.7)) S B 2) 0 (5(8.7))

0-7q

To complete the proof of (ii), it suffices to prove that for p € (p(s,¢€),00] and ¢ €
(0, o0],

Byo(2) € (B}l 2) N (5 (3.7)) . By 2) 0 (45 (8.7)) )
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To this end, we write f = fJ + fJ for any j € Z as in (2.6). It follows from the
definition of the K-functional that

1y ),y (2)

7,9

qy /a
S 2790 Ssup 2 || sup [(f7, 9)
ez leZ e (+) L2(2)
. a/g2) /4
D2 a3 2 | sup [(f9) =K+
JEZ l€Z ¢EA() Lr(2)

The estimate for K is exactly the same as in the proof of (i) and we now turn to the
estimate for L. For ¢ € &(z), by (2.7) and Lemma 2.4(iv), we have

o

(Lo S S 2 ltgl®nd-Hn=1/m) [ar (1B (£)]7) ()]

k=j+1

where we chose r € (p(si,€),p). Using the Minkowski inequality, the LP/"(2")-
boundedness of M and [15, Remark 5.5, we have

1/q
LS {szquEk(ﬁqu(%)} ~ ||f|

keZ

Bs (2)

Thus, (ii) holds, which completes the proof of Theorem 1.2. O

3. Inhomogeneous case

In this section, ©(27) can be finite or infinite, since in both cases the inhomoge-
neous Calderén reproducing formulae are available see [15, Theorem 4.16]. For any
Christ dyadic cube @, we set mg(f) = u(Q fQ z)dp(z). We recall the following

notions; see, for example, [15].

Definition 3.1. Let € € (0,1) and {Si } ez, be an e-AOTI with bounded support
as in Definition 1.3. Set Dy = Sy and Dy = Sy — Sy for k € N. Let {Q%: 7 €
Iy, v=1,--- ,N(0,7)} with a fixed large j € N be dyadic cubes as in Section 2.

(i) Let |s| <€, p € (p(s,€),00] and ¢ € (0,00]. The inhomogeneous Besov space
B3 (Z) is defined to be the space of all f € (45(8,7v))’, with some 3, v satisfying

(3.1) max{s,0,—s+n(l/p—1);} <fB<eand n(l/p—1); < <e,

such that
N(k,r) , p 1/q
1l = D0 D (@) [mgoe(IDo(N))] {Zﬂsqnpk HW}
Tely v=1 keN
< o0

with the usual modifications made when p = 0o or ¢ = 0o
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(ii) Let |s| < € and p, q € (p(s, €),00]. The inhomogeneous Triebel-Lizorkin space
Fs (Z7) is defined to be the space of all f € (¢5(8,7))" with some 3, v satisfying
(3.1) such that || f||gs, (2 < 00, where when p < oo,

1/p
Pl =13 3 me) [mgue(1Do(HD]”
rely v=1
1/q

(o]

keEN (%)

and when p = oo,
[ Fllorrs, ,(2) = max sup meo-([Do(f)]),

ve{l,--- ,N(0,7)}

1/q
supsup[ /szsqwk ) du >]
Q!

IEN acl, LD

with the usual modification made when ¢ = oo

It was showed in [15] that the spaces Bj (2") and F;} (Z") are independent of the
choices of the approximations of the identity and the distribution spaces (¢5(5,7))’
with €, # and 7 as in (3.1). Also, when s € (0, 1), the difference characterizations of
By (Z7) with p € [1,00] and ¢ € (0, 00] and F (£") with p € (1,00) and ¢ € (1, o0
were presented in [20].

Definition 3.2. Let s € [-1,1], p,q¢ € (0,00], & = {H(x)}rez, zea With
dp(x) ={p€9(1,2) : ||¢llg@i12 < 1} for all z € 2 and #(x) for all k € N and
all x € 2 being as in Definition 1.5.

(i) The inhomogeneous grand Besov space </ By (Z") is defined to be the space
of all f € (¥4(1,2)) such that

q 1/q

I fllormy )= > 28

keZ,

sup |(f,9)|

pEA(+)

< 00

Lr(2)

with the usual modifications made when p = oo or ¢ = 0o
(ii) The inhomogeneous grand Triebel-Lizorkin space o/ F; (Z") is defined to be
the space of all f € (¥(1,2))" such that || f|l.rs 2 < 0o, where when p € (0, 00),

1/q

[ fllarEs 2) = E 28 sup |(f, @) ;
keZ, pEA(+)
LP(2)

and when p = oo,

1/q
| fllrFs ,(2) = sup SUP{ /Q 22’“‘1 sup |[{f, &) du(x )}

l€Z a€l} a k=l pEA) ()

with the usual modification made when ¢ =
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Theorem 3.1. Let all notation be as in Definition 3.1. Then
A By (2)N(G5(8,7)) = By ((Z7) and A F ((27) N (G5(5,7)) = Fo(Z)

with equivalent quasi-norms.

Similarly to the homogeneous case, it was proved in [18, 19] that &/ B; (Z7) =
By (Z7) with equivalent quasi-norms, if s € (0,1) and p € (p(s,€),00] and ¢ €
(0,00]; ZF; (2) = Fy (Z") with equivalent quasi-norms, if s € (0,1) and p,q €
(p(s,€),00]. Thus, Theorem 3.1 generalizes the corresponding results in [18, 19].

Theorem 3.2. Let ¢, $ and v be as in Deﬁnition‘&l, o€ (0,1) and q0,q1,9 €
(0,00]. Then all the claims of Theorem 1.2 hold with B replaced by B, F' by F and

(Gs(8,7)) by (95(5,7))', respectively.

Similarly to the homogeneous case, when sy € (0, 1) (resp. s; € (0,1)), the space
g B (2) N (Y5(8,7)) (resp. B3 (Z) N (9 (8,7))) in Theorem 3.2 can be

) »q1
replapcqu by &/ By, (Z) (resp. dB;}ié%)).
The proofs of Theorems 3.1 and 3.2 are similar to those of the homogeneous cases.
We point out that instead of the homogeneous Calderén reproducing formulae, in the
proof of Theorems 3.1 and 3.2, we need the inhomogeneous ones established in [15].
We omit the details.
From the proofs of Theorems 1.1, 1.2, 3.1 and 3.2, it is easy to see that the

following remark holds.

Remark 3.1. Let s € (—1,1) and € € (0, s).
(i) Let 3, be asin (1.2). If in Definition 1.5, we let o, (v)={¢ € 45(z,27%, 3,7):
”qb|ga(§(x,2*k7ﬂ7’y) < 1} forall v € 2" and k € Z, then &/B; (27) N (% (3,7)) and

o F;q(% )N (%05(6, 7)) in Theorems 1.1 and 1.2 can be replaced, respectively, just
by & B3 (Z) and &/ I3 (Z).

(ii) Let 3, be asin (3.1). If in Definition 3.2, we let o (x) = {¢ € 9§ (2, 1,5,7):
9l (21,8 < 1} for all x € 27 and 4 (z) for all kK € N and all z € 2" be as in (i),
then &/ By (27) N (945(8,7)) and F; (27) N (% (3,7)) in Theorems 3.1 and 3.2
can be replaced, respectively, just by &/ B5 (2") and #F; (Z7).
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