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Abstract. A famous result of Chenais [8] (1975) says that if {2, is a sequence of extension
domains in RY that converges to € in the characteristic functions topology, then the weak solutions
uy for the problem

(0.1) )

—Aup +u, =f inQ,,
SoUn =0 on 0,

converge strongly to the solution u of the same problem in Q. It is also proved in [8] using the
method of Calderén that an e-cone condition is sufficient to obtain uniform extension domains.
In this paper we establish this result in a metric space framework, replacing the classical Sobolev
space H!(Q) by the Newtonian space N?2(£2). Moreover, using the latest results about extension
domains contained in [2], and which rely on the techniques of Jones, we give weaker conditions on
the domains for still getting stability of the Neumann problem. Finally we prove that the Neumann
problem is stable for a sequence of quasiballs with uniform distortion constant that converge in a
certain measure sense. The latter result gives a new existence theorem for some shape optimisation

problems under quasiconformal variations.

Introduction

In this paper we focus on the following question. If €2, is a sequence of domains
that converges to (2 (in a certain sense), is it true that the solutions w,, of the Neumann
problem

0.2) ;Aun +u, =f in §,,
U, =0 on 0f},

converge to the solution u of the same Neumann problem in €27 This question, related
to shape optimisation problems and domain identification problems, was studied in
the past for both Dirichlet and Neumann boundary conditions. The Dirichlet problem
was in particular investigated a lot and some results involving capacity conditions
are close to be optimal (see for instance [5]). On the other hand, the Neumann
problem seems more difficult and very little has been done in dimension greater than
2 (see [8, 6, 10, 18] and the references therein) and the classical “Neumann sieve” (see
[11, 26]) shows that in general the convergence cannot be true without topological
constraints on the sequence of domains.
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In a famous paper of Chenais [8] (1975), it is shown that if 2, C R is a sequence
of extension domains that converge to €2 in the characteristic functions topology, then
the weak solutions u,, for the problem (0.2) converge strongly to the solution u of the
same problem in €2, more precisely, xq, u, strongly converges to yqu in L*(R") and
xa, Vi, strongly converges to xyoVu in L?(Q, RY). It is also proved in [8] using the
method of Calderén that a uniform e-cone condition is sufficient to obtain extension
domains. It is worth mentioning that this condition implies a Lipschitz regularity on
the boundary of the domain.

In the first part of the present paper (Sections 1 to 4) we extend the result of
Chenais in two different directions. First, we place ourselves into a metric space
framework replacing the classical Sobolev space H'(Q2) by the Newtonian space
N12(Q) (Section 1). In Section 2 we give a possible definition of Problem (0.2) in
this setting while in Section 3 we prove that, as for the Euclidean case, the stability
is equivalent to a convergence of Newtonian spaces in the sense of Mosco.

Then we improve in Section 4 the e-cone condition involving the latest results
about extension domains contained in [2]. Indeed, in [19], Jones introduced a class of
domains called (g, §)-flat domains, that are in particular weaker than Lipschitz do-
mains, and he proved that they are extension domains. This result was then extended
to different contexts in the last 20 years (see |2] and the references therein) and the
particular case of Newtonian spaces was considered in 2] with sophisticated geomet-
rical conditions on the domains. This allows us to state some new stability results
under geometric conditions on the boundaries of the domains (see Theorem 23).

In the second part of the paper (Section 5) we prove a new stability result for
a larger class of domains than the class of extension domains. Indeed, we prove
that the stability holds along a sequence of quasiconformal perturbations of a fixed
domain, that converges in the Hausdorff metric and in a certain measure sense (see
Theorem 33). This stability result, proved here in a general metric space framework,
is interesting even for the Euclidean case. It also implies an existence theorem for a
class of shape optimisation problems under quasiconformal variations with Neumann
boundary condition (Theorem 35).
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1. Notation and preliminaries

We always assume that (X, d, p) is a metric measure space, where p is a Borel
reqular measure, that is, p is an outer measure on a metric space (X, d) such that all
Borel sets are py-measurable and for each set A C X there exists a Borel set B such
that A C B and u(A) = u(B).

Definition 1. We say that a measure p on X is doubling if there is a positive
constant C), such that

0 < pu(B(x,2r)) < C,pu(B(z,r)) < oo,
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for each € X and r > 0. Here B(z,r) denotes the open ball with center x and
radius r > 0.

Whenever we work in the Euclidean setting, that is X := RY, we will assume
to be the N-dimensional Lebesgue measure which will be denoted by .Z». Observe
that .Z% is always a doubling measure with any choice of distance coming from a
norm on RY.

We say that (X, d, 1) is a Q-reqular space if there exists a constant Cy such that
for every ball B(x,r) contained in X,

Colr? < u(B(x,r)) < Cor©.

In the following we will place ourselves in the context of Sobolev spaces defined in
metric measure spaces. The reader is encouraged to consult the overview article [13]
by Hajtasz for an introduction to Sobolev spaces in metric measure spaces. It should
be pointed out here, that if the space supports a p-Poincaré inequality, 1 < p < oo
(see Definition 3), all the approaches to Sobolev spaces described in [13] are equivalent
(see Theorem 1.0.6 in [20]).

For the record, we recall here the definition of Newtonian Spaces, introduced by
Shanmugalingam [27]. Its definition is based on the notion of p-weak upper gradients.

Definition 2. Let p > 1. A non-negative Borel function g on X is a p-weak
upper gradient of an extended real-valued function v on X, if it holds

ulr(a) ~ ur®)| < [ g
od
except for a curve family with zero p-modulus (see for example [16] for the definition
of the p-modulus of a curve family). By a curve v we mean a continuous mapping
v: [a,b] — X. The image of a curve will be denoted by |y| = v([a, b]).

Among the set of all p-weak upper gradients of a function wu, there is a smallest
member in the LP-norm, called the minimal weak upper gradient . The minimal weak
upper gradient p, is unique up to a set of measure zero and p, < g a.e. for all p-weak
upper gradients g € L} (X) of u.

loc
Definition 3. Let 1 < p < oco. We say that (X,d, u) supports a weak (1,p)-
Poincaré inequality if there exist constants C, > 0 and A > 1 such that for every
Borel measurable function u: X — R and every upper gradient g: X — [0, o0] of u,
the pair (u, g) satisfies the inequality

1/p
(1.1) ][ U — up(er| dp < C’p'r<][ gpdu) ,
B(z,r) B(xz,Ar)

for each B(x,r) C X.
Here for arbitrary A C X with 0 < p(A4) < oo we write

uA:]iu:ﬁ/Audu.

If the space is @Q-regular, then a (1, p)-Poincaré inequality implies the a priori
stronger inequality where one replaces (for all balls) the averaged L'-norm on the
left by the averaged L9- norm for some g > p; we could so speak about (g, p)-Poincaré
inequalities.
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Theorem 4. [14, Theorem 1| Suppose that X is Q-regular and that (u,g)
satisfies a (1, p)-Poincaré inequality for some 1 < p < Q). Then (u, g) satisfies a weak
(q, p)-Poincaré inequality for 1 < q < pQ/(Q — p). In the special case p = @, the
right-hand term is the L*°-norm of g.

In the special case ¢ = 1 we simply write weak p-Poincaré inequality.

The Poincaré inequality creates a link between the measure, the metric and the
gradient and it provides a way to pass from the infinitesimal information which gives
the gradient to larger scales. Metric spaces with doubling measure and Poincaré
inequality admit first order differential calculus akin to that in Euclidean spaces.

