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Abstract. In this paper, we prove that a large class of Moran sets on the line with Hausdorff
dimension 1 are 1-dimensional quasisymmetrically minimal. We also obtain a general theorem on

the Hausdorff dimension of Moran set on the line.

1. Introduction

Let (X, dx), (Y,dy) be metric spaces. A topological homeomorphism f: X — Y
is called quasisymmetric if there is a homeomorphism 7: [0,00) — [0, 00) such that

dy (f(x), f(a)) dx(z,a)
dy (). f) =" ( )

dX (ZB ) b)
for all triples a, b,z of distinct points in X. In particular, we also say that f is
an n-dimensional quasisymmetric mapping when X =Y = R". Quasisymmetry is
an important notion in the theory of analysis on metric spaces (|9]) and complex
analysis (|2]). It is the generalization of quasiconformality in Euclidean spaces to
general metric spaces (see [19]).

Unlike bi-Lipschitz mappings, quasisymmetric mappings do not preserve Haus-
dorff dimension. So there is a natural problem that how the quasisymmetric mappings
change the Hausdorff dimension. Many efforts have been devoted to this problem, es-
pecially in Euclidean spaces. For example, if dimyg £ = 0, then dimy f(F) = 0 for any
quasisymmetric mapping f, since f is Holder continuous (see [1]); if 0 < dimg F < n,
Bishop [3] showed that for any € > 0 there is an n-dimensional quasisymmetric map-
ping f such that dimy f(E) > n—e; Tyson and Wu [21] obtained that the Sierpinski
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gasket can be mapped by a 2-dimensional quasisymmetric mapping onto a set with
Hausdorff dimension arbitrarily close to one.
We call a set £ C R" quasisymmetrically minimal if

dimy f(E) > dimy E

for any n-dimensional quasisymmetric map f. Let E C R™ and f be an n-dimensional
quasisymmetric mapping. The following are some known facts.

(1) Tyson [20] proved that for all a € [1,n], there exists a set £ C R™ which is
quasisymmetrically minimal with dimyg £ = a.

(2) Kovalev [14] pointed out that there is no quasisymmetrically minimal set £
with 0 < dimyg F < 1.

(3) If n > 2, Gehring et al. [6, 7| showed that n-dimensional quasisymmetric
mappings preserve sets of Hausdorff dimension n.

(4) However, when n = 1, Tukia 18] obtained that there exists £ C R of Haus-
dorff dimension 1 with dimy f(E) < 1 for some 1-dimensional quasisymmetric

mapping f.

From the above results, we will focus attention on the question that which sets
in R of Hausdorff dimension 1 are minimal. There are some related result:

(1) The first known examples of minimal subsets of R are quasisymmetrically
thick sets. Recall from [17], a set E € R is called a quasisymmetrically thick
set if f(F) has positive Lebesgue measure for all quasisymmetric mapping f.

(2) Hakobyan [8] proved that middle interval Cantor sets of Hausdorff dimension 1
are all minimal. It was shown that these sets need not be quasisymmetrically
thick sets.

(3) Recently, Hu and Wen [10] extended the results in [8]. They proved that
uniform Cantor sets of Hausdorff dimension 1 are minimal.

It is worth noting that all minimal sets appearing in [8, 10| are some special kinds
of Moran sets—homogeneous Cantor sets (see Definition 1 and 2).

In this paper, we will show that the results of [8, 10| are no accidents. In fact,
a large class of Moran sets on the line with Hausdorff dimension 1 are minimal
(Theorem 1). The main tool in the proof of Theorem 1 is some Gibbs-like measures.
Moveover, the measures are also useful to determine the Hausdorff dimension of
Moran sets. With this measure in hand, we can generalize some classic results in [13]
on the Hausdorff dimension of Moran sets (Theorem 2).

This paper is organized as follows. In the rest of Section 1, we state Theorems 1
and 2 in Section 1.1, before the introduction to the Moran sets (Section 1.2). In
Section 2, we introduce the so called Gibbs-like measures. The proof of Theorem 1
is given in Section 3, which based on some ideas of Hakobyan [8]. In Section 4.1, we
prove Theorem 2. Some remarks on the Hausdorff dimension of Moran sets appear
in Section 4.2.

