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Abstract. Given a conformal mapping f of the unit disk D onto a simply connected domain D
in the complex plane bounded by a closed Jordan curve, we consider the problem of constructing a
matching conformal mapping, i.e., the mapping of the exterior of the unit disk D* onto the exterior
domain D* regarding to D. The answer is expressed in terms of a linear differential equation with
a driving term given as the kernel of an operator dependent on the original mapping f. Examples
are provided. This study is related to the problem of conformal welding and to representation of
the Virasoro algebra in the space of univalent functions.

Introduction

One of the classical problems of complex analysis resides in finding the conformal
mapping between a given simply connected hyperbolic domain D on the Riemann
sphere C and some canonical domain, e.g., the unit disk D := {z : |2| < 1} or
its exterior D* := C \ D, where D means the closure of D. Despite the fact that
the existence and essential uniqueness of the mapping is guaranteed by the Riemann
mapping theorem, only in some particular cases it can be found analytically in a more
or less explicit form. In the present paper we consider a special formulation of this
problem, when the domain D is bounded by a closed Jordan curve and represented
by means of the conformal mapping of D* onto the exterior D* of the domain D,
oo € D*.

If the boundary 0D is C* smooth, then this formulation is closely connected to
Kirillov’s representation of the Lie-Fréchet group Diff*(S1) of all orientation preserv-
ing C°°-diffeomorphisms of the unit circle S, and to representation of the Virasoro
algebra, which is a central extension by C of the complexified Lie algebra of vec-
tor fields on S*. Virasoro algebra is known to play an important role in non-linear
equations, where the Virasoro algebra is intrinsically related to the KdV canonical
structure (see, e.g., [6, 8]), and in Conformal Field Theory, where the Virasoro—Bott
group appears as the space of reparametrization of a closed string (see, e.g., [20]) .
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Let f be a conformal mapping of D onto a Jordan domain D and let ¢ be a
conformal mapping of D* onto a Jordan domain D*. The functions f and ¢ are
said to be matching if D and D* are complementary domains, i.e., D N D* = () and
oD = oD".

A pair of matching functions (f, ), being continuously extended to S', defines
a homeomorphism of S given by the formula

(1) v=f"loep.

Such a representation of homeomorphisms of S! is called the conformal welding.
Using Mobius transformations we can always assume that

(i) 0 € D and oo € D*;

(i) £(0) = f/(1) — 1=0;

(iil) ¢(oc0) = 0.
Conformal weldings have close connection to theory of quasiconformal (q.c.) map-
pings. Denote by . the class of all univalent analytic functions f in D subject to
condition (ii), and let .7 be the subclass of .# consisting of functions which can be
extended to a quasiconformal homeomorphism of C. If f € .79, then ¢ also admits
q.c. extention to C and therefore v € Homeo(S"), where Homeol(S') stands for
the group of all orientation preserving quasisymmetric (q.s.) homeomorphisms of S,

i.e., 7y satisfies
7(é(Hh)) _ ,y(eit)
(2) sup { ,Y(ei(t_h)) _ ’y(@it)

Moreover, it is known that for any 7 € Homeog(S") there exists a unique conformal
welding (1) under conditions (i)-(iii). Given y € Homeo(S"), the construction of
the pair (f, ) of matching functions involves solution of the Beltrami equation

Of = pof,

where 0 and O stand for (a% F ia%)/2 respectively, with the coefficient p = pu(2)
depending on ~. See Section 1 for details.

Without any attempt to make a complete list we mention papers |3, 4, 9, 11, 12,
14, 17|, where further study of the existence and uniqueness of conformal welding
and its generalizations can be found.

