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Abstract. Let ¢, fy belong to the algebra # of absolutely convergent complex Fourier series
on T = {|z| = 1}. We define f, € # by

(%) filz) = @(2)fo(z) and  fuy1(2) = p(2) fu(2)" forn €N,

where (...)" denotes the analytic part of the Laurent series. We derive a number of generating
functions all of which contain

p(z,w) = exp ([log (1= wp(2))] ) (2] = 1wl < 1).
The Laurent separation is a discrete equivalent to the Wiener—Hopf factorization of probability
theory and allows us to obtain rather concrete results.
The recursion (*) comes from the study of the random walk on Z defined by
Snr1 =S+ X1+ ...+ Xy,

where Sy is a random variable with generating function fy specifying the initial distribution, the
X, are i.i.d. with generating function ¢ and the random walk stops if it hits (—oo, —1], which is a
version of the ruin problem. We also consider the technical problems which arise if X is replaced
by —X. The results will also be applied to the minimum problem for random walks.

1. Introduction

1.1. Let X be a random variable with values in Z and generating function

(1.1) o(z) = Zakzk, ar =P(X =k)

keZ
and X,, (n € N) independent random variables that are distributed like X. Let Sy
be another random variable with values in Z that is independent of the X,, and has
the generating function

(1.2) fo(z) =D boxz®,  bop =P (S = k).

keZ

We do not make any assumptions about expectations or other moments. The random
variables

(1.3) Sp=5S+Xi+...+X, (neN)
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have the generating functions F,(2) := fo(2)¢(2)", (n € N), and we have the recur-
sion Fy = ¢fy, Fry1 = @F, forn € N.

The stochastic process (S,)n>o defines a random walk in Z, and the coefficient
of 2¥ in F,(z) is the probability P(S, = k) of being at k at time n. Note that P
depends on Sy and X. The ruin problem deals with the random variable R defined
by

(1.4a) R=n < 5,>0v>0,r<n), S, <0 (neN),
(1.4b) R=00+= §,>0forall ve N.

Then P(S,, = k, R > n) is the probability of being at k at time n under the restriction
that (—oo, —1] was not hit before, except possibly in the initial state. It is easily seen
that this is the coefficient of 2* in f,,(z) where the f, are determined recursively by

(1.5a) fi = ¢/,
(1.5b) for1=sf, forneN,

and f,F is the result of discarding the terms with negative exponents from the Laurent
series f,, see (1.8) below.

More generally, one could remove all terms with exponents > d by means of the
operation f(z) — z7¢ (f(z)z*d)Jr instead of f(z) — f(z)*. We will only have to deal
with d = 1 and use the hat sign, such as in fn, for quantities related to this case. It
arises if the ruin problem is considered on the basis of the modified random variable

~

(1.6a) R=n < S,>0(r>0,r<n), S, <0 (neN),
(1.6b) R=o00+= S,>0forallveN.

The generating functions f,(z) of the probabilities P(S, = k, R > n) of being at k
at time n under the restriction that (—oo, 0] was not hit before, except possibly in
the initial state, satisfy (1.5) with f,(2) = f.(2)/2.

The anomalous form of the first step in (1.5) could be avoided by starting the
recursion after the first step with the initial function f; and substituting f; = ¢ fy in
the results. This, however, would be less transparent, for in important applications
the initial distribution is deterministic whereas even the state after the first step
depends on ¢ and can be complicated.

1.2. The question when and where a random walk on Z first hits a half-line like
(—00,0] or (—o0,0) is extensively discussed in [Spi76, Chap. IV]. Our Section 2 can
be considered as a streamlined version of these probabilistic results put into a general
complex-analytic context. We define a sequence of functions f,, by the recursion (1.5)
which is considered for complex coefficients. For our purposes, the natural function
space for the generating functions is the Wiener algebra # of absolutely convergent
complex Fourier series on T = {|z| = 1}, that is

(1.7) Wz)=> b= lexl < oo

kEZ keZ

See e.g. [Kat04] and [CCT74| for information about the Wiener algebra. We shall use
the beautiful Wiener—Levy theorem |Zyg68, p. 245|[Kat04, p. 247]: Let ¢ be analytic
in adomain U C C. If h € # and h(T) C U thenypoh e ¥
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Our main tool is the Laurent separation h = h™ + h~ defined by

(1.8) h*(z) = Z e, hT(2) = chzk.

k>0 k<0

The subsets of all functions in % of these forms are subalgebras #*. They are
projections of # onto #*. If convenient we write h(z)* instead of h*, and when
these operators are applied to functions of several variables then, by convention, they
refer to the variable z. Let #* denote the subalgebras of functions of this form. The
functions in #* are analytic in D = {|z| < 1} and continuous in D = {|z| < 1}
whereas the functions in %~ are analytic in {|z| > 1} and continuous in {|z| > 1}
with A~ (c0) = 0. The results hold for the most general ¢ € # with |¢(z)] <1 on T.

