Annales Academise Scientiarum Fennicse
Mathematica
Volumen 36, 2011, 353-392

METRIC SPACES WITH UNIQUE PRETANGENT
SPACES. CONDITIONS OF THE UNIQUENESS

Fahreddin Abdullayev, Oleksiy Dovgoshey and Mehmet Kiigiikaslan

Mersin University, Faculty of Literature and Science, Department of Mathematics
33342 Mersin, Turkey; fabdul@mersin.edu.tr

National Academy of Sciences of Ukraine, Institute of Applied Mathematics and Mechanics
Roza Luxemburg Str. 74, 83 114, Donetsk, Ukraine; aleksdov@mail.ru

Mersin University, Faculty of Literature and Science, Department of Mathematics
33342 Mersin, Turkey; mkucukaslan@mersin.edu.tr

Abstract. We find necessary and sufficient conditions for an arbitrary metric space X to have
a unique pretangent space at a marked point @ € X. Applying this general result we show that each
logarithmic spiral has a unique pretangent space at the asymptotic point. Unbounded multiplicative
subgroups of C* = C\ {0} having unique pretangent spaces at zero are characterized as lying either
on the positive real semiaxis or on logarithmic spirals. Our general uniqueness conditions in the
case X C R make it also possible to characterize the points of the ternary Cantor set having unique
pretangent spaces.

1. Introduction

Analysis on metric spaces without a smooth structure has recently experienced a
rapid development. This development is closely related to some generalizations of the
differentiability. Important examples of such generalizations and even an axiomatic
approach of so-called “pseudo-gradients” can be found in [1,3,4,7,15-17,22] and in [2].
In almost all aforementioned books and papers the generalized differentiations involve
an induced linear structure that makes possible to use the classical differentiations
in the linear normed spaces. A new sequential approach to the “smooth” structure
for general metric spaces was proposed by Martio and the second author in [14].

A basic technical tool in [14] is the notion of pretangent spaces at a point a of
an arbitrary metric space X which were defined as the factor spaces of families of se-
quences of points x,, € X convergent to a. The questions related to the compactness
of pretangent spaces were studied in [11]. Certain characterizations of ultrametric
pretangent spaces were found in [12,13|. The metric differentiation based on the
pretangent spaces was introduced in [9]. In the present paper we find necessary and
sufficient conditions under which the metric space with a marked point a has a unique
pretangent space at a for every normalizing sequence 7, see Theorem 2.4. Applying
these conditions we study the uniqueness of pretangent spaces in the following situ-
ations: The point a is a “cusp of the space X” (Section 3); a is the asymptotic point
of the logarithmic spiral X (Section 4); for arbitrary X C R we characterize the
uniqueness conditions in the terms of some cluster sets (Section 5); a is a point of
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the triadic Cantor set (Section 6). Section 7 contains examples which show that the
two conditions for the uniqueness are independent.

For convenience we recall the basic definitions and results from [14], see also [9].
Let (X, a,d) be a pointed metric space with a marked point a and a metric d. Fix
a sequence 7 of positive real numbers r,, which tend to zero. In what follows this
sequence 7 is called a normalizing sequence. Let us denote by X the set of all
sequences of points from X.

Definition 1.1. Two sequences #,7 € X, # = {Zptnen and § = {yn }nen, are
mutually stable (with respect to a normalizing sequence 7 = {r,},en) if there is a
finite limit

d(xnyyn) T i~ ~

(1.1) lim = di(&,9) = d(&,7).

n—oo Tn
We shall say that a family F C X is self-stable (w.r.t. 7) if every two I, € F are
mutually stable. A family F C X is mazimal self-stable if F is self-stable and for an
arbitrary 2 € X either 2 € I or there is # € I such that # and % are not mutually
stable. A standard application of Zorn’s Lemma leads to the following

Proposition 1.2. Let (X,a,d) be a pointed metric space. Then for every nor-
malizing sequence I = {r, }nen there exists a maximal self-stable family X, = Xos
such that a == {a,a,...} € X,.

Note that the condition @ € X, implies the equality
hm d(zp,a) =0

for every T = {xn}neN which belongs to X,. Consider a function d: X, x X, — R
where d(&,7) = dx(%,7) is defined by (1.1). Obviously, d is symmetric and nonnega-
tive. Moreover, the triangle inequality for the original metric d implies

d(z,9) < d(z,7) + d(2,9)
for all ,7, % from X,. Hence (X,, a?) is a pseudometric space.

Definition 1.3. The pretangent space to the space X at the point a w.r.t. a
normalizing sequence 7 is the metric identification of the pseudometric space (X, 7, d).

Since the notion of pretangent space is basic for the present paper, we remind this
metric identification construction. Define a relation ~ on X, by # ~ ¢ if and only if
d(z,7) = 0. Then ~ is an equivalence relation. Let us denote by Q, = Qu7 = QX
the set of equivalence classes in X, under the equivalence relation ~. It follows from

general properties of pseudometric spaces, see, for example, [18, Chapter 4, Th. 15,
that if p is defined on €, by

(1.2) psle B) = pla, B) = d(7)
for z € aand § € (3, then p is the well-defined metric on €2,. The metric identification
of (X,, J) is, by definition, the metric space (€, p).

Remark that Q,; # 0 because the constant sequence a belongs to Xai, see
Proposition 1.2.

Let {ng}ren be an infinite, strictly increasing sequence of natural numbers. Let
us denote by 7 the subsequence {r,, }ren of the normalizing sequence 7 = {r, }nen
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and let ' := {x,, Yren for every = {z,}nen € X. It is clear that if Z and j are
mutually stable w.r.t. 7, then ' and ¢’ are mutually stable w.r.t. 7 and

(1.3) di(,9) = dw (7, 7).

If Xai is a maximal self-stable (w.r.t. 7) family, then, by Zorn’s Lemma, there exists
a maximal self-stable (w.r.t. 7) family X, » such that

{.’i‘l 1T E Xa’;} g Xaf/-

Denote by inz the mapping from )~(a71: to Xa,;/ with inm(Z) = &’ for all T € Xay,:.
If follows from (1.2) that after the metric identifications inz pass to an isometric
embedding em’: €, ; — €2, under which the diagram

Xai K
(1.4) pl lp’
Qo _em’ | Qo

is commutative. Here p, p’ are the natural projections, p(z) := {7 € X’a,;: d:(z,7) =
0} and p/(7) = {§ € Xo: do(7,5) = 0}.

Let X and Y be two metric spaces. Recall that a map f: X — Y is called an
1sometry if f is distance-preserving and onto.

Definition 1.4. A pretangent €, ; is tangent if em”: €,z — €, 7 is an isometry
for every 7.

Simple arguments give the following proposition.

Proposition 1.5. Let (X, a) be a pointed metric space, T a normalizing sequence
and Xaﬂ: a maximal self-stable family with correspondent pretangent space €}, ;. The
following statements are equivalent.

(1) Qg7 is tangent.

(ii) For every subsequence 7 of the sequence 7 the family {#': & € X,;} is max-

imal self-stable w.r.t. 7.
(iii) The function em’: Q, 7 — §, 7 is surjective for every 7.
(iv) The function in!: Xaﬂ: — )N(W:/ is surjective for every 7.

For the proof see |9, Proposition 1.2| or [10, Proposition 1.5].

2. Conditions of uniqueness of pretangent spaces

In this section we start from the simplest example of a metric space with unique
pretangent spaces.

Example 2.1. Let X = R™ = [0, 00| be the set of all non-negative, real numbers
with the usual metric

d(l‘,y) - |l’ - y| )
let 7 = {r,},cn be an arbitrary normalizing sequence and let 0 be the marked point
of X. Consider a maximal self-stable family X ;.

Proposition 2.2. The following statements are true.
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‘ r = n X . ~0 7 =
(i) Let @ = {x,},cn € X. Then & € Xy if and only if there is ¢ > 0 such that
x

2.1 lim —* = c.
2.1) fim =

ii) For every two ¥ = {x, and § = {y, from X, the equality

neN neN )
jf(ja g) =0
holds if and only if

. xn . yn
lim — = lim —.
n—oo 1, n—oo T,
(iii) The pretangent space Q0 Is isometric to (R, |-, ]).

(iv) The pretangent space Qg is tangent.
Proof. (i) If # = {,,},,x € Xo,7, then there is a finite limit

n - O T/~ A
lim il = d(z,0).
n—o0 7"n
Since we have z,, = [z, — 0] for all n € N, limit relation (2.1) holds with ¢ = d(z,0).
Suppose that Z,7 € X, T = {n},en> ¥ = {Un},en and there are ¢i,c, € R such

that

. Iy . Yn
lim — =¢;, lim — = ¢s.
n—oo Tn n—oo Tn
Consequently,
. Tn — Y
(2.2) lim [0 = yn = lc1 — e,
n—o0 Tn

so that Z and ¢ are mutually stable. It implies statement (i).

(ii) Statement (ii) follows from statement (i) and (2.2).

(iii) Define a function f: Qf; — R* by the rule: If 3 € Qy7 and Z € 3, then
write f(f) := Jlrgof—: Statements (i),(ii) and limit relation (2.2) imply that f is a
well-defined isometry.

(iv) Let 7 = {ng} o be a strictly increasing, infinite sequence of natural numbers
and let 7 = {7y, },.n be the corresponding subsequence of the normalizing sequence
7. I T = {zp}en € Xo then, by statement (i), there is b € R* such that

Lk

lim — =b.
k~>oo?”nk

Define § = {yn},en € X as

) xp if there is an element ny, of the sequence 7 such that ng = n,
Y= br,, otherwise.

It is clear that §' = {yn, },cn = 2 and

Hence, by statement (i), § belongs to X()’f. Using statement (iv) of Proposition 1.5
we see that () ; is tangent. O

Statement (i) of Proposition 2.2 shows that the pointed space (R*,0,]-,|) pos-
sesses an interesting property: For every normalizing sequence 7 there exists a unique
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pretangent space )y ;. We shall denote by Y the class of all pointed metric spaces
having this property, i.e.

((X,a,d) € 1) < (VF there is a unique €2 ;).
The main results of this paper describe metric spaces belonging to l.

Remark 2.3. The uniqueness in the previous paragraph and in all theorems be-
low is understood in the usual set-theoretical sense. Statement (i) of Proposition 2.2
implies that for X = R* the family (= the set) X, ; is unique. Hence Q(s, the metric
identification of Xo,f, is also unique. Since the set Xoﬂz is the union of all equivalence
classes 3 € ()7, the uniqueness of the pretangent spaces Q()ff, gives the uniqueness of
Sor.

