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APPROXIMABLE QUASIDISKS
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Abstract. In this paper, we study a question posed by Anderson and Hinkkanen [AH]: what
quasidisks are approximable? We show that a quasidisk bounded by an analytic curve is approx-
imable.

0. Introduction

In 1962, Ahlfors and Weill [AW] introduced the method of quasiconformal ex-
tension to prove the univalence of a meromorphic function f satisfying the Nehari
condition

1S(f, 2)]
O S WE I

in the unit disk A = {z € C: |z| < 1}, where

B f// / 1 f// 2
S(f,2) = (F) (2) =35 (7) (2)
is the Schwarzian derivative of f,

Aa(z) = —

DR
is the Poincaré density at the point z € A, and C denotes the complex plane. In
1973, Becker [B| established the related univalence criterion

2f"(2)
f'(2)Aa(z)
via the methods of Loewner chains and quasiconformal extension.

The univalence conditions (1) and (2) in the unit disk have since been generalized
by several authors including, among others, Ahlfors [A|, Epstein [E|, Anderson and
Hinkkanen [AH|, Osgood and Stowe [OS]|. The result of Anderson and Hinkkanen
also gave univalence and quasiconformal extensibility criteria in the more general
domain setting of approximable quasidisks, while Osgood and Stowe’s result provided
univalence conditions in an n-dimensional Riemannian manifold.

In [AH], the authors asked whether all quasidisks were approximable, and further
suggested that a “sufficiently smooth” quasidisk would be approximable. The aim of
this paper is to study this problem, and we will show that a quasidisk bounded by
an analytic curve in C is indeed approximable.

(2) sup <1

zEA
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1. Preliminaries

If D is a domain in the extended complex plane C=Cu oo, we use 0D and
D* to denote the boundary and exterior of D in C respectively. For an open disk
B(a,r) of radius 7 centered at a, B(a,r) denotes its closure. If S is a subset of
the complex plane and f is a complex-valued function whose domain contains S,
then f(S) denotes the image of S under f. We also use f, and f; to denote the
partial derivatives % and 2 55 L respectively. We define quasiconformality in terms of
maximal dilatation as in [LV]. A K-quasidisk is the image of the unit disk A under
a K-quasiconformal self-mapping of C for some K > 1.

Suppose a Jordan curve C'is the common boundary of the domains D and D*. A
K-quasiconformal reflection in C' is a sense-reversing K-quasiconformal involution of
C that preserves every point of C. We now recall the definition of an approximable
quasidisk, first introduced in [AH].

Suppose D is a K-quasidisk in the finite plane C and g¢; is a conformal mapping
of A onto D. If fi = g;*, then the density of the Poincaré metric at a point z €

D is given by Ap(z) = 17‘{}1(’2;‘2 Let D,, be a sequence of Ki-quasidisks so that

D, C D,y € D for all n and D = U2, D,,. Suppose for some K; > 1 and
for all n, there exist K;-quasiconformal reflections ¢ in D and (, in 0D, such that
¢ € CY(D) and ¢, € C*(D,,), and let J and J, be the Jacobian determinants of ¢ and
(, respectively. Given k, k; satisfying 0 < k < k; < 1, we write E = |G|>—k?|(.|* > 0
and E, = [(¢,)z]* — k2](¢,).[* > 0. The next definition and theorem are taken from
[AH, pp. 837-838].

Definition 1. A domain D is an approximable K-quasidisk if the following
conditions hold:

(a) there exists a constant K7 > 1 and an exhaustion of D by K;j-quasidisks D,,
of the type indicated above,

(b) each D,, has a Kj-quasiconformal reflection ¢, € C*(D,) of order 2 (i.e.,
(u(Ca(2)) = 2 for all z) and for each z € D, we have lim,, ., (,(2) = ((2),

(c) for each § > 0 there exists p € (0,1) such that if f1(D,) 2 {w: |w| < p} and
z € D,, with |f1(2)| > p, then, for such a point z,

G (C)s Tl
®) 2P STV E LR

GO (G ()<l
@ B —CEP  Enlz— G| =Bz - P
(5) G2 e>0 and e < (G <
© —Ejfj’fi"(‘z)‘ > Ap(2),

where ¢ depends on K and K only.

Theorem 2. Let D be an approximable K -quasidisk contained in C and suppose
that K1, ¢ and Ap are defined as above. Let f be meromorphic and locally univalent
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in D and suppose that g is a complex-valued function in C'(D) satisfying
29¢(2 = ) — (2 = O)*{g=C. + Glg*> — 9= + %S(f)]}
J=29C(2 = Q) + (2 = OHg=C. + Glo® —g- +3S(NI} |~

for some k € [0,1) and all z € D. Then there is a positive number ¢ depending only
on K and K, such that, if

(7)

limsup [g(2)|(Ap(2)) ™" < e
z—0D

and

lim sup |gg(z)|(/\p(z))_2 < gy,
z—0D

then f is univalent in D and has a if—k-quasiconforma] extension h to C given by

(z =S (€(2)

(®) hz) = F(G(2) + =
L+ (2 = ¢(2) (9(¢(2) - 35 (¢ =D)

for z € D*.