In this paper we establish a more explicit connection between f, ¢ and ~v. We
will use the notation Lip,, o € (0,1) for the class of Holder continuous functions of
exponent «, and C™* for the class of n-times differentiable functions with the n-th
derivative from the class Lip,. In order to indicate the domain of definition and
admissible values of functions we will add them in the parenthesis, e.g., Lip,(S', R)
will stand for the set of all real-valued functions which are from the class Lip, on
Sl. By ™% n > 1, we denote the class of all functions f € . that map D
onto domains bounded by C™“smooth Jordan curves. According to the Kellog—
Warschawski theorem (see, e.g., [21, p. 49]), f € ™* if and only if it can be
continuously extended to S, with f|g1 € C™“ and f’|s1 does not vanish. The class
of all f € ./ that map D onto domains bounded by C'*°-smooth Jordan curves will
be denoted by 7.

:t,heR,0<]hl<w}<+oo.
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Let f € 1. Consider the linear operator I; from Lip,(S',R) to the space
Hol(D) of all holomorphic functions in D, defined by the formula

L[ (sFOY o) ds
®) lilol(=) = =55 SI(ﬂs)) oo s <P

The following statement is our main result.

Theorem 1. Suppose f € /%% and ¢, p(oco) = oo, are matching univalent
functions. Then the kernel of the operator I;: Lip,(S',R) — Hol(D) is the one-
dimensional manifold ker Iy = span{vy}, where

1 Wo )
) 0l = W e NG

Moreover, the function vy is positive on S' and satisfies the condition

(5) /027r Uozl;t) = 2m.

Remark 1. Let f € .19 be given. Consider the problem of finding the confor-
mal mapping ¢ of D* := C\ f(D) onto D*, ¢(c0) = oo, (subject to an additional
condition ensuring the uniqueness). Theorem 1 reduces this problem to solution of
the equation I[v] = 0. Indeed, given f and vy, one can calculate ¢ on the boundary
of D* by solving the following differential equation

U (u) = H(upp(u), wedD",
where H := Ho f~' and H(z) :=1/[2f'(2)vo(2)], z € S*.

Theorem 1 describes the real-valued solutions to the equation I¢[v] = 0. The set
of complex solutions to this equation is much more extensive. Denote by Holx(D*)
the class of all continuous functions h: D* U S' — C which are analytic in D*.

Yi=pt zeS.

Theorem 2. Suppose [ € /1 and ¢, p(c0) = oo, are matching univalent
functions, and v := f~' o ¢ is the induced homeomorphism of S*. Then the kernel
of the operator I;: Lip,(S*, C) — Hol(D) coincides with the set of all functions v of
the form

(6) v(z) =w(2)  (hoy)(2), z€8,

where h is an arbitrary function belonging to Holo(D*)NLip,, (S*, C) and vy is defined
by (4).

In Section2 we show how the operator I; appears in a natural way within the
identification of the Kirillov’s homogeneous manifold .# := Diff7(S')/Rot(S') with
. and deduce an analogue of Theorem 1 for the C'"*°-smooth case.

Section 4 is devoted to the proof of Theorems 1 and 2. Examples of univalent
matching functions and conformal weldings are given in Sections 5 and 6.

1. Conformal welding for quasisymmetric homeomorphisms of S*

It is known that conformal welding establishes a bijective correspondence between
7% and Homeo/(S")/Rot(S"), where Rot(S") stands for the group of rotations of
S1. For the history of the question, see, e.g., [10]. Here we briefly give a sketch of
the proof, see also [22].
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Let u, u(co) = oo, be any q.c. automorphism of D*. Let us construct the
quasiconformal homeomorphism f of the Riemann sphere C, such that the functions
f= f|D and ¢ = (f D*) owu are analytic in D and D* respectively. It is easy to see
that f should satisfy the Beltrami equation

. . : {G(u_l(z))/a(u_l(z)), if z € D*,

0, otherwise.

In order to have a unique solution we impose the following normalization

(8) f(0) = f'(0) =1=0, f(o0) = oc.
Then f € 9 and ¢ are matching functions and the homeomorphism of the unit
circle v := f~! o ¢ coincides with the continuous extension of u to S*.