Let (X, a,d) be a marked metric space. For each pair of nonvoid sets C, D C X
write

A(C,D) :=sup{d(z,y): x € C,y € D}

and write

Ay (r k) = {ng:%ﬁd

—~

z,a) < rk} , Sa(r) ={z e X:d(x,a) =1}
for every r > 0 and every k£ > 1 and define

Rox = {r e R": S,(r) # 0}
and, for every € € ]0, 1]

(2.3) R? = {(r,t)ERZ,X:T#O#tand ‘5—1‘25}

where R? y is the Cartesian product of R, x’s. See Figure 1.

W/
%,
7/

2

Figure 1. The sets R2 y and RZ with R, x = [0,1]U[2,3] and & = §. Nontengential limit (2.8)
is taken over the set R2.

7
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Theorem 2.4. Let (X,a,d) be a pointed metric space and let a be a limit
point of X. Then (X,a,d) € Y if and only if the following conditions are satisfied
simultaneously.

(i) The limit relation

(2.4) lim lim sup diam(A, (r, k)

=0, rel0,o00], ke[l,o0]
k—1t .o+ r
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holds.
(ii) If {(gn,tn)},en IS @ sequence such that (g, t,) € R? for all n € N and

lim (g, t,) = (0,0)
and there is

(2.5) lim g—" = ¢p € [0,00],

n—oo n

then there exists a finite limit

(2.6) lim A(SG(Qn)a Sa(tn)) :

n—0oo |Qn - tn|

= .

Remark 2.5. The annulus A,(r, k) can be void in (2.4). At that time we use

the convention
diam A, (r, k) = diam() = 0.

Remark 2.6. If a is an isolated point of X then, obviously, (X,a,d) € U and
conditions (i), (ii) of the above theorem is vacuously true.

We need the following lemma.

Lemma 2.7. Let (X, a,d) be a pointed metric space. Then (X, a,d) € 4 if and
only if the implication

((Z and a are mutually stable) and (y and a are mutually stable))

2.7
(2.7) — (& and y are mutually stable)

is true for every z, j € X.

Proof. Suppose that (2.7) is true. Let Xm be the set of all # € X which are
mutually stable with a. It follows from (2.7) that X(TF is self-stable. Consider an
arbltrary maximal self-stable Xa #, then, by definition of Xa #, we obtain the inclusion
X me2 Xm Since Xa,, is maximal self-stable, we have also XaT D X . Hence the
equahty
Xaf - ~:’L 7
holds for all Xa 7 so all Xa # coincide.

Now suppose that XM is unique for every 7 and there are Z,7y € X and there
is a normalizing sequence ¢ such that: # and @ are mutually stable; § and @ are
mutually stable;  and gy are not mutually Stable By Zorn’s Lemma there eX1st

maximal self-stable families X ) > {7 a} and X ) D {g,a}. It is clear that X ) #

Xé t) Hence, the uniqueness of pretangent spaces, see Remark 2.3, implies (2.7). 0

Lemma 2.8. Let (X, a,d) be a pointed metric space and let a be a limit point
of X. Write

0(S4(q), Sa(t)) :==inf{d(z,y): © € Su(q),y € S.(t)}
for each q,t € R, x. If condition (i) of Theorem 2.4 holds, then we have the equality

iy A0 5,0)
0000 3(5(0). Sul0)

(t, ‘Z)GRS

(2.8) =1

for every ¢ €10, 1[.
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Proof. Suppose that there is ¢ > 0 such that (2.8) does not hold. Then there
exist two sequences of spheres {S,(¢,) bnen, {Sa(tn) tnen, (tn, @n) € R2 for all n € N,
and four sequences of points {x, }neN, {UntneN, {2n}nen, {Pn}nen such that

Tp, 2n € Sa<tn) and Yns Pn S Sa(Qn)
for all n € N and
lim z,, = limy, = lim z, = lim p, = a,
: d(2n; Yn)
2.9 lim sup———=
( ) n—00 d(Zmpn>

Suppose also that condition (i) of Theorem 2.4 holds. Then using relation (2.4) with
k =1 we obtain

> 1.

(2.10) lim

n—oo

Note also that the relation (¢,,q,) € R? and definition (2.3) imply that there is
1 €0, €] such that the inequalities

n—os gy

(2'11> |Qn - tn| Z €14y and |tn - Qn| Z ety
hold for all n € N. Let us find the upper bound of the quantity in the left side of
(2.4). Write
d ns ”n d nsy Mn
(@n,20) ¢ = (Yn, )
tn In
for all n € N. The triangle inequality implies
d(zmpn> d(znapn) d(zn;pn) d<zn7pn) nd(Zmpn)
Using

M =

n
d(2n, Pn)

+14&,

d(2n, D) 2 |d(2n, ) — d(pn, a)| = [tn — qn|
and (2.11) we obtain

< < — and 4 g

< < —.
d(znapn) h ’tn _Qn| €1 d(znypn) h |tn_Qn’ = €1

Thus

d(ZTp, Yn 1.
lim supM < 1+ —limsup(n, + &)
n—oo d<zn7pn) €1 n—oo

The upper limit in the right is zero by (2.10). Consequently
d(Zn, Yn
lim SupM <1
N—00 d(znapn)
contrary to (2.9). O
Proof of Theorem 2.4.  Assume (X,a,d) € {. We need to verify conditions
(1)-(i).
(i) Consider the following function f: [1,00[— R,
diam(A, (r, k
f(k) := klimsup tam (A, (r >>

r—0 T
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Since

diam(A

— limsup diam (A, (kt, k))

t—0 t

f(k) := limsup

r—0

3| e

and
Akt k) ={x € X:t <d(x,a) < k*t},
the function f is increasing. Since we have

diam(A,(r, k)) < 2rk

=2k

r r
for every k > 1 and all » > 0, the double inequality

0< f(k) <2k?
holds. Consequently, there is a finite, positive limit ’lgm% f(k) := ¢o. It is clear that

this limit coincides with the limit in (2.4). Suppose that ¢y > 0. Let € € ]0, ¢o[. Then
there is kg > 1 such that the double inequality
diam (A, (r, k
(2.12) cp — € < limsup tam(Aq(r, k)) <c+e
r

r—0

holds for all k € ]1, ko. Let {k, },.n be a strictly decreasing sequence of real numbers
such that all k,, € |1, k] and

(2.13) lim k, = 1.

n—oo

Double inequality (2.12) implies that there is a sequence 7 = {1, }nen, Tn = Tn(kn) >
0, such that lim,,_,or, = 0 and

diam(Aq(ry, ks
(2.14) co—€< fam(Aq(r ) <cyp+e
T'n
for all n € N. It follows from (2.14) that there are T = {x,},.n and 7 = {yn}

from X such that

neN

d(xn, Yn)

T'n

(2.15) Ty Yn € Aa(rn, kn) and >cy— ¢

for all n € N. The definition of the annulus A,(ry, k,) and (2.15) imply that

(2.16) d@n,a) dlyma) {ikn]

) kn

Tn Tn
for all n € N. Define a sequence zZ = {Z"}neN e X by the rule
(2.17) o= Ty %f n %s even,

Yyp if n is odd.

Then it follows from (2.13), (2.16) and (2.17) that
d(z,,a) y d(zp, a)

lim —— = lim ————= = 1.
n— oo Tn n—oo Tn
Moreover, (2.14) and (2.16) imply that
d ny ~n . d ny n
lim ing 28 2n) _ jyp, Aons2n)

n—00 ’[“n n—oo T2n
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but

lim sup—d<xn’ n) = lim Supd(m%ﬂ’ Zani1)
n—00 n n—00 Ton+1
Thus z and a are mutually stable, z and a are mutually stable but z and Zz are
not mutually stable (w.r.t. the normalizing sequence 7 = {r,}, ). Hence, by
Lemma 2.7, (X, a,d) ¢ 4 contrary to the assumption.
(ii) Let {(qn,tn)},en be @& sequences of elements of R? such that lim (gy,t,)

n—oo

= 0 and (2.5) holds. If in (2.5) ¢y = 0 or ¢y = o0, then it is clear that (2.6) holds
with s¢) = 1, so it is sufficient to take

(2.18) 0 < ¢y < o0.

Consider the sequence § = {g, },,cn as a normalizing sequence. Let = {x,}, . and

ZCO—€>0.

U = {Un}nen belong to X and d(a,x,) = qn, d(a,y,) = t, and

=1.

. d(zn, Yn)
(2.19) NGRS A(S)

Conditions (2.5) and (2.18) imply that there is

n—oo qn CO

Hence, by Lemma 2.7, there is a finite limit

7 d Tny Yn
di(3.9) = Jim 2220,
Moreover, since (gn,t,) € R? for all n € N, we have ¢y # 1. Consequently, using

(2.19) and (2.5) we obtain

A(Sa(gn), Saltn)) d(2p, Yn) A(Sa(Gn), Sa(tn))

lim n = lim
e |Qn B n‘ e dn - ,tl_z d(xmyn>
2.20
(220 AT, Yn) |, 1 o 5o -
= lim lim = di(z,7).
n—oo  (y, n—>oo’1_t_n |1 — col
Adn

Suppose that conditions (i)—(ii) are satisfied simultaneously. We must prove that

Q7 is unique for every normalizing sequence 7. Let 7 = {r,}, .y be an arbitrary

normalizing sequence and let & = {,}, . and § = {y,} be two elements of X

neN
such that
0 <d(a,i) :JE&M < 00
and !
0 <d(a,7y) :JLIEOM <00

To prove the uniqueness of €1, ; it is sufficient, by Lemma 2.7, to show that £ and g
are mutually stable w.r.t. 7. If d(a,Z) = 0, then, by the triangle inequality,

lim sup—d(xn’ Yn) < lim (d(xn, ) + Ay, a)) = CZ(ZL, 7)
N—s00 Tn n—oo n Tn
and J d d
hmmfM > lim ( (Ynsa) (xma)) = d(a, 7).

n—oo Tn n—00 Tn Tn
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Consequently, there is a finite limit

d(xp, Yn)

n—oo Tn

= d<&7 g)?

i.e., Z and § are mutually stable. The case where d(a,y) = 0 is similar. Hence,
without loss of generality we may assume that

d(a, ) # 0 # d(a, 7).