2. Quasidisks bounded by an analytic curve

An analytic Jordan curve is the image of the unit circle S' under a conformal
map on a neighbourhood in C of S* to C.

Remark. Any Jordan domain bounded by an analytic curve is a quasidisk (see,
for example, [LV, p. 96, Theorem 8.1]).

If D is a bounded K-quasidisk having an analytic curve as its boundary and
g1 is a conformal mapping of A onto D, then g; may be analytically continued to
be analytic and univalent in the closed disk B(0, R) for some R > 1. Let g, be a
conformal map defined in B(0, R)* so that

g2(B(0,R)") = ¢1(B(0, R))* and gz(00) = o0.

The quasisymmetric function h(z) = g5 ' (g1(Rz)) on S' can be extended to a

quasiconformal self-mapping H of A, with maximal dilatation K; in A for some
Ky > 1. For z € B(0,R), let H(2) = RH(%). The map

g1(2), z € B(0,R),

Gl(z) = 9 <H(R;)> . z€ B(O,R)*,

is a Ki-quasiconformal self-mapping of C. Usually G(00) # o0, since G1(00) = 00
if, and only if, H(0) = 0. Let 7, be a strictly increasing sequence in (0,1) so
that lim, ., r, = 1 and define D, = ¢;(B(0,7,)). Let F,(2) = Gi(rnz). Since
F,.(A) = D, the domain D, is a K;-quasidisk for each n. The maps

2
and (, = G1 o =
—1 Gfl
1 1

9) (=Gio
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are Kj-quasiconformal reflections in dD and 9D, respectively. For each w € D, let
z be the point in A such that w = g;(z). For w € D\ g1 (B (0, %)), we have

1
C U}) =g | —
W)= (gfl(w))

)), we have

Cn(w): 1 ri .
! (gfl(w))

By the chain rule, for w € D\ ¢y (E (O, %)), we have

and, for w € D, \ g1 (B (0, %

Cw(w) =0 and (z(w) = — 91/( ) ,
2%g1(2)

and, for w € D, \ ¢ (E (O, }%)), we have

(Gn)w(w) =0 and ((y)p(w) = —

241(z)
Our next result shows that the absolute values of the partial derivative (g ap-
proach 1 uniformly near the boundary of D.

Proposition 3. For each c € (0, 1), there exists p € (}%, 1) such that

¢ < lalw)] <
for each w € D\ g1 (B (0, p)).

Proof. Since ¢} and g/ are continuous on the compact set B(0, R)\ B (O, l) and

R
g7 # 0, there exist m > 0 and M > 0 such that

(10) 91(2)] = m and |g7(z)] < M

for all z € B(0,R) \ B (O, %) Take p € (%, 1) sufficiently close to 1 so that
M 1 1
—(1—=p?) <min{l—c,~-——¢.
o¥m c

For = € A\ B(0, p), by integrating along the line segment connecting z and %, we

have :
1 1
! - _ ! < - .
9 (2> q'(2) <M (p p)

(Calw)| = -2 %—(%U

1

/ WHOL.

91 (3)
2%g1(2)
it follows from the triangle inequality that, for z € A\ B (0, p),

1
SM‘i_Z
Z

Since

)

M ) 1 M )
¢S (=) S IG)| € (1) <

as desired. 0
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Proposition 4. The functions (, converge to ( uniformly in C with respect to
the chordal metric.

converges uniformly to G% in

-1
1 1

C. It then follows from the uniform continuity of G; on C and from (9) that ¢,
converges to ¢ uniformly in C. O

Proof. Since the chordal metric is bounded,

1

Proposition 5. For every € > 0, there exists a positive integer N such that if
n>N,ry > % and w € D, \ G (B (0,%)), then

|(Cn)w(w) = Co(w)] < e.
Proof. Since zg}(z) # 0 for all z € A\ B (O, }%), there exists M > 0 such that

1
|291(2)|

<M

forall z€ A\ B (0, %) Since z # 0 on the compact set A\ B (O, %), the map

. 9 (3)
fizr— ==

is uniformly continuous there and so & (%) converges uniformly to £(z). For every

e > 0, there exists a positive integer N such that if n > N, ry > 1 and 2 €

A\ B(0, 1), then ’
K(2)-eo

Our result then follows from the inequality

<€
M

(Go(w) — Calw)] < M \s (%) -e

for all w € D, \ Gy (B (0, %)) O

Proposition 6. There exists p € (%, 1) such that

4

Ao() < )

for allw € D\ Gy (B (0, p)).
Proof. From (10), there exist m > 0 and M > 0 such that |¢}(z)| > m and
l97(2)] < M for all z € B(0,R)\ B (0, ). Take p € (%,1) N (3,1) such that

