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Abstract. In this paper we consider the nonlinear viscoelastic equation
t
ugy — Au + / g(t — 7)Au(r) dr + a(x)|u| ™ ur + blu|Tu =0
0

in a bounded domain. We prove that, for certain class of relaxation functions and certain initial
data, the decay rate of the solution energy is similar to that of the relaxation function regardless of
the presence or the absence of the frictional damping. This result improves earlier ones in Berrimi
and Messaoudi [1] in which only the exponential decay rate is obtained.

1. Introduction

In [1], Berrimi and Messaoudi studied the following nonlinear problem:

t
gy — Au + / g(t — 7)Au(T) dr + a(z)ut|u™ + |u|"u =0 1in Q x (0, 00),
0

(1.1) w(z,t) =0, z€dQ, t>0,
’LL(%,O) :U0($)7 ut(xa 0) :ul(x)’ ZAES Q>
where 2 is a bounded domain of R™ (n > 1) with a smooth boundary 02, v > 0,

m > 0, g is a positive function, and a: @ — R™ is a function, which may vanish on
any part of Q (including € itself). Under the condition that

g'(t) < —E&g(t) fort>0

for some positive constant £, the authors obtained an exponential decay result under
weaker conditions on both a and g which improved [5].
In fact, in [5], Cavalcanti et al. dealt with the equation

t
Uy — Au + / g(t — 1) Au(r)dr + a(z)us + |u|"u =0 1in Q x (0, c0),
0

(1.2) w(z,t) =0, z€dQ, t>0,

u(z,0) =up(x), wu(z,0)=u(x), x€Q,

where a: Q — RT is a function, which may be null on a part of 2. Assuming that
a(x) > ap > 0 on w C Q, with w satisfying some geometry restrictions and

—&ig(t) < g'(t) < —&y9(t), t>0,
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such that ||g||11((0,00)) is small enough, they obtained an exponential decay result of
energy for (1.2). This work extended the result of Zuazua [20], in which he considered
(1.2) with ¢ = 0 and the linear damping is localized. A related problem, in a bounded
domain, of the form

t
|ue|Pue — Au — Ay + / g(t — 1)Au(r)dr — yAu; = 0,
0

for p > 0, was also studied by Cavalcanti et al. [3]. A global existence result for
v > 0, as well as an exponential decay for v > 0, has been established. This last
result has been extended to a situation, where v = 0, by Messaoudi and Tatar [18, 17]
and exponential and polynomial decay results have been established in the absence,
as well as in the presence, of a source term.

Recently, Messaoudi [15] studied (1.1) without the nonlinear localized damping
term a(x)|us|™u; and the nonlinear term |u|"u. He proved that the solution energy
decays at the same rate of decay of the relaxation function, which is not necessarily
decaying in a polynomial or exponential fashion. Motivated by the ideas of Messaoudi
[15], Han and Wang [8| investigated the general decay of solution energy for the
nonlinear viscoelastic equation

¢
|ug|Puge — Au — Auy + / g(t — 7)Au(T) dr + |ug|™uy = 0.
0

Since the term —Awy was included, the nonlinear damping term |u;|™u; can be
controlled there. For other related works, we refer the reader to [6]-[14] and [19].

In the present paper we are also concerned with problem (1.1). Our intention
is to show that, for certain class of relaxation functions and certain initial data, the
decay rate of the solution energy is similar to that of ¢ (see (G2) below) regardless
of the presence or the absence of the frictional damping. Therefore, our result allows
a larger class of relaxation functions and improves earlier results in [1] in which
only the exponential rate was considered. Our ideas come from [15] while we should
overcome the difficulty brought by the control of the nonlinear localized damping
term a(z)ug|u™.

The paper is organized as follows. In the next section, we introduce some nota-
tions and prepare some materials. Section 3 contains the statement and proof of our
result concerning the general decay of the solution.

2. Preliminaries

In this section, we present some materials needed in the proof of our main result.
We use the standard Lebesgue space LP(2) and Sobolev space H}(Q) with their
usual scalar products and norms. We will also use the embedding H}(Q) — L4(Q)
for2<¢g<2n/(n—2)ifn>30rq>2ifn=1,2and L'(Q) — LIYQ) for ¢ <r.
We will use the same embedding constant denoted by Cj; i.e.,

HUHq < CPHVUH% ||U||q < Op”UHr-

For the relaxation function g(t) we assume
(G1) g: Ry — Ry is a bounded ¢ function such that g(0) > 0 and

1—/ g(s)ds =1>0.
0
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(G2) There exist a positive differentiable functions () satisfying
g(t) < =E(t)g(t), t=0,

where
')
&(t)

Remark 2.1. (G1) is necessary to guarantee the hyperbolicity of the equa-
tion (1.1).