Let N (X, d, ), where 1 < p < oo, be the class of all LP integrable Borel
functions on X for which there exists a p-weak upper gradient in LP. For u €
NYP(X, d, ) we define

lull s = llullze + infllgllr,

where the infimum is taken over all p-weak upper gradients g of u. Now, we define
in N7 an equivalence relation by u ~ v if and only if ||u — v|| 5., = 0.

Definition 5. The Newtonian space N'P(X, d,u) is defined as the quotient
NY(X,d, p)/ ~ and it is equipped with the norm |Jul|y1» = |[u]| 51,

Let us mention that the space (N'P(X), | - || y1») is a Banach space (see Theo-
rem 3.7 in [27]). In the sequel we will need the following technical Lemma.

Lemma 6. [27, 4.11] Let p > 1 and let {u}r>0 be a sequence of functions in
LP(X) with upper gradients {gy}r>o in LP(X) such that u, weakly converges to u
in LP and g, weakly converges to g in LP. Then g is a p-weak upper gradient for u,
after modifying u on a set of measure zero.

Now, we focus our attention in the exponent p = 2. In this case, the energy
integral,

(1.2) & (u) = /prdu, u € NM(X)

defines a Dirichlet energy form (for more information about Dirichlet forms in the
context of metric measure spaces we refer to the reader to [22]). This energy form
is a priori not bilinear, since the pallelogram rule is not known to hold in general.
Namely, the validity of the equality py o>+ pu_v> = 2(pu>+ps2) is not clear. However,
in this case an equivalent bilinear Dirichlet form on N%?(X) can be constructed
using Cheeger’s differentiation theory. Cheeger in [7] gave an alternative definition
of Sobolev spaces which leads to the same space (see |27, 4.10]). Cheeger’s definition
yields the notion of partial derivatives in the following theorem.

Theorem 7. |7, 4.38] Let X be a metric space that supports a doubling Borel
measure i which is non-trivial and finite on balls and suppose that X supports a
weak p-Poincaré inequality for some 1 < p < oo. Then there exists a countable
collection (X,,X,) of measurable sets X, C X and Lipschitz coordinates

Xo = (21, .., 2@y X — RN where 0 < N(a) < oo

)

such that:
(1) X =, Xa and u(X \ UaXa) ~0.
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(2) There exists N > 0 such that N(«a) < N for each (X, Xq)-
(3) If u: X — R is Lipschitz, then there exists a unique measurable bounded
vector valued function such that du®: X, — RN
o July) — () = du (@) - (xay) = Xa(2))

v d(y, z)

for p-a.e. x € X,.

=0

We can assume that the sets X, are pairwise disjoint and extend du® by zero
outside X,. Now we put Du = Y du®, regarding du®(z) as vectors in R" and the
differential mapping D: u — Du is linear.

The previous theorem establishes a version of Rademacher’s theorem for Lips-
chitz functions in the context of metric measure spaces. Cheeger constructs a finite-
dimensional vector bundle F over X (the generalized cotangent bundle) and the dif-
ferential operator D which takes N'?(X) into the L%-sections of F. The pointwise
norms || - ||, on the fibers of F is defined so that the identity || Du(zx)||. = p.(z) holds
almost everywhere. Thus the Dirichlet form of (1.2) can be rewritten

(1.3) Ey(u) = /X |Dul?

Since the fibers of F are uniformly finite-dimensional, they can be uniformly renormed

with equivalent inner product norms ||| - |||, = (-, ->31/2, so that for all u € NV2(X) we
have |||Dul||z ~ pu(z) for u-almost every = € X. Then,

8(u) = /X IIDullP, we N¥3(x)

defines a new Dirichlet form which is equivalent to (1.3) on N'?(X). The usual
polarization technique yields the bilinear form

E(u,v) = /(Du,Dv} dj.

In that way, N12(X) becomes a Hilbert space with the inner product

(u, v) N12(q) = / Du - Dvdp —i—/ uv dp.
X b's
The following Lemma will be also useful in the sequel.

Lemma 8. Let (X, ) be a measurable space and let u,,: X — R, ¢,,: X — R be
two sequences of measurable functions such that u,, is uniformly bounded in L*(X, i),
u,, weakly converges to u, and ¢,, strongly converges to ¢ in L?(X, ). Then

[ wl@onta) dnte) = [ alyole) duto)
Proof. We have that
(1) [ wtndn = [ (o= wodit [ (=)0 =0 du+ [ o, d

By the weak convergence of u,, we know that fX (u, —u)pdp — 0 and by the strong
convergence of ¢, we also have [, u¢, du — [, u¢du. So it is enough to prove that

/}{(un W) (b — B du — 0.
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But since u,, is uniformly bounded in L?*(X) we have that

/X(un —u)(pn — @) dp < |Jup — ul|22||pn — @2 < Clldn — @12

and we conclude using the strong convergence of ¢,. 0

Throughout this paper constants are labeled C, and the value of C' might change
even from line to line.

2. The Neumann problem on metric spaces

In this section we want to give a weak sense to the equation

—Au+u=f in

(2'1) {8u =0 o0
w on

in a general metric space framework. In [1] a general Dirichlet problem for p-harmonic

functions has already been studied under the conditions that the measure on the space

is doubling and supports a Poincaré inequality. In the wake of [1], we will use the

next definition.

Definition 9. Let €2 be an open subspace of X and let L be a bounded linear
form on L*(Q) x L*(Q,RY). A function u: X — [—o00,00] is said to solve the
Neumann problem associated to L if u € N?(Q2) and for all ¢ € N'2(Q),

(+) | Du-Dodn+ [ wodu =10

where L: ¢ — L(¢, D).

Actually Problem (2.1) corresponds to the case L(¢) := Jo@f. Observe that
when L is a bounded linear form on L*(Q) x L*(Q, RY), then it induces a bounded
linear form on N'2(Q). Since N'?(Q) is a Hilbert space endowed with the scalar
product

(u, v) N12(02) ::/Du~Dvd,u+/uvd,u,
Q Q

we deduce by Lax—Milgram Theorem that for any bounded linear form L on L?(Q) x
L*(Q, RY) there exists a unique solution u € N'?(Q) satisfying equation (x). This
solution can be obtained by minimizing the energy

J(v) = %@,@Nl,m) _ L),

For every L and  we will denote by u§ this solution. For the special case when

L(u) = [,uf we will also denote uj,.

Applying (x) with ¢ = u§ we get the identity

ooy = ([ 1P+ [ 1) = Liuk)
which implies in particular
(2.2) lugllnie@) < CILI,
where ||L|| is the norm of L as a bounded operator on L*(Q) x L*(Q, RY).



Some stability results under domain variation for Neumann problems in metric spaces 543

3. Mosco-convergence and ~y-convergence

In this section, we will study the relationship between stability for the Neumann
problem described in the previous section and Mosco-convergence, a classical notion
of convergence introduced by Mosco [25] related to variational problems and very
close to I'-convergence for functionals. We refer to |9, 3, 18| for some surveys about
the subject.

Let 2 be a domain of X and p > 1. For every u € NP(Q) we denote

@ == (uxq, Duxa) € LP(X) x LP(X,R"Y),
and we introduce the closed linear subspace %5 of LP(X) x LP(X,RY),
B = {t;u € N"P(Q)}.

When p = 2 we will simply denote . Recall here that by the work of Franchi,
Hajtasz and Koskela ([12]), it follows that %, is a closed subspace of the Banach
space LP(X) x LP(X,RN).

Definition 10. Let {2, },en and Q be some domains contained in X. We say
that the sequence €, v-converges to €2 and we denote

0, L0

if for every bounded linear form L on L*(X) x L*(X,R") we have that 4§ strongly
converges in L?(X) x L*(X,RY) to a§.

