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Abstract. Two pointwise growth estimates are established for the solutions of
PO+ 4a ()Y o+ (@) + Ao(2)f = Ak(2),

where the coeflicients Ag(z), ..., Ax(z) are analytic in the disc {z : |z] < R}, 0 < R < co. These
pointwise estimates yield several growth estimates for the p-characteristic (generalized Nevanlinna
proximity function) of the solutions. The sharpness of the results as well as some further conse-
quences are discussed.

1. Introduction and main results

Two parallel studies [1, 8] on the growth of solutions of the linear differential
equation

(1.1) FO+ A () 5D o A () + Ao(2)f = Ak(2)

appeared in 2004. The main results in both papers are stated in the disc Drp =
{z € C: |z] < R}, where 0 < R < oo. The advantage of the pointwise growth
estimate due to Chiang and Hayman [1] is that it is valid (outside of an exceptional
set) for solutions of equation (1.1) with meromorphic coefficients Ag(z),. .., Ax(2).
The results in [8], however, appear to give sharper growth estimates for the solutions
of (1.1) in the special case A(2) =0, R < 00, and the coefficients Ay(z), ..., Ax_1(2)
are analytic functions of finite order of growth. Moreover, the estimates in [8] are
valid at any point in Dg.

The purpose of this paper is to generalize the pointwise growth estimates in [8]
for the non-homogeneous equation (1.1), where the coefficients are analytic in Dpg,
0 < R < o0. The main results are Theorems 1 and 2 below, which essentially reduce
to the corresponding results in [8] if Agx(z) = 0.

Theorem 1. Let the coefficients Ay(z),...,Ar(z) of (1.1) be analytic in Dg,
where 0 < R < oo, and let f be a solution of (1.1).
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(a) If R < oo, then there exist a constant C; > 0 with C] < C’Z?;S | f9)(0)],
and a constant Cy > 0, such that

|f(re)| < (01 max{1, RF 7'} + ﬁ /07“ | A (se®)|(R — s)! ds)

k=1 j .
. exp <C’QZZ / |AY (se™)|(R — s)k=i+nt ds)
0

7=0 n=0

for all 0 € [0,27) and r € [0, R).

(b) If R = oo, then there exist a constant Cy > 0 with C; < C Z?;é %33)5 1FD ()],
and a constant Cy > 0, such that

|f(re?)| < r* (Cl + ﬁ /O ' |Ap(se')] ds)

k=1 o
- exp (Cg Z Z/ |A§-n)(se"9)\sk’j+n’l ds>
0

=0 n=0
for all 0 € [0,27) and r € [1, 00).

The proof of Theorem 1 is based on a representation theorem for the solutions
of (1.1), see Theorem 9 below.

Example. The sharpness of Theorem 1(a) is illustrated as follows. The functions

G 1 Cy 1
f(z) = (R—z)QeXp (R—z)+(R—z)2+R—z’ Cy,Cy € C,

form the general solution of the equation

(1.2) "+ A(2) f + Ao(2) f = Aa(2),
where the coeflicients
(1.3)  Ap(z) = %, Ai(z) = % and As(z) = %

are analytic in the disc Dg, 0 < R < co. The growth rate of the maximum modulus
M(r, f) of any solution f of (1.2) is at most

(1.4) M(r, f) = O (ﬁ exp (ﬁ))  r R

which is of the same magnitude as the upper bound given by Theorem 1.

Theorem 2. Let the coefficients Ag(z), ..., Ax(z) of (1.1) be analytic in Dg,
where 0 < R < oo, and let f be a solution of (1.1). Let n. € {1,...,k} be the
number of nonzero coefficients Ag(z), ..., Ax(2), and let 0 € [0,27) and € > 0. If
zg = ve € Dpg is such that Aj(zy) # 0 for some j = 0,...,k — 1, then, for all
re (v, R),

(1.5) |f(re"?)| < C(Orgaic | Ag(ze)| + 1) exp <(5r + ne max ]Aj(sei9)|k%j ds),

0 0<j<k—1
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where
)
(1.6) C < (1+4¢)max{ n., max j — :
0<j<k=1 | nJ max |An(20)[F=
0<n<k—1
and
(1.7) I i
1, otherwise.