Remark 2.2. Since (1) is nonincreasing then £(t) < £(0) = M.

We introduce the same “modified” energy functional as in [1]

+o00
’ <k, £1t)>0, €t)<0 Vt>0, / £(t) dt = +oo.
0

1) €)= 5 (1= [ o66)ds) IVuOI + gl + 5l Tu)(®) + 5 Il
where
(2.2 @ou)®) = [ glt=nlol)) =)l dr, p>1

Lemma 2.3. (See Remark 2.3 of [1]) The modified energy functional satisfies,
along the solution of (1.1),

1 1
&'(0) <~ ( [ @™ do - (4’0 Vu)lt) + 590 V(o))
(2.3) @ .
<_ / )™ i+ 3 (o Vu)() < 0.
Q

Remark 2.4. This means that the “modified” energy is uniformly bounded (by
&(0)) and is decreasing in t.

We also need the following lemma.

Lemma 2.5. (See Lemma 3.1 of [1]) Let m < 2/(n — 2) for n > 3. Then there
exists a constant C' depending on C,, ||a||«, €(0), and m only, such that the solution
of (1.1) satisfies

(2.4) AM@WW”MSCWVM%WWﬁQ

3. General decay of the solution

In this section we state and prove that the rate of decay of energy is similar to
that of the relaxation function. We suppose that ug, u; € Hg(2) x L?(2). Then, the
existence of a unique global solution is guaranteed by Proposition 2.1 of [1].

We define the functional

(3.1) F(t):=&(t) + e1W(t) + eax(t)

where £, and &9 are positive constants to be specified later and

U(t) = 6(25)/Quut dx,
x(t) == —f(t)/ﬂut/o g(t — 7)(u(t) —u(r)) dr dx.
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Remark 3.1. This functional for £(¢) = 1 was first introduced in |1, 2|, and for
&(t) # 1 it was first introduced in [15].

Our main result reads as follow.

Theorem 3.2. Assume that g satisfies (G1) and (G2), such that

max4m, 7y n .
B ’ _n—2’ -

Then, for each ty > 0, there exist strictly positive constants K and k such that the
solution of (1.1) satisfies

3.2 E(t) < Ke "o t00s 45y
(

To prove the above result, we establish a series of lemmas by combining the
arguments of [1] and [15].

Lemma 3.3. For ¢; and ¢, small, we have
(3.3) a1 F(t) < &(t) < anF(t)

holds for two positive constants aq and .

Proof. By using Young’s inequality, Sobolev embedding theorem and (2.1), we
easily deduce that

F(t) < &(1) (/|mFdx+- et /ﬁuﬁdx
; %s@ / ol + 2e60) [ ([ ot =t ~ uiryar)’ do

0

§£@+3M/W$M+EQM/WWm:
2 Ja 2 0

+%M/mﬁw+%@u_mwmvmmgi£@
Q

31
Similarly, we have

F@zgw—%MAM£w——OM/WWM

—%M/mﬁm—%@a—mwwvm@
Q

1 1 1 1
§WVM)@+§WM@+§@OVW@%+7+JWWﬁ

-2 [ - S [ vt de - 26,0 - 03190 V()

[ 1 1 €1+ &2
> (5-36) Il + (5 - =5 M) el

1 E9

+ <§ — ECp(l — l)]\/[> (g o Vu)(t) + || ||7yi§ > —&(t)

for e; and &5 small enough. O
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Lemma 3.4. Under the assumptions of Theorem 3.2, the functional

U(t) := f(t)/guut dx

satisfies, along solutions of (1.1),

() < [1+ 2’305] ) [ wtae— gt [ 1vubas

(3.4) e / 2 e+ T Le(0)(g 0 Vu(1)
T e(B)E() / () g™ d

Proof. Using equation (1.1), we easily see that
V() = ¢(0) [ (wna ) do 4 €0) [ wunda
Q Q

Zf(t)/utda:— ()/\Vu\zdx

/vu / t—T)VU(T)dex—g(t)/Q|u|7+2dm
—f(t)/Qa(:c)]ut\mutud:c—i—f’(t)/Quutdq:.

