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Abstract. We derive an asymptotic formula for the modulus (= reciprocal of capacity) of
generalized condenser whose field is an arbitrary multiply-connected domain on the complex sphere
and whose plates degenerate into a finite number of inner and/or boundary points of the field.
We call the constant term in this asymptotic formula the reduced modulus with free boundary.
Our modulus generalizes several previously introduced concepts. The asymptotic formula is given
in terms of a generalized version of the classical Neumann function. This generalized Neumann
function is introduced in the paper and its properties are studied. The usefulness of the new
modulus is illustrated by two applications: a two-point distortion theorem for univalent functions
defined in annulus and preserving the unit circle and an inequality for the quadratic form in the
difference of the Neumann and Robin functions.

1. Introduction

The idea of the reduced modulus of a domain in the extended complex plane C is
rooted in the works of Grotszch and Teichmiiller. The classical definition deals with
the condenser whose one plate is the complement of the domain of interest while the
other plate is a small disk centered at an inner point of this domain. The constant
term in the asymptotic expansion for the reciprocal of this condenser’s capacity
(called the modulus) as the radius of the disk goes to zero gives the classical reduced
modulus of the domain. This notion found important applications in the geometric
theory of functions of a complex variable [1, 19, 20, 24, 29, 30]. If the center of
the disk lies at the point at infinity the reduced modulus is expressed in terms of
logarithmic capacity of the domain’s complement (see [21, formula (15), page 253] or
[30, formula 2.6, page 18]). This fact is sometimes referred to as Pfluger’s theorem.

The notion was further extended by Kuzmina [22], Emel’yanov [15] and Solynin
[28] who introduced the reduced moduli of digons and triangles using the concept
of extremal length. Soon thereafter Dubinin [3] proposed the idea that the notion
may be extended to n-gons and suggested how this idea may be realized. In a series
of papers Dubinin and his students fulfilled this program and computed generalized
reduced moduli based on generalized condensers having more than two plates. When
one plate is the complement of the domain of interest as before while a finite number
of other plates collapse into inner points of the domain we obtain a generalized
reduced modulus whose value can be expressed in terms of the Green function of the
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domain [4, Theorem 1]. When one plate is a fixed closed subset of the boundary
of the domain of interest while all other plates degenerate into a finite number of
inner and/or boundary points (of course distinct from the first plate) the reduced
modulus can be expressed in terms of the Robin function (see [5, Theorem 7|, or |8,
Theorem 2.5]). The Robin capacity (see |13, 14]) is a special case of this construction.
A formula for the reduced modulus of the entire complex sphere was derived in |10,
Theorem 1|. Another version of the reduced modulus was earlier introduced by
Mityuk in [25].

The applications of the reduced moduli are numerous including distortion theo-
rems for univalent functions in both simply and multiply connected domains [2, 4, 7,
8, 19, 27, 30|, coeflicient inequalities |7, 8|, extremal partition problems [4, 7, 8, 15,
16, 24|, polynomial inequalities |7, 8, 9, 10|, variational principles for conformal map-
pings [11] and other similar problems for analytic functions. See detailed account in
the survey articles by Kuzmina [24], Solynin [29], Dubinin—Karp [8] and in Vasil’ev’s
book [30].

In the present paper we consider yet another version of the reduced modulus
which complements naturally the variations considered previously. Namely, our re-
duced modulus is defined as the constant term in the asymptotic expansion for the
modulus of the generalized condenser all whose plates degenerate into points. Quite
expectedly the Neumann function comes into play as the main ingredient in the ex-
pression for this reduced modulus derived in this paper. We call our modulus the
reduced modulus with free boundary emphasizing that the values of admissible func-
tions on the boundary of the domain of interest are not prescribed unlike the previous
definitions (see precise statements below). The idea to consider this type of modulus
was expressed in [5], where it was also suggested that the Neumann function will
play a role in such construction. It turned out that the classical Neumann function
is insufficient to compute the modulus when some of the plates lie on the domain’s
boundary. We address this issue in the first part of the paper where the classical
definition of the Neumann function is extended in two directions.

Particular cases of the reduced modulus introduced here do occur in the literature.
Most notably, the reduced modulus of digon mentioned above represents a special
case of our construction here. For simply connected domains Dubinin and Eyrikh
found a formula for the reduced modulus with free boundary in terms of the Riemann
mapping in |6, Theorem 4|. We present an alternative derivation of their formula
from our main theorem in section 7. Emel’yanov obtained an inequality for the
weighted sum of the reduced moduli of digons in [16]. Applications of and recent
developments around the reduced moduli of digons and triangles can be found in
[2, 27, 30].

The paper is organized as follows. The definitions of generalized condenser,
its capacity and the reduced modulus with free boundary together with a technical
lemma are collected in section 2. Sections 3 and 4 are concerned with the extensions of
the standard definition of the Neumann function suited for our needs here. Sections
5 and 6 present the derivation of the formula for the reduced modulus with free
boundary for analytic Jordan domains and general domains, respectively. In section
7 we deduce a few explicit formulas for some canonical domains. Finally, section 8
is devoted to applications. They are: a two-point distortion theorem for univalent
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functions defined in an annulus and preserving the unit circle and an inequality for
the quadratic form in the difference of the Neumann and Robin functions.

2. Definitions

Suppose G is a finitely-connected domain in the extended complex plane C,. Let
G denote its compactification by Carathéodory’s prime ends and let the boundary
OG be the collection of prime ends. A neighbourhood is any open set in G. When
this cannot lead to confusion we will make no distinction between the elements of
G corresponding to the inner points of G' and these points. We will also use single
notation for the support of an accessible boundary point and the boundary point
itself. If G is a Jordan domain, G and OG defined above agree with usual closure
and boundary.

Definition 1. Generalized condenser is the triple C' = (G, &, A), where & =
{Ek}1_, is a collection of closed in G pairwise disjoint sets, n > 2, and A = {0, }}_,
is a collection of reals containing at least two distinct numbers.

The sets Ej will be called the plates of the condenser C', while G\ Ej, is called
its field.

Definition 2. Capacity of C' denoted by cap C' is the infimum of the Dirichlet
integral

[(U,G)::/ \Vol*dxdy, z=x+ iy,
G

taken over all admissible functions v: G — R, i.e., real-valued functions continuous
in G, satisfying the Lipschitz condition in a neighbourhood of every finite point of
G possibly excluding a finite number of such points and assuming the value d; in a
neighbourhood of the plate Ey, k=1,...,n.

Let f be the univalent conformal mapping of G onto a Jordan domain D whose
boundary 0D consists of a finite number of analytic Jordan curves (for brevity such
domains will be called analytic Jordan domains).

Definition 3. A point zy € G is called admissible if 2y € G or z, € 0G is
accessible and for some 0 < G5 (2) < 2

) (2 = 20)Pr(=0)/B6(20) (¢(29) 4+ 0(1))  as z — zg # o0,
(1) f(z) = f(20) = {(1/2)5D(ZO)/ﬁG(zo)(c(ZO) + 0(1)) as z — 00,

where ¢(zg) # 0 and

. 2, f(Zo) €D,
bp(z0) = {1, f(z0) € OD.

Here we assumed that f(zg) # oo which does not entail any loss of generality.
Clearly, (1) holds true for zy € G by Taylor expansion with B¢ (z0) = 2, ¢(z0) = f'(20),
so all inner points of G are admissible. If zy € OG is an accessible boundary point,
(1) holds true for analytic corners (i.e., intersections of analytic boundary arcs) with
7fc(z0) being the angle at such corner by Lewy—Lehman theorem |26, Theorem 3.8].
In fact, even weaker conditions suffice for (1) to hold—see details in [26].
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Given a finite 2o € C, and 7 > 0 denote by D(z,7) the closed disk of radius r
centered at zp. For the point at infinity set D(oco,r) :={z: |z| > 1/r}.

