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Abstract. We give sharp integrability conditions on the distortion function of a homeomor-
phism f of finite distortion, under which f induces a composition operator between two Sobolev

spaces.

1. Introduction

It is well-known that the composition operator T;: Ty(u) = uo f maps W, ()
into W,2"(Qy) if f: Q — Q is a quasiconformal mapping ([11, 15, 20]). Here
quasiconformality requires that f be a homeomorphism with f € VVI})’CI(Q; R"™) and
that

(1.1) |IDf(z)|" < KJ¢(z) ae.

for some constant K > 1. Recently, the class of more general homeomorphisms of
finite distortion, for which one allows K above to depend on x has been under intense
study [1, 2, 5,7, 8,9, 10, 13, 16]. To be more precise, we say that a homeomorphism
f € Wl R™) is of finite distortion if (1.1) holds for f with some measurable
function K (x) > 1 which is finite almost everywhere. In these studies, one typically
assumes some integrability condition on the distortion function K. It is then natural
to inquire if a suitable integrability condition on K would still guarantee that T
maps WL (€) into W,'?(€;) for some 1 < p < n. Our first result gives a precise
integrability criteria for f to induce such a composition operator.

Theorem 1.1. Let f: Q; — Q9 be a homeomorphism of finite distortion K and
let p € [1,n]. Then Ty maps W, (Qy) into W,oP() if K € L-" (). Moreover,

loc
given € > 0, one can find 21,y and a homeomorphism f: Q; — €y of finite

distortion K so that K € L*-* () but T(W,2"(Qy)) ¢ W22 (Qy).

loc oc
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Let us make a couple of comments on the claim of Theorem 1.1. First of all,
Ty(u) could in principle depend on the choice of the representative for u. However,
this turns out not to be the case: Ty(u) belongs to W,5P(Q;) for each (representative

of) u € W5 () and Ty(u) = Ty (@) a.e. in Q if @ is some other representative of
u. Secondly, our proof in fact gives the estimate

INT@)ln@y < Ko ey IV el

Lp/(n=p) (G

for G cC Q) and u € W2 (Q,).

By applying Theorem 1.1 to the projections (x1,--- ,xz,) — z;, one concludes
that f € W,2(€;,R") under the assumptions of Theorem 1.1. Alternatively, this
conclusion can also be easily deduced by means of the Hélder inequality, applying the
distortion inequality (1.1) and the local integrability of the Jacobian of a Sobolev-
homeomorphism. In the proof of Theorem 1.1 we actually show that this conclusion
is essentially sharp by constructing, for each given ¢ > 0, a homeomorphism f
of finite distortion K so that K?/("~P) is locally integrable but |D f[P*¢ fails to be
locally integrable. Thus, it may happen that T(W,2%(Qy)) ¢ WP (Q,) for each
g > n under the assumptions of Theorem 1.1.

Suppose then that we consider a homeomorphism f whose regularity is better
then what guaranteed by Theorem 1.1. One could expect that T;(W,." () C
WLPHe(Q) for some ¢ > 0 depending on the regularity of f. This turns out not to
be the case. For example, given ¢ > 0 and p > 1, one can find a homeomorphism
f with finite distortion K so that both K=Y and |Df|P are locally integrable
but T(WE™(Q)) ¢ Wi (€). On the other hand, our next result shows that the

target space can be improved on, provided we consider the image of I/V1 1(82y) for
some ¢q > n.

Theorem 1.2. Suppose that Q,Qy C R", n > 2, are domains. Let p € [1,00),
q € (n,00) and s € [1,00). Suppose that s(q —p) — p(q¢ —n) > 0 and set

ps
1.2 a= .

12) s(q¢ —p) —plg—n)

Suppose that f € VV1 °(€1,Q2) is a homeomorphism of finite distortion such that
K € L¢.(Q). Then Ty maps W,5%(Q,) into W,5P(Q,). Moreover, given ¢ > 0,
s >p, qgand a > 1/(n — 1) as above, one can find €, and a homeomorphism
f: Q1 — Qq of finite distortion K so that K € L{ () and f € I/Vlls(Ql,Qg) but

Ty (Wiod (Q2)) & Wigt ().