For the third term of the right-hand side of (3.5), we have
t
/ Vau(t) / ot — 7)Vu(r) dr da
Q 0
1 , .1 t 2
< — [ |Vu(®)|*dx + = ( g(t — 7)(|Vu(r) — Vu(t)| + |Vu(t)|) dT) dz.
2 Ja 2 Ja \Jo

We then use Cauchy—Schwarz and Young’s inequality, and the fact that fo T)dr <
Jo~ 9(7)dr =1 —1 to obtain, for any 5 > 0 (see also [1])

/Q ([ tt=9utr) - Fute) + [Vato) ar) e
S/Q(/Otg(t—T)(]Vu(T)—Vu(t)|d7'>2d:c+/Q(/Otg(t—TﬂVu(t)]dr)de
+2/Q (/Otg(t—T)(]Vu(T)—Vu(t)\ch)(/Otg(t—T)|Vu(t)\dT>dx

< (lJr%)/Q/Otg(t—T)dT/Otg(t—T)|Vu(7')—Vu(t)|2d7dx

+(1—1—77)/Q|Vu(t)|2</0tg(t—7)d7'>2dx
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< (1+77)(1—l)2/Q]Vu(t)\2dx
+ <1+%) (1—1)/9/0tg(t—7)|vu(7)—vu<t)|2dmx.

For the fifth term of the right-hand side of (3.5), we use Young’s inequality and
Lemma 2.5 to get

/a(x)|ut|mutudx§5/a(x)|u|m+2dm—l—c(5)/a($)|ut|m+2dx
Q Q Q

(3.6)
< o(6) / a(@) ™ do + SCY|Vall2 + a1},
QO

By combining (3.5)—(3.6) and using
2 g 1 2
[ wundo < a2Vl + ool
Q

4o

we have

€ H 0 [ to—e) [ 1o

i((;)) ‘ aog] 0 /ﬂ O

. (1 n %) (1= €50 Tu)(0) + cO)E(t) [ alefun]**da
L SCEOIVal + ).

% < k, we get

Since

V(1) < [1+£k} g(t)/ﬂufdm—g(t)/9|u|v+2dx

1 [1—(1+n)(1—=1)*-2kaC?] §(t)/ |Vu(t)|® de
Q

2
- <1 ; %) (1= D€ o Tu)(O) + @S0 [ ool da

+CEO{IVull3 + llull}is3}-
By choosing n = 1/(1 = 1), 6 = 1/4C and o = [/8kC}, (3.4) is established. m

Lemma 3.5. Under the assumptions of Theorem 3.2, the functional

\(8) = —€(t) / " / g(t — 7)(u(t) — u(r)) dr dz
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satisfies, along solutions of (1.1),

(t) <9 {1 Fo(1-17 4G, (@)} (1) IVl

9(0)

e Vu><t>>+[6<k+1>— / g(s)ds]at) [ vt
+o(1- D)) / () ™2 dz

Proof. Direct computations, using (1.1), yield
A / / (t = 7)(ul(t) — u(r)) dr dx
/ / (t = ) (u(t) — u(r)) dr dz
p (/0 )/u dz — €(t) Qu/og ) dr da
38 =€) [ valo) ( / gt = 7)(Vult) - Vu(r >>df) o

— () ( d)(/og dT)d
+(0) [ alo)u |u|m/ g(t — 7)(u(t) - u(r)) dr da

+eo) [ o [ ot = )(ate) — u(r) drds

~&0) [ /tg'<t—r><u<t> stmyarde—eo) ([ ats)ds) [aido

- t)/ / (u(t ))dr dx.

¢
Similarly to (3.5), we estimates the right-hand side terms of the above inequality (see
also [1]). So for 6 > 0, we have: For the first term,

(3.9) /vu </ = 7)(Vu(t) = Vu(r ))dT> d

<5/|vu| dx+1 l(g o Vu)(t).

44
For the second term,

/Q ( /;9“ = s)Vu(s) dS) ( /0 tg( s)(Vu(t) — Vu(s)) ds) dr
<5 /Q t

1
/ g(t — s)Vu(s) ds dx + — dx
0

v g(t — 8)(Vu(t) — Vu(s)) ds
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<5/(/ (t = )[Vult) — u(s)|ds)2dx

+26(1 —1)* /Q |Vul? dz + 4—15(1 —1)(g o Vu)(t)

(25+415) (1—l)(goVu)(t)+2(5(1—Z)Q/Q\Vu\zda:.