1.1. Main results. With the technical notations and definition of Moran set in
Section 1.2, we state our main results. The first one concerns the quasisymmetrically
minimal sets on the line.
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Theorem 1. Let E € 4 (J,{ni},{ck;}). If s, = 1, sup,n, < oo and there
exists a constant « € (0,1) such that

<k<n: <
(1.1) liminf AL SRS Dy s ap

n—o0 n

0,

then dimy F = 1 and E is minimal for 1-dimensional quasisymmetric mapping.

Remark 1. Theorem 1 includes the results in [8, 10]. In fact, [8] requires n; = 2,
cp1 = Cra = Dy < 1/2 for all k, [10] requires sup, ny < 00, ¢p1 =+ = Cpp, = Dy <
1/2 for all k, and all the minimal sets in [8, 10] are homogeneous Cantor sets (see
Section 1.2) with s, = 1. In above cases, s, = 1, sup, ny < oo and (1.1) holds for
a = 1/2. Therefore the conditions in Theorem 1 is much weaker than those in [8, 10].

As far as we know, there is no theorem to ensure dimy £ = 1 under the conditions
of Theorem 1. This enlightens a more general theorem on the Hausdorff dimension
of Moran sets in the Moran class . (J, {ny}, {cx;}).

Theorem 2. Let E € 4 (J,{ny},{cr;}). If

log(k
(1.2) lim M =
koo =3 iy log D;

)

then dimy E = s,. Moreover, when s, = 1, the condition that

0o k 0
(1.3) an (H Di) < +oo for some § € (0,1)

k=1 i=1
ensures dimpg F = 1.

Remark 2. The condition (1.2) is equivalent to

0o k 1)
(1.4) an (H Di) < +oo forall § > 0.

k=1 i=1
So the condition (1.3) is weaker than the condition (1.2).

Remark 3. By Theorem 2, it is plain to see that dimy £ = 1 under the con-
ditions of Theorem 1. In fact, sup, ny < oo implies log(kng) ~ logk as k — oo,
and conation (1.1) implies 25 log D; = O(k) as k — co. And so the condition of
Theorem 2 follows.

Remark 4. In the proof of Theorem 2, we can loosen the restriction n; > 2 and
crj € (0,1) in the definition of Moran sets, here we permit the case that n, =1 or
Ckj = 1.

1.2. Definition of Moran sets. Let {n;}i>1 be a sequence of positive integers
and {ck; fr>1,1<j<n, @ sequence of positive numbers satisfying n, > 2 and ¢, ; € (0,1)
forall k> 1,1 < j < ng. Write

(1.5) Dy = max ¢, dp= min c¢;;, ¢, =infc;
1<j<ng 1<j<ng kj

and

(1.6) Sp = h;?i}ilf s and s* = limsup s,

k—oo
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where s, is defined by the equation
ko n;

(1.7) 1> c:=1
i=1 j=1

Let Qo = {0}, where () is the empty word. For any positive integer k, let

Q = {(01,...,0k): giell,nj]NNforl1<j< k}
Define Q2 = (J;5( (. For any integers [, k with [ >k > 1, let
Qs = {(Tk+1,...,Tl)2 7 €[l,nj]NNfork+1<j< l}.
Define o« 7 = (04, ..., 0k, Tkt1, ..., 71) €  for any o € Q, and 7 € ;. The length

of o € Q will be denoted by |o|(= k) and the diameter of set A C R™ will be denoted
by |A|. For convenience, we also use o7 ...0; to denote (oq,...,0;).

Definition 1. (Moran set) Suppose that J C R is a closed interval. For a
collection .7 = {J,: o € Q} of closed subintervals of J with Jy = J, we say .# has
Moran structure, if for all £ > 1, there are constants ¢y 1, -, Cxn, such that for any
0 € D1, Jou1, Jos2,++ , Josn, are subintervals of J, with their interiors pairwise
disjoint, and for any 1 < 7 < ny,

|[Jowil/1Jo| = c.j-
A Moran set determined by .# is defined by

EZ) = U 7
k>10€Qy
Here any J, in .# is called a basic element of E. Denote by .#(J, {ny},{ck;}) the
class of all Moran sets associated with J, {n;} and {c;;}.

