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Abstract. We prove the Campanato theorem on a metric space. The theorem characterizes
Holder continuous functions by the growth of their local integrals. As a byproduct we obtain Morrey
theorem on Hajtasz—Sobolev spaces.

1. Introduction

In [1] Camapanato characterized Holder continuous function f: R™ — R in terms
of the growth of it local integrals. To be more precise we recall this result.

Let © C R"™ be a bounded domain such there exists some 3 > 0 with
|B(y,r) N Q| > pr* forall y € Q, r>0.
If f € LP(Y') and there exist C' and o € (n,n + p) such that

/ |f(x) = fon| du < Cr? forall yeQ, r>0,
B(y,r)NQ

then f € C7 (Y).

There is no doubt that Campanato theorem plays a crucial role in studying the
regularity of solutions to elliptic partial differential equations.

The main goal of the paper is Campanato type theorem on a metric measure space
(X, 0, 1t). In order to achieve such kinds of result we have to add some assumptions
on the measure 1 and the metric p. We shall assume that the measure is doubling
and is continuous with respect to the metric p. It means that lim, ., u((B(z,7) A
B(y,r)) = 0 (see Definition 2.1), where A is a symmetric difference. It turns out that
the doubling measure defined on the metric space satisfying the so-called segment
property is continuous with respect to the metric.

As a corollary we obtain Morrey like theorem for Hajtasz—Sobolev spaces.

2. Definitions

In this section we introduce definitions necessary for the paper. Let (X, o, 1) be
a metric measure space equipped with a metric o and Borel regular measure . We
assume throughout this paper that the measure of every open set is positive, and that
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the measure of every bounded set is finite. Moreover, we assume that the measure
u satisfies a doubling condition. This means that there exist a constant Cy > 0 such
that for every ball B(z,r),

/L(B(.CL’, 2T>> < Cd:u(B<x7 T’))
By Lemma 14.6 from [4] we have

Remark 1. Let (X, o, 1) be a metric measure space equipped with a Borel mea-
sure o satisfying doubling condition with constant C,;. Then, for every y € X and

rg > 11 > 0 the inequality
pBy,r2) _ o (_) -

holds.
Let A be a measurable subset of X and f € L'(X). Then we denote the average

by
1
"=

Now, we recall the notion of continuity of a measure with respect to the metric

(see [3]).

Definition 2.1. Let (X, g, t) be a metric measure space. Measure p is said to
be continuous with respect to the metric ¢ if for every r > 0, the following condition

lim p((B(z,7) & B(y,r)) =0

holds. We will call such measure simply metric continuous when no confusion can
arise.

Let us stress that the continuity of u is assumed at the rest of the paper. By the
basic properties of the symmetric difference /A we obtain the fact.

Lemma 2.1. Let us assume that the measure p is continuous with respect to
the metric. If f € LP(Y') then for any r > 0 the map x — fp(,r) is continuous.

This result will be needed in Section 3. Throughout the paper we assume that the
measure is continuous satisfying a doubling condition. Finally, we recall the result [3]
which expresses partial equivalence of doubling measures and continuous measures.

Theorem 2.1. Let (X, o, 1) be a doubling metric space satisfying the segment
property. Then, the measure v is continuous with respect to the metric g.

Geometrically speaking, the segment property [2] means that for any z, y € X
there exists continuous curve ~y: [0,1] — X such that v(0) = z, v(1) = y and for all
z € [0,1],

p(r,y) = p(z,7(2)) + p(y,7(2)).

3. Main result

In this section we present and prove the main result of this paper. We assume
the assumptions of Section 2.
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Theorem 3.1. Let p > 1 and let Y C X be an open and pre-compact set such
that there exist 3 > 0 and Ry with

Bu(B(y,r)) < w(B(y,r)NY) forall yeY, Ry>r>0.

Then a function f € LP(Y) belongs to C*(Y) for a € (0,1) (or to C®Y(Y) in the
case a = 1) if and only if there exists a constant C' with

1 / ,
_ f(x) = fepr| du < CPro? forall yeY, r > 0.
S B Sy |

In the definition of fp(, ), we have extended f by 0 to X \'Y.