Definition 4. A parametric family of closed sets {f)(zo,r)}oqqo will be said
to comprise almost disks if

D(z,71(r)) C D(29,7) C D(2,72(7)), 0<7 <10,
for some positive functions ri(r), ro(r) such that lim, o[r;(r)/r] =1, i =1,2.

For a given domain G’ C C, and a point z, € G introduce the notation E(z,, G)
= D(z,r) with small enough 7 to get the inclusion D(z,7) C G; if z is an acces-
sible boundary point of G, E(z,r, G) will mean the closure in G of the connected
component of G N D(zy,r) in which z, is accessible. We will abbreviate E(z,r,G)
to E(zp,r) when the underlying domain G is apparent.

Suppose, m > 2, Z = {z}7, is a collection of distinct admissible points of G
and A = {6}/, is a collection of reals containing at least two different numbers.
For a sufficiently small » > 0 define the condenser

(2) C(rG Z,A9) = (G{E(z1,¢1(r),  E(za,¢a(r)), ..., E(zm, ¥n(r))}, A),
where

U = {(r) iy, Uk(r) = mer™, pe,ve >0, k=1,...,m.

Definition 5. The reduced modulus of the domain G with free boundary with
respect to the collections Z, A and WV is defined by

(3) M(G.Z.A, %) = lim <|C(r; G, Z,A, )| + % logr) ,

if the limit in (3) exists. Here

(4) |C(r; G, 2,0,9) = (cap C(r; G, Z, A, W), y:<zm: 5}‘2&:(%)).

1%
=1 k

Denote
C*(r; G, Z,A,¥)
= (G {{D (21, 91(r)) N G), (D(22, (1)) N G), o (D (2, P (1)) N G}, A),
where {D(zy, ¥1(r))NG) is the closure in G of the connected component of Dz, ¥y ()N
G in which z, is accessible. For inner points 2z, € G, (D(zk, ¥r(r)) NG) simply equals
D(z, ¢i(r)) N G.
Lemma 1. If

. . v
(5) lim (|C (1 G, 2,0, )| + = 10g7’>

exists then limit (3) also exists and they are equal. Conversely, if limit (3) exists for
some choice of almost disks then limit (5) also exists and they are equal.

Proof. Repeats word for word the proof of the similar lemma in [4, Lemma 1|. O
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3. Generalized Neumann function

Let G denote an analytic Jordan domain in C, and ¢(2) be any continuous real
function on 0G such that

(6) /go(z)|dz| = —.
e

Define the generalized Neumann function Ng ,(2,(), 2z € G, ¢ € G, of G associated
with boundary values ¢(z) with pole at ¢ by the following requirements:

1) Ng,»(z,¢) is harmonic in G\{(} and differentiable in G\{(} as a function of
z.

2) Ng.o(2, Q)—{—% log |z—(| is harmonic a in neighbourhood of ¢ # oo or Ng (2, ()—

%log |z| is harmonic in the neighbourhood of { = oo, where

)2, (€QG,
ﬂ_{l, ¢ € 0G.

3) The (outer) normal derivative satisfies

ONg (2
—Gg’é o
for all z € OG possibly except z = (.
In what follows we will use Ng(z, () as the generic notation for any of the func-
tions satisfying 1) — 3) for some ¢.

Lemma 2. The set of generalized Neumann functions of an analytic Jordan
domain G coincides with the set of functions of the form

(7) Ne(z,¢) + h(z) + ¢(Q),

where Ng(z,() is any fixed generalized Neumann function, h(z) is harmonic in G
and has continuous normal derivative on 0G and ¢(() is any function of (.

Proof. Clearly, any function of the form (7) falls under the definition of the
generalized Neumann function. Conversely, let Ng 4(z,¢) and Ng,(2,() be two
generalized Neumann functions. Then the function u(z, () = Ng (2, () — Na»(2,()
is harmonic in G' and has continuous values of the normal derivative at the boundary
Ou/On = (z) — p(z). Hence, it is a solution of the Neumann problem with the
boundary function ¢ (z) — ¢(z) and thus can be written as [18, page 264]:

u(z,¢) = h(z) + (). O

Lemma 3. For any analytic Jordan domain G and any given continuous function
¢ on 0G satisfying (6) the generalized Neumann function N¢ ,(z, () exists.

Proof. Note first that by Lemma 2 it suffices to prove the lemma for some contin-
uous boundary function v, then by adding the solution of the Neumann problem with
normal derivative ¢ — on the boundary we obtain the required function N¢ ,(z, ().

Suppose first that G is simply-connected. Then a generalized Neumann function
is given explicitly by

0 No(z,¢) = —3log () = F(Q)lIL = TESC)]
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where f is the Riemann mapping. Properties 1) — 3) can be verified directly taking
account of the fact that expansion (1) is valid for every ¢ € G.

For a multiply-connected domain G denote by K;, i« = 1,2,...,n, the connected
components of C,\G. Without loss of generality we may assume that either ¢ € G
or ( € OK,. Since the domain C,\K; is simply connected we can construct its
generalized Neumann function by (8). Denote by v;(s,(), ¢ = 1...,n, the normal
derivative of Ng_\f, on 0K;. By definition v(s) is independent of ¢, and

/’Yi(S,C)dSZO, 7::2,...,”, /71(8)d8:_7ra

OK; 0Ky
since N@\ &, 18 harmonic in K;,i=2...,n. Consider the following Neumann prob-
lem: find a function v harmonic in G whose normal derivative satisfies
ou ou
—(s) = —i(s,(), s€0K;, i=2,...,n, —(s)=0, se€IKy,

This problem always has a solution and for Ng = Ne.\k, +u we will have

/aNG(Za g) ds = -,
on
oG

i.e., we have built the generalized Neumann function for ¢(z) = 0, z € 0K}, i =
2,...,n,Y(z) =7(z) for z € K. O

For an arbitrary finitely connected domain GG without degenerate boundary com-
ponents define the generalized Neumann function by the formula

NG(Za C) = Nf(G)(f(Z)v f(C))a

where f is the univalent conformal mapping of G onto an analytic Jordan domain
f(G). For an admissible point ¢ this definition implies the expansion

© Naz,¢) = =5 log |2 = ¢l + N(O) +o(1), ==, (o,
(10) Ng(z,00) = % log |z| + N(oc0) +0(1), 2z — 00, (=00,
e

where [ is taken from expansion (1).

The generalized Neumann functions gives the same boundary representation for-
mula as the classical one allowing to recover a harmonic function from the boundary
values of its normal derivative. It is also symmetric in its two variables under addi-
tional normalization condition

/Ngyw(z,g)gp(z)]dd = const
G

and unique for any chosen value of the constant. An advantage of the generalized
Neumann function over its classical counterpart is that its conformal transplantation
leads to the generalized Neumann function of the transformed domain. Unlike the
classical Neumann function it is defined for unbounded as well as for bounded do-
mains. The arbitrariness in choosing ¢ leads to additional freedom when computing
the generalized Neumann function for specific domains.
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4. Bipolar Neumann function

In what follows we will need a version of the Neumann function whose normal
derivative vanishes on the boundary. Condition (6) prohibits such behavior for the
generalized Neumann function and one has to consider a function with two poles
instead of one. For an analytic Jordan domain G and two different points z, and zg
from G, vg(z, 20|2.) will be called the bipolar Neumann function normalized at z, if

1) va(z, 20|2.) is continuous in G \ {zo, 2.} and harmonic in G \ {zo, 2.},

2) in the neighborhoods of zy and z,

—By M og |2 — 20| + R(z) +0(1), 2z — 2z, 20 # 00,
By Hlog |z] + R(z0) + o(1), 2 — 2y, 29 = 00,

(11) ve(z, z0|24) = {

B llog |z — z.| +0(1), 2 — z,, 2, # 0,
—B: 1 og |z| + o(1), Z = Zy, Zx = O0.