The proof of Theorem 2 is based on Herold’s comparison theorem, the application
of which in its full generality yields an estimate for the growth of the derivatives of
the solutions, see Theorem 5 below.

Example. The sharpness of Theorem 2 in the case 0 < R < ¢ is illustrated as
follows. The functions

Ch 1 Csy
== R — C,0,€C
f(Z) (R—Z)QGXP(R—Z)+(R—2)2+ 2, 1,02 € )
form the general solution of equation (1.2), where the coefficients Ay(z) and A;(z)
are as in (1.3), but now
12(R—2)+3
Ao(z) = =270
2(2) (R—2)?

The maximal growth rate of any solution f of (1.2) is again at most as in (1.4), which
is of the same magnitude as the upper bound given by Theorem 2.

It is worth noting that Theorem 2 yields well known sharp growth estimates for
entire solutions of (1.1) with polynomial coefficients. These estimates are originally
due to Gundersen, Steinbart and Wang, see Theorem A below.

The remainder of this paper is organized in the following way. Consequences of
Theorems 1 and 2 are discussed in Sections 2 and 3, respectively. In particular, a new
unit disc analogue of Theorem A is given in Theorem 8 below. Finally, Theorems 1
and 2 are proved in Sections 4 and 5, respectively.

2. Consequences of Theorem 1

Let f be analytic in Dy, where 0 < R < oco. For 1 < p < oo, we define a
p-characteristic of f as

1 [ ‘ 1/p
my(r, f) = <§/ (log™ | f(re')])" d@) , 0<r<R,
0
generalizing the Nevanlinna proximity function m(r, f) = mq(r, f). Moreover, the
element of the Lebesgue area measure on Dy is denoted by do,.
Corollaries 3 and 4 below are generalizations of [8, Corollary 4.2| to the non-
homogeneous case Ag(z) # 0. See also [9, Lemma EJ.

Corollary 3. Let the coefficients Ay(z), ..., Ar(2) of (1.1) be analytic in Dg,
where 0 < R < oo, and let f be a solution of (1.1). Let 1 < p < oo, and denote
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(k-1 j

SN [ AV PR P de, iR <,
D'r

i=0 n=0
Dp(r) = i—l nj

>0 / A (2) | PE 4 g if R = oo.
D,

L 7=0 n=0

(a) If R < oo, then there exist a constant C; > 0, depending on p, f and R, and
a constant Cy > 0, depending on p, such that

my(r, /)P < C1 + Cs (/027r (1og+ /O | A (se)|(R — s)F! ds)p do + <I)p(7“)>

for allr € [0, R).
(b) If R = oo, then there exist a constant C; > 0, depending on p and f, and a
constant Cy > 0, depending on p, such that

2 r p
my(r, f)F < Cy+ Cy (/ (10g+/ |Ag(se™)|sF71 ds) df + q)p(r)>
0 0

for all r € [1,00).
Proof. Theorem 1(a) yields

log* [ f(re®)| < Dy + log™ / Ap(se®)|(R — s)t1 ds
0

k=1 3§
+ D Z Z/ |A§n)(sei9)\(R — s)Fmitnl s,
j=0 n=0 "0
where Dy > 0 depends on f and R, and D, > 0. Raising both sides to the power p,

using the Holder inequality (if p > 1), and integrating with respect to 6, it follows
that

my(r, f)? < Cy + D3< /0 " (1og+ /0 | Ax(se™)| (R — 5)F! ds)p d
(2.1)

k=1 j

21 pr
2D / AP (s (R = T ds de),

7=0 n=0

where Cy > 0 is as in the assertion, and D3 > 0 depends on p. The assertion (a) now
follows by applying the proof of |7, Lemma 4.6] to (2.1). The proof of the assertion
(b) follows similarly using Theorem 1(b). O

Next, the expressions involving the function Ag(z) in Corollary 3 are estimated
upwards by using classical maximal theorems due to Hayman [6] (the case p = 1)
and Hardy-Littlewood [5] (the case p > 1).

Corollary 4. Suppose the assumptions in Corollary 3 hold, and let 0 < p < R.