Definition 2. (Homogenous Cantor set) We call E(.#) a homogeneous Cantor
set, if furthermore the Moran structure .# satisfies the following conditions:

(i) for any k, ¢ ; take the same value ¢; independent of j;
(ii) for any & > 1 and o € Q;_4, the gaps between J,.; and Jo.(j41) (1 < j < ny)
are equal;
(iii) for any & > 1 and o € Q_4, the left endpoint of J,,; is the same as that of
Jo, and the right endpoint of J,,,, is the same as that of J,.

Some special cases of Moran sets were first studied by Moran [15]. The later
works [5, 11, 12, 13, 16, 22| developed the theory on the geometrical structure and
dimensions of Moran sets systematically. Roughly speaking, the Moran sets general-
ize the classic self-similar sets from the following points (see Definition 1):

e the placements of the basic sets at each step of the construction can be arbi-
trary;
e the contraction ratios may be different at each step;
e the lower limit of the contraction ratios permits zero.
Sometimes, these generalizations make it possible to find a Moran subset B in a
given fractal set A with dim B = dim A. As a result, the theory on the dimensions

of Moran sets has become a powerful tool in dimension computation.
When ¢, > 0, Hua et al. [11, 12| showed that

(1.8) dimg E =s, and dimp F = dimgE = s*
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forall E € 4 (J, {n},{ck;}) (for s, and s*, recall (1.6)). When ¢, = 0, Hua et al. [13]
also obtained two sufficient conditions under which the dimension formula (1.8) holds
(see Theorems A and B in Section 4.2). However, except for the two sufficient
conditions, it is little known about the dimensions of Moran sets in the case of ¢, = 0.
We even don’t know what conditions ensure that all Moran sets in . (J, {ny}, {cx;})
assume the same Hausdorff (or packing) dimension. It seems very difficult to give a
complete answer to this problem. In Theorem 2, we give a more general sufficient
condition compared with the two conditions in [13] (see Section 4.2 for details). We
hope this result leads to some deep discoveries on the dimensions of Moran sets.

2. The Gibbs-like measures

Let £ € A (J,{ni},{ck;}). For every d € (0,1), by the extension theorem of
measures, there exists a unique probability measure p supported on E such that
p(Jo) = n(E) =1 and

|J0*j’|d
D it [Joug]?
forall £ > 1, 0 € Q1 and 1 < j' < ny. Similarly, for very d € (0,1) and

every 1-dimensional quasisymmetric mapping f, there also exists a unique probability
measure v supported on f(E) such that v(f(Jy)) = v(f(E)) =1 and

|f(<]0*j’)|d
D [ (o) |

(21) :U’(Ja*j’> = M(Ja) '

(22) V(f(Ja*j')) = V(f(‘]a)) ’

forall k > 1,0 € Q1 and 1 < j' < ny.
The measures p and v are so called Gibbs-like measures. We have some lemmas
on the properties of measures p and v.

Lemma 1. Let k > 1. Suppose that o € €, and d < s, then

|‘] |d HDd Sk

where (1 is the Gibbs-like measure defined by (2.1).
Proof. By (2.1), we have

‘J01-~~Uk71‘d . 1
|‘]0'1-~-0'k71*1|d +oee |‘]0'1~-~0'k71*77'k|d |‘]1|d +oee |Jn1|d

1 1

y e —
Ck1+."+ck,nk Cl,1+'”+cl,n1

w(Jo) = | 5|

=1 Jo|"

By the definition of s; (see (1.7)), we have

k

Teand IDSEIR T 6 |

i=1 j=1 311’3 i=1

since D; = maxj<j<p, ¢;j and d < si. ]
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Let d € (0,1) and f be a 1-dimensional quasisymmetric mapping. For £ > 1 and
o € Q_1, write

2 1 (o) | _ 2t Ueg)l

2.3 Go = — - and g, =
( ) (Z;Lil If(Ja*])|) 7 ’f(‘]ﬁ)‘

For o = (), write

S ) m
(2.4) ) and = f(J;)].
T ) o Z‘ |

By a similar argument as in the proof of Lemma 1, we have

Lemma 2. Let d € (0,1) and f be a 1-dimensional quasisymmetric mapping,
then for all k > 1 and o € )y,

1)
V(f( H¢Ul 019001 Norm

where v is the Gibbs-like measure defined by (2.2).