In Section 3 the coefficients of f;” and f; in (2.24) and (2.25) are investigated
more closely. In particular, this section contains recursion formulas which can be used
for numerical computations. In Theorem 3.2 we give a structural characterization of
the function

p(z,w) = exp <[log (1- ww(z))T) (|lz] > 1, |w| < 1).

Moreover, in Theorem 3.3 a result is obtained by function-theoretic methods which
connects the results of this paper with the special case that was considered in detail
in [JPOT7].

In Section 4 these results are applied to probability theory. We consider two
versions of the ruin problems and the minimum problem. We are interested in the
size of the minimum and the time when it is first attained in a finite section of the
random walk. Contrary to [JP07|, the situation is now symmetric with respect to the
sign of X, so the results can be applied to more general ruin problems, as presented,
e.g., in the book of Asmussen [Asm00].

2. The function-theoretic problem

2.1. Throughout the paper we assume that ¢ is a fixed function in the Wiener
algebra # that is bounded by 1 on T. We always write

(2.1) p(2) = ap* (z€T)

keZ
with a; € C. Thus we assume

(2.2) lll = > lax| < oo,

kEZ
(2.3) lp(z)] <1 for |z] = 1.
Let fo € # be given. We recursively define fi, fa,... by (1.5). We see that
LAl < lellifoll and (| faall < lellllfa | < lollll fall for n> 1.

It follows that

Lfnll < Nl follllpl™ < o0
and therefore f, € #.
The generating function of (f,,) is defined by

(2.4) g(z,w) = an(z)w” (z €T).
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This series converges for |w| < 1/||¢|| and we shall show later (Theorem 2.1) that it
actually converges for |w| < 1. The Laurent separation is

(25) ew) = 3 for [ < Lor |2 > 1
It follows from (2.5) and (1.5) that
9" (z,0) + g (2, w) me Jw"™ = we(z) ( +Zf+ )
= wsa( )(fo (2) + g7 (z,w)).

This implies the Wiener-Hopf type functional equation
(26)  (1—we(2)g"(z,w) + g~ (z,w) = fy (2) + (1 +wp(2) fy (2) (2 €T).
2.2. We write p(2)" = Y,z @nrz". Then

(2.7) log (1 — we(z ng % = — Z (Zank_)zk.

keZ n=1

This function is continuous in z € T and analytic in w € D because of (2.3). Hence
the same is true for the function

(2.8) p(z,w) == exp ( -y (i ank%n)zk>

which satisfies
(2.9) ﬂzexp(—z:(ia kw_n>zk)
p(zw) k>0  n=1 o

This is related to the Wiener factorization theorem [CC74, p. 494], see also [Spi76,
p. 180]. With

1 —wep(z)
p(z,w)

we have, in view of (2.8) and (2.9),

2.11 pr(w)z", qr(w)2®  for |z| > 1,
o -y ) -

(2.10) r(w) =

)
w”
=exp( — Y no—
n

n=1

2=0

k<0 k<0
1 —wp(2) ro r(wp(z,w) K
(2.12) ———= =) pr(w)z", qe(w)z"  for |z| <1,
Hw)p(zw) Z; 1—wmw Z;
with coeflicients
n=0 n=0

which are analytic in |w| < 1 and satisfy

(2.14) po(w) = qo(w) =1 forw e D
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and
(2.15) pr(0) = qx(0) =0 for k #0.