Above, the mapping property of Ty means that each u € VVI 7(€22) has a repe-
sentative @ so that Ty(u) € VV1 P(Q). In fact, this will always be the case for the
continuous representative u and actually for every representative when a > 1/(n—1).
When a < 1/(n — 1), this is not necessarily the case. Indeed, then there is a Lip-
schitz mapping f of finite distortion K with K* € L .(Q;) and so that f maps a
compact Cantor-type set of positive volume to a set of volume zero (cf. [10]). By
defining v = xy(g) we see that T(u) may fail even to be in Wi (Qy).
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The sharpness of our formula is only claimed for @ > 1/(n —1). We do however
expect this assumption to be superfluous. The asserted examples are constructed
relying on a general scheme initiated in [7| and further refined in [§].

Notice that we have not considered the action of the composition operator T
on I/VI})CP(QQ) for 1 < p < n. There is a simple reason for this: in this case one can
casily give examples of quasiconformal f (so, K € L®()) so that T;(WLP(Qy)) ¢
Wige ().

Our motivation for the study of the composition operator T partially arose
from the following question: when is the composition of two homeomorphisms of
finite distortion also of finite distortion? For the consequences of our work on this
problem we refer the reader to Section 6 below.

2. Preliminaries

2.1. Notation. The euclidean norm of x € R" is denoted by ||z||. We use the
notation sgn for the sign function, i.e. sgn(t) = 1 if t > 0 and sgn(t) = —1if ¢ < 0.
Given two functions h,g: 2 — R we write h ~ g if there is constant A > 1 such
that & f(z) < g(z) < Af(z) for every z € Q.

We say that a mapping f:  — R™ is Lipschitz continuous (or Lipschitz for
short) if there is a constant L > 0 such that || f(z) — f(y)| < L||lxz — y]| for all
x,y € Q.

A mapping [ :: @ — R™ is said to satisfy the Lusin condition (N) if Z,(f(A)) =
0 for every A C €2 such that .Z,(A) = 0. Analogously, f is said to satisfy the Lusin
condition (N1 if Z,(f~1(A)) = 0 for every A C R" such that .%,(A) = 0.

2.2. Area formula. Let f € W)!(Q; R") be a homeomorphism and let 1 be a
non-negative Borel-measurable function on R"”. Without any additional assumption

we have
2.1) |t @las < [ wway

This follows from the area formula for Lipschitz mappings and from the fact that
) can be exhausted up to a set of measure zero by sets, the restriction to which of
f is Lipschitz continuous (see [3, Theorem 3.1.4 and Theorem 3.1.8]).

2.3. Differentiability of radial functions. The following lemma can be
verified by an elementary calculation.

Lemma 2.1. Let p: (0,00) — (0,00) be a strictly monotone, differentiable
function. Then for the mapping

f(@) = —pllzl), = #0,

we have for almost every x

o gelll) p(llz1)
D (@) ~max{ S0 (eI, JTpte) ~ o el (5 5 )
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2.4. Adjugate. The adjugate adj B of an invertible square matrix B is defined
by the formula
BadjB = Idet B,
where det B denotes the determinant of B and I is the identity matrix. The operator
adj is then continuously extended to R™*™.

2.5. Auxiliary inequality. Let o > 0. Then
(2.2) ab < C(a) exp(2aé) + blog®(e + b)

for every a > 0 and b > 0. Indeed, if the second term is not bigger than the left-hand
side, then a > log®(e + b), which implies that

ab < aexp(aé) < C(a) exp(2aé).

2.6. Lorentz space. If f: ) — R is a measurable function, we define its
distributional function m(-, f) by

m(o, f) = Zu({x : |f(2)| > 0}), o >0,

and the non-increasing rearrangement f* of f by

f(t) = inf{o : m(o, f) < t}.
The Lorentz space L™ 11(Q2) is defined as the class of all measurable functions
f:Q — R for which
| ot <,
0
and the local space L"."'(€) is then obtained as usual. For an introduction to
Lorentz spaces see e.g. [17]. Recall that, for n = 2, we have L;)L(Q) = LL_(Q) and
that
ﬂ Lloc C Lﬁ)cl I(Q) - Lﬁ)cl(Q)‘
p>n—1

3. Proof of the first part of Theorem 1.1

The first part of Theorem 1.1 could be reduced to a result in [18]. However,
the proof there seems to have a gap and thus we, for the sake of completeness,
present a simple proof below. The argument below should also help the reader in
understanding the further reasoning regarding the composition operator.