(12)  wva(z, 20|2¢) = {

Here [y and 3, equal 2 for inner points of G and 1 for boundary points as before.
3) on the boundary of G

Ova(z, 20| 2«)

. =0, z¢€0dG\{z,2}

Requirements 1) — 3) define the unique function v(z, zo|2,). This function can be
built by taking the difference of generalized Neumann functions:

(13) va(z, 20]26) = Nao(2,20) — Nap(2, 20) + N(20) — Na o (24, 20),

where the constant N(z,.) is taken from (9) or by taking a difference of bipolar
Neumann functions with one common pole:

(14) va (2, 20021) = va(z, 20|2) — va(2, 21]20) + R(21) — va (21, 20]24).

The bipolar Neumann function with z, = co was used in [13|, where it was shown
that it plays the same role for the Robin capacity logarithm plays for the logarithmic
capacity. Standard computations (see, for instance, |18, formula (15.6-8)|) show that
ve (2, 20|24) is symmetric in first two variables:

UG(Zlv 22"2*) = UG("7’27 21’2*)7

including the case when any of the points z1, 23, z, belong to 9G.
For a general multiply connected domain G and admissible points zg, z, we can
define the bipolar Neumann function by conformal transplantation:

(15) vz, 20l) = vp) (F(2), F(z0)|f(22)) — — loglel,

*

where f is the univalent conformal mapping of G onto an analytic Jordan domain
and ¢, = ¢(z,) is the constant from expansion (1).
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5. Computation of the reduced modulus for analytic Jordan domains

To formulate our main theorem we will need the following constants (k,l =
2,...,m):

ve 2k, 21]21) if k1,

(16) Ry, = lergk[vG(Z, zk|21) + 5};1 log |z — zx|] if k=1 and 2z, # o0,
lim [vg(2, zx|21) — B; ' log | 2] if k=1and 2z, = 00
z—2zp

Theorem 1. Suppose G is a finitely connected analytic Jordan domain and the
collections Z, A, U are as defined above. Then the reduced modulus (3) exists if

a6
(17) > ~- =0
=1
and is found from the formula
Br07 log pu BrBi0k01 R
18 M=—— —_— |,
15 P e Y

where v is defined by (4). If condition (17) is violated the modulus is infinite.

Proof. Most of the proof follows the line of argument from [10, Theorem 1.
Without loss of generality we may assume that z; = 0. Introduce the notation

vi(2) = va(z, 2kl 21).

First we make
assumption 1: 6, 20, [ =1,2,....m

Later we will get rid of this assumption. Consider the function

& 51@1 - 01518k Ryt
(19) Z log vy (r Ic,zl:; log (1) log ¥y (r) i{2)

defined in G. It is clearly harmonic in G\ Z and

9g-(2)
A v 7.
. 0, z € 0G\

Fix n > 2. We can rearrange the definition of ¢,(z) to get:
( ) ﬁlélﬁn nl
T z 1 /N n~n +
() = — log i (r o Z log ¥y(r

(20) B Z B (2) zm: : 5lﬁl5kszvk( )
l#n

— logu(r) G, logdu(r) log ¥i(r)
k#n

This representation shows that g,(z) has the same sign as d,, in some neighborhood
of z, for sufficiently small r. Indeed, —log,(r) > 0 for sufficiently small r and all
quantities under summations cannot affect the sign of ¢,(z). Since g.(2) —» 0asr | 0
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for each z € G\ Z, then in a neighbourhood of z, there are points z(r) satisfying
gr(2) = 6,. For such points we obtain from (20) and the definition of v,(z):

 logls) =zl | (1
On = On log ¥, (1) +0 log r » 10,

or

log [2(r) — zn| 1
logn(r) 1+0 logr )’ 10,

which implies z(r) — z, as r | 0. Substituting the last relation into (20) and taking
account of v;(z) = R,; + o(1) as z — z, we get

. 2
5n: |:10g|2’ Zn| . Rmn —|—O( 1 ):| nﬁn 5 Rnn Zélﬁlﬁn n,l
l;ﬁn

ﬁn log 1/%(7“) 1Og ¢n (T) log r 1Og ¢l
5lﬁanl 1 o IOg |Z - Zn| 5nﬁan,n L
=ity i) =g s (1+ ()
l;én
i & 5lﬁlﬁan,l (1 ﬁ<L)) 0 /611 nn - 5l/6an,l ( 1 )
F 2 Tognt) U oer) ) T owun() 2 togunr) O \iosr

l#n l#n

log |z — 2z, 1
= 0p :
g (r) (10g 7‘)

This equality yields after rearrangement:

log[2(r) = za| = log¥n(r) = o(1) = [2(r) = za| ~ Pn(r), 7 1 0.

The last asymptotic formula implies that the parametric family of sets

(21) Ezp,n(r) =4{2:9.(2)/0p, > 1}, n=2,...,m,

comprises almost disks as r | 0.

Now we want to prove that the same conclusion is true in a neighborhood of
z; = 0. In contrast with n > 2 all functions vi(z) have a pole at z;. According to
(12) and (19) we have as z — 0:

 log|z| ~ Af - 01318k Byt ( 1 )
22) 0= =5 ( z::long z::log@bz logwk()>+ A 157 )

where the subscripts in 0, and €, are intended to emphasize the underlying asymp-
totic variable. Clearly,

1 1 log puy, L
2 _ 1 | |
( 3) logz/}k('r’) Vklogfr ( Vklogr‘i‘ﬁ([ogr] )) , rl()
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Hence, we have the following expansion for the expression in parentheses in (22):
_ zm: B i 51515k3k1
log i (r ' log y(r) log ¥ (r)

_ Z‘Sf’ {1— 81 4 g ((log ]~ 2)}

log r — v logr
1 “~ 81015 R 1
- E — = (14+0([
(logr)2 =, Uk (+ ([ogr] ))
015y 018, 1og 1y 1 & 0BBeRys 9
— ~ 4+ O0([1
logrl Z Y Z vilogr logrZ ViV + ([ogr} )
1=2 1=2 k=2
Now we make
Bidlog pu B1Bk01Ri .l
(24) assumption 2: E 72 E "

k=2

Later we will get rid of this assumption. Under (24) and in view of (17) the expression
in brackets becomes

0151 (1 _ log

2 vy logr

0101 logr
log v (T)

> + O([logr]™?) = + O ([logr]™?).

Thus
91 log | 2|

r\Z) =
o (2) log ¢1(r)
This formula shows that solutions z(r) of g.(z) = d; do exist and z(r) — 0 as r | 0.

Then repeating the argument given for the neighborhoods of z,, n > 2, we conclude
that the family of sets

(25) E(z1,91(r)) = {2 : g:(2)/01 2 1}

comprises almost disks as r | 0.