2.3. Let ¢(2) = ¢(1/2). The quantities derived from @ are labeled by a tilde,
like p or px. In the probabilistic interpretation, ¢ is the generating function for
the transition probabilities of the reversed random walk, see [Spi76, p. 111]. From

G"(2) = @(2)" = p(1/2)" = ¢"*(1/z) = ©"(z) follows that

(216) an,k = Qn,—k-
In particular, @, = a0, so (2.10) shows that
(2.17) F(w) = r(w).
We obtain from (2.9) and (2.10) that
. 1 —wp(1/2)
2.18 pzw) = —— 2
21%) ) = w1/ w)
From (2.12), (2.17), (2.18) and (2.11) follows that
— we(z) k
e L — 1 = _
T R S S

hence ﬁk(w) = p_i(w) for k > 0. Because of pj, = py, this holds for all k, hence

(2.19) Pr(w) = pi(w) (k€ Z),
Similarly it follows from (2.12), (2.17), (2.18) and (2.11) that
(2.20) Ge(w) = q_(w) (k€ Z).

2.4. We derive explicit expressions for the generating function g as well as for
g™ and ¢~ in terms of fy, ¢ and p.

Theorem 2.1. Let w € D. Then p(-,w), 1/p(-,w) and g(-,w) belong to # and
we have

o) = e ([FE) Hwe) ()

(2.21) e = 250 (REEREEE)
() F e ()Y

22) g = fi (@) e (B LR

Proof. The function ¢(s) = log(1l — ws) is analytic in {|s| < 1/Jw|}. Since
@ € # by (2.2) and furthermore |p(2)| < 1 for z € T by (2.3), we conclude from the
Wiener-Levy theorem that log(1—w¢y) € #'. Hence (log(l—wgp))jE € W and, by the
Wiener-Levy theorem with h(s) = exp(Fs), we obtain from (2.8) that p(-,w)* € 7.
Finally it will follow from (2.21) and (2.22) that ¢*(-,w), ¢ (-,w) € #, hence

g, w) e
The functional equation (2.6) implies that
ooy HE DG 1-wply) L) - i)

p(z,w) p(z,w) p(z,w)
The first term on the right is in #* by (2.9) whereas the second belongs to # ~ by
(2.8). Hence (2.23) is a Laurent separation, which implies (2.21) and (2.22). O
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An alternative form for (2.21) and (2.22) is

+zw:M +Z;__Z1—LQP(Z)+
“(z,w) =2f5 (2 Z,w +Z—1 —_2’%7
225) g () = 26-(2) 4 ple, >[fo<>p(z7w) i ]

2.5. Now we consider the special cases where fy(z) = 2™, m € Z. We write g,
instead of g to indicate the dependence on m. The cases m > 0 and m < 0 have to
be treated separately. If we set fy(z) = 2™ in (2.6) then it follows that for z € T

(2.26) (1 —we(2)) gt (z,w) + g, (z,w) = 2™ if m >0,
(2.27) (1 —wp(2))gh(z,w) + g (z,w) = (1 + wep(2)) 2™ if m < 0.

Theorem 2.2. Let fo(z) = 2™ with m > 0. Then

~ plzw) “
k<0

Furthermore the threefold generating function satisfies

0 w1 we(2)p(z,w) 1
(2.30) n;gm(%w)C = 1——ZC‘1< 1—we(z) p(¢w)

Proof. We see from (2.11) that

A qu(w)zm+j = Z qk_m(w)zk.

> for |z] =1 < [(].

Hence (2.28) and (2.29) follow from (2.24) and (2.25) respectively.
To prove (2.30), we use (2.28). Changing the order of summation and writing
j = k —m we obtain

> g = S S gl
(2.31) m=0 LA <0
p(z,w) 1 1

1 —wp(2) 1 = 2¢" p(C,w)
because of (2.11). Now it follows from (2.26) that

o0

“1ym p(z,w)
2 G

Adding up we obtain (2.30). O

Z I (2, W) =
m=0

m=0
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For m = 0 and fy(z) =1 we get

o) = PE W)
(2.32) i ) = A
(2.33) g()_(sz) =1-p(z,w),
_ o, we(z)p(zw)

(2.34) go(z,w) =1+ | —wp(s)

Theorem 2.3. If fy(z) = 2™ with m < 0 then
(239 siter) = B S (st
(2.36) (2, 0) = 227 — rw)p(z,w) _Zpk_m<w>z

k=m

Furthermore, the threefold generating function satisfies

(2.37)

- — L ww(Z)p(z,w)l—wsO(C‘l)) | —
3w = ey (1 ORI ) k=1

Proof. By (2.12) we have

_ |m|—1 -1
<zm—1 — wgp(z)) = 2"p(w) Z pr(w)2" = r(w) ij,m(w)zj,

p(z,w)

and (2.36) follows immediately if this is substituted into (2.25). To prove (2.35), we
apply the relation a™ = a — a™ to (2.24), make the same substitution and obtain