It is known [2]| that an orientation preserving homeomorphism v: S* — S can
be extended to a q.c. automorphism u of D* if and only if it is quasisymmetric, i.e.,
satisfies (2). Moreover, by superposing u and a suitable q.c. automorphism of D*
identical on S', one can always assume that u(co) = oco. It follows that for any
v € Homeof, (S 1) there exists a conformal welding with f € .79,

Fix any q.c. extension u: D* — D*; oo — o0, of v € Homeo(S') and let

(2) = {f(z), it ze D,

(pou1)(z), otherwise,

where f € . and ¢ are matching univalent functions such that v = f~ o~. Then
f satisfies (7)-(8). This defines f uniquely (see, e.g., [18, p. 194]). It follows that for
any v € Homeo/,(S") the conformal welding is unique.

On the hand, if f € .9, then ¢ and consequently v = f~! o, can be extended
to a quasiconformal homeomorphism of C. It follows that v € Homeo(S"). Since
the condition ¢(c0) = oo defines a conformal mapping onto D* := C \ f(D) only
up to rotations, f corresponds to the equivalence class [y] € Homeof, (S")/Rot(S"),

rather than to an element of Homeof(S").

Remark 2. If v: S! — S! is a diffeomorphism, then one of its q.c. extensions
to D* is given by the formula u(re”) := ry(e"), and the Beltrami coefficient u in (7)
equals

—IN\NHF/ i
o 1= (77 ()
L+ ()" (e)
where we introduce the operator ‘4’ by 3% := (17710 o 7r)/, and 7: R — S' is the
universal covering, 7(x) = €.

p(re™) =e

In Section 6 we consider a certain class of analytic diffeomorphisms ~ for which
Theorem 1 can be used to find the conformal welding without solving the Beltrami
equation.

2. Kirillov’s representation of Diff *(S') via univalent functions

The group Diff 7(S') of all orientation preserving C°°-diffeomorphisms of the
unit circle S* is one of the simplest, and by this reason important, example of an
infinite-dimensional Lie group. Denote by .# the Fréchet space of all C'*°-smooth
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functions h: S' — R endowed with the countable family of seminorms |h|, =
max,er | (d"/dz")h(e™)|, n > 0. It is known (see, e.g., [5]) that Diff *(S*) becomes a
Lie-Fréchet group if we define the structure of a C*-smooth manifold on Diff *(S*) by
means of the covering mapping h — 7[h], y[h](¢) := (™9, of the open set {h € .F :
dh(e®)/dz > —1} onto Diff *(S'). All the tangent spaces T, Diff *(S!) are identified
then in a natural way with 7.

Kirillov [15] suggested to use the correspondence between Homeol (S 1) and 79¢
established by means of conformal welding, in order to represent the homogeneous
manifold .# := Diff *(S')/Rot(S'), usually referred to as Kirillov’s manifold, via
univalent functions.

Consider the class . of all functions f € . having C*°-smooth extension to
0D with non-vanishing derivative. By the Kellog—Warschawski theorem (see, e.g.,
[21, p. 49]), f € > if and only if f has a C*°-smooth extension to S' and the
derivative f’ ‘ g1 does not vanish. It follows that /> corresponds via conformal
welding to a subset of Diff7(S1)/Rot(S'). According to the result of Kirillov [15],
it actually coincides with Diff™(S')/Rot(S!), and consequently one can identify .#
with 7.

Denote by K: .#* — .# the mapping that takes each f € . to the corre-
sponding equivalence class of diffeomorphisms [y]. The infinitesimal version of the
inverse mapping is as follows.

Fix any v € % = TyyDiff *(S') and consider the right-invariant vector field over
Difft(S'), V:y +— voy € F = T, Diff *(S') generated by v. This gives us the
identification T,Diff *(S!) = TyyDiff *(S') = .Z, which we adhere further on, and
which is obviously different from the identification of T, Diff (S') with .# described
above.