(a) If p = 1, then there exist a constant C; > 0, depending on f and R, and a
constant Cy > 0, such that

m(r, f) < Cy + Cy (log+r+ (1 —|—logp+

D) i, )+ 40
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for all r € [0, p).
(b) If p > 1, then there exist a constant C; > 0, depending on p, f and R, and a
constant Cy > 0, depending on p, such that

my(r, )P < Cy + 02((10g+ )P+ my(r, Ag)? + <I>p(7"))
for all € [0, R).

Proof. (a) Since the function Ay(z) is of bounded characteristic in D, [6, Theo-
rem 1] yields

1 21 T . 1 27 .
— (log+/ | Ay (se?)] ds) do < —/ (logJr max |Ak(sew)|) df +log™ r
27T 0 0 27( 0 0<s<r
1
(1 2 i
T p—r

for all r € [0, p). The desired estimate for m(r, f) now follows by Corollary 3.
(b) By [5, Theorem 17|,

27 r p
/ (1og+ / |Ak(sei9)yds) d
0 0
p

2m
< 2p1/ <10g+ max |Ak(sei0)|) df + 2Pm(log™ r)?
0 <s<r

27 p
—or-1 / (log+ max !Ak(tfew)\) df + 2" (log™ )"
0

0<t<

< C(p)my(r, Agp)? + 2Pm(log™ r)P
for all r € [0, R). The estimate for m,(r, f)? now follows by Corollary 3. O

3. Consequences of Theorem 2

An application of Herold’s comparison theorem in its full generality at the end
of the proof of Theorem 2 yields the following pointwise growth estimate for the
derivatives of solutions of (1.1).

Theorem 5. Suppose the assumptions in Theorem 2 hold. Then, for all r €
(v,R) and j =0,...,k—1,

T

FD) (re®)| < CHy(r)Go(r) exp (5r tne [ max |A(se?)| ds) ,
0 0<j<k—1
where

_ i0
Hy(r) = fax |Ag(ze™)| + 1

; 1 H(t
Ge(r):max{l—i—nc max | A, (te)|Fn + 9()}7

v<t<r 0<n<k—1 Hy(t)

H(t) = lim Hy(s),

s—t~
and all the other expressions are as in Theorem 2.
By definition, Hj(t) = Hj(t) when the derivative Hj exists, and Hj(t) = 0
otherwise. If the derivative of Hy exists at every point on the interval (v, R), then the
assertion in Theorem 5 follows directly by the proof of Theorem 2, and by Theorem B
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below. Noting that there can be at most finitely many points on [v,r] at which
the derivative of Hy does not exist, the general assertion in Theorem 5 follows by
continuity.

It is worth noting that if the coefficient functions Ag(z), ..., Ax(2) in (1.1) grow
“slowly” in a finite disc, then Theorem 5 gives better growth estimates for the deriva-
tives of solutions of (1.1) than what Cauchy’s integral formula applied to the estimate
in Theorem 2 would give.

Next, some further consequences of Theorem 2 will be obtained. Corollaries 6
and 7 below are generalizations of |8, Corollary 5.3] to the non-homogeneous case
Ak(2) # 0. See also [9, Lemma F|.

Corollary 6. Let the coefficients Ay(z), ..., Ar(z) of (1.1) be analytic in Dg,
where 0 < R < oo, and let f be a solution of (1.1). Let 1 < p < oo, and denote

00 =Y [ |4 do..

Then there exist a constant C; > 0, depending on p and f, and a constant Cy > 0,
depending on p, such that, for all r € [0, R),

27 p
my(r, f)F < Cp+ Cy (57“p —I—/ (logJr nax |Ak(xew)|> df + \I/p(r)) ,
0 <z<r

where ¢ is the constant in (1.7).
Proof. Theorem 2 yields, for all r € [0, R),

k=1 oy
(3.1) log"|f(re”)| < Dy + 6r +log* nax | A (ze)| 4 ne Z/ |Aj(sew)|k%j ds,

where D; > 0 depends on f. Raising both sides to the power p, using the Hélder
inequality (if p > 1), and integrating with respect to 6, it follows, for all r € [0, R),
that