Remark 11. To be coherent with Definition 9, when considering uén, the linear

form L has to be understood as the canonical linear form on L?(Q,) x L*(Q,,RY)
induced by the given linear form on L*(X) x L*(X,R") by the formula

L(u,v) = L(xa,u, xa,v)

where (u,v) lies in L?(£2,,) x L?(2,,, R"). Sometimes in the proofs, the characteristic
function xq, will be omitted.

If Q, ~-converges to €2 we will also say that the Neumann problem is stable.
It is well known that in the Euclidean case, y-convergence of €2, is equivalent to
Mosco-convergence of %, .

Definition 12. (Mosco-convergence) Let €2 and 2 be open subsets of X and
let 2;, and %, be the corresponding subspaces of LP(X) x LP(X,R"). We say that
%’&C converges to A, in the sense of Mosco if the following two properties hold:

(M1) For every u € N'P(Q), there exists a sequence u, € N'P(Q) such that uyxq,
converges to uyq strongly in LP(X) and Duyyxq, converges to Duxg strongly
in L?(X,RV).

(M2) If hy is a sequence of indices converging to 0o, up, is a sequence such that
up, € NVP(Qy,) for every k, and Un, Xe,, converges weakly in LP(X) to a
function ¢, while Duy, xq, converges weakly in L? (X, RY) to a function ),
then there exists u € N?(Q) such that ¢ = uyq and ¢ = Duxq p-a.e. in X.

As we shall see in the following, the link between Mosco convergence and -
convergence still holds in metric spaces. The proof relies on the same argument that
the standard proof in RY (see for instance Proposition 3.7.10 in [18]) and we write
here the full details for the convenience of the reader.
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Proposition 13. Let Q, C X where (X,d, ) is a metric measure space such
that the embedding N'?(X) — L*(X) is compact. Then Q, y-converges to ) if and
only if Bq, converges to HBq in the sense of Mosco.

Proof. First, let us prove that Mosco-convergence implies y-convergence. Indeed,
assume that A, Mosco-converges to A and let u,, := uén be a sequence of solutions
for equation (k) associated to a given linear form L. By (2.2) we know that the
sequence 1, is uniformly bounded in L?(X) x L*(X,R"Y) and so, we can extract a
subsequence ,, of i, such that u,, weakly converges to a function ¢ and Du,,
weakly converges to another function 9. Now, Mosco-convergence (condition (M2))
implies that (p, 1) € %q. In other words there exists u € N12?(Q) such that (¢, ) =
.

Now for all ¢ € N12(Q), by property (M1) we know that there exists a sequence of
functions ¢, € N*2(€,) such that ¢, strongly converges to ¢ in L2(X) x L2(X,RY).
Then, applying Lemma 8 we can pass to the limit, strongly in ¢,, and weakly in u,,
in the following identity

to obtain that the function u = u}, is the solution of (x) in Q. Moreover, since L is
a bounded operator on L? for the strong topology, it is bounded also for the weak
topology (because of the Riesz representation theorem). We deduce, taking u,, as a
test function in (3.1) that

/ |Dunk|2d,u—|—/ |tn, |* dit = L(ty,, Duy, ) — L(u, Du) :/ |Du|2du+/ lu|? dp,
X X X b

which implies the strong convergence of u,, to u and Du,, to Du. Consequently,
from the uniqueness of solution u for equation (x) we deduce that u is the unique
weak limit of {u,} and so the whole sequence u,, converges strongly to w.

On the other hand, let us prove that y-convergence implies Mosco-convergence.
We begin by checking condition (M1). For a given u € N*?(Q) we define the bounded
linear form L on L*(X) x L?*(X,R") by

L(v,w) ::/uvdu—i-/wadu.
Q 0

It is clear that, with this choice of linear form L, u is the solution of (x) in . Now if
Uy, is the solution of (k) in €,, by y-convergence we know that ,, strongly converges
to @ which proves (M1).

Now we prove (M2). Let ny be a sequence of indices converging to oo and let
be a sequence in Ky, that weakly converges in L*(X) x L*(X,R"Y) to (u,v). We
have to prove that (u,v) = w for a certain w € N'?(Q). First, we consider the linear
form

(3.2) Lip,i) == /Q wp+v- ddp,

and we denote wy, the solution of () in €2, associated to L. By hypothesis, ,,, RN
so 1y, strongly converges in L?(X) x L*(X x RY) to w, where w is the solution of
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(%) in Q. Thus, all we have to prove is that (u,v) = w. Indeed, by (*) we get

Dwk . (Dwk — Duk) d/i + / wk(wk - uk) dﬁb = L(wk — Uk, Dwk — Duk)

Qp Q,

and taking the limit strongly in wy, weakly in wy — uy (i.e. applying Lemma 8), we
obtain (extending Duy by 0 out of €2, ) that

/QDw-(Dw—v)du%—/{zw(w—u)du—L('w—u,Dw—v),

which implies u = w and Dw = v, by definition of L (see (3.2)). O

4. Stability for extension domains

In order to study some stability with respect to a variation of the domain, the
family of domains of X has to be endowed with a suitable topology. In this section,
following Chenais [8], we choose the topology of characteristic functions.

Definition 14. Let €2, be a sequence of domains in X. We say that €2,, converges
to the domain ) in the characteristic functions topology if the sequence of character-
istic functions yq, strongly converges in L*(X) to the characteristic function yq.

We now give the definition of N!2-extension domain.

Definition 15. Let Q C X. We say that  is an N'2-extension domain if there
is a constant C' > 0 and a bounded linear operator

E: N'2(Q) — N'2(X)
such that F(u) = u in © and

1E(u)|[nr2x) < Cllullnrze)-
In Section 4.1 we will give more information about extension domains, includ-

ing sufficient geometric conditions on the boundary of a domain that implies the
extension property. Before that, let us prove the following stability result.

Theorem 16. Let (X,d,u) be a metric measure space such that the embed-
ding N“?(X) — L*(X) is compact. Let Q@ C X and Q, C X (n € N) be some
N'2_extension domains (with same constant C') such that Q, converges to §) in the
characteristic functions topology. Then €2, y-converges to €.

Proof. This result is contained in [8] for the Euclidean case (see also Theo-
rem 3.7.3 in [18]). There is no deep changes in metric spaces but let us write here
the entire proof for sake of completeness.

For all n we denote @, := E,(u,) € N%?(X) where E, is the extension operator
in Q,, and w, is the solution of (x) in €,,. By (2.2) we know that

|t || nr2xy < Cllun || vz, < CJIL,

thus we can extract a subsequence (not relabeled) that weakly converges in N12(X)
to a function v € N"*(X). By the compact embedding of N'*(X) into L*(X) we
may also assume that , strongly converges to u in L?*(X). We claim that yqu is the
solution of () in Q. Indeed, for every ¢ € N'?(X) we have that xq,¢ € N'2*(Q,)
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and since u,, is a solution of (*) in €2,, we can write

Qp
which implies

(4.1) / xa, Dity, - Do dp + / X, Un® dit = L(xq, ¢, X0, D).
X X

Now up to a subsequence, xq, converges to yqo i a.e. in X and is uniformly bounded,
50 X0, ¢ — Xa¢ and xq, Dp — xoD¢ in L?(X). Next, applying Lemma 8 and passing
to the limit in (4.1) we obtain

/Du - Do dp + / ug dp = L(xa9, xaD9),
Q Q

for all € NM?(X). In fact, it is true also for all ¢ € NV2(Q) because Q is an
extension domain. This proves that the restriction of u to €2 satisfies (x). It remains
to prove that xq, Du,, strongly converges in L?(X) to yqDu and this is a consequence
of the fact that, since L is continuous for the weak topology of N12(X),

lim |Dun|2d,u—|—/ |un|*dp = lim  L(xaq,Un, Xa, Du)
Qn 929

n—-—+o00 n—-—+o00

— L{xat, xoDu) = / Dul du + / uf? dp,
Q Q

so the proof is now complete. O

4.1. N'2- extension domains. It is well known that uniform domains are
extension domains for the Sobolev spaces WP(2) in Euclidean spaces. This fact
was first proved by Jones in [19] for a wide class of domains called (e, d)-domains,
and domains which satisfy an e-cone condition are a particular case. In [2] we can
find some geometric conditions for a domain ) to be an extension domain for N2,

Definition 17. A domain 2 C X is A-uniform, A > 1, if for every pair of points
x,y € ) there is a curve v in € connecting z and y such that ¢(y) < Ad(z,y) and
for all z € v,

1
dist( X\ 9) > min{£(,.), €03,.)}
Here, 7, . and v, . denotes a subcurve connecting « to z and y to z respectively.