Counsider first the case where

d(@,§) = d(@,z) :=b #0.

This assumption implies that for every k > 1 there is ng = ng(k) € N such that the
inclusion

(2.21) Aa(brn, k) 2 {zn, yn}

holds for all natural n > ngy(k), where
Ay(bry, k) = {x €eX: b% <d(z,a) < kbrn} :

It follows from (2.21) that
d(xp, yn) < diam(Aq(bry, k))
if n > ngy(k). Consequently,

A(Tn; Yn) _ . diam(Aq (bry, k
—lims.upM < lim sup fam( 2 (br )>

Letting £ — 1 on the right-hand side of the last inequality and using (2.4) we see

that
1 d diam(Aq (bry, k
0 < Him sup@En2¥n) < (limsup fam(Aq (brn, ))) —0.
n—00 Tn k—o0 n—oo br,,
Hence
. d
(2.22) d(#,7) = lim A& yn) _ 0.
n—o00 Tn

It implies that = and y are mutually stable. It still remains to show that there exists
a finite limit

7 ~ d($n7 yn)
A9 =l

if

(2.23) 0 # d(%,a) # d(g,a) #0.

For convenience we write

¢ = d(xp,a), t,:=d(yn,a)
for all n € N. Condition (2.23) implies that there are ¢ > 0 and a natural number
no = no(e) such that

q—"—l‘Zs
¢

n

(2.24) o Nt, >0 and

for all n > ng. It is clear that

Ty € Sa(qn) and 1y, € Sy(ty,),
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where S,(g,) and S,(t,) are the spheres with the common center a € X and radii
Gn, tn, respectively. Consequently, we have the following inequalities

(2.25) A(Sa(qn), Sa(tn)) = d(@n, yn) > 6(Salqn), Saltn)),

where the quantity 6(5,(¢n), Sa(t)) is defined in Lemma 2.8. Limit relations (2.8)
and (2.6) imply that

A(Sa(gn), Saltn))

0(Sa(an), Saltn))

»#y = lim = lim
n—00 |Qn - tn| n—0o0 |qn - tn|
Hence, using (2.25), we obtain
d ny JIn 1 . d ny JIn
»y = lim (:L'y): ~ ~ lim (:I:'y)’
g = tal i@, a) - deg,a)| e
that implies
T~ ~\ _ 1: d(xnayn)_ T/~ o~ T/~ ~
(2.26) d(Z,7) = lim —————= = 3 |d(Z,a) — d(g,a)|,
n—0o0 Tn
i.e., z and y are mutually stable. U

It will be proved in the Section 7 of the paper that conditions (i) and (ii) of
Theorem 2.4 are mutually independent in the sense that no one of them implies the
another.

The next proposition follows from Lemma 2.7.

Proposition 2.9. Let (X,a,d) be a pointed metric space, let Y C X and let
a € Y. Then the relation (X, a,d) € Y implies (Y, a,d) € 4L

3. Examples of metric spaces with unique pretangent spaces

Using Example 2.1 as a model we can construct more geometrically interesting
examples of metric spaces with unique tangent spaces. To this end we recall first some
facts related to the structure of pretangent spaces to subspaces of metric spaces.

Let (X, a,d) be a pointed metric space, let Y and Z be subspaces of X such that
a €Y NZandlet 7 = {r,},en be a normalizing sequence.

Definition 3.1. The pointed spaces (Y, a) and (Z,a), a € X NY, are tangent
equivalent at a w.r.t. normalizing sequence 7 if for every ¢; = {yr(Ll)}neN €Y and
every z; = {zg)}neN € Z with finite limits

- d 7(11) ~ d 7(L1)
df(d, gl) = lim M and df(d’ 21) — lim (Z 7a>
n=eo T'n n—o00 T

there exist yo = {yg)}neN €Y and %, = {21(7,2)}716N € Z such that

d £L1) 7(12) d 1(12) 7(11)
o A2 L A
n— oo Tn n—oo Tn

=0.

We shall say that (Y,a) and (Z,a) are strongly tangent equivalent if (Y, a) and
(Z,a) are tangent equivalent for all normalizing sequences 7.

Let ¥ C X. For a normalizing sequence 7 we define a family [F|y = [Flys by
the rule

(e [Fly)e (§eY)and (37 € F: d:(%,5) = 0)).
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The following two lemmas were proved in [9], see also [14].

Lemma 3.2. Let Y and Z be subspaces of a metric space X, a € Y N Z and let
7 be a normalizing sequence. Suppose that (Y,a) and (Z,a) are tangent equivalent
w.r.t. 7. Then following statements hold for every maximal self-stable (in Z) family
Zg -

(i) The family [Z, ]y is maximal self-stable (in Y') and we have the equality
[[Za,F]Y]Z = Za,'f"

(ii) If in and Q};f are metric identifications of Zai and, respectively, of ffai =

[Za.7]y, then the mapping
Q75 ar— [aly € Q);

is an isometry. Furthermore, if Q7 is tangent, then Q) . also is tangent.

(iii) If for the normalizing sequence T there exists a unique maximal self-stable (in
Z) family Zaﬂ: 5 a, then }7@7,: = [Za,;]y is a unique maximal self-stable (in 17')
family which contains a.

Let Y be a subspace of a metric space (X, d). For a € Y and ¢ > 0 we denote by
SY =SY(a,t) :={yeY:d(a,y) =t}

the sphere (in the subspace Y) with the center a and the radius ¢. Similarly for
a€ Z C X and t > 0 define

SZ7 = S%(a,t) :={z € Z:d(a,z) =t}

Write
eqo(t, Z,Y) := sup inf d(z,y)

zEStZ yey
and
ea(t) :=e,(t, Z,Y) Ve, (t,Y, 7).

Lemma 3.3. Let Y and Z be subspaces of a metric space (X,d) and let a €
Y NZ. Then Y and Z are strongly tangent equivalent at the point a if and only if
the equality

(3.1) lim -~ =
holds.
Remark 3.4. Statement (iii) of Lemma 3.2 implies, in particular, that
(Y,a) e ) & ((Z,a) € W)
if (Y,a) and (Z, a) are strongly tangent equivalent.

Using Proposition 2.2, Lemma 3.2 and Lemma 3.3 we can easily obtain examples
of subspaces of Euclidean spaces which have unique tangent spaces in their cusps.
The first example will be examined in details.

Example 3.5. Let F': [0,1] — E™ n > 2, be a Jordan curve in the Euclidean
space E", i.e., F'is continuous and

F(ty) # F(t2)
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for every two distinct points 1, ts € [0,1]. We can write F' in the coordinate form

F@)=(f®),..., fa(t), te€0,1].
Suppose that all functions f;, 1 <i < n, are differentiable at the point 0 and

F(0) = (f1(0),..., £,(0)) # (0,...,0).

(We use the one-sided derivatives here.) We claim that each pretangent space to the
space Y = F([0,1]) C E™ at the point a = F(0) is unique and tangent and isometric
to R* for every normalizing sequence 7. Indeed, by Lemma 3.2 and by Proposition
2.2, it is sufficient to show that Y is strongly tangent equivalent to the ray

Z={(z21(t),...,20(t)): (21(t),..., 2:(1)) = tF'(0) + F(0), t € R}

at the point a = F(0).

The classical definition of the differentiability of real functions shows that limit
relation (3.1) holds with these Y and Z. Hence, by Lemma 3.3, Y and Z are strongly
tangent equivalent at the point a = F'(0).

Example 3.6. Let f;: [0,1] — R, i = 1,...,n, be functions such that f;(0) =
-+« = fu(0) = ¢ where ¢ € R is a constant. Suppose all f; have a common finite right
derivative b at the point 0, f{(0) =--- = f/(0) = b. Write

a=(0,c) and X =|J{(t fi(t)): t €[0,1]},
i=1
i.e., X is an union of the graphs of the functions f;. Let us consider X as a subspace
of the Euclidean plane E?. Then for every normalizing sequence 7 a pretangent space
Q.7 to the space X at the point a is unique, tangent and isometric to R*.

Example 3.7. Let fi, fo be two functions from the precedent example. Put

X ={(z,y): (@) A foz) <y < fil2) V falx), € [0,1]},

i.e., X is the set of points of the plane which lie between the graphs of the functions
f1 and fo. Then for every normalizing sequence 7 each pretangent space Qéff to X
at a = (0, ¢) is unique, tangent and isometric to R*.

Example 3.8. Let a be a positive real number. Write

X ={(v,y,2) € B®: \/y*+ 22 <z2'™ z e R},
i.e., X can be obtained by the rotation of the plane figure
{(z,y) e B*>: 0 <y <zt z€R"}

around the real axis. Then each pretangent space Qaﬂ: to X at the point a = (0,0, 0)
is unique, tangent and isometric to R™.
X

a,r

In all examples above pretangent spaces {2~ were also tangent. The following

example shows that there is a metric space X for which ngf is unique but not tangent.

Example 3.9. Let 7 = {r, },en be a sequence of strictly decreasing positive real
numbers r,, with
(3.2) lim —"

n—00 Tp1q

= 0
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and such that r, > 2r,,; for all n € N. Let X be a union of two countable sets
{rn: n € N} and {2ry,: n € N} and the one-point set {0} ,

(3.3) X ={rn:n e N} U{2ry,: n e N} U{0}.

Consider the metric space (X, |-, -|). It is clear that the sequences 0 and # := {r, }nen
are mutually stable w.r.t. 7 and

di(#,0) = 1.
Let f(g,,: be a unique (by Proposition 2.9) maximal self-stable family such that
Xos 2{0,7}.

We claim that the pretangent space ngf corresponding to X'Of is two-point. Indeed,
suppose that § = {y, }nen € Xoﬂz and J(g, 0) > 0. It is sufficient to prove the equality

(3.4) d(z,7) = 0.
To this end, we note that (3.2) and (3.3) imply

(3.5) il _ g and e q1,9)
Ton41 Ton

for all sufficiently large n € N because in the opposite case

. . UYn . Yn
either lim — =0 or lim = = oo.
n—oo 'y n—oo Ty
Since
. y2n+1 . yn . y2n
1= lim =—— = lim = = lim =,
n—oo T2n+1 n—oo Tn n—oo r2n

conditions (3.5) imply that
Yon = Ton
for sufficiently large n. Hence (3.4) follows.
Now let 7 := {ra, fnen and Xg i~ be a maximal self-stable family such that
XO,F’ 2 {65 3?7 2}

where Z := {ro, tnen and Z := {279, }nen. Since

the pretangent space € corresponding to XOJ:/ contains at least three distinct
points. Consequently, €2 is not tangent.