2 p
my(r, f)P < Cy + Dy (W + / (log+ [nax \Ak(a:e”)!) ao
0 <x<r

k—1 27 pr
+Z/O 0 |Aj(sez0)|k—i'dsd9>,
=0

where C; > 0 is as in the assertion, and Dy > 0 depends on p. The assertion now
follows by applying the proof of |7, Lemma 4.6] to (3.2). O

(3.2)

It is worth noting that the corresponding area integrals in ®,(r) and W,(r) of
Corollaries 3 and 6 are not of the same growth in general. This has been discussed
in detail in the case of the unit disc in [9, Section 4].

Corollary 7. Suppose the assumptions in Corollary 6 hold, and let 0 < p < R.
Then there exist a constant C; > 0, depending on p and f, and a constant Cy > 0,
depending on p, such that for all r € [0, p),

m(r, f) < Cy + Cy ((57’—1— (1+logp+

D) i A+ 10,
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and for all r € [0, R),
my(r, [P < Cy + Co(0r? + my(r, A)? + U,(r)), p>1,
where § is the constant in (1.7).

The proof of Corollary 7 is similar to that of Corollary 4 using the maximal
theorems due to Hardy-Littlewood |5] and Hayman [6].

The next result is due to Gundersen, Steinbart and Wang, see 3, Lemma 6] and
[4, Lemma 1].

Theorem A. Let the coefficients Ag(z),...,Ax_1(2) o ( 1) be polynomials,
and let Ay(z) be an entire function. Then all solut1ons f#0 of (1.1) satisfy

(33) i) < p(f) < max (o). max {SESL 1],

0<j<k—-1 -]
where
: logm(r, )
p(g) = limsup ————=
00 log r

is the order of growth of an entire function g. Moreover, there exists a solution fq of
(1.1) satistying

(3.4) p(fo):max{p(Ak) max {%}H}.

0<j<k—-1 —J

As noted in [3], the first inequality in (3.3) follows from an elementary order
consideration on both sides of equation (1.1). An alternative proof for the second
inequality in (3.3) can be obtained by applying either Corollary 6 or Corollary 7.
The validity of (3.4) illustrates the sharpness of Corollaries 6 and 7 in the case when
R = oo.

The expressmn eg(

k ]) + 1 in Theorem A can be written as

log (r /27r [Aj(ret®)|7= d9)
A g J
deg( i) + 1 = limsup 0 :

i k — ] 7—00 IOg r

The statement (3.3), for example, then reads as

() < 1) < max { o), max {o}

This gives rise to the following unit disc analogue of Theorem A.

Theorem 8. Let the coefficients Ay(z), ..., Ar(z) of (1.1) be analytic in D. For

each 1 =0,...,k—1, define
2w
log ((1 — 7‘)/ |Aj(re'®) 7= d@)
0

r—1- - 1Og(1 - T) ’

and suppose that

(3.5) o Jax. 1{04]} < 00.
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Then all solutions f # 0 of (1.1) satisfy

(3.6) o) < 1) < maox L), ma fas}},
where
log™ m(r, g)

=1 2 N I7
p(9) msup T

is the order of growth of a function g analytic in D. Moreover, there exists a solution
fo of (1.1) satisfying

(37) o) = max { ), max {a) |

0<j<k—1

Proof. The coefficients Ay(2), ..., Ax_1(2) are of order of growth zero by (3.5).
Hence the first inequality in (3.6) follows from an elementary order consideration
on both sides of equation (1.1). The second inequality in (3.6) follows by applying
Corollary 7. Thus it remains to show that the statement (3.7) holds.

For convenience, set a@ = maxo<;<x—1{a;}. If p(Ax) > «, then p(f) = p(Ax)
holds for any solution f of (1.1) by (3.6). Assume then that p(Ay) < a. Let f be
a solution of (1.1). If p(f) = «, then the statement (3.7) holds. Noting that a > 0,
suppose now that f satisfies p(f) < a. By [2, Theorem 1], the homogeneous equation
corresponding to (1.1) possesses at least one solution g such that p(g) = «. Then
f + g is a solution of (1.1), and p(f + g) = a. Hence the statement (3.7) holds in
this case also. O

Assumption (3.5) is natural since its plane analogue in Theorem A is that the
polynomial coefficients are of finite degree. The validity of (3.7) illustrates the sharp-
ness of Corollary 7 in the case when R = 1.