In [2, 5.9] it is proved that if x supports a weak 2-Poincaré inequality on X, then
every uniform domain is an N'2- extension domain.

Definition 18. We say that (2 satisfies a corkscrew condition if there exists € > 0
such that for all z € 2 and 0 < r < diam(2), the set B(x,r) N Q2 contains a ball of
radius er.

It is well known that uniform domains satisfy a corkscrew condition (see |2, 4.2]).
There are many geometric conditions equivalent to the corkscrew condition. In the
following, we will mention the more remarkable ones:

Definition 19. Let 8 > 0. We say that (2 satisfies a local 3-shell condition if for
every v € Q and 0 < t < r < diam(f2) there exists a positive constant C' such that
the shell

Sy ={y € B(z,r)NQ: d(y,00) < t}
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satisfies
n(s) < 0(1) n(Bla. ) n o).

Definition 20. Let 0 < ¢ < 1 and 0 < g < 1. We say that () satisfies a
(¢,0)-measure density condition if for every x € Q and for each 0 < r < diam(f2),

p({y € Blx,r)NQ: d(y,00) > er}) > ou(B(z,r) NQ).

Theorem 21. |2, 2.8] Let pu be a doubling measure on Q or in X. Then the
following are equivalent:

(1) Q satisfies a corkscrew condition.
(2) Q satisfies a local 3-shell condition for some (3 > 0.
(3) Q satisfies a (e, d)-measure density condition for some € > 0 and 6 > 0.

Now, we can state an extension of a result from Jones [19] to the setting of
metric spaces equipped with a doubling measure and supporting a weak 2-Poincaré
inequality.

Theorem 22. [2, 5.6] Let u be a doubling measure and X supporting a weak 2-
Poincaré inequality. Suppose that Q C X is a domain such that p(9Q) = 0, Q satisfies
one of the conditions in Theorem 21 and that for some « > 0, the measure given by
the density dv(y) := (d(y,09Q))*du(y) supports a weak 2-Poincaré inequality on Q.
Then, ) is an N'?-extension domain, and moreover the following local estimates for
the extension operator hold: for bounded §2 there exist A > 0 and C' > 0 such that
for all balls B with radius at most diam(f2) and a center in Q

(4.2) IE(u)llz2) < Cllullz2@nasy and || DE(u)||r2s) < Cl|Dul|L2@nas)-
If Q is unbounded, (4.2) holds for balls with radius at most R, and C' depends on R.

A straightforward consequence of Theorem 22 together with Theorem 16 is the
following.

Theorem 23. Let (X, d, 1) be a metric measure space, and let Q,, C X and ) C
X be some domains satisfying the conditions of Theorem 22 with uniform constants.
Suppose also that the sequence §2, converges to a domain €) in the characteristic
function topology. Then §2, y-converges to ().

Remark 24. For instance the class of J-Reifenberg-flat domains in RY, that
are considered in [24] and also in [23] in a more general setting, satisfies any of the
conditions in Theorem 21.

5. Stability under quasiconformal deformations

In [4] it is proved (in particular) that any sequence of connected and simply
connected domains in R? that converges for the complementary Hausdorff distance
is stable for the Neumann problem. This suggests that the regularity of the boundary
of the domains is not necessary to have ~-convergence. In other words the stability
might be true for a larger class of domains than the one of extension domains.

In this last section we will prove that the Neumann problem is stable for a se-
quence of certain classes of quasiballs defined in a general metric space. A quasiball
is defined as being the image of the unit ball by a quasiconformal mapping, so this
result could be understood as an extension in higher dimensions of the aforemen-
tioned result about simply connected domains in R? (image of the unit disk by a
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conformal mapping). In R? one can prove that if €, is a sequence of simply con-
nected domains that converges for the complementary Hausdorff distance, then the
sequence of conformal representations g, of €2 converges itself to a conformal map-
ping g which represents the limit domain (up to fix the image of one point and the
sign of the derivative, see [4, 3.1]). In the case of quasiconformal mappings we have
less rigidity and one cannot expect such a convergence in general. However, we will
see in this section that if we assume in addition that the mappings converge in L' to
the identity map, then the stability still holds (see Theorem 33).

Quasiconformal mappings are commonly understood to be homeomorphisms that
transform infinitesimal balls into infinitesimall ellipsoids of bounded eccentricity.
This requirement makes sense in any metric space. Let f: X — Y be a homeo-
morphism between metric spaces (X, dx) and (Y, dy) and define for each r > 0 and
reX

Ly(x,r) = sup{dy (f(z), f(y)); dx(z,y) < r},
l(z,7) = inf{dy (f(z), f(y));dx(z,y) > 1}

and
Lf(xv T)

Lp(z,r)
Observe that the ratio Hy(x,r) measures the eccentricity of the image of the ball
B(x,r) under f, and we always have Hy(z,7) > 1.

Definition 25. We say that the homeomorphism f: X — Y is

Hy(z,r) =

K-quasiconformal if limsup Hy(x,r) < K Vo € X;

r—0

K-quasisymmetric if He(z,r) < K Vo € X, VB(z,7) C X.

Actually, this definition of quasisymmetric mapping is not exactly the one that
could be commonly found in the literature, but if the space X is doubling and path-
wise connected, then our definition is equivalent to the classical one due to a result
of Viisild (see Lemma 4.6 in [16] or 29, 2.9]).

Observe that if f is K-quasisymmetric then f~! is also K-quasisymmetric. It
is also clear from the definitions that every K-quasisymmetric mapping is a K-
quasiconformal mapping. It turns out that for a large class of metric spaces the
converse is also true.

It was proven by Heinonen and Koskela [15] (see also [21]) that under the following
conditions:

(i) X and Y are Q-regular spaces with @) > 1,
(ii) X is proper,

(iii) Y is locally linearly connected,

(iv) f: X — Y is a quasiconformal mapping that maps bounded sets to bounded

sets.

If X supports a )-Poincaré inequality then f is quasisymmetric. If in addition,
X supports a p-Poincaré inequality for some 1 < p < @), then f is not only qua-
sisymmetric but also absolutely continuous, and the pullback measure is A -related
to pu. Notice that if X is a proper ()-regular space with ) > 1 which supports a
()-Poincaré inequality then it is also quasiconvex (see for example Proposition 4.4 in

14]).
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Recall that a measure o is said to be A-related to p if for each € > 0 there
exists 0 > 0 such that

w(E) < éu(B) implies o(F) < eo(B),
whenever E is a measurable subset of a ball B.