Remark 3.10. There are pointed metric spaces (X, a) for which all pretangent
spaces Qé{i are tangent but (X, a) ¢ 4. As an example we can take X = C of X = R,
see [10].

In the next section of the paper we will describe the tangent space to the loga-
rithmic spiral at its asymptotic point.
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4. Uniqueness of pretangent spaces and logarithmic spirals

We will consider only logarithmic spirals having the asymptotic point at 0. The
polar equation of these spirals is

(4.1) p = kb?,
where k and b are constants, k €]0,00[ and b €]0,1[ U ]1,00[. The rotation of the

polar axis on the angle p; = —I*% transforms (4.1) to the form

(4.2) p=0b%.

Let us denote by S* = S*(b) the set of all complex numbers lying on spiral (4.2) and
let

S =S U {ol,

i.e., S is the closure of S* in the complex plane C. In the following theorems we
consider S as a metric space with the usual metric d(z,w) = |z — w].

Theorem 4.1. Fach pretangent space to S at the point 0 is unique, tangent and
isometric to S.

Denote by C* the multiplicative group of all nonzero complex numbers. We shall
need the following lemma.

Lemma 4.2. S* is a subgroup of the group C*.

Proof. As is well known, a nonvoid subset H of a group G is a subgroup of G if
and only if

hge H and h'e H

for all h,g € H. See, for example, [19, Chapter 1, §2|. Let z be a point of C*. It is
clear from (4.2) that z € S* if and only if

(4.3) z = |z| exp(ilog, |2]).
The last equality implies
271 = [2| exp(—ilog, |2]) = [ exp(ilog, |=]).

Hence 27! belongs to S* if z € S*. Similarly we obtain zw € S* if z € S* and
w e S*. O

The next useful lemma describes the isometries of metric identifications of pseu-
dometric spaces.

Lemma 4.3. Let (X, dx) be a pseudometric space, (Y, dy) a metric space, (2, p)
a metric identification of (X,dx) and p: X — ) the natural projection. Then for
every distance-preserving, surjective mapping F: X — Y there is a unique mapping
f:Q — Y such that the diagram

) G v

(4.4) pl /

Q

is commutative. This f is an isometry.
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Proof. Let us define a mapping f by the rule: if a € €2, then
(4.5) fla) = F(z),

where z is an arbitrary point in p~!(«). This definition is correct. Indeed, if xy,
ry € p (), then dx(xy,23) = 0 because p is natural projection. The equality
dx(x1,22) = 0 implies dy (F(x1), F(z2)) = 0 because F is distance-preserving. Since
dy is a metric, the last equality gives F(x1) = F'(x3).

Rewriting (4.5) as f(p(z)) = F(x) we see that the diagram is commutative. The
uniqueness of f which satisfies the equality F' = f o p follows from the surjectivity of
p. It still remains to prove that F' is an isometry.

Let o, 5 € Q, z,y € X and a = p(x), # = p(y). Then we have

dy (f(a), f(8)) = dy (f(p(x)), f(p(y)) = dv(F(z), F(y))
= dx(z,y) = p(p(z), p(y)) = pla, B).
Thus f is distance-preserving. Moreover f is surjective because F' is surjective.

Hence f is an isometry as a distance-preserving, surjective mapping between metric
spaces. 0]

Proof of Theorem 4.1. We shall first prove (S,0) € 4. To this end it is sufficient
to show that conditions (i)—(ii) from Theorem 2.4 are satisfied with X = S and a = 0.
We start from the verification of

Condition (i). Let z; and 29 be some points of the annulus
Ao(r k) = {2 € S: % < 2| < k2,

where k €]1,00[, r €]0,00|. Let us denote by I(z1, 29) the length of the arc of spiral
(4.2) joining the points z1, zo. If the polar coordinates of z; and 2y are (p1, 1) and
(p2, p2) respectively, then we obtain the famous formula

02
V1+1n®b V1+1In?b
(4.6) U(z1,22) = /\/P2 + pPdp| = sz — b7 = WU& - p1l-
©1

It implies that
diam Ag(r, k) < sup{l(z1,22): 21,20 € Ag(r, k)}

B \/l-l—anb‘ . 1| B r\/1+ln2b(k_ 1)
T el TR T T mol K
Consequently,
diam(A,(r, k V1+1In®b 1
lim lim sup iam(Aq(r, k)) < lim l(k — ) =0,
k=1 0 r k—1  |Inb] k

i.e., (2.4) holds and condition (i) is satisfied.

Condition (ii). Let ¢ €10, 1] and let {(gn,t,)}nen be a sequence of points of R,
see Figure 1, such that
(4.7 T (g ) = (0.0
and there is
(4.8) lim & = ¢, € [0, o).

n—oo n
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We must show that there exists a finite limit
A(So(qn), So(ty

(4.9) lim (S0(an), So(tn)) = .

n—0oo IQn - tn’
It follows from the definition of the set R? that q,,t, €]0, 00| for all n € N. Conse-
quently, we can find 6,7, €] — 00, +00[ such that
(4.10) ge™ € 8% and t,e € S*
for all n € N. Since the spheres Sy(g,) and Sy(t,) are one-point and g,e'™ € Sy(q,)
and t,e" € Sy(t,), we have

A(SO(tn)a SO(Qn)) _ |tnei9n - QneiTn‘

with
(4.11) Tp =108y Gn, 0, = logy t,,

see (4.3). Consider firstly the cases where ¢y = 0 or ¢y = oo in equation (4.8). If
co = 0, then it implies that

t 0n n 1Tn 1 _ q_”lei(Tn_en) 1 o
(4.12) T it 1 RN L . Dzl
nee |tn — qnl oo |1_i| 11— col

Similar computations yield » = 1 for ¢y = 0o. Suppose now c¢q € |0, 00[. Using (4.8)
and (4.11) we obtain

(4.13) lim (7, — 6,) = lim (log, ¢, — log, t,,) = lim log, z—n = log, co.

n

Moreover, we have
(4.14) co # 1

because (qn,t,) € R? for all n € N. Applying (4.13) in computations (4.12) we
obtain

|t — qne 1 — ¢ exp(ilog, o)

iTh, |

lim =
n—oo It — Gl 11— col
Note that the right side in this equality is finite and correctly defined by virtue of

(4.14).

Thus conditions (i)—(ii) from Theorem 2.4 are satisfied, so that this theorem
implies the desirable uniqueness of pretangent spaces. It still remains to prove that
all pretangent spaces are tangent and isometric to S.

Let 7 = {r,}nen be a normalizing sequence and let 5’07; be a corresponding
maximal self-stable family. For every & = {x,}nen € 5’0,; there is a unique z* € S
such that
(4.15) o) = tim X s )

n—oo Tn
We claim that the mapping
(4.16) F: Sy — S, F(i)=2a"

is surjective and distance-preserving in the sense that the equality

(4.17) di(2,9) = 2" =y’
holds for all Z,§ € Sp .
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Surjectivity. We have already verified that (5,0) € Y. Hence, by Lemma 2.7,
it is sufficient to prove that for every a € S there is # € S such that |2*| = |al.
If |a|] = 0, then the equality |z*| = |a| is evident for £ = (0,0,...). Assume that
la| > 0. For every n € N define a complex number r0 as

1 1
4.18 0.— | = log | —
(4.18) 7o = |l exp(ilog | 1),

see formula (4.3). The points ¥ and x* belong to S*. By Lemma 4.2 the set S*
is a subgroup of C*. Since the equation ay = b is solvable in every group, there is
x, € S* such that

(4.19) rr, = a.
This equality and (4.18) imply
d(z,,0)  z,
W) _ )2 g
Tn T'n
for all n € N. Thus the equality |a| = |z*| holds for & := {z,}nen if all z,, fulfil
equations (4.19).

Preservation of distances. Let & = {x,}nen and § = {yn}nen belong to 5'0,,:.
If 2 = 0 or y* = 0, then equality (4.17) follows simply from (4.15). Assume that
x* # 0 # y*. This assumption implies that * € §*, y* € S* and

x, €S*, y, €8

for all sufficiently large n € N. These membership relations give, in particular, the
equalities

(4.20) o* = |e"exp(ilogy |27]),  @n = |wn|exp(ilogy, ),
see (4.3). Moreover, we can rewrite (4.18) as

9 = 119 explilog, 1))
Using it, (4.20) and (4.15) we obtain

(121) Tim |2 fo | = la*].
Consequently,

(422 i exp(i 108,17 ) = exp(ilog, 17
Relations (4.20)-(4.22) give the equality

(4.23) 7}1}(}10 e, ="

Similarly, we have lim,, ., 72y, = y*. The last two equality imply

—y*| =] lim (rgajn — rgyn)| = lim M,
n— oo n—oo Tn

*

|z

i.e., (4.17) holds.
We can now easily show that all pretangent spaces Qg,,; are isometric to S and

tangent. Indeed, as has been shown above the mapping F': 5”077: — S is distance-
preserving and onto. Hence, by Lemma 4.3 there is an isometry f: Qg - — S. Fur-
thermore, statement (iv) of Proposition 1.5 asserts that all Qg - are tangent if and

only if the mappings in’.: SOJ: — 30,;/ are surjective for every 7, see diagram (1.4).
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Let A be an infinite subset of N, 7" = {rn}nea a subsequence of 7 = {r, },en and let
U = {Yn}tnea € So Let us define z,, n € N, as

yp ifn € A,
4.24 =
(4.24) n {7% ifne N\ A,

where 7)) is defined by (4.18) and y is a point of S such that [y| = dw (7, 0). It follows
from Lemma 4.2 that & = {x, },en belongs to S. Moreover, (4.18) and (4.24) imply

lim —d(:cn, 0)

n—0o00 Tn

= |y| < oo.

Consequently, by Lemma 2.7, we obtain = € go’,:. It is also clear that &’ := {z,, }pea =
. Hence each in! is a surjective mapping. U

Remark 4.4. The form of Lemma 4.2 seems to be new. Of course, it is closely
related to the contemporary definition of logarithmic spirals, see, for example, |5,
9.6.9.1]. In the proof of Theorem 4.1 we have used formula (4.6) for the verification
of condition (i) of Theorem 2.4 but to this end we really need only in the following
remarkable fact discovered by Descartes. The length measured along the logarithmic
spiral from the pole O to the point P of the spiral is proportional to the radius vector
OP.