If the assumptions in Theorem A hold, then there always exists at least one
solution fy of (1.1) such that

deg(4;)
> _— > 1.
p(fo) _Oglggl{ - +12>1
The lower bound 1 can be reached if all of the coefficients Ay(z),. .., Ax_1(z) are con-
stant functions. If at least one of the coeflicients Ay(2), ..., Ax_1(2) is transcendental

entire, then it can be deduced via the classical theorem of Frei [11, Theorem 4.2| that
there exists at least one solution fy of (1.1) of infinite order of growth. Therefore,
the terms involving “log 7” in Corollary 4 can be considered as small error terms. An
analogous observation holds true for the terms involving “r” in Corollaries 6 and 7.

4. Proof of Theorem 1

The proof of Theorem 1 is based on the following representation theorem for the
solutions of (1.1).

Theorem 9. Let the coefficients Ag(z), ..., Ax(z) of (1.1) be analytic in Dg,
where 0 < R < oo, and let f be a solution of (1.1). Then, for any z,zy € Dg,

F(2) =) ealz —20)" + ﬁ /z Ap(€)(z — €)1 de

20
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3 S [ AP O - 0

7=0 n=0
where the constants c, € C depend on the initial values f(z), f'(20), ..., f* D (z),
the constants d;, € Q, and the path of integration is a piecewise smooth curve in
Dy joining z and zy.
Theorem 9 can be proved by following the proof of [8, Theorem 3.1], and therefore
the details are omitted.

The assertions in Theorem 1 are now proved separately.
(a) Theorem 9, in the case when zy = 0 and the path of integration is the line

segment [0, z], yields
/ | Ay (s’ — s)"ds

T / ’” (cz > S A s (R - >> F(se)] ds.

|f(re®)| < Cy max{1, RF~ 1}—1—

(4.1)

and Cy = max{|d;,|} > 0. The assertion (a) now follows by applying the Bellman
inequality [12, Theorem 1.3.1] to (4.1).

(b) Similarly as above, with z = 7€, r > 1, 25 = € and the path of integration
being the line segment [e?| 2], we obtain

e < Ot 4 ﬁ / A5 (r — )" ds

+ / ( ZZ AL s)k—j+"—1> |f(se™)| ds,

7=0 n=0

(4.2)

where C] > 0 satisfies

C,<C U(e?) <y max|fY(¢

s Z F9 ()] Z max |f

and Cp = max{|d;,|} > 0. The estimate in (4.2) holds when r = 1 as well. Note
that, forall 1 <s<r,j€{0,...,k—1} and n € {0, ..., },

)k—j-‘rn—l 1 Sk—j-‘rn—l

(r—s < <
i1 = jon = k-1

(4.3)

Dividing (4.2) by 7*~! and using (4 3), it follows that
i0
1f(re®)] / | A (sei®)| ds

1
k-1 3 .
7m7|ﬂwm
+/1 (CQE E |A s 1) Gh—1 ds.

7=0 n=0

< —I-
(4.4)
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The assertion (b) now follows by applying the Bellman inequality [12, Theorem 1.3.1]
to (4.4).

5. Proof of Theorem 2

The proof of Theorem 2 is based on the following version of Herold’s comparison
theorem [10, Satz 1| which can be verified by a careful examination of the original
proof.

Theorem B. Let po(x),...,px(z) be complex valued functions defined on |a, b),
let E C [a,b) be a finite set of points, and let Py(z),..., P.(x) be real valued non-
negative functions such that |p;(x)| < Pj(x) for all z € [a,b)\E. Moreover, let P;(x)
be continuous for all x € [a,b)\E. If v(z) is a solution of the differential equation

k
o) Zpk,j(x)v(’“’j) = (),
j=1
and V (x) satisfies
k
VO =S P j(@)VED = Py(a)
j=1

on [a,b)\E, where

1w (@) <VD(a), j=0,... k-1,
then

()] < VU(z), §=0,... k-1,
for all x € [a,b)\E.