Thus, to each v € Z and each vy € Diff 7(S') one associates the variation v.(¢) :=
~v(¢) explie(v o v)(¢)] of 7. According to [16], the corresponding variation of the
function f equals to f. := K~'([.]) = f + 0f + o(e), where

3 sf'(s)\* f(2)ols) ds
O 0= [ (FE) LS eponie), e

A natural consequence is that I¢[v](z) = 0 for all = € D if and only if the

variation of  produces no variation of [y] € .# (up to higher order terms). It can be

reformulated as follows: the element of T,Diff *(S') represented by v o~y is tangent
to the one-dimensional manifold

v oRot(S") = [y] € Diff*(S1).
The latter is equivalent to

v € Ad, <TidR0t(S 1)) = Ad, {constant functions on S'}.

Elementary calculations show that

uo*y*1

()"

Adu =

As a conclusion we get

Proposition 1. The kernel of I;: .# — Hol(D) is one-dimensional and coincides
with span{1/(y~1)#}.
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Remark 3. Proposition 1 reveals a version of Theorem 1 for C'*°-smooth case.
It reduces the problem of calculating K~'(f) to solution of the equation I;[v] = 0.
The nontrivial solution vy subject to the normalization

2T
/ i =27
o vo(e")

allows us to determine [y] by means of the equality
, Toadt
(10) 77 () (5
with the arbitrary constant C' being responsible for the fact that (10) defines v only
up to the right action of Rot(S').

3. Virasoro algebra and complex structure on Kirillov’s manifold

The Lie algebra of Diff7(S1) is the Fréchet space .# endowed with the Lie bracket

- {v1,02}(€7) = va(e) dvzl(;%) —v1(e") %.

Remark 4. The expression (11) differs in sign from the commutator [V;, V5] of
the vector fields V;: v — v; oy generated by v;, because V; are right-invariant vector
fields rather than left-invariant, which are usually considered in this context.

The simplest basis for the complexification Fc = {v; + vy : v1,v9 € F} of F
is given by powers of z:
Li(z) = izF, kel
Continuation of the Lie bracket {-,-}: . % x % — % by complex bilinearity to Z¢
gives the commutation relations {Ly, L;} = (j — k) Ly ;.
The (complex) Virasoro algebra can defined now as the central extension of Z¢
by C which is the Lie algebra over .#¢ @ C with the commutation relations

{(Zr,a), (L5 0) } = ({Lks L}, 5k (K = 1)dk, ).
Here ¢ is a constant parameter referred to as the central charge in mathematical
physics.

Unfortunately, it is not known whether the Lie-Fréchet algebra .#¢ is the Lie
algebra of any Lie-Fréchet group, which, if exists, can serve as complexification for
Diff *(S!). There are strong reasons to believe that such a group does not exist [19].
Nevertheless, the infinitesimal action .# x .# — T.# induced by the left action of
Diff *(S'), can be extended from .# to Zc, due to the fact that the linear space
spanned by the variations (9) has a natural complex structure, the operation of
multiplication by ¢. This induces complex structure J, on % /ker Iy = T;.#. We
use Theorem 2 to obtain the explicit form of it. Instead of looking for the operator
on # /ker Iy we define J, as an operator on .%# with the property that J,[vy] = 0.
For v € % we have

ily[v] = Iyliv] = Iy[Jy0].
It follows that J,v = iv — 0, where 0 € %¢ is a solution of I;[0] = 0 satisfying the
condition Im ¥ = v. Using the representation (6) for o we obtain the formula

vory
Vo © 7Y ’

(12) 5oy = (won)- |
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where Jy: % — .7 is the so-called conjugation,

Jo [Z akzk] =1 Z sgn(k)agz".

keZ keZ
Elementary calculations lead us to the following

Proposition 2. The complex structure on T.# induced by the standard com-
plex structure on .F¢ via I; is given by J, = Ad.Jy (Ad,)”", where Ad, stands for
the differential of A,3 :=~ o 3o~~! at the origin 3 = id.