The logarithmic spirals and the set R’ := R* \ {0} of all strictly positive real
numbers have some common properties: They are the unbounded subgroups of the
multiplicative group C* and they have unique pretangent spaces at 0. The following
theorem shows that logarithmic spirals and R are exhausted all maximal subgroups
of C* having these properties.

Theorem 4.5. Let I'* be an unbounded subgroup of the multiplicative group
C* and let I := T U {0}. The following two statements are equivalent.

(i) I'" € R% or there is b € |0, 1[U]1, oo[ such that ' C S*(b).

(i) (T',0) € 4L

Proof. First of all we claim that the theorem is true for all unbounded subgroups
I'* if and only if it is true for all closed (in C*) unbounded subgroups I'*. Let I'* be
the closure of I'* in C*. For convenience we denote by (i) and (i) the results of the
substitution of T* for T'* in (i) and, respectively, of I'* U {0} for I in (ii). Since R
and S*(b) are closed subsets of C* we have the equivalences

(T"CRY) & (I"CRY), (T CS*(h) & (" CS*(b)).

Thus (i) < (i). Note now that I'* U {0} is the closure of I' in C. Hence using
Lemma 3.3 we see that I' and T U {0} are strongly tangent equivalent at 0. By
statement (iii) of Lemma 3.2 we obtain (ii) < (ii). Moreover, since the closure of the
subgroup is a subgroup [19, p. 111], we see that I'* is a closed subgroup of C*.

Thus we may assume, without loss of generality, that I'* is a closed subgroup of
C*. Let us prove now the implication

(i) = (ii) This implication follows from Proposition 2.9, Theorem 4.1 and Propo-
sition 2.2. Indeed, Proposition 2.2 means, in particular, that R* has unique pretan-
gent spaces at 0, by Theorem 4.1 the same property is true for S*(b). Finally, the
property to have unique pretangent spaces is hereditary by Proposition 2.9.
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(ii) = (i) Suppose that I'* is a closed subgroup of C* and statement (ii) of the
theorem holds. Since I'* is unbounded, there exists a sequence {p;};en € I'* with

lim |p;| = oc.
1—00

Let 21,20 € T and |z1| = |22]|. Write r; = % for i € N. Note that ;—? and %? belongs
to I'* because ['* is a subgroup of C*. It is clear that

21 %29 T
—,— € Ay(ri, k) = [ — < |z| < kry
22 Aol k) = {z € T < Jo| < k)
for all k € [1,00[ and all i € N. Statement (ii) of the present theorem implies relation
(2.4). Consequently,

2L __ 22

diam (Ao (r;, k - — = _
0 = lim lim sup iam(Ao(ri, k)) >l 21 — 2
k—1 i—00 T EY EA
pi
i.e., the implication
(4.25) (Iz1] = |22]) = (21 = 22)

is true for all z1, zo € T'™.
Let us consider the continuous homomorphism ®: I'* — R such that

O(z) =1z, zel™

It is easy to prove that ® is closed. Consequently, ®(I'*) is a closed subgroup of R
Using the well-known classification of the closed subgroups of the additive group R,
see, for example, [6, Chapter V, §1, 1|, we obtain at the most three possible cases:

(i) () = {1},

(ii) ©(I") = R,

(iii) there is g €]1,00[ such that ®(T*) = {¢g": n € Z} where Z is the set of

integers.
Since I'* is unbounded, the case (i) is impossible. Implication (4.25) shows that
the homomorphism ®: I'" — R is one-to-one. Consequently, in the case (iii), the
group I'* is cyclic with the generator z = ®~!(g). Writing z in the trigonometric
form z = |z]e"? = ge™, ¢ € [0,2n[, we see that either I'* C R* for ¢ = 0 or, for
¢ €10, 2x[, I'* lies on the logarithmic spiral
S* = {texp(ilog,t): t € R} }

with b = exp(ln?g).

Suppose now that we have ®(I"*) = R*.. In this case ® is an isomorphism of the
groups I'" and R and, simultaneously, ® is a homeomorphism as a continuous closed
bijection of the topological spaces I'* and R* . Write ® ! for the inverse mapping. Let
T={zxe€C:|z] =1} and ¥: C* — T be the standard homomorphism, ¥(z) = £

BREl

and in: ['* — C* be the inclusion in(z) = z. Then the mapping
(4.26) R R Lo Sy

is a character (a continuous homomorphism) of the additive group R. Denote this
character by . There is v € R such that

(4.27) #(t) = exp(ivt)
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for all ¢ € R, see [19, p. 256]. Since @' is bijective we obtain from (4.26) and (4.27)
that

O~ (expt
x(t) = ei%f) =exp(ivt), teR,
that is .
-
) = exp(ivIn|z]),
||
(4.28) z = |z]exp(ivin |z|)

for all z € I'". The last equation implies I'* C R if v = 0. For v # 0 we can rewrite
(4.28) as

z = |z| exp(ilog, |2])
where b = exp(%). Hence I'* is the logarithmic spiral. 0

5. Uniqueness of pretangent spaces to subsets of R

In this part of the paper we specify the general uniqueness conditions, presented
by Theorem 2.4 for arbitrary metric spaces X, to the case where X C R.

Lemma 5.1. Let X C R and let a be a limit point of X. Condition (i) of
Theorem 2.4 does not hold for the pointed metric space (X, a) if and only if there

exist some sequences T = {x, }neN, U = {Yn}nen belonging to X such that

(5.1) lim 2, = lim y, =a and =z, €] —00,al,y, €la, +o0]
for all n € N and
(5.2) lim 2" =1,

=00 Yy — a

Proof. Let & = {x, }nen and § = {y,, }nen satisfy relations (5.1)—(5.2). For every
n € N write

r=r(n) = V{a— o) a—a) and k= k(n) =

We can simply show that
lim r7(n) =0 and lim k(n) =1

n—oo n—oo

and r(n) > 0, k(n) > 1 and

a— Tn

Yn — Q a— Tp

Ty Yn € Aa(r(n), k(n)) ={z € X: % <|x—a| <r(r)k(n)}

for all n € N. Consequently,
dinam (A, (r(n). k() _ [y — 2] _ (0 — ) + (a— )
r(n) — rn) r(n)

Hence the limit relation

lim lim sup
k—1 r—0 T

holds. Thus condition (i) of Theorem 2.4 does not hold.
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Suppose now that

diam(A(r, k
(5.3) lim lim sup iam(4,(r, k)) >0
k—1 r—0 T

We must find the sequences & = {x,}nen € X and § = {Yn}nen € X which satisfy
relations (5.1)—(5.2). Inequality (5.3) implies that there are constant ¢ > 0 and the
sequences {r(n)}nen, {k(n) }nen such that r(n) > 0, k(n) > 1land r(n) | 0, k(n) | 1
and

(5.4) diamAa:g?)%),k(n)) .

for all n € N. Let us consider the closed intervals

=|a ma r(n)k(n = la—1(n na—w
1L = las possat rk(), L= (o= r(k(n),a = 1o5)

It is clear that

Au(r(n),k(n)) CITUI.
Inequality (5.4) implies that for every n € N there are z,,y, € A.(r(n), k(n)) such
that x, <y, and

Tn — Yn

(5.5) lTn)y| > .
If z,,y, € LT or x,,y, € I, then

Ty — Yn, 1
(5.6) % < k(n)— )"
Since lim, . k(n) = 1, inequality (5.6) contradicts (5.5) for sufficiently large n.
Using the inequality z, < y, we obtain
(5.7) v, €I and y,€l’,
if n is taken large enough. Relations (5.7) and lim,,_,. k(n) = 1 imply (5.2). The

rest desirable properties of & = {z,}nen and § = {y,}nen are evident from the
construction. 0

Consider now the “real-valued” variants of condition (i7) from Theorem 2.4. Re-
call that

Su(ry={z € X:d(z,a)=r} and R,x={reR":S,(r)#0}

for every pointed metric space (X, a,d). In the case X C R there exists the natural
decomposition of the set R, x into the sets

- g 1Ror :={r € Ry x: card S,(r) =1}
(5:8) oR . i={r € R, x: card S,(r) = 2}.

Now we have
(5.9) Ra,X = 1Ra,X ) 2Ra,X and lRa,X N 2Ra,X = 0.

The sets 1R, x and 9 R, x are closely related to the symmetric properties of X C R
in the point a. We shall say that a € R is a local asymmetry point for the set X C R
if there is € > 0 so that

(x4+aeX)=(—r+a¢g X)
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for all = with 0 < |z| < e. The last requirement can be written as
(510) QRa7xﬂ]07€[: @ or as 1Ra7xm]0,€[: RQVXQ]O, 5[.

Corollary 5.2. Let X C R and let a be a limit point of X. If condition (i) of
Theorem 2.4 holds, then a is a local asymmetry point for X.

Let X C R and a € X. For every r > 0 define
(re qRox) it (rejR,x and a+r e X)
and
(re 1R, x) ifft (re;R,x and a—r e X).
Then we obtain
1Rex = y1Rax U_1Rox and 1R, x N _1R,x = {0},

cf. (5.9). The simple geometric considerations show, see Figure 2, that, for every
q,t € R, x, we have

lg —t| if (g,t) € (+1R?L,X) U (*1R?L,X>7
lg +t| otherwise,

(5.11) A(Sa(q), Sa(t)) = {

where 41 R?  and _;R?  are the Cartesian squares of 1R, x and, respectively, of
_R, x and, as usual

A(Sa(q), Sa(t)) = sup{|z —y|: € Su(q), y € Sa(t)}.

a‘tm a+tm a'tm

I 1
a-qm a a+qm a'qm a a+qm

attm
| |
1 1

1
I I
a-qgnm a atqm

Figure 2. The sphere S, (t,,) lies inside the sphere S, (gm).