Hl

+ m
gr(z,w) = —=2m 4 2™ il
1 —wgo kz%
__.m k
= 2" 4 2" 1 E— Zpk Z pr(w)z

k=|m|

Now (2.35) follows with (2.12). The relation (2.37) is proved in a similar manner as
(2.30). O

For m = —1, fo(z) = 1/ it follows that

(2.38) zgt (z,w) = =1+ % r(w),
(2.39) 2971 (z,w) =2 — p(z,w) r(w),
(2.40) zg-1(z,w) =1+ % r(w).

This case has a particular importance because of its relation to the alternative ruin
definition in terms of (1.6). If the recursion starts with fy(z) = 1 then

(2.41) go(z,w) = Z Fa(2)w" = zg_1(z,w).

n>0
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From (2.40) and (2.34) follows that go(z,w) — 1 = r(w)(go(z,w) — 1) or

bog =1(w)byr forn>1and k € Z.
Formula (2.39) implies that

For z — oo the right hand side tends to 2—r(w) and the left hand side to >~ by o™
Because of l;o,o =1 it follows that

o R (0.9] 1
(2.42) meow" =1—r(w)=1—exp ( - Z —an,ow")
n
n=1 n=1

For w — 1 one obtains
o
—1

(2.43) ; l;n70 =1—exp ( — nz_: %an’o).

In the probabilistic interpretation lA)mO is the probability that a random walk, start-
ing in 0 and restricted to Ny, returns to 0 the first time at n, whereas a, is the
probability that an arbitrary random walk starting in 0 returns to 0 at n.

By means of (2.18), the quantities gy, f}o etc. based on ¢ instead of ¢, as intro-
duced in Section 2.3, can be expressed through ¢(1/z) and p(1/z,w). We derive one
of these relations which will be used later. It follows from (2.41), (2.40), (2.18) and
(2.17) that

. _ o, we(Q)p(¢ w) _ ., we(1/¢)
o) =T a0 M T W
o 1 L wp(1/¢)
S e T T )
Since this is a Laurent separation, we obtain
N 1
(2.44) g5 (Cw)=1—r(w) + m

3. The Structure of p(z,w) and the coefficients

3.1. Now we study the function p(z,w) in more detail. Its definition (2.8) is
rather formal and computationally very complicated. We first note a relation which
follows from (2.33) and (2.32).

(3.1) p(z,w) =1-g5(z,w) = (1 —wep(z)) g5 (z,w) for w € D.

Theorem 3.1. If G is the domain where ¢ is analytic and w # 0, then p(-, w)

is analytic precisely in G U {|z| > 1} and its zeros are the zeros of 1 —wp in G N D.

Proof. The definition (2.8) shows that p(z,w) is analytic in {|z| > 1} and # 0 in
{]z] > 1}. For z € D we use (2.9) to conclude that 1 — wep(z) and p(z,w) have the
same singularities and zeros. ([l

3.2. Now we turn to the coefficients. We write

(3.2) fn(z) = anvkzk for |z] =1

keZ
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so that, by (2.4),

(3.3) g(z,w) = Zmekzkw” for |z] =1, |w| < 1.

n=0 k€Z
In particular, the given function is

(3.4) fo(z) = Z bo,kzk-

The recursive definition (1.5) and (2.1) lead to the recursion formula

(35&) bl,k = Z ak_jbo’j for k € Z,
JEZ

(3.5b) buyik = Y ar_jby; forn €N, ke Z.
j=0

By (2.10)—(2.13) we have for w € D

(3.6) p(z,w) = Z an,kzkw”,

Zankz w" (|2 = 1),

n=0 k<0 n=0 k<0
1-— wgo
(3.7) w Zankz w" 1—w<,0 Zankz w" (2] < 1),
n=0 k>0 n=0 k>0
(3.8) r(w) = Zrnw”.
n=0

From (2.14) and (2.15) follows that ppo = 1, pox = 0 (k < 0), ppo =0 (n > 0)
and from (3.1) that