We need the following lemma to estimate ¢, and ¢,, which is an invariant for-
mulation of Lemma 1 in Wu [23].

Lemma 3. Let f be a 1-dimensional quasisymmetric mapping. Then
q P
Wt _UDL I
T = ) S

for all intervals I,J with J C I, where ~,p,q are three constants dependent on f
withy >0,0<p<1<q.

Lemmas 4 and 5 are devoted to the lower bound of ¢, and ¢,.

Lemma 4. Let k > 1, 0 € Q1 and ¢, as in (2.3) and (2.4), then ¢, > 1.
Moreover, if Z?L ck; > B > a > Dy, for some constants o, f with 1 > 3> a > 0,
then ¢, > 1+ €, where € > 0 is a constant dependent on «, 3, n, and f.

Proof. Since d € (0,1), it is obvious that ¢, > 1. Now suppose that 2721 Chj >
8 > a > Dy. Without loss of generality, we assume that

M, = max |f( o‘*])’ - ‘f( U*l)|

1<j<n
Write
252 |f (Jouy)|
= A .
By Lemma 3,
25 [F el & S B —a)
- > ) ZV(nk—1)1q<ch,j> > ——,
)] 2 s z
and M, - |f(J,)|7t < 4D¥ < 4aP. Therefore,
— )
(2.5) U i) LY

q
dorn,



Quasisymmetrically minimal Moran sets and Hausdorff dimension 145

We return to estimate ¢,. Since |f(Jyu;)| - M, 1 <1 for 1 < j < ny, we have

o SR M S M

o n _1\d — n _1\4 '
(Zjil |f(<]cr*j)| - M 1) (Zjil |f<‘]0*j)| - Mg 1)

Together with (2.5), we complete the proof. O

Lemma 5 Letk > 1,0 € Q1 and ¢, asin (2.3). Let v, p, q be as in Lemma 3,
then o, > yn, q(zj 1 ck]) . Moreover, when Z;Lil cy,j is sufficiently close to 1, the
following lower bound is useful:

ng P
(2.6) 0, > 1— 8ny (1 - Zc,w-) .

=1
Proof. By Lemma 3 and (2.3), it follows that

ng ng q
1—
Yo 2 VZCZ,]‘ 2 Yy, q(z Clw') :
j=1

j=1
We now turn to the other lower bound. Let Ag,...,A,, (some A; may be empty)
be the connected components of J, \ U2, Jo.j and d; = |A;|/|J;|. Then > 7%, ¢ ; +
>0 0; = 1. Together with Lemma 3, we have

S Uesll U= S FAN ) S5

T 7 (7,)] ~
21—4(nk+1)(i5]~)p21—8nk(1—ick,j>p. O
j=0 J=1

3. 1-dimensional quasisymmetrically minimal set

This section is devoted to the proof of Theorem 1. We begin with some lemmas.
Lemma 6. Suppose that limy_., sy = 1 and sup, ny < co. Then

(a) limp o0 k71 Zl | log Z] LCij =

(b) limp_ o k° Card{l <i<k: an ¢ij < B} =0 for any § € (0,1);

(¢) limyoo k7130 (1 — >0 i)’ =0 for any p > 0.

Proof. (a) By the Jensen’s inequality,

ng

n; l/sk
ni—l ZC/L’J Z (n:l ZcfZ) fOI' aH 1 S Z S ka
7j=1

j=1
since s, < 1. By (1.7), a simple computation shows that

Zlochz] > Z llognz (1 — 5,;1) > (1 — s,;l) - log sup n;.

i>1

Together with ijl ¢ij <1 and limy_.o s; = 1, we have

k—oo i>1

k n;
o1 Z ZZ . _
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(b) It follows immediately from (a).
(c) For any 3 € (0,1), we have

k n; .
1 7 P 1 03
EZ(l_ZCi’j) g(l—ﬁ)p—i—%card{lgzgk Zci’j<ﬁ}'
i=1 j=1 Jj=1
Then (c) follows from (b) and the arbitrariness of 3. O