According to the extended Dirichlet principle [17] the function g,(z) coincides
with the potential function of the condenser C(r; G, Z, A, ¥) defined by (2) in the
field of this condenser. Hence, by an application of the second and the first Green’s
formulas we have

capC(r; G, Z, A, V) // Vg.(2)]? dx dy = — Z / 5k5’gr ds

(14 6, (llogr] %)) + oi1) @<L> .

logr

(= 8E z
(26) - ; ko ¥k) ; (zk,%k) ;
. g’f’ gT gr
—-Yoh [ Gras—- Zak/ ds—a [ Fas
kzlaD(zk,p)ﬂG’ D(zg,p)NG 0D(z1,p)NG

where p > 0 is sufficiently small. From (11) and (19) we have in a neighbourhood of
2=z, k=2,....m

log|z—zk|< 51,8 i MﬁkRm
log Yy,

9:(2) = B log v (r 7) log ¥y (r )) T HE),
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where H(z) is harmonic in a neighbourhood of z;. Consequently,
dgr ) - 858 R 1 [Olog|z —
9r s kﬁk Z lﬁzﬁk kel 1 / og |z — z s
on log ¥ (r) log 1 (r) log ¥i(r) | By on
9D (z,p)NG 0D (z,p)NG

OH , B0k = 5zﬁlﬂkRk !
- %ds (logw Z log 1. (r) log iy (r )) ol

as p — 0, since by definition of (3

1 /(9log |z — zk\ 1 / dlog p
— _— dd=m+o0(1) asp—0
Br on @c dp “op " @ 4
0D (z,p)NG 0D (z,p)NG
and
0H OH
ands—p a—d@-ﬁ() as p — 0.
OD(zk,p)NG OD(zk,p)NG

In a neighbourhood of z; = 0 we have by (12) and (19):

_ 10g|z| 5151 - 5zﬁlﬁkRk1
9r(2) = (Z log ¢y (r t2 log ¢, (r) log ¢y (r )) + )

k=2

where H;(z) is harmonic. Acting as before we get

9gr , a6 “ 01018k Ry
/ o ds = —m (lz:; —logm(r) + Z Tog 01(r) logwk(r)> +o(1) asp—0.

0D(21,p)NG k=2

Substitution of these formulas into (26) yields:

m

) 5k5zﬁzﬁkRkl
- Z,A )
—cap C(r; G, Z - log wk Z ' log ¥y (r) log ¢ (r)

N 610153 a 515zﬁl5kRk I
+ +o0(l) asp—0.
Z log v (r 1;2 tog ta(r) Tog tr) X1 7

Since capacity of C(r; G, Z, A, ¥) is independent of p we have o(1) = 0 in the last
formula. Using (23) we derive for r | 0:

= 5135/1@ log fix 51 = 0 log 11
1— 1——
log r z; Vg Vi log r * log r lz:; v v logr
5k01 3B R "~ 51085k R
B Z k01310 B g n Z 100515 Ry n ﬁ([logr]_g)

50 VeV [log ]2 50, VeV [log ]2

Zm: Wb 0/ Lt zmzéiﬁklogﬂk ! Zm:5zﬁ110gﬂz
logr vi  vilogr = [logr]? &~ Vi [log r]2 v}

=2

1
—capC’(r G, Z,AV) =

1 060518 Ry 61 = 036c R B
- ’ L+ o(l
oo o omrP A OB,
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where we used (17). An application of (24) gives:

%cap C(r;G,Z,A,¥) = lo_glr i 513? + [loger i 513@;”1%)8“ fk
o o, )
- _Vligr + [liﬁ"P +0(llog] ™).
where
m m m -1
M, = ; 5/351%1/1]%)% He l;z 5k5l§;ﬁylsz,l’ L= (; %) .

Taking the reciprocals we get:

1V

M R
7|C(r; G, Z, A, V)| = —vlogr [1 T + 0 ([logr] 2)}

M1V

—+ ﬁ([logr]”)}

= —vlogr — Myv* + O ([logr]™")

= —vlogr [1 +
log

or
2
C(r; G, Z, A, 0)| 4 ~logr = ——M; + 6([logr] ™).

Hence, by definition of the reduced modulus

V2 = 525k log puy, & 01018k 31 Ry
M=__ kPR o PR SRR RS )
s (; V,f MZZZ iy

This proves the theorem under additional assumptions 1 and 2.
We now remove assumption 1. According to formula (33)

zm: 00Ok Ry Xm: 06018631 N

1248% Vil
k=2 k¥l k=1 k¥l

which implies that the left-hand side of this formula is invariant with respect to
renumbering of points z;. Hence we may safely assume that d; # 0. Suppose further
that 0, # 0,1 =1,...,p,and , = 0, l = p+ 1,...,m. Denote Z' = {z1,...,2,},
U = {¢n,..., ¢}, A = {61,...,6,}. Using these collections we can build the
function g,(z) by (19). It will coincide with the potential function of the condenser

C'(r) = (Gi{E(z21,91(r)), ..., E(zp, ¥p(r) }, A'),
inside its field. Here the sets E(z, ¢¥x(r)), k = 1...,p, are defined by (21) and (25).
Set as before
C(r) = (G {EGL ¥a(r), -, E(zm, ¥m(r) ), A),
where E(z, ¥r(r)) = D(zr, ¥r(r))NG for k = p+1,...,m. The definition of capacity
implies
cap C'(r) < cap C(r)
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for all sufficiently small 7 > 0. The sets E(z, R) := D(z, R) N G do not intersect
for sufficiently small R > 0 and we put

My (r) = max{|g-(2)|: |z —2zx| =R}, k=p+1,....m

From (19) we have

Mk(r):ﬁ( ! ) " 10,

log r
Choose 7 sufficiently small to have ¥y (r) < R for k = p+ 1,...,m and define the
auxiliary functions

log(|z — zxl/4x)
Ty

for z in the annuli ¥ (r) < |z — 2| < R. The function

ha(2) = max{mingg, (=), fu(2)},—fu2)}, k=p+1,..,m,
is Lipschitz in Ki(r,R) = G N {Yx(r) < |z — 2| < R} (see, for instance, |10,
Theorem 1]) and hg(z) = g.(2) for |z — z;| = R, since

—fe(z) = =My < g:(2) < My = fir(2).

For |z — zi| = ¥x(r) we have fi(z) = 0 and hence hy(z) = 0 irrespective of the sign
of g.(z). Thus the function

02 2 Uy B e UIUL, 2 B, B,
h(z) .= < hi(2), z€ Ki(r,R), k>p—+1,
Ok, ZGE(Zk,¢k(T)), k=1,...,m,
defined in G is admissible for the condenser C(r). Then,

capC'(r) < cap C(r / IVh|? dx dy

// Vo Pdrdyt Y [[ 1942 dsay

k=p+1
G\UEz“m K (r.R)

m

M (
= cap C'(r Z lozﬂR/ibk ) =capC’'(r) + O([logr]™®), r 0.

Since
1 My

“vlogr N [log r]?

lcap C(r; D, Z, A, V) = + ﬁ([logr]’?’) ,
T

we conclude that
M(G,Z,A, V) = M(G,Z' A", V)
implying that formula (18) can be applied without changes when some of d;, are equal
to zero.
It is left to remove assumption 2 (recall that ¢; # 0). To this end we shall apply
the mapping f(z) = az with positive a. The family of condensers C(r; G, Z, A, V)
will transform into the family C(r; G', Z’, A, V') with parameters

(27) G = a@, 7' = {azk‘};cn:h v = {ﬂ’;cryk}v N;q = Q-
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The constants R); for the new configuration are related to those from the original
one as follows:

1 1 1
(28) vk = Rer + =loga+ —loga, Ry, =Ry, + —loga, k#I
7 1 B ’ B

Then

Bi01(log py + log a)
2

Zﬁzé log )~ Bibkoi 1,

NE

k=2 Vv =1 Y
Z BiBk0i(Ry.; + B5 ' loga) B i 320k (Ry g + By loga + 35 Hlog a)
ViV v}
kl=2 f—2
o
Z Gidi logm Z BiBeo s oga 51;51 1 i PiBior )
v pi—o  VWVk "1 b pi—p WVk

Using (17) the expression in parentheses becomes

B101 BBk Bior 1 = B Pio1\ _ 01 = B
w6 Z Vil V_%_Ezy_k(_V_1>Vlek.