It is now proceeded to prove Theorem 2. By [8, Theorem 3.1] it can be assumed
that Ag(z) #Z 0. Denote

Hy(z) = nax |Ap(re®)| +1, 0<2 <R
Since Ax(z) is analytic in Dpg, it follows that Hy is a non-decreasing continuous
function which is differentiable with respect to x outside of the countable set E
which satisfies #{E N [0,7]} < oo for any 0 < r < R.
Let first r € (v, R) \ E, and denote

1 0\ | =
(5.1) hy(x) = n—c+0§r§1§a]§<_1 |Aj(ze”)|F=7, 0<x<R.
Take p such that r < p < R, and let ¢y > 0. Define Hj(z) = Hj(z) when = ¢ E,
and Hj(xz) = 0 otherwise. Then the function n.hy(x) + Hj(x)/Hp(z) is Riemann

integrable on [v, p|. Thus there exists a partition P = {v = xg, Z1,...,Tn_1,Tn = p}
of [v, p] such that E C P, z; #r for all j =0,...,n, and
Hj P H;(s)
5.2 U (P, nh ) - ch 6 d
2 (Roncto+ ) = [ (neoter + 55 ) s <

where U (P, n.hg+ Hy /Hyp) is the upper Riemann sum of the function n.hg + Hy /Hy,
corresponding to the partition P. Define the auxiliary function gy : [v, p] — R4 by

H;(x)
Hg (.1')

go(t) = sup {nchg(:v)—i— }, v <t<wzjy, j=0,...,n—1L

T <T<Tj41
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Then gy(t) is a step function which satisfies

H;j(t)

. t) > n.hy(t 0 ) > <t<op.
(53) g@()—n 9<)+H@(t)_ 9 V=1t>p
Moreover,

H P
U<P7 nch9+ 9) :/ 99(8) dS,
Hy Y

and 50, by (5.2),
(5.4) / " o(s) ds < / ' (nchg(s) + Zzg;) ds + <.

By (5.3), the constant

(5.5) o = mx { e, {M}}

o<j<k—1 | go(v)/

is well-defined, and it satisfies

(4)
(5'6> Cyo < max { n., max ' ’f (29)’ .
0sisk=1 1 pl max |An(ze)|F

0<n<k—1

Define the auxiliary function

V(t) = CoHe(v) exp (/yt 9o(s) ds) , v<1t<p,

and the constants
{0, if A;(2) =0

1, otherwise,

where j = 0,...,k — 1. Then, since g( '(t) = 0 for all t € [v, p)\P when | > 1, V(¢)
satisfies the differential equation

K ¢
v _ de )7 O —J 1 h=j) — CoHg(v)go(t) exp (/ g0(s) ds)

Ne

on [v,p)\ P. Slnce
[fPwe) = |V (z)] < Cogow), j=0,....k—1,
by (5.5), and since Hy(v) > 1, it follows that
[fD(we?)| < VO (v) = CoHy(v)go(v)!, j=0,....k—1.

Clearly, v(t) = f(te®) solves the equation

v® + pp (OvETY 4 po () = pr(t),
where

eh=0 A (te?), j=0,....k—1

pilt) = {eikeAk(teie), j=k.

Using (5.1), (5.3) and (5.5), the coefficients p;(t) satisfy
o) = st < 2% gk

Ne
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and
(0] = 1416 < Holt) = Holwyexp ([ 4 as)
< MBI oy (f ) ).
Moreover,

W) <VI(v), j=0,... k-1
It now follows, by Theorem B and (5.4), that

wwm=MMSvm=%m@wm(

—_—.

go(s) ds)

< CoHy(v) exp ( / ' (nchg(s) + HZE;)) ds +50>
< CHy(v) exp ( VT ZZ 8 ds) exp (n / " ho(s) ds)

— CHy(r) exp <n / " ho(s) ds)  reWR)\E,

where, by (5.6) and choosing ¢y to be sufficiently small, C' satisfies (1.6). If r € E
the assertion follows by continuity.
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