Lemma 7. Let d € (0,1) and f be a 1-dimensional quasisymmetric mapping.
Let v be the Gibbs-like measure defined by (2.2). Suppose that the conditions in
Theorem 1 hold, then there exists a constant ¢ > 0 such that for sufficiently large k,

M > (1+ Q)% forall o € Q.

v(f(J5))
Proof. Let a be as in (1.1). Pick a 5 € (a,1). Then by (1.1) and Lemma 6 (b),

o] . S
h’?lg}f%card{l <q<k: Zlci’j >0>a> Di} > A > 0.
]:
Together with Lemma 4 and sup;> n; < oo, it follows that there exists € > 0 such
that for sufficiently large k,
k-1
(3.1) H Ggy..c; > (14 €)M for all o € Q.
=0

By Lemma 2 and (3.1), to complete the proof, it suffices to show that for every
e >0,

k—1
1
(32) £ > E Zlog 900'1...0'1' > _8’
=0

for sufficiently large k and all o € €.
The left inequality is obvious since ¢, < 1 for all 7 # (). For the right one, we
apply Lemma 5. Since sup; n; < oo, we can pick a 8’ € (0,1) such that

1
(3.3) 8supn; - (1 — 3P < =,
i>1 2

where p is as in (2.6). For k > 1, write

Ak:{lgz’gk: Zcmzﬁ’} and AZ:{lgigk: Zcm<ﬁ'}.
=1 j=1

Then by Lemma 5, for every o € ()i, we have

k ng
. q
card A} - <log7 + (1 — ¢) logsup nz) + T ;bg;Ci,j — 0,

1>1
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as k — oo, according to (b) and (a) of Lemma 6. Also by Lemma 5, for every
s Qk,

% Z log ¥oy..o0 1 = % Z log <1 — 8n; (1 — icm)p)

i€ ieA j=1
(3.5) ’16 o iy o
Z—?%\:m(l—;%g‘) Z—legIIDni-EZ;(l—;Ci,j) — 0,
1€EAL = = i= =

as k — +o00, according to (c) of Lemma 6. The second inequality of above esti-
mation follows from (3.3) and the fact that log(l —¢) > —2¢ for all t € (0,1/2).
Inequalities (3.4) and (3.5) implies the right inequality of (3.2), and so the proof is
completed. 0

The following lemma concerns the geometrical structure of f(E).

Lemma 8. Let U be an interval. For k > 1, write

Of ={oce: f(J,) CU and f(Js..0, ,) Z U},
then card ©OF < 2ny,.
Proof. Write © = {7 € Qy_1: f(J;)NU # @ and f(J,;) ¢ U}, then

OV c{r*xj:7€0and1<j<nl.

Therefore, we only need to show that card® < 2. If otherwise, suppose that
172,73 € O and the position of f(Jn), f(J2) and f(Js) are from left to right.
Since f(J1)NU # @, f(J3)NU # @ and U is an interval, we must have f(J2) C U.
Contradlctlon' O

We are now ready for the proof of Theorem 1.

The proof of Theorem 1. It suffices to prove that dimy f(E) > d for all d € (0, 1)
and all 1-dimensional quasisymmetric mapping f. To this end, fix d and f, let v be
the Gibbs-like measure defined by (2.2). We will show that there exists a constant
¢ > 0 such that

v(U) < c|U|* for all interval U.

Then the conclusion dimy f(E) > d follows from the mass distribution principle
(see [4, Proposition 2.1]).
By Lemma 7, there exists a constant ¢y > 0 such that

e
1+ Qe

Let U be an interval and ©Y as in Lemma 8, then

WU) = V(U U f(Jg)) =S N () <Y Y ’({(fg)‘

k20 ocoY k20 el k20 el

for all o € Q.

v(f(Js)) < co

(card @U) (degg |f(Jg)|)d
< Co - Z 1 +C)k
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et~ (Zocop 11!
< ¢ (2 sup nz> Z (1+ )

i>1

k>0
1—d 1—d d
<cfempn) (o) (Z X o) <o

The second and the fourth inequality of the above estimation follow from the Holder
inequality. Thus we complete the proof. O

4. The Hausdorff dimension of Moran set

In this section, we will prove Theorem 2 and give some remarks on the Hausdorff
dimension of Moran set.