L= k=2

Hence, choosing a equal to

—1
ﬁzﬁkCSIsz =~ B30 108;114 61 = Ok

we infer that condition (24) is valid for the new family C(r;G’, Z', A, ). It is left
to show that the reduced modulus is invariant under the mapping 2z’ = az. Indeed,
by (18) and in view of (27) and (28) we get (V' = v):

Z Br07 108; ajiy Z B1Be010k (Riy + By M log a)

V2 k fl—2 Vil
k£l
_Zﬁk i(Res + 61 loga+ﬂklloga)
Vi
k=2

_ ——M Zﬁké loga Z 010010 log a Zﬁké i loga

Ul
L pi=2 k=l Vi

Bidiloga loga B0 7
S Y g Z ” — —;M,

v? Vi
k=2

where we used (17) in the last equality.
Finally, let us see what happens with the reduced modulus when condition (17)
is violated. In this case we can shift all d;, to satisty (17):

DR RNy (LI

T Z?;(ﬁl/l/l) ’ "75m}>
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~ —1
N =~ 3167
y:<217/> |
=1

Direct computation shows that 7 > v. The definition of capacity gives

and 37" (3:6,/11) = 0. Define

capC(r; G, Z,A, V) = cap C(r; G, Z, A, 0),

since for every function v admissible for the second condenser, the function v — v is
admissible for the first and Vv = V(v — 7). By what we have proved so far

IC(r; G, Z,A, )] +%10gr =M +o(1), r]0,

which implies

C(r G, Z, A, W) + Llogr — 400, 71 0. 0
T

6. Computation of the reduced modulus for general domains

Theorem 2. Suppose G C C, is a finitely connected domain, 7 = {z.}7,
comprises admissible points of G, B, = Bg(zx) (B = 2 for inner points) and the
collections A = {0}, ¥ = {ugr*} satisfy (17). Then the reduced modulus (3)
exists and is found from the formula (18), where v is defined by (4). If condition
(17) is violated the modulus is infinite.

Proof. Let f be the univalent conformal mapping of G onto an analytic Jordan
domain G*. We will use asterisk to denote quantities associated with the domain G*.
According to (1) the mapping f in the neighborhood of z; has the form

(29) f(2) = f(a) = (2 = 2) 5% (e + o(1)), 2 — 2,

for finite z; or

(30) f(2) = f(z) = (1/2)% (e + 0(1)), 2 — 2,

if z;, = 0o. These expansions and the definition (15) of bipolar Neumann function
for general domains yield

1
Ry, = Ry + —-logla|, k#I,
1
oy R Ry + L L
= Rk + = =
ok I By

where the constants Ry are defined in (16). Indeed, by (15) and (16)

log |ex| + = log Jexl,

1 1
Ry = vg (2, z1121) = va-(f (), f(2)|f(21)) — —; loglei| = Ry, — Elog 1]
i 1
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for k # 1. Further, for k = [, z; # oo, we have by (11), (15), (16) and (29):

Ry = hm [va(z, zk]21) + By ' log |z — 2]

= lim

Z—2z

ve (f(2), f (2 If(zl))—§10g|01|+6;§110g|2—2k\
1

Z—Z

= lim [ (Be) log | f(z) — f(zr)| + Ryp — 7 10g|01|+5k log |z — 24| + o(1)
1
[—(5;)

= lim “log |(z — 2) %Pk (¢, + o(1))] + Ry .

Z—Zk

1
log |ex] — = log |ey].

1
——*loglcll+ﬁ;§110g|2—2k|+0(1) =Ry — = ;
ﬂl ﬁk 1

The same relation is obtained for z; = 0.
The set E(zg, ¢¥x(r); G) is mapped onto the set E(f(zx), 5 (r); G*) where

ULr) = g e

Hence, the image C'(r; G*; Z*, A*, ¥*) of the condenser C(r; G; Z, A, ¥) under f con-

sists of the following collections:

Zm = {f(a)}it, A=A, U= {pri L,

where p; = ,ug’“/ Bk|c |, vi = veB5/Bk. A straightforward computation shows that

v* = v. Conformal invariance of capacity implies

M(G,Z, A V) = lrlﬂ)l <|C’(r7 G,Z,A V)| + - 10gr>
= lim (|C’(r EANNR Y —I—V—logr> = M(G*,Z", A", "),
T
Thus by Theorem 1

T ﬁ;ﬁ log i, ~— BiBiokdi Ry,
- MG, Z,A,%) = Z P

(vp)? k=2 vy
i BioR((B/Bi) log pue +log lex]) B35 0k01( R + 57 log e )
p (VB3 / Br)? Py viiBi3; [ (BB
m (B5)203 (5= log\ck\)
ZQ Vi ﬁk 2/ B3
_ i k0% log fuy, Z BrBi0k01 Ry 1 log e (5552 Z ﬁkﬁz5k5z>
k=1 vy k=2 R P v ki RV .
The expression in parentheses vanishes due to (17). O
Formula (18) is not symmetric in 21, 22, . . ., z,,, due to a special role played by z; in
the definition of the bipolar Neumann function normalized at z;. On the other hand
the definition of the reduced modulus (3) is symmetric in all points 21, 29, ..., 2.

Hence it seems desirable to find a symmetric form of formula (18). This can be
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achieved by employing representations (13) or (14). For the generalized Neumann
function Ng defined in section 2 denote

Nkl :Ng<2k,zl), k?él, Nkk:N<Zk),

where the constant N(z;) is taken form expansion (9) or (10). Then according to
(13) and (16):

(32) Ri; = Ng — Ngi — Ny+ Ny, kl=2,...,m.
Substituting this relation into (18) and repeatedly using (17) we obtain:

621 0107 ( N, N N N
M+Zﬁk og U Zﬁkﬂlkz( ki — Niw — Ny + Nip)

k=1 Vi k=2 Vel
"\ BeBi6k6 N 6151 5k5ka1 5151 5151—7\711 51 i
- Z_ 142%] Z Z Nll
_ i B310101 N
—1 1424]
or
Br07 10ng BrB10k61 N
33 M = - -
5 2 (3 e 3 st

which is the desired representation.

7. The reduced moduli of some canonical domains

1) Consider the unit disk U = {z: |z| < 1} and a collection of points zx, k =
1,...,m, located either in U or on QU. The classical Neumann function of U is given
by (see [18, page 272|):

1 1
(34) NU(Z7C):§ e T

This definition extends to the case |(| = 1 without changes. Hence, we have

1 —llog(l — ’Zk|2) 2z €U
N =—=1 — 11—z k#£1l Ny = 2 ’ ’
Kl 5 0g ’Zk Zz|| Zkzl’7 # 1, kk {07 2 € OU.
So by (33):
v? Zm Brotlogu,  1V? ﬁkﬁz5k5l _
_ —2—% E o~ g‘zk—lel—ZkZl‘

k=1
k£l

Z ﬁkklog 1—|z]?),

where the prime at the summation sign here and henceforth means that the infinite
terms are omitted. As before 8, =2 if 2z, € U and 5, = 1 if 2z, € OU.
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2) Consider the upper half-plane It = {z: 3z > 0} and a collection of points
2k, k = 1,...,m, lying either inside IT" or on its boundary. The function f(z) =
(2 —1)/(z + i) maps II" onto U. It follows that

N (2,0) = —3 log f(2) = F(OII1 = T Q)

1 _
= —§log]z—CHZ—C] + log |z +[|¢ + 4] — log 2

is the generalized Neumann function of IT*. As shown in section 3 we may omit the
constant and put

1 - _ .
Nu+(2,¢) = =5 log |z = |z = ¢] +log |2 + 1] [C + i].
Hence, the constants Ny; equal

1 . .
Ny, = —510g|zk — zi|lzk — Z) + log |2k + 0] |z +i|, Kk #L,

(35) ) =3 log |z, — Z| + 21log |z, + 0|, 2, € TTT,
kk 210g\2k+i’7 zk€8H+.