(3.9) Pk = —bonx form>1,k <0,

where by, denote the coefficients belonging to f, = 1, see Section 2.5.
Multiplication of the second equations in (2.12) and (2.11) with (1 —wep(z)) and
comparison with the respective first equations in (2.11) and (2.12) gives

w) Y pe(w)F =" q(w)z —wz<zak 4 (w ))Z’i

k<0 k>0 kEZ N j>0
w) Zpk(w)zk = Z qr(w)2F —w Z ( Z ak_jqj(w)) 2"
k>0 k<0 kEZ N j<O

Comparing coefficients we obtain

—wZak_jqj(w) for k <0,

Jj=0

—wZak_jqj(w) for k > 0,

Jj<0

(3.11) r(w)=1—w) ajg(w)=1—w) a gw)

Jj=0 J<0

(3.10) r(w)pe(w) =
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wZak,jqj(w) for k <0,
(3.12) qr(w) = =
wZak,jqj(w) for k > 0.

Jj=0
It is easy to derive from these formulas that

Pk = —Qk, Qi =a; fork#0.

For n > 1 there are no explicit expressions for the p,; and g¢,;. However, the
numerical calculation of the p,x, & < 0, is possible via (3.9), for the by, can be
calculated recursively by means of (3.5). Another way, which allows to calculate all
the p, 1 and ¢, is based on the formulas (3.10)—(3.12). Substitution of the second
series in (2.13) into (3.12) gives the recursion formulas

(3.13) nt1k = Zak_jqnyj for n € Ny, k <0,
Jj<0

(3.14) ni1k = Zakqumj for n € Ny, k£ > 0.
j=0

Starting with ¢oj, which is = 1 for k = 0 and = 0 for £ # 0 by (2.14) and (2.15),
this allows the recursive computation of the g, 1, see the proof of Theorem 3.2 below.
Thereafter, the 7, can be calculated from (3.11) by the recursion

ro=1, rp1 = Za,jqnyj = Z a—;qn; forn € Ny.

J<0 J=0

Finally, the p,, can be calculated from the ¢, ; and the r, using (3.10).
The recursion formulas (3.5), (3.9) and (3.13) imply that —p,, , and g, for n > 1,
k < 0 has the form

(3.15) > vl dn)ag, - -a;, v E N

The same is true of the coefficients by, of g, for n > 1, k € Z.
Now we derive a characterization of p(z,w) that is more structural than (2.8).

Theorem 3.2. For each w € D, the function p(z,w) is uniquely characterized
by the conditions

1

(i) W_l e,
L —wp N
(ii) ) ew.

Proof. It is easy to show that the functions in (2.8) and (2.9) satisfy (i) and (ii).
Now we assume that p satisfies the conditions (i) and (ii). Using (i), we define
qr(w), k < 0, for this p by (2.11) and multiply this relation with (1 — ¢(2)). Then
(ii) implies that the first case of (3.12) holds. Next we write this in matrix form,
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observing that (i) implies that go(w) = 1:

g—1(w) a1 ap a1 ay g-1(w)
g—2(w) a_s a1 ag ar ... | | g-a(w)
(316> q,3(w) =w a_3 +w a_9 a_1 Qo q73('lU) ’
or, shorter,
(3.17) q(w) = wa + wAgq(w).
If we define the norm of complex infinite vectors w = (w;)i=12,. and matrices

(Qij)i,jzl,Q,... by

9

0 [eS)
lwll =" |wi| and (|2 = sup Y [,
i i>1 “—
=1 j=1

the vector space becomes a Banach space and the matrix algebra a Banach algebra.
Then

1
p(aw)

lall = > laxl < llell, 1Al = S.E?Z |a;—il = lll],
> =1

ol = 3" lae(w)| = ||=—| - 1,

k<0

the norms one the right hand sides being those in #. Therefore the series
(1—wA) ' =1+wA+w*A*+. ..
converges absolutely for |w| < |||/~ and is an analytic function of w. It follows that
q(w) =w(l —wA) ta = wa+w?Aa+w*A%a+ ... (Jw] < ||,

so every component ¢_x(w) (k < 0) can be expanded into a power series as in (2.13)
which converges absolutely at least for |w| < [|¢]|™*. Then the recursion formula
(3.13) holds which together with the initial condition goo = 1, gox = 0 for £ < 0
uniquely determines the coefficients g, x of 1/p. O

3.3. Using Theorem 3.2 we determine p(z,w) for an important special case;
compare Theorem 3.1.

Theorem 3.3. Suppose that ¢~ has a meromorphic continuation to D with the
poles (i, ..., (4 counting multiplicity. Then

(3.18) p(zw) =] = 2 (w)

el G
where the z;, are the zeros of 1 —wy in D.
If ap =0 for k < —d and a_4 # 0 then (; = ... = (4 = 0 and thus p(z,w) =
HZ=1 (1 — 27 2,(w)). Only this case was considered in [JP07].