Remark 5. The complex structure J, coincides with that introduced in [1] only
for the case v = id and thus it is not invariant under the right action of Diff *(S') on
A . However, J, is left-invariant, which is proved by Kirillov [15] and easily follows
from the fact that the differential of the left action of Diff *(S') is given by v — Ad,v,
where v € .F = T, Diff *(S1).

Remark 6. In [7] Gardiner and Sullivan considered the group Homeod, (R)
of all symmetric orientation preserving homeomorphisms of R. In particular, they
showed that the tangent space to HomeoZ, (R) at the identity can be identified with

sym
the class of all functions F': R — R, “smooth” in the sense of Zygmund.

4. Proof of Theorems 1 and 2

Here we give a proof of Theorems 1 and 2 stated in the Introduction, which is
based purely on complex analysis.

Proof of Theorem 1. Denote D := f(D), I := 0D,
Hw) = S000W) gy L[ HW L e,

u?g'(u) 2mi Jpu—w
where g stands for the inverse of the function f.
The equation I¢[v](z) =0, z € D, is equivalent to

(13) F(w)=0, weD.

Using the Sokhotsky—Plemelj formulas we conclude that if v is a solution to (13), then
H(u) is the boundary values of an analytic function in D* := C\ D vanishing at
w = o0o. The converse is also true due to the Cauchy integral formula for unbounded
domains. It follows that vy is a solution to (13). Indeed, for v = vy we have

(u)
Hw) = gty

The function vy can be expressed as vo(z) = (¢'(¢)/(2f'(2)), where ¢ := ¥ (f(z)).
Both vectors (¢'(¢) and zf’(z) are the outer normal vectors of I' at the point w =
f(2) = ¢(C). It follows that vo(z) > 0. The continuous function 7(¢) defined by
e =4 (f(e")), t € R, satisfies the conditions 7/(t) = 1/vg(e™) and (¢t + 27) =
7(t) + 2. Tt follows that (5) holds.

It remains to prove that any real-valued solution v € Lip, (S, R) to equation (13)
is of the form v = Avy, A € R. Assume v; € Lip,(S',R) is a solution. And consider
the one-parameter family of solutions defined by v := vy + €v;, where ¢ € R is
sufficiently small for v to be positive on S*. By the above argument, the function




310 Erlend Grong, Pavel Gumenyuk and Alexander Vasil’ev

G(u) = wy'(u)H(u), v € T', has an analytic continuation to D*, which will be
denoted by G(w).

The function G does not vanish in D* U T" provided ¢ is small enough. Indeed,
G(w) — Y(w)/w as ¢ — 0 uniformly in D* U T, with the limit function ¢ (w)/w
continuous and non-vanishing. It follows that G(w) := log G(w) is analytic in D*
and continuous on D* UT'. The inequality v > 0 implies that Im G(u) = Imlog J(u),
u €T, where J(u) := g(u)y'(u)/(ug'(u)). This equality determines G up to a real
constant term. Therefore, v(z) is unique up to a positive constant coefficient. This
completes the proof. O

By the same techniques one can prove Theorem 2.

Proof of Theorem 2. Let us look for solutions to I¢[v] = 0 in the form (6) without
any a priori assumptions on h, except for that h € Lip,(S*, C). Any solution can be
represented in this form because vy is positive. Now we use the change of variable
s = 7(t) in integral (3). Taking into account that

v(s) =1/(v"1)7(s) = (t/s) - (ds/dt) and f'(y(t)) - (ds/dt) = ¢'(1),
we conclude that
1 to'(H\* () dt wo— f(2) s
ntid = -5 [, (G) swowt wof@ sep

Applying another change of variable u = ¢(t), we obtain the following expression
for the above quantity

[ ) A/

Comi Jpud'(u)  u—w

Y

Due to the Sokhotsky—Plemelj formulas and to the Cauchy integral formula for un-
bounded domains, the above quantity equals zero for all w € D := f(D) if and only
if h represents the boundary values of an analytic function in D*. This fact proves
the theorem. ]