Remark 2. The theorem states that there exists f which is Hélder continuous
and such that f = f almost everywhere.

Proof. Let us assume that f € C*(Y). Fix y € Y and r > 0. If we take
r €Y N B(y,r), we have

(1) () = faen| < @) [1fllcary,
where by definition

z,yeY,x#y p<x7 Yy

|f(x) — f(v)]
fll o, =sup|f(y)|+ sup —>~r—"%
11l con vy yey\ (y)] s e

Integrating inequality (1) over the set B(y,r) NY we get
p
[ 180 fagnl” due) < w(Blo0) (21 o) 7"
B(y,r)NY

Now, we shall prove the converse implication. For any y € Y and 0 <r; <ry < R <
Ry we have

5w = FBaen|” < 27 ([F(@) = Foan " + £ @) = fowem]") -
Integrating over the set Y N B(y,r;) we get

HfHCa(y) = Slel}I/) |f(y)| + sup L_J;(y” for a € (0,1),
f

for a = 1.

2r—1

Foten) — ot < (/ F(&) — fage | dula
| B(y,r1) B(y 2)’ ,U(B<y,7"1)ﬂY) YﬂB(y,rl)‘ ( ) B(y 1)‘ ( )

" /YNB(M) |f(@) = foers | du(a;))

2r—1 ;.
< =YY —
~ Bu(B(y, 1)) (/mB(y,m) ‘f(q;) fB(ym)‘ ()

o B C Ry du<x>)
YNB(y,r1)

PP [y, opBly.r)
=73 ( “u(B(y,m)))'

Next, by Remark 1 we get

» 2p—1cp ) T;Verlogz Ca
(2) ‘fB(y,rg) - fB(y,n)‘ < it + Cdm :
1
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Subsequently, we put r; = %, ry = % in the expression (2) and we get

25CRY (1 4\ Re
Fu0.) = Tn(ost)| < Ggr (2— + Cd) = 5 C4,

where

o'y /1 L\
A:A(p767a70d): 1 _+Cd :

g A2
Hence, for | < k we get
k—1—1
Ro 1 R« g a
B Vos) = Iopg)| < gm0 L g S ety = A

where A = A 23:. Thus, we obtain that { fB(y » )} is a Cauchy sequence. Let us
_ 2 =0
denote its limit by f: )
) = fim fB(y’z%)'
Letting | = 0 and k — oo in (3) we get
(4) ‘fB(y,R) ~f (y)‘ < R°CA.

Hence, we obtain that f (y) = limp—o fB(y,r). Moreover, inequality (4) implies that
IB(y,r) approaches f(y) uniformly in Y as R — 0. By the other hand, since fg(, r)

is continuous for each R (see Lemma 2.1) we get that f is continuous too. Next,
by Lebesgue differentiation theorem (see [5, Theorem 1.8]) we get fp(y.r) — f (y)
r—0

almost everywhere. Thus, we obtain that f = f.
By inequality (4) we get

f(@)| < | fBGe.R0) — F(@)] + | FB0r0) | < CARG +
v
((B(x, Ro))¥’

where the Holder inequality was applied. Since the measure is continuous with respect
to the metric we get that the quantity

1
T / L )

< CARG + | fll oy

~ 1
C(Y) = sup T
vey ((B(y, Ro)))?
is finite.
Finally, we get
(5) sup | f(z)] < CAR + C(V) | fll 1oy

zeY

Now, we are in position to show that f is Hélder continuous. For this purpose we
take x,y € Y. We consider two cases. First of all we assume that R = o(x,y) < %.
Hence, we get

@) = W < @) = fowam] + [F0) = fowan| + | Tpoan = fowan]
< 2042°R* + | fpy2m) — f@er)| -
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Next, for any z € Y N B(x,2R) N B(y, 2R) we get

|fBw2r) — [Beer)| < |fower) — F(2)| + | f(2) = fo@en)| -
and integrating over G =Y N B(z,2R) N B(y, 2R) yields

| fBwer) — fB@2r)| < (/ | fBwer) — f(2)] du(z)
YNB(y,2R)

* /YmB(a:,QR) |f(2) N fB(mVQR)‘ dﬂ(2)> n(&)
< C2°R* ((u(B(2,2R) N Y))'"™7 (1 (B(z,2R)))?