Proof. We consider the Blaschke product
d

(3.19) bie) = [[ =2

Pl 1 —az.
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Let ¢ be defined in D as the sum of ¢ and the analytic continuation of ¢~. Then
(1 — wy) is analytic in D and continuous in D. Let |w| < p < 1. By (2.3) there
exists r with |(x| < r < 1 such that |¢(z)| < 1/p for |z| = r. Hence

[we(2)(2)] < [P(z)] for |z] =r.

Hence it follows from Rouché’s theorem that (1 — we) and therefore 1 — wep has
precisely d zeros in |z| < r as has 1. Thus the product (3.18) is well defined.

Now we apply Theorem 3.2. It is clear from (3.18) that (i) is satisfied, and (ii) is
true because the z;(w) are all the zeros of 1 — w. O

3.4. Finally we consider the symmetric case that p(z) = ¢(1/2z). Then a;, = a_
for all k£ and it follows that the coeflicients of p(2)" satisty a,, = a, ;. Hence we
obtain from (2.18) that

(3.20) 1 —we(z) =r(w)p(z "t w)p(z,w) for |z] =1, |w| < 1.
For z =1 we obtain

(3.21) p(1,w) = /(1 —p()w)/r(w) for |w| < 1.
Example 3.1. Let Rea > 0 and

©(z) = exp [ — o+ %(2 + %)} =e “Io(a) + ieajk(oé) (Zk + %)

where [;, are the modified Bessel functions. Then
. t
[p(e")] = exp [ — 2(Re ) sin® 5} <1.

It follows from (3.21) that

o wn
Lw) = Vi [*a I —]
plL0) = VT e [ Y o)
Example 3.2. Now suppose that
d
p(2) =ag+ > _ap(z" +275).
k=1

The Chebychev polynomials Tj, satisfy Ty, (3(z+27")) = 1(2"+27%) [MOS66, p. 257].
With ¢ = 1(z + 27!) we there fore can write

d

d
X(Z) = Qo + QZ aka(C) = Z Cka.

k=1 k=1

The polynomial 1 —wyx/(z) has d zeros (;(w) and each of these zeros gives rise to two
zeros zp = (, £ /¢ — 1 of 1 — wy(z), which satisfy |z, | < 1 < |z|. Using (3.18)
we can compute p(z,w) and we can obtain ro(w) by (3.21). This leads to an explicit
formula if d = 2, which corresponds to the symmetric pentanomial distribution.
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4. Application to random walks

In this section we consider the probabilistic setting described in the introduction.
It is characterized by a; > 0 for k € Z and the property

(4.1) p(1)=> ap=1
keZ
which sharpens (2.2) and (2.3) and has not been used in the preceding sections.

4.1. First we consider the ruin problem. For the sake of a simpler notation we
now assume that Sy = m € Zg, so fo(z) = 2™. The probability measure P considered
in the introduction and the stopping times R and R according to (1.4) and (1.6) will
be denoted by P,,, R,, and R,,. In the classical language, R, is the moment when
a player with initial capital m is ruined; we allow m to be negative.

Form e Z, k € Z and n € N we set

(4.2) bmm,k:Pm(Sn:k, S, >0(v>1, V<n)) for n > 1.

For n =0 and n = 1 the conditions on v are not satisfied by any v. Clearly
b0k = 1 for m =k, = 0 else,
bk =Pn(S1=k)=P,(m+ X1 =k) = ap_m.

An alternative notation, valid for all n > 0, is

(4.3) b = Pu(Sn =k, Ry >n).

As in (3.3) with fo(z) = 2™, we consider the generating function

(4.4) Gm(z,w) = 2™ + Zmem,kzkw" for |z| =1, |w| = 1.

n=1 k€Z

Let n > 1. Since S,y1 = S, + X,i1 by (1.3), it follows from (4.2) and the
independence that

bm;nJrl,k = ZPm(Sn = .jv Sl/ Z 0 (V < n>7 Xn+1 =k _.]) = Zakfjbm;n,j
7=0

J=0

This is the recursion formula (3.5b) which is equivalent to our basic relation (1.5b).
Moreover, we also have

bm;l,k = OQg—m = Zakfjbm;o,ja
JEZ
which is the same as (3.5a) and therefore equivalent to (1.5a). Hence we can apply
all our previous results with ¢(1) =1 and ||| = 1, see (2.2) and (2.3).