4.1. The proof of Theorem 2. We begin with a lemma similar to Lemma 8.

Lemma 9. Let U be an interval. For k > 1, write
= ={oe:J,cUandJ, o , ¢ U},

then card 2V < 2ny,.

Proof of Theorem 2. According to |13, Proposition 2.1], the statement dimy £ <
Sy is true. This implies that Theorem 2 holds when s, = 0. So we may assume s, > 0
and only need to show that dimy E > d for all d € (0, s,). For this, fix d € (0, s.),
let o be the Gibbs-like measure defined by (2.1). We will show that

pw(U) < c|U|* for all interval U with |U| small enough,

where ¢ > 0 is a constant. Then by the mass distribution principle, we obtain
dimy £ > d and the proof is completed.

Since d < s, for every ¢ € (0, 1), there is an integer K such that §(s.—d) < sp—d
for all £ > Kj. Together with Lemma 1, it follows that

lo|

(Jo) < T TI DI foralloe |

k>Ks

Let U be an interval with [U] < minseq,, |/,| and Zf as in Lemma 9, then

SAAUAVEDED o SWESED b of (20 (i)

k>Ks O'EEg k>Ks O’EEkU k>Ks UEHU
—d d §(s5x—d)
< E Carduk E PA 'HDi
k>Ks UEELJ =1

<od 30 (ni_dﬁDf(s*_d) : <Z |J0|>d)

k>Ks =1 O’GE%



Quasisymmetrically minimal Moran sets and Hausdorff dimension 149

ko see—ay\ 1-d d
§21_d(znkHDi i-d ) (Z Z‘JU’)
k>Ks =1 k>Ks oeEY
k 5(ss—d) 1-d
< 21—d(z nkHDz —d ) . |U|d
E>Ks  i=1

The Holder inequality is used in the second and the fourth inequality of above com-
putation.

When s, = 1, taking § as in (1.3), we obtain u(U) < ¢|U|? for U with |U| small
enough. For general s,, since s, — d can be arbitrarily small, we must require the
condition (1.4) to ensure p(U) < c|U|%.

It remains to show that the condition (1.4) is equivalent to (1.2). When (1.2)
holds,

[e%s) k B 0o
an (H Di) < q;an - (kng)"? < oo for all 6 > 0.
k=1 =1 k=1
Conversely, suppose that (1.4) is true. Then ny Hle D? — 0 for all § > 0, and so
) log ny,
lim —— = =
koo — 3 i1 log D
Noting that the sequence {Hle Df} . 1s decreasing and summable for all 6 > 0, so
we have Hle D? < k! when k large enough. It follows that
) log k
lim —————— =
k—oo — %" log D;
Therefore, (1.4) implies (1.2). O

4.2. Some remarks. When c, = 0, there are two theorems which concern the
dimensions of Moran sets obtained in [13].

Theorem A. Let # = #(J,{ny},{ck;}) be a Moran class. Suppose that
(i) sup, ng < oo;
Then for all E € ., dimension formula (1.8) holds.
Theorem B. Let # = .#(J,{ny},{ck;}) be a Moran class. Suppose that
. log dk
lim ———— =
then for all E € ./, dimension formula (1.8) holds.

We will show that the conditions in Theorem A and B both imply the condi-
tion (1.2). For the conditions of Theorem A, it is easy to check. For Theorem B,

since nyd;, < Z?il cr; < 1, we have limg_, % = 0. So it remains to show
T Zui=1 i
that

Y

) log k
lim —————— =
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If otherwise, suppose that there exist a constant ¢ > 0 and a sequence {k;};>1 such
that

log k;
- Zfil log D;
Then we can find K > 0 such that
log dy, - ¢ log k;
S logD; 2 -2 log D,

Thus for all K < k < kj, we have d; > k;/*, and so Dy <1 —dy <1—k; /% 1t
follows that for all k; > 2K,

log k; < log k; < log k; < 2log k;

- Zfil log D; — — ZfiKH logD; — — ZfiK-i-l log(1 — kj_l/Q) a k’]l'/z

as k; — oo. This contradicts (4.1).

By above discussion, we see that Theorem 2 generalizes Theorem A and B in
some sense.

(4.1) > c.

for all k£ > K and all k;.

— 0,
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