Then by (33) and using (17) we get:

2 [ &K B2l 1 & 8540,
MY Zﬂkk_;w+_zﬁkﬂlkz10g|zk_zl||zk_7l
kY
T | = Vi 2]@1:1 VRV,
k#l

1 <~/ 3262 _
+§kzl V2 log |zx — Zx| | ,

where 8, = 2 if z, € II" and £, = 1 if 2, € OIIT.

3) The reduced modulus of a simply-connected domain. For a finite point z and
an arbitrary point ¢ € C, define d(z,¢) := |z — (| if ¢ # oo and d(z,() = 1/|7|
if ( = oco. Let B be a simply connected hyperbolic domain and suppose that Z
is a collection of admissible points while A and ¥ are as above. Denote by f(z)
the univalent conformal mapping of B onto the upper half-plane I, wy, = f(z),
W =A{w}, k=1,2,...,m. We assume that for boundary points 2z, € Z

d(f(2), f(z)) ~ crd(z, 2,)%/P% as 2 — 2z, in B,

where B;m > 0 is the inner angle of B at 2, §; = 1. For inner points 2z, € Z we have

Br = B =2, ¢, = |f'(2x)] as before. For the reduced modulus to be finite we must

assume that condition (17) holds. Put v} = v}/ 0k, up = pfgz/ﬁﬂcﬂ, U* = pirve.

Similarly to the proof of Theorem 2 we check that

M(B, Z,A, V) = M(IT*, W, A, U*).
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Hence,

2 m 521 m 252
M(B,Z,A, ) = - Zﬁk B L 5;“ £ log |kl

T \iz Vi k=1 Vi B
1 = BeBi0kd _
il 1 _ _

(36> + 2 klzl 144] Og |wk leU)k U)l’

kAl

1 m

33 )
This formula was earlier derived in [6, Theorem 4] using reflection principle and
reduced modulus of the complex sphere.

4) Using formula (36) Dubinin and Eyrikh found in |6, Examples 4.2, 4.3, page
159] explicit expressions for the reduced moduli of triangles and rectangles with
respect to their corners. The reduced modulus of a triangle 7" is given by

-2

M(T Z,A, ‘I’ = (Zﬁk /Vk> 10%1_[ MkﬁkB 51752»&“6 /V’“

where Z = {z;}3_,, 21 = 0, 20 = 1, Q23 > 0, T is the triangle with vertices Z and
inner angles Gpm > 0, k = 1,2,3. The collections A and ¥ are from the definition of
the reduced modulus and such that condition (17) is satisfied. B([(i, 32) is Euler’s
beta function.

The reduced modulus of the rectangle R (described below) is found from

52 —2 o5 5 5963 ] 818y | 0304
vav3 vivy | v3vy
M(R. Z,A,9) = —— <§ V_k) 1Og{2ui;i (X) (X - 1)
k=1

6163 4 8284 4

1 vivg vy 2
N | Or/vi)*
(ﬁ ) klzll(“ #e)

Here the vertices of R are located at the points z; = K(A), 20 = K(\) +iK'()\),
23 = —K(A\)+i1K'(\), z4 = —K()\), where K ()) is the complete elliptic integral of the
first kind, K'(\) = K(v/1 — A2). The constants are defined by ¢; = ¢4 = (1 — \?)/2,
Cy = C3 = (1 — )\2)/(2)\)

5) Consider the annulus A = {z : u < |z| < 1} and a collection of inner points

2z € A, k=1,...,m. We need to compute a generalized Neumann function of A.
Let us begin with the Neumann function of the unit disk (34). It is rotation invariant:
(37) NU(ZeieaCGie) = NU(za <)

Hence, we may assume ¢ = 7 € (0, 1) without loss of generality. When p < 7 we get
by expanding logarithms:

2Ny (pei®, 7) = — log |pe® — 7] — log |1 — pe

—ia |

= log(1/7) + Z P (" + 77" cos(an) /n.

n=1
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The normal derivative of this function at the points |z| = u is given by

ONy (pe™, 1) 1

- n—1 n -n
(38) o —2;/) cos(an) (" + 77" | =y

Suppose from here on that 7 € (i, 1). To build a generalized Neumann function of
A we need a harmonic function M (pe’, ) having the following normal derivatives
at the boundary of A:
OM(pe*,7)  ONy(pe™,T)
ap ap

for p = p and
OM (pe', 7)
dp

for p = 1. Then M(z,7) + Ny(z,7) gives a generalized Neumann function of A.
Direct computation shows that the function

=0

i 1 - lun 1<T +7 n)
M (pe ,T)=—§Zn(u"1—u )(p +p "cos(an), p<p<1, 0<a<2nm,
1

n—

has the required properties. Hence,

2NA(pei°‘,7') = —log ]pem -7l - ’mr\

(39) —I—ZM (4 n)(p + p~™) cos(an).

When p < 7 this function can be written as the series

cos(an) (" + 77™)
n(p" —p=")

2N4(pe'®, 7) =log(1/7) =) [(o/ )" + (p/1)™"):

n=1

When p > 7 the variables p and 7 swap roles:

2Na(pe 7) =log(1/p) = - L E e+ (/)

We can express N(pe'®, 7) in terms of Jacobi’s theta function

o0

— 4 Z n (n+1/2)? (2n+1)z
=2 Z(—l)"q(”“ﬂ)2 sin(2n + 1)z
n=0

[e.9]

— 2q1/4 SinZ H(l _ an)(l _ q2ne2iz>(1 _ q2n6—2iz)'

n=1
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To this end we compute

o0

2n( ,.n tan —n ,—ian
q (ZL‘ € +a e ) 2nk
q
k=0

f: q2n(xneian + x—ne—ian)
— n(l—q¢*)

k=0 n=1 n
o0
_ Zlog(l o q2k+21‘6m)(1 _ q2k+2l‘_1€_m)
k=0

= —log H (1 _ q2mxeia>(1 _ q2mx—16—io¢)
m=1

244 sin (=452 T2 (1~ %)
ﬁl(a—zéoggp)

= log

Using this formula we obtain after some calculations:

0o . a—ilog(pt . a—ilo T
42 T2, (1 — 242 Jsin ( 2g(p )) sin < 2g(p/ ))’

‘291<a—i13g(pfr) : M) 191<a—i102g(p/7—) ; M) ‘

2N 4(pe'®, 7) = log

Applying

(40) 2 2i/2C

we get:

o0

p'’? kl;ll(l — 12| (202 = (20) A (2 /O = (2/¢) 72
|z = ¢||1 — (|
— log |[0h(—ilog(2€)/2; p) Vi —ilog(z/¢)/2; 1)
p T =y

= log kﬂ‘za — log |94(—ilog(2C)/2; 1) Dx(—ilog(2/¢)/2; )] -

2NA<Z7 C) = 10g

The first term here is a sum of harmonic function (in z) and a constant and therefore
it can be omitted by Lemma 2. Thus, finally in view of the formula ¢, (—w) = —v; (w)
we get:

(41) Na(z,¢) = —% log [01(i log(2€)/2; 1) V(i log(2/¢)/2; )| -
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Using (40) this formula can be cast into the form

2C
1-— zZ
V1(5 log(20); 1) V(5 log(2/C); )
4sin (41og(2()) sin (£ log(z/())
This yields the following expansion in the neighborhood of z = (:

1 1
Na(z,¢) = —§1Og|2’ — ¢+ 5108

(42)

1
2

1
Na(z,¢) = —5loglz = |+ N(Q) +o(1), = —¢,
o oG ogle) |
2711 = [¢?)0u(ilog [C]5 ) 91 (05 ) |
Hence, finally the reduced modulus of A with respect to inner points in found from