Theorem 4.1. Let Sy = m and S, be defined by (1.3). If m > 0, then

(4.5) i ZPm(Sn =k, R, >n)"uw" = _pzw) iqk_m(w)zk,

n=0 k>0 1 —wp(z) k=0

(4.6) Z Z P..(S, =k, R, =n)z"w" = p(z,w) Z Qo (W) 2"

n=1 k<0 k<0
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If m < 0, then
(4.7) Z ZPm(Sn =k R, > n)zkw" = —w Zpk_m(w)zk,
n=0 k>0 1 —wp(z) k=0

(4.8) Z ZPm(Sn =k, Ry =n)z"w" = 2™ — r(w)p(z, w) Zpk,m(w)zk.
n=1 k<0 k=m
Proof. We apply the Laurent separation to (4.4) and use (4.3). Then the assertion
follows from Theorem 2.2 and Theorem 2.3. U

The functions g, (w) were defined in (2.11) and can be computed from the recur-
sion formula (3.13). The function p(z,w) was formally introduced in (2.8) and was
discussed throughout Section 3. Since p =1 — g, by (3.1), we obtain from (4.4) the
probabilistic interpretation

(4.9) plzw) =1-Y Y Py(S, =k, Ro=n)z"u".
n=1 k<0
If X is bounded below or if, more generally, the generating function ¢ is meromorphic
in D then p(z,w) is given by the analytic formula (3.18).
Now we put z = 1 in (4.6) and (4.8). Since R,,, = n implies S,, < 0 we obtain
with (2.11)

> Pl = n)w" =p(lw) 3 gi(w) =1 =p(Lw) Y q-(w) form >0,

J<-m j=0
o0 m[—1
ZPm(Rm =n)w" =1—r(w)p(l,w) Z p;(w) for m < 0.
n=1 7=0
If we let w — 1—, we obtain
(4.10) P (R =00) = p(1,1) Y q_;(1) for m > 0,
=0
Im|—1
(4.11) P, (R, =00) =r(L)p(1,1) Y p;(1) for m < 0.
=0

4.2. We now consider the modified ruin problem on the basis of (1.6). Then R,
is equivalent to R,,_; in (1.4), and is related to the generating function §,,(z,w) in
an analogous way as R, is related to g,,(z,w). Obviously G, (z,w) = 2gm—1(z,w) .
For simplicity we restrict ourselves to Sy = 0 and obtain from (2.38), (2.39) that

(4.12) 0 () = s w) = =1 722 ),
(4.13) 9o (z,w) = 2971 (2,w) = 2 = p(z, w) r(w),
(4.14) go(z,w) = zg_1(z,w) =1+ %r(w) .

4.3. Now we turn to the minimum problem. We start with Sy = 0 and define
(4.15) M, =min{S,:0<v <n} (né€ Ny).
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Theorem 4.2. For || > 1 and w € D we have

P €25 0)
(4.16) ZZPO P w (1—w)p(Cw)’

n=0 u<0
Proof. For p1 > 0 we consider Sy, := p + S,. Then we have for p >0, n >0

(4.17) Po(M, = —p) =Po(S >0 (v <n)) —Po(S,—1,, 20 (v <n)).

This is obvious for ;> 1, n > 1. In the other cases, (4.17) can be read off from the
following table:

pooon Po(M, = —p) Po(Suy >0 (v <n)) Po(Su_1p >0 (v <n))
) 1

>1 0 | Po(So=—p)=0 Po(p>0)=1 Po(p>1)=1
0 >1[Po(S, >0 (<n)) Po(S, >0 (r<n)) Po(S,>1(r<n))=0
0 0| PySy=0)=1 Po(0 > 0) = Po(—1>0) =0
Since S,;0 = p it follows from (4.2) and (4.4) that for p € Z
gr(Lw) = ZZPO Spm =k, Suw >0 (v>1, v <n))w"
n=0 k>0