5. Examples of matching univalent functions

Here we consider a class of examples, for which both matching functions f and
© are expressed by means of ordinary differential equations.
Given an integer n > 1, let us consider the following quadratic differentials

d 2
2(¢)d¢? = —C—i;
W(w) dw2 = —M’ P(’u}) = ﬁ(w — wk)7 Wy = e?ﬂik)/n;
P(w) o
Z(Z) dZQ = _w- Q(Z) = %ﬁ |Z_k|(zk _ Z)(Z _ 1/Z_k) 2 = 7,627rik/n
Q(Z> ’ 0 2k ! )

where r € (0,1), and s > 0 is such that fsl /Z(z)dz = 27 for the appropriately
chosen branch of the square root.

These quadratic differentials have the following structure of trajectories (see, e.g.,
[13, 23]). All the trajectories of Z(¢) d(? are circles centered on the origin, with 0 and
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oo as critical points. Critical trajectories of W (w) dw? are line intervals joining w = 0
with wy. Denote the union of their closures by F,,. All the remaining trajectories are
closed Jordan curves separating F,, and the critical point at infinity. The structure
of trajectories of the quadratic differential Z(z) dz? is symmetric with respect to the
unit circle, which is also a trajectory. Similarly to W (w) dw?, singular trajectories
of Z(z)dz? that lie in D are line intervals joining the origin with z;. They form
a continuum, which we denote by F.. The singular trajectories lying outside D
form a symmetric continuum £7. All the remaining trajectories are Jordan curves
separating I/, and E7}.

Let us choose any non-singular trajectory I' of the quadratic differential W (w) dw?
and construct the bijective conformal mappings f: D — D, f(0) =0, f/(0) > 0, and
@: D* — D* p(00) = 00, ¢'(00) > 0, where D and D* are the interior and exterior
of I, respectively.

The mapping f can be constructed as follows. Let us define the parameter r
in Z(z) dz* by requiring that the moduli of the annular domains D \ E, and D \ E,,
are equal. Consider the conformal mapping f of D\ E, onto D \ E,, normalized by
f(20) = wo. This mapping satisfies the following differential equation

(14) W(w)dw? = Z(z) dz*.

Indeed, the conformal mapping ¢ = o(z) of the ring domain C \ (E, U E¥) onto the
domain of the form G := {¢ : p < |(| < 1/p} normalized by o(z9) = p satisfies the
equation (see, e.g., [23, pp. 43-46])

(15) Z(2)dz* = Z(¢) d¢*.

Analogously, the conformal mapping ¢ = 1 (w) of the circular domain C\ E,, of
the quadratic differential W (w) dw? onto the domain {z : |z| > p} normalized by
(00) = oo and ¥ (wy) = p satisfies the equation

() dc*.

Since the moduli of the annular domains D\ E, and D\ E,, are equal, ¢/ (D\ E,,) = G,
G':={(:p<|¢| <1}, and consequently f =1~ o g. It follows that (14) holds.
Now using the symmetry of F,, and E, one can prove that f extends analytically
to E,, i.e., f is the desired conformal mapping of D onto D.
It follows from the above consideration, that the exterior mapping is ¢ = ¥ ~!|p-.
By rescaling w-plane we can assure that f € .. Now we can easily calculate
the function v, spanning the kernel of the operator I¢[vy], formula (3). According to
Theorem 1 and equality (15),

n—1
vo(z) = (—z2Z(z))71/2 = 1/% H |z —re®tm| 2 e S
k=0

Remark 7. The choice of the coefficient s in the construction of quadratic
differential Z(z)dz? garantees that v, satisfies normalization (5).

(1]

W (w) dw* =

Remark 8. The circle diffeomorphism 7 coincides on S* with o~t. Consequently,
it can be extended analytically from S' to the ring G.
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Remark 9. For the case n = 2 the curve I' is an ellipse with foci w = £1 and
the mapping f is
mF(Z, r2)>

£(2) = sin (W

where F(z, k) is the first elliptic integral,

[ dq
F = / NI

and K(k) = F(1, k). The eccentricity of the ellipse I' equals A = 1/f(1). The exterior
mapping is just the Joukowski mapping

p(C) = % (CAC+ i) , Gy = @7
and
o) = LKA ) K - 2
0 (p~lo f)#(2) o - .