For every € > 0 let us introduce also the sets

519 LK. = {%: g, t € 1 RaxN[0,e]}, _K.:= {%; 0,t € _1Rax N[0,e]},
5.12
q
K= {5 (0, ) € (Rox N[0,e]) \ (i Rex U1 Rax)}
where [0, £]? is the Cartesian product of the closed interval [0, ] with itself and

g::oo if t=0.
t

Proposition 5.3. Let X be a subset of R and let a be a limit point of X.
Condition (ii) of Theorem 2.4 holds if and only if

(5.13) () (ClK.U_K.)NCILK.)) C{0,1,00},

ceRY

where the closures are taken with respect to [0, 0o].
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Proof. Suppose inclusion (5.13) holds. We must prove condition (ii) of Theo-
rem 2.4. Let g > 0 and let {(¢y, ;) }nen be a sequence belonging to R , see Figure 1,
such that lim, o (qn, ) = (0,0) and

(5.14) lim 2% = ¢y € [0, 00).

n—oo n

It is necessary to show that there is a finite limit

(5.15) fim 205e(@): Saltn)) _

n—oo |y —
We first note that (5.15) holds with s = 1 if ¢y = 0 or ¢y = oo. Indeed, equality
(5.11) implies the double estimation

Letting n — oo and using (5.14) with ¢y € {0,00} we obtain (5.15) with 3¢ = 1.
Moreover, the relations (g,,t,) € REO imply the inequality

I 1) > 5
tn

so that

Co 7£ 1
and 3¢ is finite, if it exists. Let us consider now the case 0 < ¢y < 0o. Define, for
e >0,

K. .= {%: g,t € Rox N[0,¢]}.

Then, using the standard representation from the theory of cluster sets, see, for
example, [8, 1.1], we have

Co € ﬂ Cl(Ks)

eeRY
Furthermore, it follows from (5.12) that
K. = ,K.U(K.U_K.).

Thus Cl(K.) = Cl(1K.) U Cl(+ K. U _K.). The last equality and the monotonicity:
if &1 > €9, then

(5.16) Cl(1K.,) 2 CI(1K.,) and CIl(.K,U_K.)2DCI( K.,U_K,)
imply the equality
(5.17) () CUE) = () ClLK) U ([ ClK.U_K.)).

c€RY ceR? c€R

Hence we have

(5.18) ce [) CILK.)
cERY

or

(5.19) ce () Cl+K.U_K.).

ceRY
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It follows directly form (5.13) that
() ClGE)) N () ClE-U_K.)) C{0,1,00}.
c€RY eeRY

Since ¢y ¢ {0, 1,00}, representation (5.18) and (5.19) imply that there is np € N
such that either

(5.20) (qn:tn) € RZ,X \ (+1R(21,X U —1R2,X)
for all n > ng, or
(5.21) (qnstn) € +1R2,X U fle,X

for all n > ng. Now applying (5.11) we obtain
{ Lt if (5.20) holds,
n =

[1—co|

1 if (5.21) holds.

The “sufficiency” is proved.
To prove the “necessity” suppose that (5.13) does not hold. The left side of (5.13)
can be written as

( ﬂ Ol(+Ks U —Ka)) N ( ﬂ Ol<1K€>>

eeRY eERY

Consequently there is ¢ €0, 0o[ such that ¢y # 1 and
e () CltK.U_K.) and coe [ CIGK.).

eeRY eERY

Hence there are two sequences {(z,, w,) tnen and {(gn, tn) }nen such that

(5.22) (2, wp) € (-HRi,X U —IRZ,X)
and
(5.23) (qnstn) € (Rg,x) \ (+1R¢21,X U *1RL21,X)
for all n € N, and
(5.24) lim (g, t,) = lim (z,,w,) = (0,0)
and
(5.25) lim & = lim 2 = ¢,

n—oo Ty, n—00 Wy,

Since cg # 1, there is €g > 0 such that

(5.26) |3—:—1’280 and |Z—n—1|260

n

if n is sufficiently large. Equality (5.11) and (5.22), (5.23) imply
A(SG(Q’IZ)7 Sa(tn>> . 1 + Co

5.27 lim -

(5:21) T gt e
and

(5.28) lim 25eCn) Salwtn))
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Let ng be a natural number such that (5.26) holds for all n > ng. Define a sequence
{(Sn, Yn) }nen as the “mixture” of the sequences {(qn,tn) }nen and {(zn, wy) fnen,

(qnm tno) if n < no,
(SnsYn) = & (qn,tn)  if nis add and n > ny,
(zn,wy) if n is even and n > ny.

Then (s,,y,) € R2, for all n € N and, by (5.24), (5.25), we have

lim (s, yn) = (0,0), lim o Co-

n—oo n—oo yn

If there is the limit

o A550), Su0n)

Y
nooe [y — ynl

then the definition of the sequence {(s,,yn)}nen and equalities (5.27), (5.28) imply
- 1 + Co
|]_ — C()| '

Hence ¢q = 0, contrary to the condition ¢y & {0, 1, oc0}.
Thus it is proved that condition (ii) of Theorem 2.4 does not hold if (5.13) is
false. 0

The following theorem is the main result of the present section of the paper.
Define, for € > 0,

(5.29) K. = {%: 4 € 1Rux N[0,e], t € 1 RaxN[0,e]},

where % =00 if t = 0.

Theorem 5.4. Let X be subset of R and let a be a limit point of X. Then for

every normalizing sequence 7 there is a unique pretangent space 2 if and only if

X is locally asymmetric at the point a and 7
(530> ﬂ (Cl(+KE U ,KE) N Cl(Jr*KE)) g {07 OO}
eeRL

Proof. Suppose (X, a) € 4. Then conditions (i)—(ii) of Theorem 2.4 holds. Using
Corollary 5.2 we see that a is the local asymmetry point for the set X. Moreover,
since 1 K. O K., we obtain from inclusion (5.13) the inclusion

() (CU(+K.U_K.)NCl(4-K.)) € {0,1,00}.

ceRY
It still remains to prove that

(5.31) 1¢ () (Cl(+E.U_K.)NCI(+_K.)).

ceRY
Since X is locally asymmetric at a and a is a limit point of X, we have

(5.32) le () Cl(4K.U_K.).

cERY
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Taking into account this and the equality

(5.33) ﬂ (Cl+ K U_K)NCl(+-K.)) = ( m Cl(+ K- U_K.))N( ﬂ Cl(+-K.))

EGRi EERi sERj

we see that (5.31) is equivalent to

(5.34) 1¢ () Cl(+-Ko).

seRj_

If (5.34) does not hold, then there exist some sequences T = {Zp, }neN, ¥ = {Untnen
belonging to X such that lim, .o 2, = limy,_.00 Y = a and z,, € |—00,al, y, €la,+o0|
for all n € N and
(5.35) lim & "
n—oo yn —Qa
By Lemma 5.1 it contradicts condition (i) of Theorem 2.4. Thus (5.31) is proved.
Conversely, suppose that a is a local asymmetry point of X and inclusion (5.30)
holds. We must prove conditions (i)—(ii) of Theorem 2.4.
Rewriting Lemma 5.1 in the terms of cluster sets we see that condition (i) does
not hold if and only if

=1.

1€ () Cl(+-K.).

cERY

This relation, (5.32) and (5.33) show that the point 1 belongs to the set in the left
part of formula (5.30), contrary to this formula.
To prove condition (ii) of Theorem 2.4 note that

K. = (Rz,x \ (+1R2,X U —le,X)) N [075]2
= (+1Ra7X X —lRa,X) U (—lRa,X X +1Ra,X) N [0)5]2

for sufficiently small ¢ > 0 if a is the local asymmetry point of X. Hence, by
Proposition 5.3, condition (ii) holds if
(5.36) () (ClK.U_K.)NCl(,_K.U_LK.)) €{0,1,00}.

eERY

Here _ | K. is the set obtained by the permutation of the symbols + and — in (5.29).
Similarly (5.17) we can show that

() (CU+K.U_K.)NCl(—K.U_|K.))

eERY
(5.37) = ([ (Cl+K.U_K.)NCI(;_K.)))
U ( m (Cl(-i-Ke U —Ks) N Cl(—+K€>>)

ceRY
It follows from the definition of the sets . K., K., , K. and _, K, that if a positive

number s belongs to

m (Cl(—i—Ka U —Ka) N Cl(——l—Ke))a

eeRL
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then .
- € () (CIK. U_K.)NCl(;_K.)).

cERY
Consequently, we can transpose “+” and “—” in inclusion (5.30). Thus we have the
inclusion
() (Cl(.K.u_K.)NCI(; K.U_,K.)) C {0,00}
eeRY
that is stronger than (5.36). O

6. Uniqueness on the Cantor set

Recall the definition of the Cantor set. Let x € [0, 1] and expand z as
6.1 =N g (2) € {0,1,2).
(61) =T b e (01.2)

The Cantor set C' is the set of all points from [0,1] which have expansion (6.1)
using only the digits 0 and 2. Thus x belongs to C if and only if x has a triadic
representation

= 2a,,
m=1

where a,, = ay,(z) € {0,1}.

Denote by C? the set of all endpoints of complementary intervals of C' and write
CY:=(C\C.

Proposition 6.1. Let X be a closed subset of R. If a € X is an endpoint of a
complementary interval of X, then (X, a) € L.

Proof. Since a is an endpoints of a complementary interval of X, there is € > 0
such that either

[a—ec,a+elNX Cl—o00,a] or [a—e,a+¢elNX Cla,+o0|.

Hence X is locally isometric to a subset of R,. Observe that for every two locally
isometric pointed metric spaces (Z,p) and (Y, b) the uniqueness of pretangent spaces
Qi - implies the uniqueness of ngr The last assertion follows directly from the defini-
tion of pretangent spaces or, more formally, from Theorem 2.4. Thus the uniqueness
of foy,; follows from Proposition 2.9 and Proposition 2.2. OJ

Corollary 6.2. The relation (C,a) € 4 holds for each a € C*.

The main purpose of the present section of the paper is to prove the conversion
of Corollary 6.2, i.e., ((C,a) € U) = (a € C'). Moreover, we prove that the Cantor
set C' is locally asymmetric in each its point. In the end of the section we shall give
the explicit form of the pretangent space Qaci for a € C* and 7 = {37 },.en-

Proposition 6.3. All point a € C' are the points of the local asymmetry for C.

Proof. Tt is clear if a € C*. Suppose a € C° and there are two distinct points
x,y € C such that

(6.3) a=
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Writing a, z and y in form (6.1) we obtain from (6.3) the equality

- = 4(bu(y) + bu(2))
=27

(6.4) m :

n=1 n=1
where by,(a), b,(x),b,(y) € {0,2} for all n. Since = # y, there is ng such that either

buo(y) =2 and b, (z) =0

or
buo(y) =0 and b, () =2.