The inequality in the following lemma is well-known; the proof relies on an
argument due to Hedberg [6].

Lemma 3.1. Let B C R" be an open ball and let v € W(3B), 1 < q < cc.
Suppose that x,y € B are Lebesgue points of f. Then

u(z) —u(y)| < C(n)|x — y| (M (|Vul)(x) + M(|Vul)(y))

Mh(x) = su / )| dz
( ) mr€33|er| (z,r) ‘

where
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is the Hardy—-Littlewood maximal function of h: 3B — R.
Proof of the first part of Theorem 1.1. Fix u € W,""(Qy), and let 2o € Q;. We

loc

can clearly find a ball B and r > 0 such that 3B CC 2y and f(B(zo,7)) C B. We
want to prove that Ty(u) := uo f € WV (B(zg,7)) and that |Df| € LP(B(xzg,r)).
For A > 0, set

F\={x € B: M(|Vu|)(z) <A} N {z € B: z is a Lebesgue point of u}.

In view of Lemma 3.1, we obtain that u is Lipschitz-continuous on F with Lipschitz-
constant C'\. By the classical McShane extension theorem, there is a C'\-Lipschitz
function uy: B — R such that u), = v on F).

Set g; = u;o f for j € N. Since u; is Lipschitz, we obtain that g; € W (B(x,
r)). We want to show that {Vg,};en is a Cauchy sequence in LP(B(zo,7), R").
From |Vu| € L™(3B), we conclude that M (Vu) € L™(B), and therefore

(3.1) |B\ Fj| =0(i™").
Now let ¢+ < j. Then

/|Vui—Vuj|”§C(/ |vu,.|"+/ |vuj|"+/ V)
B B\F; Fi\F; B\F;

(3.2) ; )

< o(i™™)i" + C/ IVul™ + o(57)j" =32 0.
B\F;

Set q = %. From the chain rule, the definition of mappings of finite distortion
and Holder’s inequality we obtain

/B Vel / 1D (@) P|Vuslf(2)) — Vg ()P da

B(zo,r)

<[ K@RL@HT(@) - V(@) ds
B(zo,r)

P b
< K7 e Baom | 7 VUulF) = Vs (D [l Lasaon) -

Since L¢' = ;L and K € L7 (), we know that the first norm is finite. Thanks
to (2.1) and (3.2) we have

I J;Wui(f) — Vu;(f) H%‘Z(B(xom)) - / Jp (@) Vui(f(2)) = Vu; (f(2))]" dx

B(zo,r)
B

< [ |Vuily) — Vuy (y)|* dy =2 0.

Therefore the sequence {Vyg;} is a Cauchy sequence in LP, and hence we can find
g € LP(B(xg,r),R™) such that Vg; — ¢ in LP(B(z,7), R").

Since f satisfies the Lusin condition (N~1) [10], according to which f~! maps
sets of volume zero to sets of volume zero, and |B \ F;| — 0 we obtain that the sets
Aj := B(xo,r) N fH(F}) satisty |A;] — |B(xo,r)]. Thus we can find j, such that
|Ajo| > 3|B(o,7)|. Tt follows from the definition of g; that g;(x) = uo f(z) for every
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xr € Aj, and j > jo. Fix 4,5 > jo. Since g; — g; = 0 on A;, and |4, | > %\B(mo,r)\
we can use the Poincaré inequality to obtain

[ lsmal= |
B(zo,r) B(zo,r)

<cr [ 1va-vg
B(zo,r)

9i(x) — g;(x) — |A—1]0] /Ajo (gi(3/> - Qj(y)) dy‘ dx

Since {Vg;} is a Cauchy sequence in L'(B(x,7), R™), we obtain that {g;} is also a
Cauchy sequence in L'(B(zg,7)). Hence g; — uof in L'(B(zg,7)) because g; = uo f
on A; and |B(c,r) \ A — 0.