(33) with

) =3 log |[04(ilog(zkz) /2; 1) V(i og(z/21) /25 )] k#1
(43) Nu =9, o O ,
3 log |4]|z|*sin (i log |2x|) /[(1 — [zx]*) V(i log | zx]; ) 91 (0; )], K =1

N(¢) =

8. Applications

The applications below and most other potential applications hinge on some sort
of monotonic behavior of the reduced modulus under certain transformations of the
underlying domain. Two types of such monotonic behavior will be required here.
First, the reduced modulus M (G, Z, A, ¥) is non-increasing under the expansion
of G. Indeed, consider M(G',Z,¥,A), where G C G’ and all boundary points
zr € Z together with their respective angles Gpm > 0 remain fixed and belong to
the boundary of G’. Restriction to G of any function admissible for the condenser
C(r;G', Z, A, W) yields a function admissible for C(r; G, Z, A, ). This implies that
the class of admissible functions for C'(r; G, Z, A, ¥) in not smaller than that for
C(r;G', Z,A, V) and hence

capC(r; G, Z, A, W) < capC(r; G', Z, A, V)

& |C(rG,Z,A)| > |C(r; G, Z, A, D).
In view of the definition (3) of the reduced modulus passing to the limit as r | 0 in
this inequality gives
(44) M(G', Z,A,0) < M(G, Z,A, D).

Another type of monotonicity appears when our reduced modulus is compared
with the reduced modulus M (G, T", Z, A, ¥) introduced by Dubinin in |5, Theorem 7.
It is defined by the same formula (3) with condenser (2) replaced by the condenser

i C(r;T;G, Z, A, )
(4) = (G;{L, E(z1,U1 (1)), E(22,%a(1)), - . ., E(2my ¥m(r)) },{0, 61, ..., 6 }),

where IT" is a closed non-empty subset of G. Now if G C G’ and G' NG C T then
mimicking the reasoning above shows that

(46) M(G',Z,A,¥) > M(G,T, Z,A, D).
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Denote by . (R) the class of functions meromorphic and univalent in the ring

K :={z:1<|z| < R}, 1 < R < o0, such that f(K) C D, where D := {z: |z| > 1}
and f(0D) = 0D.
Theorem 3. Let f € .#(R) and a,b € K are arbitrary. Then

/') S )1 f(@)* = DO = 1)

£(0) = f(a)]?|f(a) F(B) — 17
910 1)*(1 — laf*) (1 — [b]*)[9:(i1og |al; p) Vs(ilog |b]; o) |
~ 16]al?[b[?| sinh (log |al) sinh (log [b]) |[91(i log(ad) /2; ) V(i log(a/b) /2; 1) |2

(47)

where p = 1/R and 9, is Jacobi’s theta-function.
Proof. Suppose Z = {a,b}, A = {+1, -1}, V = {r,r}, W = {f(a), f(b)}. By a
straightforward computation v = 1/4 and
M(K, Z, A, W) = M(f(K), W, A, {r|f"(a)l,r[f'(®)]})
]' / !
= M(f(E), W, A {r,r}) — o log|f'(a) f'(b)]

according to (33). Further by inequality (44):

2
1
M(f(K), W, A, %) > M(D,W,A,¥) = — > G0N
k=1

- 8% (—log(|f(a),2 — D(f®)? = 1)+ 2log |(£(b) — F(a))(F(@) f(b) — 1)|)

_ L ) = f(@)P|f(a)f(b) — 1]
8 (If (@ = DO =1)

According to (33) we have

1
M(K,Z,A,¥) = E(N{f + NE —2NE).

Combining the above inequalities with the last formula we obtain:

KK o) o P ) 1 ) = @ PTG () ~ 112
2(N11 + Ny — 2Ny3) + log [ f'(a) f'(b)] > log (@] = D(fO)E - 1)
_ @@l @F = DO - 1)

70) = S @PIT@ o) — 1 = P2V~ 20 +AN)

The constants Ng can be computed from formula (43). Indeed, the generalized
Neumann functions of the annuli A and K are equal for p = 1/R, since, in view of
Y (—w) = =1 (w), we have

Ni(2,¢) = Na(1/2,1/¢) = —% log |0h(—ilog(2C)/2; i) 9o(—ilog(2/¢)/2; )|

(48) 1 _
=3 log ‘191(2' log(2¢)/2; u) V(i log(2/¢)/2; M)| :
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Hence, we get by (43):
exp(—2N[5 — 2NE +4NK)
_ 9103 1) (1 — [af*) (1 — [b*)[9(é log |al; 1) Vs(i log [b]; 1) |
16]a|?|b|?| sinh (log |a|) sinh (log [b]) ||91(i log(ab)/2; 1) ¥(ilog(a/b) /2; p) |*
The upper bound for the product |f’(a)f’(b)| is given in [8, Theorem 3.2|.
Duren and Schiffer showed in |14, p. 194] that for a domain B containing the point

at infinity and bounded by a finite number of smooth Jordan curves, any distinct
points 21, 29, ..., zx of B and arbitrary real parameters d, ds, ..., d; the inequality

(49) Z Z or01 [gm/ (21, 21) — gB (21, 21 1) <0

k=1 =1

holds. Here I is a non-empty closed subset of 9B comprising a finite number of non-
degenerate connected components and B’ is the unbounded component of C\I'. The
functions gp/(z, () and gp(z,(;T") are Green and Robin functions of their correspond-
ing domains, respectively [14]. For k = [ both functions in brackets are infinite but
their difference is to be interpreted as the appropriate limit. Inequality (49) is sharp
if we allow domains with slits along analytic arcs. This inequality is a generalization
of the inequality between Robin and logarithmic capacities. Relation (49) can also
be obtained using the reduced moduli [12, Proposition 1, Section 4].

Here we compare quadratic forms in the Neumann and Robin functions. Suppose
a domain B C C, co € B is bounded by a finite number of piecewise analytic
curves. Let I be a non-empty closed subset of 0B comprising a finite number of non-
degenerate connected components. Here 0B is understood as a collection accessible
boundary points of B. Suppose I'y = 0B\I' and Bj is the unbounded component
of C\I'; (here I'; is the collection of the supports of the points of T';). Assume in
addition that n > 2 and > _;_, 6y = 0. Then the following sharp inequality is true:

(50) D> 061 2N, (2, 21) — gB(2k, 2 1)) > 0.

k=1 =1

To prove this inequality note that B C B; and 0By N B C I'. Hence we are in
the position to apply (46). Writing formula (33) for M (B, Z, A, V) and [5, formula
(7)] (or [8, formula (2.6)]) for M(B,T', Z, A, V) we immediately obtain the required
inequality. In both of the above moduli Z = {z,...,2,}, A = {d1,...,0,} and
U={r ... r}h

The following example shows that (50) is sharp. Take B = {z : |z| > 1} \ T,
I'= [2,3], Z1 = 2—{—2, Z9 — 2—i, zZ3 — —2—|—i, 24 = —2—2., (51 :(53 = 1, 52 :(54 =—1.
We have B; = {z : |z| > 1}. Denote by u the function harmonic in By \U;_, D (2, 7),
having du/On = 0 on 0B, and u = §; on D(z;,r). This function is a solution of mixed
boundary value problem with continuous boundary data and hence it clearly exists
[18, Proposition 15.7b|. By symmetry u = 0 on I'. Hence according to the extended
Dirichlet principle u is the potential function for both condenser C(r;T'; B, Z, A, V)
defined by (45) and C(r; By, Z, A, V) defined by (2) which implies that

IC(r; T, B, Z,A,0)| = |C(r; By, Z,A, V)| = M(B,I',Z,A,¥) = M(B,Z,A, V),
and we have equality in (50).