Standard assumptions. In the sequel, we will say that (X,d, u, f) satisfies
the standard assumptions with constants (Q, K, p) when X is a Q-regular and com-
plete metric measure space (thus is separable and locally compact) that admits a
p-Poincaré inequality for some p < @) and f: Q) — X is a K-quasisymmetric map
between two bounded domains Q@ C X and f(Q2) C X. We also assume that the pull-
back measure pf of p by f is A -related to p, and that J; (the Radon-Nikodym
derivative of py with respect to p) satisfies a reverse Holder condition. This means
that for every ball B C X

(f)=e(f )"

with € defined by p=1+¢71.

Example 26. (X, d, u, f) satisfies the standard assumptions when (i)—(iv) hold
and X supports a p-Poincaré inequality for some p < (). By Theorem 1.0.1 in [20],
if X is in addition complete, we automatically have a weak p-Poincaré inequality, for
some 1 < p < Q.

Remark 27. It follows from the Holder inequality that if a space admits a p-
Poincaré inequality, it admits a ¢-Poincaré inequality for each ¢ > p. Thus, even if we
can choose € as small as we want in (5.1), the estimate which gives more information
is the one with p =1 +¢71.

Remark 28. It follows from the quasisymmetry of f and Q-regularity of X that
(5.1) still holds when the ball B is replaced by the pre-image of a ball by f.

In [17] (Theorem 9.10) it is proved that quasiconformal mappings between met-
ric spaces of locally @-bounded geometry (see Definition 9.1 in [17]) preserve the
Newtonian—Sobolev space N?. More precisely, if f: X — Y is a quasiconformal
homeomorphism between metric spaces of locally )-bounded geometry then

ue NSO(X) = uo fh e NYOY).

loc loc

Let us notice that if (i)—(iii) hold and X supports a @-Poincaré inequality, then X
is of locally @-bounded geometry (see Section 5 in [16]).

In order to prove the main stability result of this section, we will need some
technical lemmas. The first Lemma controls the difference |ug — (uo f~) | provided
that the set of points that are mapped far away by f~! has small measure compared
to the radius of B. Recall that A denotes the constant from the Poincaré inequality
(see (1.1)).

Lemma 29. Assume that (X,d, u, f) satisfies the standard assumptions with
constants (Q, K, p) and that f: Q; — Qy := f(€), where Q; and (), are two bounded
domains of X such that Q; N Qy # (). Assume in addition that

(52 plly € D dly, ) = 757)) < 609
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for a positive constant § < (2C;)71100%, and a given radius r > 0. Then for all
u € N'P(Qy) and for all balls B := B(z,r) C 2y N Qy such that B(z, MKr) C O,
one has that

(5.3) f~(B) C B(z,4Kr)

and

(5.4) lup — (uo f_l)B| < (Cr <][ pﬁ)p
B(z, MKT)

where C' depends on p, K and the doubling constant of .

Proof. Let B = B(z,r) as in the statement of the lemma and let us denote
E := f~!(B). We claim that

1
(5.5) B(z, EQ C E C B(x,4K7)

for some point z € X. Let us begin with the first inclusion. We consider the set

={y € Y dy,f'(y)) > t5r} and we take a point z € B(z,7r)\X with
T = (2600)%. Such a point always ex1sts because p(B(x,7r)) > Cy'rér? = 257’("2 >
1(). In particular, d(z1, f~(21)) < 155 thus f~'(z1) € B(z, (1+ 1(1)0) ) € B(z, 357)
by definition of 7 and because by assumption § < (2C;)"1100~?. Now take a point
y € B such that d(z,y) = %r. By a similar argument one can choose a point z; in
B(y, 7r)\X such that f~'(z) € B(y, 157). In particular we have that

1 1 T 4 r
> — — >
AN ), F ) 2 D= s 2
and
d( )< + ! <3
A= R =gk

which implies that L (zl, %T) > 7. Since

3 3 3
Ly (zl, 57“) jarss (zl, §T> = H(x, 57“) <K,

we deduce that
3 r
lffl(2’17§7") > Va
This proves that f~'(B(z1,3r)) contains a ball of radius at least ;= and so, there
exists a z such that

1 3
Bz ) €17 (B(agr)) < 17(B)
Now let us prove the second inclusion in (5.5). We keep the same point z; €

B(z, 7r)\ K and following the previous arguments, we find a point 2, lying in B(y, 77)\
Y. where this time y is chosen satisfying d(z,y) = 2r. By construction we get

22 222
and
22 178

P T A L
d(z1,22) 2 2r = qoar = 7507
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These two estimates implies [y-1 (2, 7057) < fggr Therefore Ly-1(z, 1or) < K222r

and so we deduce that there exists a point 2’ such that

FUB) C f‘1<B((Z1, Ei )) C B(z %KO C B(x,4Kr),

and claim (5.5) is proved.

Now let us denote By := B(x,4Kr). Observe that if g is an upper gradient for
u, then for any constant a > 0, g is still an upper gradient for u + a. In addition
(u+a)o f~' =wuo f~1 + a. Therefore, to prove (5.4) we can assume without loss of
generality that

(5.6) 7{9 wdp = 0.

By Theorem 4, we get in particular that

(5.7) ( |ul? du) ’ <Cr (][ q° d,u) "
Bo ABo

Our aim now is to estimate

lup — (uo f1)p| < |up|+[(wo f)5].

Using p-Poincaré inequality and minding that ug, = 0 we get

p(Bo) (][ )%
ug| = lug — ug,| < u—upg.|du < Cr Pd
lup| = |ugp Bol < 1(B) | Boldp < ABDQ 2

So we are left to estimate |(uo f7!)p | Let p¢ be the pull-back measure of ;1 by f,
that is,

pr(E) = p(f1(E)),

for any Borel set £/ of X. Recall that under our assumptions we know that p is
absolutely continuous with respect to p and we have

pp = Jyp-
Recall also that by definition of ¢ we have p’ = ¢ + 1 where p’ is the conjugate of p.
From the reverse Holder’s inequality satisfied by J; it follows

(o f7! /yuufdu ( B )/, ‘P>;(ﬁ/Et};+ldu>sil
Y S(Z&BBO))) (f'“')(%)(ﬁ‘]fd“)
< Cle, K po)r (fB gp)’l’ farnscrn (][B gp)’l’ |

Let us observe that the control of f, J;du in (5.8) uses (5.5) and the doubling
property of . Furthermore, to get inequality (5.8) we have used (5.7), (5.1), (5.5)
and Remark 28. The proof of the lemma is now complete. 0

Our stability result (Theorem 33) will rely on a “key lemma” that allows us to
compare two functions defined in different domains, and say that they are close in the
Newtonian space norm when the domains are close enough for a suitable topology.
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We will need some classical Whitney type coverings and we refer for instance to [1]
for a proof of the following Lemma.

Lemma 30. Let €2 C X be an open set such that 02 is not empty, and let us
define for € > 0 the sets

Voi={zx e 0<d(z,Q) <e} COQ.
Then for any constant A, K > 1 there exists a countable family of balls {B;}c; of
center x; and radius r; satisfying
(i) Ve CUierB; € Vga,
(ii) 7100AK < d(z;,82°) < riQOO)\K for alli € I,
(iii) the balls in the family { 5B, }ier are pairwise disjoint,
(iv) if B;N B; # 0, then r; <4r], and
(v) Zlel XlOBZ( ) < M where M depends only on the doubling constant of .
By standard techniques there exists a partition of unity {p;}ic; associated to
{Bi}ier and satisfying
() 2ierpilz) =1on V,
(ii) supp(y;) C 2B, for all i € I,
(i) 0 < ¢; < 1foralliel, and
(iv) ¢; is C/r;-Lipschitz for all i € I.
From this partition of unity on V. C € we would like to obtain a partition of
unity on all 2. To this aim, let us define

P(x) = U(d(z, ) /¢)
where [ is a C-Lipschitz function equal to 0 in [0,1/2], equal to 1 in [1,+00) and
I'(x) < C. Observe that by construction ¢ is C'/e-Lipschitz, equal to 0 on V., and
Y+ ;v > 0on Q. Now, we define

(0
Y+ Zzef i Y+ Zie[ Pi

We now have a partition of unity in €2, and the following properties are easily checked:

(i) 1o+ ;e;0i =1 on Q.
supp(6;) C 2B; for all i € I.