6. Conformal welding for a class of circle diffeomorphisms

Consider a diffeomorphism ~: S — S! such that the function vy := 1/(y~1)#
has the form vy(z) = >_,__, axz®, in which case, since vy is positive, a_; = a, and
so we have two equivalent representations:

n arn n e~ itk . .
(16) vo(2) = ag + Z aiz® + —: = %H (rpe’™ — 2)(z — e [ry,),
k=1 o —1 ©
where r, € (0,1), tx € R, k= 1,...,n, and the coefficients s and a;’s are subject to

the conditions vy > 0 and fo% dt Jvg(e') = 2.

The set of all diffeomorphisms v satisfying the above condition is dense in many
important spaces of circle homeomorphisms. Let us consider the problem of finding
the function f € .#°° corresponding to vy given by (16). In general, for a diffeomor-
phism v € C* « € (0,1), the conformal welding is given by a unique solution to
the equation

L _L sf'(s) ? vg(s) @Z .
an - Llwl) =2 s1(f<s>> oo 0 2ED

regarded as an equation with respect to f € .#%*. The existence and uniqueness
of the solution to (17) is implied by Theorem 1 and the fact that for any v €
Homeo;(S") there exists a unique conformal welding with f € ..

If vy is of the form (16), then (17) can be substantially simplified by means of
calculus of residues. The residue of the expression under the integral at s = 2z equals
zf'(z)vo(2)/(f(2))?* and the residue at the origin is of the form Py(1/f(2))/f(2),
where Fy is a polynomial of degree n with coefficients depending on a;’s and the first
Taylor coefficients of f. It follows that the function w = f(z) satisfies the differential
equation

wrtdw 2 ldz
1) Pw) ~ QG)
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where .
P(w) := by H(w — wy),
k=1

bo and wy’s are unknown parameters and

Q(z) := 2"vp(2) = %H @(zk —2) (2= 1/z), 2z = rpe',
he1 R
Since f is univalent and analytic in D, w;’s are exactly the images of z;’s and we
can suppose that they are numbered so that wy = f(z).
For simplicity we suppose that all the roots of ) are simple. Then wy # w; for
k # j and comparing residues of 2"~!/Q(z) and f/(z)(f(z))nfl/P(f(z)) we obtain
the following system of algebraic equations:

wz_l
19 =A,, k=1,...,n,
where Plw) )
w 2"
P = AL =R )

Using the residue theorem we further conclude that
1 < T dt
PO M

In view of (18) the condition f/(0) = 1 results in the equality

n

(20) [Twe = (—1)"Q(0) = > .

Now we can summarize the above consideration as following

Proposition 3. Suppose v € Diff7(S?) is such that vy := 1/(y~1)# is of the
form (16). Then the function f € .#*° that corresponds to vy via conformal welding,
is a solution to differential equation (18) with by := 1 and wy := f(zx). Moreover,
the vector (wy, ..., w,) satisfies system (19), (20), provided all the roots z;, of Q) are
simple.

Remark 10. Given any non-vanishing values of the parameters wy, k =1,... n,
differential equation (18) with by := 1 has a unique analytic solution w = w(z) in a

neighborhood of z = 0 that satisfies the condition w(0) = w'(0) — 1 = 0. At the same
time the number of solutions of system (19), (20) grows drastically as n increases.

The simplest case n = 1 corresponds to the subgroup Méb(S') C Diff ¥(S?)
consisting of Mobius transformations of the unit disk restricted to S (excluding
rotations, which correspond to n = 0) and f has the form z/(1 — ¢12), |c1] € (0,1).
But even for n = 2 the expressions turn out to be quite complicated.
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