Clearly

/ Vg(z)p(z) dr = —/ gj(x)Vo(x)dr
B(xzo,r) B(xzo,r)

for every test function ¢ € C>°(B(zg,7),R™). Since g; — uwo f in L' and Vg; — ¢
in L” we obtain, after passing to a limit, that

x)o(x)dr = — uo f(x)Vo(x)dx
/B RGEE / L e f@Vele)

which means that g € LP(B(xo,r)) is a weak gradient of uwo f on B(xg,r). It then
follows from the LP-Poincaré inequality that u o f € W'P(B(xg,r)). O

4. Proof of the first part of Theorem 1.2
Proof of the first part of Theorem 1.2. Let u € W;2%(). Pick a sequence u;

loc

of functions in C*(£2y) so that u; — u in WL9(Qy). Then u; — 4 locally uniformly
in {25 for the continuous representative @ that coincides with u almost everywhere.
By a simple modification to the reasoning at the end of the proof of the first part
of Theorem 1.1, in order to prove that w0 f € I/Vli’f(Ql), it suffices to show that the
sequence V(u; o f) is Cauchy in LP(A) whenever A is a ball compactly contained in
Q.

Let i <j. Fixaball ACC Q and set G ={z € A: |Df(z)| > 0}. We can use
the fact that J; > 0 on G, apply Holder’s inequality and use (2.1) to obtain

/ V(uso f) — V(ug o )P < / Vu(f () — Vs (£ (2)P| DS )P d
A A

|Df(x)|P
Ji(z)

Y [Df(@)PNa5 N5
< (/f(A) \Vu; — V| > (/G< Jf(x)g > dx) :

- /G Vus(f(x)) — Vg (£ ()P Iy ()
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This clearly shows that V(u; o f) is Cauchy in L? if the last integral is finite. By
Holder’s inequality and (1.2) we have

/G(%)%m: [ (225 oy
pla—n)

gc(/GKa)“(f“”’</G\Df|8> RPN

When a > 1/(n—1), f satisfies the Lusin condition (N 1) (cf. [10]) and it follows
that uo f = o f almost everywhere and consequently that also uo f € VVéf(Ql) O

5. Construction of examples

The following general construction of examples of mappings of finite distortion
was introduced in [8] (see also [7]). Here we give only the brief overview of the
construction, for details see [8, Section 5.

5.1. Canonical transformation. If ¢ € R", a,b > 0, we use the notation
Qc,a,b) :=[c1 —a,c1+a] X - X [ch_1 —a,ch_1 +a] X [, — b, ¢, + D]

for the interval with center at ¢ and halfedges a in the first n — 1 coordinates and b
in the last coordinate. If ) = Q(c, a,b), the affine mapping

vo(y) = (1 +ayr, ..., o1 + aYp_1, cn + byy)

is called the canonical parametrization of the interval (). Let P, P’ be concentric
intervals, P = Q(c,a,b), P = Q(c,ad’,V'), where 0 < a < a and 0 < b < b'. We set

Cpp(ty) =1 =De,(y) +ie, ), tel0,1, ye Qo

This mapping is called the canonical parametrization of the rectangular annulus
P’ \ P°, where P° is the interior of P.

Now, we consider two rectangular annuli, P’ \ P°, and P’ \ P°, where P =
Q(c,a,b), P' = Q(c,d V), P = Q(¢,a, 5) and P' = Q(¢, &’,l;’), The mapping

h‘ = 8015715/ © ((IDPJD/)_l

is called the canonical transformation of P'\ P° onto P’ \ P°.

B /P
ﬁ)/
h ~
APl A| — P
B

Figure 1. The canonical transformation of P’ \ P° onto P’ \ P° for n = 2.
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We will need an estimate of the derivate of h on P’ \ P°. For t € [0, 1] fixed we

denote
a'=(1—-ta+td, V'=(0-1t)b+tV,

"= (1 —ta+ta, V' =(1—-tb+tl.
It is possible to compute the derivative of P pr (t,y) in one of the sides {y; = +1}.