(1i)
(111; supp(th) C Q\Vepo.
(v)

0, == foriel and 1y := fori e I.

(iv) 1o is C'/e-Lipschitz.
v) o =1 on Q\V..

We will need also the following result.
Lemma 31. Let 2 C X be an open set. Then, for any ¢ > p and for any
u € N%(Q) one has
[|ubo + Z up, O3l naa) < Cllull v ay,
iel
where W(A) := AU U,c1.0p,na20 L0AB; for any Borel set A C Q.

Proof. The proof relies on the classical Whitney argument. The adaptation in a
metric space framework is inspired by the proof of Theorem 5.6 in [2]. Set

f(x) == u(x)po(z) + Z up,bi(z)

iel



Some stability results under domain variation for Neumann problems in metric spaces 553

and let us first control the L4-norm of f. We denote I, :={i € [: Iy € A: 0,(y) # 0}
and for any = € ) we denote I, := {i € I; 0;(x) # 0}. Using the fact that I, < C
and applying Fubini’s theorem, we obtain the following chain of inequalities:

H ZU/Biei L / ’ZuB du < C/ Z |up,0;(x)|*dp
icl

1€y

(5.9) chmwj’ au < CY fus, (B
Ia Iy

supp(6;)

< CZ/ ul?dp < C/ |ul* dp.
. B W(A)
Therefore, since 1y < 1 and A C W(A),
11 ocay < lubollacay + CIY - us,bill Lagway < CllullLoqway-

icl

Now we have to control the gradient of f. For this purpose we need first to find a
suitable upper gradient for f. Let v be a curve connecting two points z and y. Up to
split v into parts we may assume that |y| C 2B, for some iy € I, or |y| C Q\U;cr2B;.
In the latter case we have that f = u and so, for any upper gradient g of u one has

|ﬂm—f@ns/g

Consequently, it is enough to consider the first case when |y| C 2B;, for some ig € I.
First, we can add and subtract the constant U10B;, and use that 1) + ZZG ;0i(z) =1
to write f(x) — f(y) in the following fashion:

f@) = f(y) = (w(z) = wop,, ) (o(x) = o)) +o(y)(u(z) - uly))
*)
+ > (u, — wiop, ) (0:(x) — 6:(y)) .

zEI

J/

(%)
First, let us estimate (xx). We have that

’Z up, — w0, )(0i(x) ‘ Z|UB — w0, |10i(7) — 0;(y)|

icl el
1
(5.10) < Cd(z,y) E;I |uBl- — U10B;, |T_z
1€l UI,
1
0 jer,01,

We use now ¢-Poincaré inequality (which holds since ¢ > p) to obtain that for all
i € I, U L, that is, for all i € I with 2B; N B;, # 0 (and such balls B; are contained

in 10B,;,),
1
|UBZ. —UlOBiO‘ S C?"i()(][ gQ>q.
10AB;,
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This last estimate together with the fact that §{i € I; 2B; N By, # 0} < C yields
(%) | > (um, = wiom, ) 61(2) — 6,0)| < Calw) (£ g)"
el 10ABi,

On the other hand since 9y is either C'/r;,-Lipschitz or equal to 0 in B;, we have that

dol) — doly)| < Cd(a,y)-—Ju(x) — wiom, |

20

(%) |u(x) — wom,

Keeping in mind that |1y(y)| < 1, all together we have proved

(5.11) 110) = )] < ot) ~ut|+ Catea) | (. o)+ Llute) - aon, ||

0AB;, Tig

From those last estimates, up to a new choice of constant C, we claim that the

function
1
1
(5.12) G(z) :=Cqg(z)+ C Z [(f gq> "+ —|u(x) — uop, }
i€l;x€B; 10AB; T
is an upper gradient for f.

Indeed, for any couple of points x and y belonging to €2, and for any curve ~
connecting x to y we can split v into a finite number of parts 74 in such a way that
vk is connected, v, C 2By for some k € I, and vy C Q\ Uses 2B;. Let x and y; be
the two endpoints of 74, for each k. First observe that for any k and for any z €
it holds

fu(zr) — wiom, | < Ju(z) — uron,| + / "
Yk

Thus
d(y, yx) d(zr, yr)
Z TW(%) — Uiop,| < Z T [u(z) — u10B,| + /% g

(513) " g Az )
Tk, Yr) .
gC/g+ E ﬁ—kyk inf |u(z) — uiom,|-
v k

We deduce that
1f(x) = FW) < 1f(x0) — Fwo)| + D 1f(xa) — flur)]

k
(5.11)

< [ oS e ol + i |(f, o)+ ) — |
< O/vg + C’g/ g+ C;E(W) K]{OABk g‘Z)}I + %Zléli lu(z) — umqu

< C//g%—C;/% < 3 _{(]{OABigq)é+%\u(z)—um,3i]> A (2)
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In the penultimate inequality we have used that for every z € By,

~ful2) - o | < > lulz) = v,
and
(][ g < Y (][ g%)i.
10ABy, iel;zeB; V5 Bi

We have then proved that G(x) defined in (5.12) is an upper gradient for f. Now to
finish the proof of the lemma, it suffices to control the Li-norm of G. We have that

G leca) < Cllglzsca +0HZ][ Nooo | 2 et
i€l

10AB; B, i

La(A)

)

On one hand, by an argument similar to (5.9), we get

e, ol < [E (£, o) we
<O (f,,) [0
<cy (fB ) B

<C / quuSC/ g* dp.
Z 10AB; W(A)

Ia

(5.14)

On the other hand, using Theorem 4 and Fubini’s theorem we obtain

ch lu(z ' <C/Z;1\u (z)

1
<C — u(x x
5255 i 0 (@)
(5.15) 4
<cy [ g@)dut
Tr J10AB;
<c [ gila)duta).
W(A)
which finishes the proof of the lemma. ([l

We will denote by dy the Hausdorff distance between two non empty closed sets
A, B of X defined by

dy(A, B) :=supd(z, B) 4+ supd(z, A),

z€A zE€B
and df; will denote the complementary Hausdorff distance between two open sets
d5; (Q1,Q9) = dy (027, Q5).

We are now ready to prove the analogue of the so-called “key lemma” in [23]
which leads to the desired ~-convergence result.
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Lemma 32. For any constants K, () and C, there exists g and ¢ such that the
following holds. Let €4,y be two bounded domains in X. Assume that (X,d, p, f)
satisfies the standard assumptions with f: )y — Q. Assume in addition that

(5.16) / A(F @), ) dp - dy(0, D) < &

for some ¢ € (0,1) satisfying ¢ < min(107'°diam(€y),e¢). Then for every u €
NLQ(€), there exists it € N¥?(§y) such that u = @ in Q. (defined below) and

(5.17) [l v, < llullvie@ + Cllullvie-1(an)),
where
Ac = {x € Qy; d(z,05) < csﬁ} and Q. :={z € Qy; d(z,Q3) > ceﬁ}.