Thus the number a € C' has two different ternary representations. The point a of the

Cantor set C' has two different ternary representations if and only if a € C*\ {0}.

(It follows directly from Problem 22 in |20, p. 40]). Consequently, (6.4) contradicts

the relation a € C°. O

Remark 6.4. A simple result related to the asymmetry of the Cantor set C' can
be found in [21, p. 50].

Define a subset C? of the Cantor set C' by the rule: € C? if and only if z € C
and there is mg = my(z) € N such that, for all m > my,

1 if — is odd
(6.5) am(x):{ it m—mg 1isodd,

0 if m—mg Iis even,

where a,, () are the digits in ternary representation (6.2). For example, the numbers

3.2 0 2 0
13 TRt

and
o 2 0 2

1
6.6 - ==
(6:6) 4 3+32+3 +34+
belong to C?.

Lemma 6.5. Let a € C°\ C?. If (K., K. and K. are the sets defined by
(5.12), then

(6.7) 3e ) (Cl(1K.U_K.) NCI(K.)).

Remark 6.6. Let x and y be distinct points of the Cantor set,

r = Z 2am = Z Zam (), am(y) € {0,1}.
m=1
Write M for the smallest natural number m such that ., (z) # @,(y). Then the
inequality x > y holds if and only if ay/(x) = 1 and ap(y) = 0. It enables us to
reformulate the definitions of the sets , K., _K. etc. for the specific case when X
is the Cantor set. For example, a point s belongs to , K. if and only if there are
M, My € N and sequences {5y }meNs {Vm fmen With B, v € {0, 1}, such that

—M 00 Bm—am(a)
3 Y e

= — M. o] Ym—am(a)
3 My 1 T
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and
- N S — () iy oy —am(a)) €
3 Ml e S 2 s TR < —.
( by Onztmlal)y (g yh dmztmle))
m=Mi;+1 m=Mso+1

Proof of Lemma 6.5. Since a € C°, there exists a strictly increasing sequence
{my }ren of natural numbers such that either

(6.8) (@) =0 and @, 11(a) =1 forall ke N
or
(6.9) Q. (a) =1 and @, 11(a) =0 for all ke N.

Suppose (6.8) holds. (The case when (6.9) holds is similar.) Equalities (6.8) imply
that

Co>2a+2-3™ >q and C>a—2- -3 mt) « 4

Thus
2.3 €  R,c and 2-37m+U ¢ R o
Hence
2.3
9. 3-(mtl) 3 €1k
for all € > 0. Thus we obtain
(6.10) 3e ) ClLKL).
sERj

On the other hand, since a € C°\ C?, there is a strictly increasing sequence {my, }ren
such that either

Oy (@) = gy +1(a) =0 forall ke N
or
Ay (@) = iy 11(a) =1 for all k€ N.

Reasoning as in the proof of (6.10) we obtain the membership relation

(6.11) 3e () ClK.U_K.).
c€ERY
It still remains to observe that (6.10) and (6.11) imply (6.7). O

Lemma 6.7. Let X = C and a € C?. The following statements hold for every
v € R
(i) The membership relation

(6.12) ve () Cl-K.U_K.)

6€Ri
holds if and only if there are 6,05 € C' and m € Z such that

_ o546

6.13 .
(6.13) 5 + 40,
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(ii) The membership relation

(6.14) ve () Cli
eeRY
holds if and only if there are 03,60, € C and m € Z such that

5+ 4065
6.15 =3l 2
(6.15) ! 5+ 46,

Proof. (i) Let (6.12) hold. Then we obtain
(6.16) ve [ Cl4K.) or ye [)CU-K
eeRY eERY

Suppose the first relation holds. Then, by the definition of the cluster set (| Cl(+K.),

eERY

there are {z,},en € X and {Un}tnen € X such that limz, = limy, = a and

n—oo n—oo

a < x, Ny, for all n € N and
Ty — A

(6.17) v = lim

N0y, — @
As in (7.9) we define

kK =K (x,,a) := min{m: an(x,) # an(a)}
and

kK" =k (zp,a) :=min{m: o, (y,) # am(a)}.

Now the inequality a < z,, A y,, implies ap (2,) = ap (y,) = 1 and awp(a) = ayr (a) =
0. Furthermore if n is sufficiently large, then

S 2om(e) (2 2 2 13
m:zk;rl gmo o\ 31 + 3k +3 + 345 +...] = w1
and similarly
-~ 2m(@) _ (2 2 2 13
m§+1 gmo o\ 3 + k743 + 3745 +...) = T

because lim z, = lim y,, = a. Consequently, we have

n—oo n—oo

2 1
(6.18) tn—a _ gt grlEa) — g
Yn—a  5p=+ 50(yn) — 3+

30y

E A Rl
3
4

where

1 N 1 (Y
)= Y % and 0y = %
m=k’+1 m=k"+1

Since C' is a compact set and 6(z,),0(y,) € C, there is a subsequence {n; };en such
that
lim 6(z,,) :==0; and llim 0(yn,) = 02

l—o00

with 61,6, € C. These equalities, (6.18) and (6.17) imply the convergence

M lim 3% Wnya) =K' (@n;.0),
75 [4+01 i
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Since v € RY and k" (yn,, a) — K'(x,,, a) € Z, we obtain the equality
_5+46

5+ 460,
where p = zliglo(k” (Yny, @) — k' (zp,,a)) € Z. As was noted above

(6.19) v

ap(a) = agr(a) = 0.
Hence from the definition of the set C? and the limit relations

a= lim z, = lim y,
we obtain that (k” (yy,,a) — k'(x,,,a)) is even number if n sufficiently large. Thus p
in (6.19) is even, i.e., (6.13) is proved for the case when v € (| Cl(L K.).

eERY
If v € N CI(-K.), then the proof of (6.13) can be reduced to the previous
eeRY
case by the isometry z — 1 — z. Indeed, the sets C' and C? are invariant under this
isometry and a < x, Ay, < (1 —a) > (1 —x,) V(1 —y,) and
a—x, (1-2,)—(1~-a)

a—yo  (I—ya)—(1—0a)
Suppose now that v is a positive real number having form (6.13). We must prove
(6.12). Write

lo =lo(a) :=2/m| + mg(a) + 1,
where 2m is the exponent in (6.13) and mq(a) is the constant from the definition of
the set C?, see (6.5). Note that

(6.20) Qy—am|(@) = ... = agy(a) = yyq2(a) = aygpa(a) = ... =0
and
(6.21) Qg—2jm|-1(a) = ... = agg41(a) = ogpy3(a) = agpqs(a) = ... =1

For every n € N define the natural numbers £’ and k" as

(6.22) K'(n):=ly(a)+2n— 1,k (n) :=lp(a) + 2m +2n — 1
and write
k' (n) k” (n)
. ZOéj (a) 2 91 . ZOéj (&) 2 62
(6.23)  2n = z; 3 Tawm TgEm T z; 3 T 3Em T 3FEm
= =

It is easy to see that z,,y, € C for all n. Using (6.20)—(6.23) we obtain the inequal-
ities x,, > a and y,, > a and the equalities

O T _ gk Pt 0 a0
a — Yn 5+492 5+492
for every n € N. Consequently, we have

S ﬂ Cl(+KE)

z—:ERj_

that implies (6.12).
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(ii) The proof of the second statement of the present lemma is similar to the
proof of the first one. It should be noted only that for =, < a < y,, we have

2t (gt g b g bon) - (& S %)
3
4

m=k'+1

Yn — a 3%4_3%9(:%)_3%
g (§-0() 37541 0(x))
7 (F+0w.)) 3%  5+40(yn)

instead of (6.18), so we obtain 3 and 6, as

93 = lhm(l — Q(xnl)), 04 = lhme(ynl)

We omit here the other details of the proof of statement (ii). O
Now we are ready to prove the main result of the section.

Theorem 6.8. Let X = C and a be a point of C. The pretangent space Qacf is
unique for every normalizing sequence 7 if and only if a € C!.

Proof. As has been shown, see Corollary 6.2, pretangent spaces are unique if
a€Cl Ifa € C°\ C? then, by Lemma 6.5, the membership relation

3e () (CILK.U_K)NCIGK))

eeRY

holds. Consequently, by Theorem 5.4, (C,a) ¢ 4. Let a belong to C?. By Theorem
5.4 (C,a) ¢ W if there is a positive number belonging to [ (Cl(+K. U _K.) N

eeRY
Cl(1K.)). The last is possible if and only if there exist m,n € Z and 6,,05,03,0, € C
such that

5+ 46, 5+ 405
6.24 R R S —

(6:24) 5+ 46, 5+ 40,

see Lemma 6.7. The direct calculation shows that the sextuple (m,n, 0y, 6, 05,0,) of

numbers

2 2

m ) n ) 1 3 + 327 2 y V4 )
(6.25) 2 2 X2 &9
=0 =0
is a solution of equation (6.24). Thus (C,a) ¢ U for every a € C°. O

Remark 6.9. In fact, solution (6.25) was obtained by the following way. For
m =n =0y, =0 and 0; = 1 equation (6.24) can be reduced to the form
15
301 +5(1 —63) = 5
Applying to the last equation a variant of the so-called Greaddy algorithm we obtain
the values of 8; and 6,.
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Let us describe now the explicit form of the pretangent spaces ng for a € C!
and 7 = {37"},en. Define a set C° as the smallest subset of R which contains the
Cantor set C' and satisfies the equality
(6.26) ce=3"C"

for every n € Z where 3"C* := {3"z: x € C°}. It follows from (6.2) that a real
number ¢ belongs to C° if and only if ¢ has a base 3 expansion with the digits 0 and
2 only, i.e.,

M
(6.27) t=>" a3

Jj=—00
with M € Z and a,, € {0,2}.
Proposition 6.10. Let X = C be the Cantor set with the usual metric |-, -| and

let 7 = {37"}nen. For every a € C' the pretangent space ) is unique, tangent and
isometric to (C¢, |-, |).