For the third term, we use Hélder’s inequality, Young’s inequality and Lemma 2.3 to
get

/Qa(:c)ut\ut]m /Otg(t —7)(u(t) —u(r)) dr dz

< /Otg(t —7) </Q a() ug ™+ azg;)m (/Q a(z)|u(t) — u(r)|m? da;)ml“ dr

1 t
gaZiQ/o gt —7) dT/Qa(;E)]ut\m”dx

+ Tgf)Q/o g(t_T)/Qa(x)W(t) — ()" dx dr

m+1
§5(1—l)m—+2/ﬂa(x)]ut|m+2 dz

0t e~ 1)~ Vol
5(1—”7721;/ (ZE)"LL |m+2dg:—{—%” ”OO (?(O))z(govu)(t)'

For the fourth term,
t
/ ]u\”u/ g(t — 1) (u(t) —u(r)) drdx

<5/ 20D dw+415/ (/Otg(t—T)(u(t)—u(7’))d7’>2dx.

We use (2.1) and (2.3) to obtain

(3.10)

28 (0)\”
By [P < oval? <6, (252 vag

By inserting (3.11) in (3.10), we get
t
/|u|7u/ gt = ) (u(t) — u(r)) dr da
Q 0

<46, (222 1vul + LD igo vuy
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For the fifth term,

—/Qut /Otg'(t—T)(u(t)—u(T)) dr dx
§5/Q|ut|2dx+— // "(t — 8)|Vu(t) — Vu(s)|* ds dz.

For the last term,

(3.12)

(3.13) /ut/ (t—7)( (T))dexS(S/u?dx—i-%é_l)(govw(t).

Q

By combining (3.8)—(3.13), we get
2y
V) <9 {1 a2+, (52) }£<t>uwr|§

(3.14) “{(215*25*%5“))(1—l)+%|lallm(+) }()(goVU)(t)

+ 800 ovaro+ 5 (|S2]+1)- [aras]ew [ atas
81 =DTE2e(0) [ ala)fud ™ de

£@)

£(t)
Proof of Theorem 3.2. Since g is positive, continuous, and ¢g(0) > 0 then for any
to > 0 we have

Since O

t to

(3.15) / g(s)ds > / g(s)ds =go >0 Vit >t
0 0

Using (3.1), (3.4), (3.7), and (3.15), we obtain

Fl(t) < — {1 —c1¢(6) — e28(1— ) mT 11 /a |2 d
Q

2kC?

- [52{90 —S(k+1)} — e ( Hg(t) u? dz

_{%1[_525(14&(1 ( ")) Jenvag

. /|u|7+2dx+{ _ 2ECPM] (¢ o V) (1)
el —

(B0 (s GEED)

m
2

+ e (252) " ettrg 0 v

m+ 2

_61




300 Wenjun Liu

At this point we choose ¢ so small that

ToLEg g

1+ =
8 2£(0)\" 1
—631+2(1-0)*+C, 26(0) < = go.
[ l 4
Whence ¢ is fixed, the choice of any two positive constants €; and ¢, satisfying
1 1
(3.16) 49052 <& < 59082
will make

l
y
ko 28—11—825{1+2<1—l)2+0p (@) }>O

2kC?2
k’l = 82{90—5(k+1+||a||00)}—51 (1+ p) >0

8 l
We then pick € and €5 so small that (3.3) and (3.16) remain valid and
m+ 1
k’3 =1- 810(5) — 825(1 — l)m——|—2 > O,
1 g(0) e1(1-1) 1 Cp(k+1)
=z -t lom| -2 — 425+ 21—
k4 {2 €9 15 C, } { 51 + €2 25—0— 0+ I¥; (1-1)

m
2

REUIFRED W
Hence

B - eQ%CpM] (¢' o Vu)(t) + {# + & [(% + 20 + W) (1—-1)

Sl (252) | Jetrg e V) <m0t o v,

since &(t) is nonincreasing. Therefore, we arrive at
F'(t) < =pE)E(t) Vit > to.
This inequality and (3.3) yield
F'(t) < —Bai&(t)F(t) YVt > to.
A simple integration leads to
F(t) < Fto)e P o €@ds vy > ¢
This inequality and (3.3) yields
(3.17) E(t) < F(ty)e P01l €@ — fre=mlin8@ds vy > 4
which completes the proof. 0]

m+ 2

Similar as in [15], we have the following Remarks.

Remark 3.6. This result generalizes and improves the results of [1]. In partic-
ular, it allows some relaxation functions which satisfy ¢’ < —ag?,1 < p < 2 instead
of p=1.
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Remark 3.7. Note that the exponential decay estimate, given in [1] is only a

particular case of (3.17). More precisely, we can obtain exponential decay for {(t) = a
and polynomial decay for £(t) = a(1 + ¢)~*, where a > 0 is a constant.

Remark 3.8. Estimate (3.17) is also true for ¢ € [0, to] by virtue of the continuity

and boundedness of E(t) and £(t).
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