If in addition f is bi-Lipschitz, then for every q > p and for every u € N“9(Q;) there
exists & € N»(Qy) such that u = @ in Q. and (5.17) holds with N4 instead of N'9.

Proof. Let € € (0,1) and let u € NY?(Q;). Observe that Qy C A, U . and
by (5.16), together with the fact that ¢ < 1, we have Q. C ©; N Q3. On the other
hand, recall that under our standard assumptions, quasiconformal mappings preserve
the Newtonian-Sobolev space N9 (see discussion after Remark 28). Therefore,

since f is K-quasisymmetric (in particular, it is also K-quasiconformal), we get that
v:=wuo f1 € N'9(Q,) and for any Borel set A C Qy we have that

(5.18) [vllxreay < Cllullvie-1(ay-
If in addition f is bi-Lipschitz and u € N then (5.18) holds with N4 instead of
N1, So roughly speaking, our aim is to keep @ = u in €, and set & = v in A.. A
Whitney decomposition is the appropriate tool for glueing the two functions.
Indeed, let {B;};er be the Whitney decomposition given by Lemma 30 associated
to
AL = {x € Qy; d(z,Q8) <r(e)},

where r(g) = %eﬁ and where ¢ will be defined later depending on Cy, K, A and Q.
Let 19 and {6;}ic; be the associated partition of unity such that ¢y +> ., 6; =1 on
25 and where the sum is locally finite. Then we define

(5.19) =y + »_vpb;

icl

vp, = @/Eiu(l«) .

By construction of 1y we have u = @ in .. It remains to prove (5.17), which will
follow from Lemma 31 and Lemma 29.
Let us first control the L?-norm of . Using Lemma 31 and (5.18) we get

liill o) < lutollzay + 11> vs.bill Loy
el
< lull ey + Cllvllrenm.) < lullre@) + Cllullres-1(al))-

el

where, as usual,

Now we have to control the norm of the gradient of u. Let us first observe that
if we split I into [; U I, with

Iy :={i € I; supp(¢o) N 2B; # 0}, L :=I\I4,



Some stability results under domain variation for Neumann problems in metric spaces 557

and if we set

A1 = U 231 and A2 e U 2Bz>

i€l i€l
then
]| n1ey) < Nl nrey + 18] Ntecay) + 11T v1eiay)-

On the other hand, observe that @ = u on ()., and @(r) = ), ., vp,0i(x) on A;.
Therefore, if we apply Lemma 31 to v and then (5.18) we obtain

[all v < llullvre) + l@llvrea) + Cllullve-1ay)-

Thus, since f~'(Az) C f7'(A.), all we have to prove is that

(5.20) @]l vrecan < llullvveg-1(an):

For this purpose, we have to find a suitable upper gradient for u in A; and control
its norm. Let v be a curve connecting two points x and y of A;. We argue as in the
proof of Lemma 31. Up to split 7 into parts we may assume that |y| C B;, for some
1o € I;. In the latter situation we can add and subtract the constant V108, and use
that ¢ + > ,c; 0i(x) = 1 to write (after some computations)

fa) = f(y) = (u(x) = vios,, ) (Yo(x) — to(y)) +to(y) (ule) —uly))

J

~~

()
+ ) (vs, — viog, ) (0:i(x) — 6:(y))
\ie[ ,
(00)

First, let us control the term ({), which stand actually for the key point of the proof.
Recall first that there exists a constant a > 1 depending on K, A and @) such that
the radius of 10B5;, denoted r;, satisfies

a'r(e) <y < ar(e).
Now, using (5.16) and Tchebychev’s inequality we obtain that
(5.21)
pl{z € 035 dl, () 2> oo ) < p({z € 0 (e 17 (2) 2 (o)}

100
100a B 100a
Smdéﬂ%f(mwér@

Now if § := (2C) 110079 (the constant of Lemma 29), we can define 7(¢) in such a

way that

1 @ 100a9+1 o

Oan s (r(s)) () = ( 00a ) eatt,
r(e) a )

(which gives at the same time the definition of constant ¢) and now (5.21) becomes

€.

u({z € Qo d(z, f1(2)) > ﬁm&) <0 (?)Q < (57"%.
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Subsequently, we can apply Lemma 29 with B := 105, to prove the following estimate

[u(z) — vios,, | < u(x) — wom;,

(5.22) g
< u(z) — wop, | + Cry, ][ Rd )
50K By,

Since v is C'/r;,-Lipschitz and d(z,y) < 2r;,,

n(2) = o(y)] < Clula) = wiom, | + Oy f

50KAB;,

+ |ut0B,, — vi0B;,

(523) |U(l’) — UlDBio

dez> %.

Let us control now the term ({<). First, let us denote B; := 50K\B;, (note that
by (i) in the definition of the balls B;, we have that Bj is still contained in ).
Now, since for every i € I with B; N B;, # () the radius of B; is Cr;,, we can estimate
applying Lemma 29 again in the following way

‘vBl' - UlOBiO

lvp, — V10B;, | < lvp, — up,| + lup, — U10B;, | + ‘UIOBiO — V10B;,

(5.24) SC%(][ dez)é'
B

!
0

Then,
‘ Z('UBZ- — viom;, ) (0i(z) — 92(y>)‘ < Z v, — V0B,

el el

16:(x) = 6i(y)|

1
S Cd(l’,y) Z |UBi - UlOBiO 7“_

i€I;2B;NB;, #0 '

1
S Od(l‘, y)r_ Z |UBi - UIOBZ-O

0 ieI;2B;NB;, #0

< cat) (£, o)

All together we have proved that

625 |f@) = )] < Ju(e) - uly)| + Catw o) f

’
Bio

1
gQ> ° + lu(z) — U0, |-

Now, as in the proof of Lemma 31 (the details this time are omitted), we deduce
from (5.25) that

1
G(z):=Cg+C Z K][ gQ> ® + |u(z) — up,
i€l x€eB; BZ/'O
is an upper gradient for f in A;. Now to finish the proof of the lemma, it suffices to
control the L%-norm of G, which is the same computation as for (5.14) and (5.15) so
we omit the proof here again. We get

Glluecy <€ [ g%dn
W (A1)

where W (A1) := A1 UU,crap,na,20 P0KAB;. Since W(A;) C A. the proof of the
lemma is complete for the case when f is K-quasisymmetric. Now if f is bi-Lipschitz
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all the above arguments work with ¢ > p instead of ) which proves the lemma in its
full generality. U

We are now in a position to prove the following stability result.

Theorem 33. Let (Q, K,p) be some given constants and let fi: Qx — Q be
a sequence of K-quasisymmetric mappings into a fixed domain 2 C X satisfying
pu(02) = 0 and such that (X,d, u, fi) satisfies the standard assumptions with con-
stants (Q), K, p). Assume in addition that

(5.26) /d(fkl(x),x) dj— 0 and QL Q.
Q

Then %’gk — %’8 in the sense of Mosco. In addition, if the sequence of functions fy
are bi-Lipschitz (with same constants) then %8¢, — 9, for all ¢ > p.

Proof. We begin by proving condition (M1). Let u € N“?(Q) and for k € N
big enough we define u; := u; the function given by Lemma 32 with 2 and €.
We already know that u, € N%9(Q). Therefore, all we have to prove is that
(ugXq,, Durxa,) converges strongly to (uxq, Duxg) in L9(X) x L(X,RN).