= ZPO(SW, >0 (r>1,v< n))w
n=0
For p1 > 1 we can write (4.17) in the form
Po(M, =—p) =Po(S >0 (v>1, v <n)) —=Py(S,-1,, >0 (v >1, v <n))

and obtain
=0

For pn =0, (4.17) becomes
Po(M, =0) =Py(So,, 20 (v >1, v <n))

and therefore
(oo}

ZPO(Mn = 0)w" = g (1, w).
n=0
This implies

ZZPO( )¢ ™ —Zgulw Zgullw —H

n=0 pu=0
) Zg,f(l,w)é’"‘-
n=0

Hence (4.16) follows from (2.31) for z = 1 because (1) = 1. O
Multiplying (4.16) by 1 — (™! we obtain

<0 n=1 u<0
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The coefficients p,, , and g, were defined in (3.6) and (3.7). We write

:an,k:1_2|pn,k| (TLGNQ),

k<0 k<0

see (3.15). Then p(1,w) = Y_."  piw™. Using (2.11) we obtain

(4.18) Po(M, = p1) — Po(M,_, = an o

4.4. Finally, we apply Laurent separation to another approach to the minimum
problem for random walks starting with Sy = 0, which supplies additional information
about the terminal position S, and the first time N,, at which the minimum is
attained, cf. [Spi76, p. 205 ff]. It is defined by

(4.19) N, = min{t € [0,n] : S; = M,}.
Theorem 4.3. For |(| > 1 and w € D we have

ZZZZPO =u+h, N,=v)z hgvamer

(4.20) p<0 n=0 v=0 h=0
_ p(z,w)
(G sw)(1 —wep(2))
For z — 1 we obtain from (4.20) and (4.1) the threefold generating function

=v)s"w"Ct = p(l,w)
>3y P, )W = S sw) L —w)

n<0 n=0 v=0

and then (4.16) by letting s — 1.

Proof. From Sy = 0 follows that M,, < 0 and M, = 0 if and only if S; > 0 for

1 <t<n. Let M, =—p and N,, = v. We first consider the case py > 1, n > v > 1.
(i) LetSo—OandS —S,, =S ==X, - X, 1—...—X,jforj=1... v
Then 51 >1, ..., SV 1 > 1, S = p. This event depends only on Xl, oo X,

and is described by Ro >y, S, = (1, therefore has the probability bo;w, see

Section 2.3 and Section 4.2. The tilde in §0, Z;Om,ka 150 and RO denotes terms
belonging to ¢ and fo = 1.

(i) Let Sy = 0 and S =S4 =S, =Xpm+...+F X, yjforj=1...,n—v.
Then S; > 0, ... S, 1> 0, S, = h for some h > (. This event depends only
on X, 1,... ,X and is descrlbed by Ry > n — v, S,_, = h, therefore has the
probability bo.n—v -

With these variables, the event (M,, = —pu, S,, = —p + h, N,, = v) can be described
as (RO >y S, = i, Ry >n—wv, S,_, =h), and it follows from the independence
that its probability is PO(RO >y, S, = 1) Po(Ry > n—v, S,_, =h), hence

(4.21) Po(M, = —p1, S, = —p+ b, Ny = 1) = bow,uboun v -
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Moreover, Po(M, = —p1, S, = =g+ h, Ny, = 0) = 0 = byg,, for p > 1 and all n > 0,
so (4.21) holds for ¢ > 1, n > v > 0. Furthermore,

bo. f =
(4.22) Po(M, =0, S, = h, N, =) = { omh or v =0,

0 for v > 1.

For >0, |s| <1, |w|<1 \z|<1 let

(4.23) Yu(w, s, 2) ZZZPO (M, = —p, Sy = —pn + h, N, = v)z""s"w".

n=0 v=0 h=0
By exchanging the order of summation over n and v one obtains from (4.21)

w S, Z Zb()uu Sw Zzb()n Vhw - h = 220§V7M(Sw)yga_(z7w)
v=0

n=v h=0
for p > 1. From (4.22) follows that yo(w, s, 2) = gq (2, w). Hence for |¢| <1

Z% w5, 2)CH — (1+Zwa )¢ )ai 1 v)

pn=1 v=0

:(1—2?} yO(Sw —booo Zzz,,u SU) <H> (Z,U))
v=1

= (r(sw) — 1445, Sw))ga“(z,w),
where we have used (2.42) and (2.17). With (2.44) follows that

. 1 p(z, w)
ZW s N = e o) = e

the latter by (3.1). Finally, (4.20) follows if we replace p by —u and ¢ by 1/¢. O
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