The image of the side has the shape of a pyramidal frustum. We must distinguish
two cases, according to the position of the first variable.
Case A. We will represent the possibilities

@P7P/<t7 17227 BRI Zn)a SORP’(t’ _17Z27 BRI Zn)a
QOPP,U:»Zl? < RAn—2, ]-7Z’n>) SOPP’(t7ZI’ s An—2, _17Zn)

by
ot z) = @P’P,(t, 1,2), z=1(z2,...,2).

Then it can be computed (see [8, Section 5| for details) that

r-a 0, 0, ..., 0
~ ~ ~71 ~I
(:——)22 &, 0 .., 0
(5.1) Dh(p(t, 2)) = (52 - %)z, 0, &, ..., 0
(= ae)m 0 0

Case B. A representative is

o(t2) = (@ ppInlt 2,1, (@it 10 (@)t (82 1)
z2=(21, ", 2Zn_1)-

The purpose of the permutation of coordinates is that this leads to a triangular
matrix which is easier to handle. Then

b —b
b'—=b’ 07 07 cey 0
dl_a a// a/_a d”
(bj—lz T b)zb p 9; , 0
(5.2) Dh(p(t,2)) = | (&=t — @ a=ay,, o, @ .. 0
a'—a a’ a'—a &
(b/—b _Fb’_b)zn—17 07 07 ey F

5.2. Construction of a mapping. By V we denote the set of 2" vertices of
the cube [—1,1]" =: Qp. The sets V¥ =V x ... x V, k € N, will serve as the sets
of indices for our construction. If w € V¥ and v € V, then the concatenation of w
and v is denoted by w”v. The following two results are proven in [§].
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Lemma 5.1. Let n > 2. Suppose that we are given two sequences of positive
real numbers {ay}reng, {0k FreNy,

(5.3) ap =by =1;
(54) a < ag—1, b, < bkfl, for k € N.
Then there exist unique systems {Qv}veUkeN Vi, {Q{U}WEUIQEN v+ of intervals
(5.5) Qv = Q(cv, 2 ar, 270;), Q) = Q(cv, 2 ap_1,27 by_y)
such that
(5.6) Q., v € V¥ are nonoverlaping for fixed k € N,
(5.7) Qu = |J Qi for each w € V¥, k €N,

veV

1
(5.8) Co = 5V, veV,

n—1

(5.9) Cary = Cap + Z 27 % apvie; + 27 bunen,

=1

weVF LeN, v=(v,...,v,) € V.

== | (==
== ==

== | ==
== | ==

Figure 2. Intervals Q, and Q) for v € V! and v € V2 for n = 2.

Theorem 5.2. Let n > 2. Suppose that we are given four sequences of positive
real numbers {ay }reNo, {0k }reNos {8k renNy, {0k freNo,
(5.10) ag = by = dg = by = 1;
(5.11) ak < Qp_1, by < bp_1, @ < dp_1, by < by_1, for k € N.
Let the systems {Qu }oc, . Vs { @0 tveU, o v+ Of intervals be as in Lemma 5.1, and
similarly systems {Qu }ocy, . Vs 1@ toey, v+ Of Intervals be associated with the

sequences {ay} and {b}. Then there exists a unique sequence {f*} of bilipschitz
homeomorphisms of )y onto itself such that
(a) f* maps each Q) \ Qu, v € V™, m=1,...,k, onto Q. \ Q. canonically,
(b) f* maps each Q,,, v € V¥, onto Q, affinely.
Moreover,

(5.12) T A B 6 ) B A I PP
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The sequence f* converges uniformly to a homeomorphism f of Qo onto Q.