We denote

Ao = {y € Q; d(y,00) < ceTia},

and we also define
e = / d(z, £, ' (2)) du(z) + 200AKdy (25,9 and Ay = f, ' (AL,).
Q

Let us first prove that
(5.27) pu(Ax) — 0 when k — +o0.
Indeed, let n be any small constant. For k big enough we have that

[ w5 @) dute) <
and so, if we denote
Ay ={y € Qs dly, fi ' (v) = v,
we obtain by applying Tchebychev’s inequality that

1 -1
) < - [ s @) duta) < i

Now observe that
fk_l(AEk)\An - A5k+\/ﬁ'

Therefore,
H(fk_l(Aak)) < k‘_1<A5k) NA,)+ N(fk_l(AEk)\An)
< :u(Aﬁ) + M(A€k+\/ﬁ) < \/7_7+ M(AEkJr\/ﬁ)?
which implies
(5.28) 0 < limsup pu(Ar) < 1+ p(A g5).

k—+o00

Since 7 is arbitrary, if we let n — 0 in (5.28), we deduce (5.27).
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Now applying Lemma 32 we can write

1 1
) )
</ \up X, — UXQle,U> = (/ lukxa, — UXQ|QdM> < Cllullze(ay),
X Ag

which tends to zero when k& — +o00 because of (5.27). For the gradients, a similar
argument can be done, that is,

1 1
(/ | Dugxo, — DUXQ’Qd/J) = ( | Dugxo, — DUXQ’Qd/J) ¢ < C|Dull ey,
X A

which tends to 0 as k tends to infinity. Thus (M1) is proved.

Let us now prove (M2). Let hy be a sequence of indices converging to oo, uy is
a sequence such that u, € N¥@(Qy,) for every k, and UpXq,, Cconverges weakly in
L2(X) to a function ¢, while Duyxq,, converges weakly in L2(X,RY) to a function

Y. Let p € L9(X) be compactly supported in 2. By the weak convergence we have
that

k—+o0

k—) o0
Jo{Duixa,, @) dp =2 [ v dp.

On the other hand, since 25, converges to €2 for the complementary Hausdorft
distance, for k large enough the function X, is equal to 1 everywhere on the support

of ¢. Thus (5.29) shows that u, converges to ¢ weakly in L2() and Duy, converges
to ¢ weakly in L2(Q). By Lemma 6 we conclude that ¢ is an upper gradient for ¢.
Moreover since 1 € L2(X,R"), we deduce that ¢|q € NY2(Q). To conclude, all we
have to show is that ¢ = ¢ = 0 in Q¢ To see this, we use a similar argument as
above by defining a function ¢ compactly supported in €2°. By the weak convergence,
and because () converges to {2 for the complementary Hausdorff distance, we deduce
that fQ ¢pdx = 0. This holds for any function ¢ compactly supported in 2¢. Since
¢ € L9(X) we conclude that ¢ = 0 a.e. in Q°. In a similar way we obtain that ¢ = 0
in Q¢ and since u(092) = 0 we have that ¢ = ¢xq and ¢ = P¥xq p-a.e. All together
we have proved that %’Sk converges to %’8 in the sense of Mosco.

If f;. are bi-Lipschitz the proof works in the same way replacing ) by ¢ > p and
the proof of the theorem is now complete. O

Remark 34. Notice that in the proof of Theorem 33 we only used that f, !
converges to the identity map in measure so that we could slightly weaken the as-
sumption [, d(f,; ' (z), ) du — 0 if necessary.

5.1. An example. We would like to emphasize the fact that for some sequences
of domains, Theorem 33 applies whereas Theorem 16 not. For instance, let us define

Q= {(z,y) € R |z| < Tand 0 < y < (2 — /]z])t}.

2t

Observe that for ¢ € (0,1), Q; is never an extension domain for W'2(Q;) thus we
cannot apply Theorem 16 to prove some ~y-convergence results for €2;. On the other
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hand for a fixed ¢y > 0, one can consider the bi-Lipschitz mappings g,: €; — €,
defined by

to
g: (z,y) — (z, 7?1)-

It is easily seen that

Lo

/d(x,gtl(x))dm < 22 ()1 - " = .
0

Therefore, by applying Theorem 33, the vy-convergence of €2; to {2, holds when ¢t — ¢.

5.2. Application for shape optimisation problems. In this last subsection
we use Theorem 33 to prove an existence result for a class of shape optimisation
problems (with Neumann boundary conditions) under quasiconformal deformations.
We found it more concrete to fit this application in R¥, but one could get a similar
result in more general metric spaces without substantial changes.

We say that 2 7,-converges to Q if %5 — % in the sense of Mosco. Let o/
be a class of domains in R, and let I be a functional defined on .«7. We say that
F' is lower-semicontinuous with respect to v,-convergence if

F(Q) < lérill:glof F(Q)
whenever () is a sequence of domains that v,-converges to (1. A classical example
is the eigenvalue problem. If F(Q2) := A\ (Q) where \; is the first eigenvalue of the
Laplacian in ©Q (with Neumann boundary conditions), then it is well known that
A1(€2) is lower semicontinuous with respect to ye-convergence. We refer to [5, 3, 18|
for other examples of lower-semicontinuous functionals.

Let ©Qy C RY be a fixed bounded domain. We denote by ./ (€)) the family of
quasiconformal maps g: Qy — ¢(€0) satisfying:

(1) g(£2) is contained in a fixed ball,
(i) g lies in W1? with norm less than C' and with p > N, and
(iii) the distortion constant of g is less than K.

A consequence of our stability result is the following existence theorem for mini-
mizers of such functionals.

Theorem 35. For any lower-semicontinuous functional F with respect to yy-
convergence, there exists a minimizer for the problem

(5.30) Qo F (9()).-

Proof. Let € := gi(€y) be a minimizing sequence for the problem (5.30). Since
Q) is contained in a fixed ball, after passing to a subsequence if necessary we may
assume that there exists a domain Q such that dy(Qf,Q°) — 0. On the other
hand, since the functions g, are equibounded in W'? with p > N, by the Sobolev
embedding they are equicontinuous and equibounded in L*°. Therefore, one can
extract a subsequence of g, that converges uniformly on every compact subset of €2
to a function g. By classical results on quasiconformal maps (see [28]), we deduce
that the limit ¢g is a K-quasiconformal homeomorphism. This allows us to consider
gr 0 g~ ' that converges in L' to Id on . Indeed, let ¢ > 0 and let us choose a
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compact set K C p with £V (g(Q \ K)) < e. We have that

/ lgw o g7 (@) — 2] d2N = / o (@) — (@)1, (x) dL™
9(Q0)

Qo
[ lonte) = g@)yt) 42 + [ Ygula) = o)) A2
Qo\K K
Since g converges uniformly to g on every compact subset of €y, we get that
[ 9@ = @) y(2) 42 < g~ g1l 2 () — 0 sk — oc.
K

Moreover, due to the fact that £V (g(Q \ K)) < € and ||gr(x) — g(x)| < C,

[ oo - g@)l (o) a2 < ce.
Qo\K
Since € was arbitrary, all together we obtain that

/ lgr o g () — x| dLY — 0 as k — oc.
9(Q0)

Then applying Theorem 33 we deduce that ﬂgk — Y in the sense of Mosco. And
since

F(Q) < liminf F(),

k—4o00
we conclude that € is a minimizer for the problem (5.30). O

Remark 36. A similar result could be obtained with bi-Lipschitz mappings
instead of quasiconformal mappings replacing ~yy-convergence assumption by ~,-
convergence with any p > 1.

Remark 37. The same proof would also give a similar result replacing condi-
tion (ii) in the definition of the family @7 (2y) by any assumption that would imply
the equicontinuity of the family 7 (€)y) in order to get compactness and closure of
the considered family of quasiconformal mappings.
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