+ (1 (B(y,2R) NY)' 75 (u(Bly,2R))7 ) n (@),

where the Holder inequality was applied. Since R = o(z,y) we have that B(z, R) C
B(y,2R) and B(y, R) C B(x,2R). Thus, we conclude that p(G) > p (Y N B(x, R)))
> Bu(B(z,R)) and p(G) > Bu(B(y, R)). Hence, for R < 1 we get
~ 9 ~
|f(z) = fly)] <2CA2°R* + %C’ZD‘RO‘ =2¢t(C (A + %) R"

=20l <f1 + %) o(z,y)”.

We now turn to the case x,y € Y such that o(x,y) >

2. By inequality (5) we get

_ R . _
|f(x) — f(y)] < 2sup|f| <2CARf + Q—R‘;C(Y) 1 2o vy
Y 0

- 2 . _
<2 (QCA + EC(Y) ||f||Lp(Y)> o(w,y)*.

0
Finally, combining inequality (5) with above inequalities we get

f(@) — [y
sup |f(z)|+ sup —| (z) a( ) < H(Cy4,c,3,p,Y) <C+Hf”Lp(y)>-
z€Y z,yeY,x#y Q(xa y)
This proves the theorem. 0]

The following result may be proved in much the same way as Theorem 3.1.

Theorem 3.2. Suppose that a € (0,1] and f € LP(X) satisfies for every y € X

and r > 0
1

B S o, »
#(B(y. ) /B@T) /(@) = fown | dp < CPro?.

Then f belongs to C2.(X) for a € (0,1) (or to C2}(X) in the case o = 1). Moreover,

loc

for any Y € X there holds
[/ (z) = f(y)|
6 sup |f(z)| + sup —Sk(0+f )
( ) x€Y| ( )| yeYmty Q(Ly)"‘ || ||Lp(X)
where k = k (Cyg,c,p,Y).
3.1. Morrey type theorem. In this subsection we give an application of

Theorem 3.2 to Hajtasz—Sobolev spaces. We recall the definition. Let (X, 0) be a
metric space and p a Borel measure in X. We remind the reader that we assume
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the standard assumptions of Section 2. Especially, p is doubling and continuous.
Let f: X — R be p-measurable function. We denote by Z(f) the set of all pu-
measurable functions g: X — R such that |f(x) — f(y)] < o(z,9)(g(z) + g(y)) a.e.
A function f € LP(X) belongs to the Hajtasz—Sobolev space M'?, 1 < p < oo, if
2(f) N LP(X) # @. This space is endowed with the norm

1

P\ »

= i’ inf .
g = (W70 + 0, Mol ) )

Theorem 3.3. Let us assume that f € M'?(X), 1 < p < oo. If there exist
g € 2(f) and ¢ > 0 such that

1
m/( )|g|p d,u < Cp’l“p(a_l) for any B(.T,T)
) B(x,r
for some a € (0,1), then f € C2.(X). Moreover, for any Y € X there holds
[f(z) — f(y)]
7 sup |f(x)] + sup —Sk(c—i—f )
( ) a:EY| ( )| oY ety Q(x,y)o‘ || ||L,,(X)

where k is a positive constant.

Proof. Tt is easy to see that (see [4, Theorem 3.1]) there exists C' such that

/ \f = [Ban|dp < Cr/ gdp.
B(z,r) B(z,r)
Thus

1 » P
/B(:v,'r’) ’f B fB('TvT)‘ dﬂ S CTM(B(Z)’ T)) (W /;(m,r) ‘g‘ du)
< Cer®u(B(z,r)).

This implies that
1

—_— f = fBandp < Cer®.
ILL(B(.Q?,T’)) /B(ac,r) | B )|

Hence, Theorem 3.2 completes the proof. O
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