2

[\~

< 22
P>

=

Then, for w = g1(z) € D\ g:(B(0,p)), we have (all integrals below are taken along
line segments)
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I
z\\

Q

-

—~
N

SN—
QL
V2)

1
1 z [
= |91(2)] E + / / gi(t)dtds
: 2
1 : 1 M1
< / - M — d e / _ =
<IA@I|5 2|+ [ arls—aliasl =l @I|3 2]+ F |5 -2
ol 1 .
< g1(2)| g—z +m %—z by our choice of p
1 21 — g7 (w)]? 4
<2l |; -+ <« TG < o
pl(gr ) (w) p(w)
as desired. 0

Proposition 7. For each § > 0, there exists p € (%, 1) such that

w = Gu(w)] < (14 8w — ((w)]

for all w € D, \ g1(B(0, p)).

Proof. From (10), there exist m > 0 and M > 0 such that |gj(z)| > m and
97(2)] < M for all z € B(0,R)\ B (0,%). Take p € (4,1) such that

1 mo
11 1o, M0
(11) p P Ma+ D)

Then, for w = g1(z) € D, \ 91(B(0, p)), we have (all integrals below are taken along
line segments)

o= 6w = o = )l = o (2) a2 -

(12) 2
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j
(11)

by
<

For z € B(0,7,) \ B(0, p),

[ 66 - gz ds

2

- —z

: M1
g/ M|s—z[|ds]:7‘_
. z

gi(t)dtds
1

and thus, from (12), we have

=

/ g{(t)dtds

7",'2,1/ s
= /Z/g’l'(t)dtds +/

7‘% 1

= E 1
g/ M|s—z[|d5!—|—/ M|s—z|\ds|<M‘j—z

z z <

2

and hence
e :
st = )l =a|ai2) (3 =) + [ ahlo) - s as
1 M6 |1 2
>mi|l— —z|——|= —2z
z 2 |z
by (11) 1 2
M'— 2| > fw = Galw)] = o = C(w)
as desired. ]

Let J and J, be the Jacobian determinants of ( and (,, respectively. Given k, k;
satisfying 0 < k < k; < 1, we now define, for z € D,

B G
E_ |CE|2_I€2|CZ|27 X - E(Z—C)Q’
En - |(Cn)2| - k1|(Cn)Z| ) Xn - En(z _ Cn)2

Lemma 8. For each § > 0, there exists p € (%, 1) such that, for all n satisfying
the condition p < r,,

(1 =0)I¢:| < ()2l < (14 9)[¢]

on Dy, \ g1(B(0, p)).
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Proof. By Proposition 3, there exists ¢ > 0 such that
Gl = ¢

on D\ ¢, (E (0, R)) Taklng e = ¢, it follows from Proposition 5 that there exists
an integer N > 0 with ry > R such that, for all n > N,

|(Cn)z — G| < e < 0|

on D, \ g1 (E (0, }%)) Applying the triangle inequality and taking p > ry then gives
the desired result. 0

Lemma 9. For each § > 0, there exists p € (%, 1) such that, for all n satisfying
the condition p < 1y,

[ X] < (14 9)1X,]

on Dy, \ 1(B(0, p)).
Proof. Take & > 0 such that (+%)° < 1446. Applying Proposition 7 and Lemma

-5
8 with 0’ in place of  yields the existence of p € (}%, 1) such that
< (1407 1(Gn)s]
X| = < 0)| Xn
N FEC R A rEr
as desired. 0

Theorem 10. A bounded quasidisk having an analytic curve as its boundary is
an approximable quasidisk.

Proof. If the boundary of a bounded K-quasidisk D is an analytic curve, we
define D,,, ¢ and (, as in the beginning of this chapter. Then (a) of Definition 1 is
satisfied and (,(¢,(z)) = z. Since D is bounded, it follows from Proposition 4 that
(b) of Definition 1 also holds. For each § > 0, take p € (%, 1) so that Propositions
3, 6, 7 and Lemmas 8, 9 all hold. Then (3) is precisely Lemma 9; (4) is trivially true
since its left-hand side is zero; (5) follows from Proposition 3 and Lemma 8; and (6)

is a consequence of Propositions 3, 6, 7 and Lemma 8 since % = }EC"HQ 1. This

fulfills (c) of Definition 1 and gives the desired conclusion. O
Theorem 2 then yields the following corollary.

Corollary 11. Let D be a bounded K-quasidisk having an analytic curve as its
boundary, let { be defined as in (9), let f be meromorphic and locally univalent in
D and suppose that g is a complex-valued function in C''(D) satisfying (7) for some
k € [0,1) and all z € D. Then there is a positive number ¢, depending on K such
that, if

limsup |g(2)|(Ap(2)) ™" < e
z—0D
and
lim sup 9:(2)|(Ap(2))* <&
z—0D

1

then f is univalent in D and has a +k -quasiconformal extension h to C given by (8)

for z € D*.
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