Reduced modulus with free boundary and its applications 377

Acknowledgements. We thank professor V.N. Dubinin for sharing with us the
idea of this paper and a number of useful remarks. This research has been supported
by RFBR grant 08-01-00028 and Presidential Grant for Support of Leading Scientific
Schools no. 2810.2008.1.

References

[1] AHLFORS, L.V., and A. BEURLING: Conformal invariants and function-theoretic nullsets. -
Acta. Math. 83:1/2, 1950, 101-129.

[2] CONTRERAS, M. D., S. D1IAZ-MADRIGAL, and A. VASIL’EV: Digons and angular derivatives
of analytic self-maps of the unit disk. - Complex Var. Elliptic Equ. 52:8, 2007, 685-691.

[3] DUBININ, V. N.: The separating transformation of domains and problems on extremal decom-
position. - Zap. Nauchn. Sem. Leningr. Otdel. Mat. Inst. Steklov. (LOMI) 168, 1988, 48-66;
English transl.: J. Math. Sci. (N.Y.) 53:3, 1991, 252-263.

[4] DUBININ, V.N.: Asymptotics of the module of a degenerating condenser and some of their
applications. - Zap. Nauchn. Sem. S.-Peterburg. Otdel. Mat. Inst. Steklov. (POMI) 237, 1997,
56-73; English transl.: J. Math. Sci. (N.Y.) 95:3, 1999, 2209-2220.

[5] DUBININ, V. N.: Generalized condensers and the asymptotics of their capacities under degen-
eration of some plates. - Zap. Nauchn. Sem. S.-Peterburg. Otdel. Mat. Inst. Steklov. (POMI)
302, 2003, 38-51; English transl.: J. Math. Sci. (N.Y.) 129:3, 2005, 3835-3842.

[6] DuBININ, V.N., and N.V. EYRIKH: The generalized reduced modulus. - Far East. Math. J.
3:2, 2002, 150-164.

[7] DuBININ, V.N., and N. V. EYRIKH: Applications of generalized condensers to analytic func-
tion theory. - Zap. Nauchn. Sem. S.-Peterburg. Otdel. Mat. Inst. Steklov. (POMI) 314, 2004,
52-75; English transl.: J. Math. Sci. (N.Y.) 133:6, 2006, 1634-1647.

[8] DuBININ, V.N., and D. KARP: Generalized condensers and distortion theorems for the con-
formal mapping of planar domains. - In: The Interaction of Analysis and Geometry, edited by
V.I. Burenkov, T. Iwaniec, and S. K. Vodopyanov, Contemp. Math. 424, 2007, 33-51.

[9] DuBININ, V.N.; and V. Yu. KiM: Reduced modules and inequalities for polynomials. - Zap.
Nauchn. Sem. S.-Peterburg. Otdel. Mat. Inst. Steklov. (POMI) 263, 2000, 70-83; English
transl.: J. Math. Sci. (N.Y.) 110:6, 2002, 3070-3077.

[10] DuBININ, V. N., and L. V. KovALEV: Reduced modulus of a complex sphere. - Zap. Nauchn.
Sem. S.-Peterburg. Otdel. Mat. Inst. Steklov. (POMI) 254, 1998, 76-94; English transl.: J.
Math. Sci. (N.Y.) 105:4, 2001, 2165-2179.

[11] DuBININ, V.N., and E. G. PRILEPKINA: On variational principles of conformal mappings. -
Algebra i Analiz 18, 2006, 39-62.

[12] DuBININ, V. N., and E. G. PRILEPKINA: On preservation of the generalized reduced modulus
under geometric transformations of planar domains. - Far East. Math. J. 6:1-2, 2005, 39-56.

[13] DUREN, P., J. PFALTZGRAFF, and E. THURMAN: Physical interpretation and further proper-
ties of Robin capacity. - Algebra i Analiz 9:3, 1997, 211-219.

[14] DUREN, P., and M. M. SCHIFFER: Robin functions and distortion of capacity under conformal
mapping. - Complex Var. Theory Appl. 21:3-4, 1993, 189-196.

[15] EMEL'YANOV, E. G.: Problems of extremal decomposition. - Zap. Nauchn. Sem. Leningr. Otdel.
Mat. Inst. Steklov. (LOMI) 154, 1986, 76—-89; English transl.: J. Soviet Math. 43:4 1988, 2558—
2566.

[16] EMEL'YANOV, E. G.: A connection between two extremal partition problems. - Zap. Nauchn.
Sem. Leningr. Otdel. Mat. Inst. Steklov. (LOMI) 160, 1987, 91-98; English transl.: J. Math.
Sci. 52:3, 1990, 3063—-3068.

[17] GARNETT, J.B., and D. E. MARSHALL: Harmonic measure. - Cambridge Univ. Press, 2005.



378 Dmitry Karp and Elena Prilepkina

[18] HENRICI, P.: Applied and computational complex analysis, volume 3. - Wiley-Interscience
Publication, John Wiley and Sons, 1986.

[19] HaymAN, W.K.: Multivalent functions. - Cambridge Univ. Press, 2nd edition, Cambridge,
1994.

[20] JENKINS, J. A.: Univalent functions and conformal mapping. - Ergeb. Math. Grenzgeb. Neue
Folge 18, Berlin-Gottingen-Heidelberg, Springer-Verlag, 1958.

[21] KIRSCH, S., Transfinite diameter, Chebyshev constant and capacity. - In: Handbook of Com-
plex Ananlysis: Geometric Function Theory, volume 2, edited by R. Kiihnau, Elsevier, 2005,
243-308.

[22] KuzMmINA, G. V.: On extremal properties of quadratic differentials with strip-shaped domains
in the structure of trajectories. - Zap. Nauchn. Sem. Leningr. Otdel. Mat. Inst. Steklov. (LOMI)
154, 1986, 110-129; English transl.: J. Soviet Math. 43:4, 1988, 2579-2591.

[23] KuzMmINA, G.V.: Extremal properties of quadratic differentials with trajectories asymptoti-
cally similar to logarithmic spirals. - Zap. Nauchn. Sem. Leningr. Otdel. Mat. Inst. Steklov.
(LOMI) 160, 1987, 121-137; English transl.: J. Soviet Math. 52:3, 1990, 3085-3098.

[24] KuzMmiNa, G.V.: Methods of geometric function theory I, II. - Algebra i Analiz 9:3, 1997,
41-103; 9:5, 1997, 1-50.

[25] MITYUK, I.P.: A generalized reduced module and some of its applications. - Izv. Vyssh.
Uchebn. Zaved. Mat. 2, 1964, 110-119.

[26] POMMERENKE, CH.: Conformal maps at the boundary. - In: Handbook of Complex Ananlysis:
Geometric Function Theory, volume 1, edited by R. Kithnau, Elsevier, 2002, 37-74.

[27] POMMERENKE, CH., and A. VASIUEV: Angular derivatives of bounded univalent functions
and extremal partitions of the unit disk. - Pacific J. Math. 206:2, 2002, 425-450.

[28] SOLYNIN, A.YU.: Solution of a Polya-Szego isoperimetric problem. - Zap. Nauchn. Sem.
Leningr. Otdel. Mat. Inst. Steklov. (LOMI) 168, 1988, 140-153; English transl.: J. Math. Sci.
(N.Y.) 53:3, 1991, 311-320.

[29] SOLYNIN, A.YU.: Modules and extremal metric problems. - Algebra i Analiz 11:1, 1999, 3-86;
English transl.: St. Petersburg Math. J. 11:1, 2000, 1-70.

[30] VASILEV, A.: Moduli of families of curves for conformal and quasiconformal mappings. -
Lecture Notes in Math. 1788, Springer, 2002.

Received 8 January 2008