Proof. Let Xai be a maximal self-stable family for which p(f(aﬂ:) = ij, see

diagram (1.4). The relation (C,a) € Y was proved above. It is clear that for every
a,b € C* there is € > 0 such that the sets

CNla—e,a+e] and CNJb—e,b+¢]

are isometric. Hence, without the loss of generality, put @ = 0. Then, as in the proof
of Proposition 2.2, we see that for every & = {z,}nen € X, there exists a finite
limit
and that the function f: Q,; — R with
(6.29) f(B)=c(z) for T€peQs
is well-defined and distance-preserving. Consequently, Qéff is isometric to (C¢, |-, +|)
if the following two statements hold:

(i) ¢(&) belongs to C* for every # € X, z;

(ii) For every t € C° there is & € X, 7 such that ¢(z) = t.

To prove statement (i) note that
(6.30) ce=|Jsc
i=0

and that for every t > 0 we have the equalities
(6.31) [0,t]N3'C =[0,t]N3C
if i A j > logst. Since C' is closed, equalities (6.31) and (6.30) imply that C* also is
closed. Moreover, using (6.2) and (6.27) we see that

x

o e (C°

3—n
for all z,, € C and all n € N. Hence ¢(Z) belongs to C* for every & € Xaﬂz-, that is
statement (i) follows.
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Let t be an arbitrary point of C¢. Then 37"t € C'if n > M, see (6.27). Write

0 if n <M,
Ty = .
37" itn>M
for n € N and define Z := {z,}nen. It is clear that ¢(Z) = ¢, so statement (ii) is
true.

It still remains to prove that € is tangent. Let {n)}ren be an infinite strictly
increasing sequence of natural numbers and let 7 := {37 };cN. As in the proof of
statement (i) we see that the equivalence

(j = {Zr}ren € Xa,f/) & < lim —k

k—oo 37Nk

holds for every & € X. By statement (ii) we have f (Q:) = C°, where f is defined
in (6.29). Consequently, a function em’: ngf — Qg see (1.4), is surjective. Hence,

c 0@)

by Proposition 1.5, in is tangent. U

7. Independence of uniqueness conditions

The main goal of the present section is the proof of the logical independence of
conditions (i) and (ii) of Theorem 2.4. We shall do it by construction of two examples
of metric spaces such that the condition related to the corresponding example is true
but another one is false.

Proposition 7.1. Condition (i) of Theorem 2.4 does not imply condition (ii) of
this theorem.

As we already know the pointed Cantor set (C,a) belongs to the class U if and
only if @ € C'. Hence to prove Proposition 7.1 it is sufficient to find a € C'\ C* = C°
such that the pointed space (C,a) satisfies condition (i) of Theorem 2.4. To this
end we shall describe this condition in terms of the ternary expansion of the marked
point a € C?, see (6.2).

Let x be a point of the Cantor ternary set C'. Define a sequence {Z,(n)},en by
the rule

(7.1) Ky(n) = {inf{m — Ny # ap,m > n} ?f Im > n: ay, # ap,
o0 itvVm>n: a, = ay,
ie.,
Zn) =1 & (an # anra),
Hy(n) =2 (o = apy1) and (api1 # Ania),
and so on.

Lemma 7.2. Let X = C and a be a point of the set C°. Condition (i) of
Theorem 2.4 holds at the point a if and only if

(7.2) lim sup Z,(n) < oo.
Proof. Suppose
(7.3) lim sup Z,(n) = oo.

n—oo
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We must prove that condition (i) of Theorem 2.4 does not hold. For this purpose, in
accordance with Lemma 5.1, we will construct the sequences & = {x, },en € X and
§ = {Yn}nen € X such that

rpn<a<vy, and lim z,= lim y, =a

and

(7.4) lim 2 —q
n—=0oo Yy — a

for all n € N.

Recall that a € C°. Consequently, both o, = 0 and «,, = 1 are contained
infinitely many times in representation (6.2). Hence, it follows from (7.1), (7.3) and
from a € CY, that there is an infinite, strictly increasing sequence of natural numbers
m,, such that either

(7.5) O, —1(a) =1, apm,(a) =0 and lim Z,(m,) = o
or
(7.6) Qnpo1(a) =0, am,(a) =1 and lim %Z,(m,) = oc.

We shall confine ourselves to the consideration of the case where relations (7.5) hold.
It is sufficient because the isometry f: C — C, f(x) = 1 — z, transfers the points
satisfying (7.6) to the points satisfying (7.5) and conversely. Let us define the points
ZTn,Yn € C by the rules

am(a) ifm<m,—2,

am(x,) =40 ifm=m, —1,
(7.7) 1 if m > m,,,
 Jap(a) ifm<m, -1,

where a,,(x,) and «a,,(y,) are digits of the ternary representation of z,, and y, re-
spectively, see (6.2). It follows directly from (7.7), (7.5) that z,, < a < y,, and that
lim, .oz, = a = lim, . y, and

00 2am (a) 00 20m (Tn)
a— Ty o Zm:l 3m - Zm:l 3m

T— Zoo 20tm (Yn) . Zoo 20m (a)

m=1 3m m=1 3m

2 0o 2am (a) . 00 2
T Tt Dy 3 T Damemy 3

(78) = 00 00 2am (a
Zm:mn 31"1 - Zm:mn ;Lm( )
o) 2am(a 00 200m4mn—1(a
. ?,m% + Zm:mn 37"( ) _ 1+ Zm:l 7LS—mI()
- 0o 20m(a) 00 20tm4my—1(a)
gm% - Zm:mn 3’”( : 1 - Zm:l +3—ml()
Using (7.1) and the equality a;,, (a) = 0 we see that
f: 200 1m,—1(a) f: 20 4m,,—1(a) < <1>%‘a(mn)
3m B 3m —\3 ‘
m=1 m=%Ha(mm)+1

Consequently, (7.5) and (7.8) imply (7.4) so that, by Lemma 5.1, condition (i) of
Theorem 2.4 does not hold.
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Suppose now inequality (7.2) holds and Z = {z,, }nen € X, 5= {Yn}nen € X are
sequences with z, < a <y,, n € N, and with

lim x, = lim y, = a.

We shall prove that the limit relation (7.4) does not hold. By Lemma 5.1 it implies
condition (i) of Theorem 2.4. Let us define the quantities k' = k'(z,,a) and k" =
k" (yn,a) as

(7.9) k' = min{m: an(z,) # an(a)}, k' =min{m: a,(y,) # am(a)}.

Recall that triadic representation (6.2) is unique for the points of the Cantor set so
that £’ and k" are correctly defined. The double inequality x,, < a < ¥, implies

{m: om(2n) # am(a)} # 0 # {m: am(yn) # am(a)}
Note also that
(7.10) (xn < a) = (ap(r,) =0 and ag(a) =1)
and similarly
(7.11) (yn < a) = (agr(z,) =1 and agr(a) = 0),

thus k&' # k”. We shall restrict ourselves to the case k' < k”. The case k" < k' can
be analyzed analogously.
Suppose that k" = k' + 1. Then using (7.10) and (7.11) we obtain

2 = 2a, 2. 2am(Tn
R A DY
m=k’'+2 m=k’'+1
(7.12) 2 2 2am(a) 11 )
am (G am(a
Z3k’+ Z 3m _@:314’_’_ Z 3m
m=k’+2 m=k’+2
and
2 > 2a,, Yn = 2a,(a
m—a= gt Y Mmoo 20l
(7.13) 2 mlir2 . 22?(:)2 1 = 20,(a)
< _ m\@) 1 “am\@)
Write for n € N
n = QOém(CL)
m=n+2

It follows form (7.12) and (7.13) that
a—n 1+tk/(a)‘
Yn —a 1 —tk/(a)

The simple estimations show that (7.2) holds if and only if there are constants ¢y, ¢s
such that

(7.14)

oo2m
0<er <3y O‘3rrfa)gc2<1

m=n
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for every n = 1,2,.... Hence, by the definition of ¢,(a), we obtain
C1 Cy
7.15 S cta) < 2
(7.15) L <o) <

Since f(z) = 2%, x €]0,1[, is an increasing function, inequalities (7.14) and (7.15)

imply
a—p 1+ 4 1

yn_a'—]-_%

Thus (7.4) does not hold.
In the simpler case where k" > k' 4+ 2 the similar arguments yield

a— x,
Yn —a
that also contradicts (7.4). O

>3

Proof of Proposition 7.1. If we choose the point a = ;11 as marked point on
C, then %Z,(n) = 1 for sufficiently large n, see (7.1) and (6.6). Consequently, by
Lemma 7.2, condition of Theorem 2.4 holds for the space (C,a). Since a = 1/4 € C°,
Theorem 6.8 implies that condition (ii) of Theorem 2.4 does not hold with this a. O

Proposition 7.3. Condition (ii) of Theorem 2.4 does not imply condition (i) of
this theorem.
To prove Proposition 7.3 consider the following

Example 7.4. Let 7 = {r;}ien and ¢ = {e;};en be two strictly decreasing
sequences of positive numbers such that

(716) Tit1 T 41 <715

for all 2 € N and

(7.17) lim Z4 = Jim 2 =,
z—>oo7“i+1 1—00 ’r‘i

Define the pointed metric space (X, a) with X C R and a =0 as
X={ri:ieNYU{0}U{—r; —¢e;: i€ N},

i.e., X is the set consisting of the origin and the members of the sequences 7 and
—7 — £. It follows from (7.16) and (7.17) that in this space the equality

Ao(ri, k
hm O(Tw )

1—00 r;

=2

holds for each k£ > 1. Consequently, condition (i) of Theorem 2.4 does not hold for
this X.

By Proposition 5.3 condition (ii) of Theorem 2.4 holds if and only if
(7.18) () (Cl-K.u_ K.)nCI(K.)) € {0,1,00}.

eeRY

Let us prove the last inclusion. Suppose that {z, }tnen, {¥Un}nen € X are sequences
such that z, and y, are positive for all n € N and lim x,, = limy, = 0 and lim %=

n—oo n—oo 1—00 I"N

is finite. Then, for each n € N, there are 7,7 € N such that

Tp =1, and Yy, =71;.
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These equalities and the second limit relation in (7.17) imply that

x
lim =% is either 1 or 0.

n—oo y?‘l,

Hence

(7.19) () ClK.) € {0,1,00}.
aERj_

Similarly, replacing r,, by r, + €, we obtain
(7.20) () Cl(-K.) €{0,1,00}.
e€RY
Since
Cl(+K.)UCI(-K.) =Cl(+ K. U_ K.),
inclusions (7.19) and (7.20) implies (7.18). Thus condition (ii) of Theorem 2.4 holds.

Remark 7.5. It follows from (7.16) that 0 is local asymmetry point of X in the
previous example.
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