5.3. Completion of the proofs of theorems 1.1 and 1.2.

Construction for Theorem 1.1. It is a well-known fact that for every € > 0 there
is a quasiconformal mapping f such that f ¢ WL" ™. Therefore we can assume that
p < n. Choose § > 0 such that

n—1

(5.13) (5<%—1 and d(n—1+p+e¢)<e

Set
n—1

1
a=1—-+9, (= and v =29.
p

With the help of (5.13) it is not difficult to verify that
(n—Na+B+py—0F)=n—-1+p)d>0

n—1
(5.14) m—1Da+p+p+e)y=0F=Mn—-14+p+e))—c¢ <0
n—1 n—1
(n—l)oz—i—ﬁ—i—u(oz—ﬁ): (n—1+u)5>0.
n—p n—p
Use Theorem 5.2 for
1 1 ~ 1
ar=-———, bp=———"—, ar=-—+——"— and by=-——
Tk T kP YT (k1) T (k1
to obtain the sequence {f*} and a limit mapping mapping f.
For fixed t € [0, 1] we denote
CL/k/ = (1 — t)ak + tCLk_l, b/k/ = (1 — t)bk + tbk_l,
ay = (1 —t)ag + tag_y, by = (1 —t)by+ the_,.
Since k% — W ~ ku—lﬂ for every w > 0, it is easy to check that
MNCE_/’?[W;{CM—W M N%Nkﬂ—v
Qp—_1 — A a’k/ ’ bk—l — bk blkl ’
bp—1 — by N by o o g1 — Ak ay o
Qp—1 — Ak a’k’ ’ bk,1 — bk b,k/ ’
Or—1=bx bk ~ kB

Qp—1 — Ak Q.

From (5.13) we obtain that o < § and therefore it is not difficult to deduce from
(5.1) and (5.2) that

[Df*(w)] = [Df(x)| ~ k77 and

(5.15) K(z) = 2@ RO o)

Ji(x) " kDG T
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for almost every = € Q) \ Qu, v € VF. It is also not difficult to find out from the
construction that

< A 1
(5.16) ZL(QL\ Qu) ~ SR arsT for every v € A%

Let &k < m. From (5.15), (5.16) and (5.14) we obtain

Df* — D™ da 5/ (IDF*P + D) do
Qo {fk£fm}

< Z/Qv\kaypder > 2/ IDfPdz+ > /Q,, |Df™P da

vEVFE j=k+1 veVi v\Q@v veEV™

m - B—~\P
SJ Z an S (] 'y) < k—(n—1+p)6 0.
j=k

jn=Da+BF1 ~

It follows that the sequence { f*} converges to f in W?(Qy, R") and, in particular,
f € WhP(Qo, R™). From (5.14) and (5.15) we also have
pie L@+e)(B—)
|DfIPTe ~ T Dars = and
Qo keN
(k(n—n(,@—a))%ip

Krv ~ Z kl+(n—1l)a+p

Qo kEN

By considering the functions u,;(x) = x;, we see that Tp(W'™(Qo)) ¢ WP (Qo).
U

Construction for Theorem 1.2. Since s(¢ — p) — p(¢g —n) > 0 (i.e. a > 0) we
can clearly find > 0 small enough such that

1

< Q.

(5.17) n < qs+np—qp—m(qp+nsp—np—qs) and
(n—1)n+e(—ns+n)+np<0.
Set .
a = m(qpﬂLnSp—np—QS)Jrn, B =qs+np—qp,
Yy=q(s—p)+nandd=(¢g—n)(s—p) +n
It is easy to check that (3, v and ¢ are positive. From a > ﬁ we obtain that also «

is positive and (5.17) implies § > a. With the help of the definition of a and (5.17)
it is not difficult to verify that

n—Da+p+s(y=0)=n—-1n+sn>0

(n—1)a+B+a(n—1)(a—B8) = (n—y+a(n—1) >0
v)=mnn>0
B)=(n—-1n+e(—ns+n)+np<0.

NI
(5.18) ny + q(6

( _
m—1Da+p+(p+e)d—
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Use Theorem 5.2 for the sequences

1 ) 1 _ 1 4 1
ar = —_—, e e a, = —mmm an -
TR T kD8 T (R 1) (k1)
to obtain the sequence {f*} and a limit mapping mapping f. Analogously to the
proof of the second part of Theorem 1.1 we obtain that f € W% and thanks to
B > «a and (5.18) we have

s(B8—)
’Df’SNZW<OO and
Qo kEN
(kn(ﬁ—v)—(”—l)(a—w)—(ﬁ—ﬂ)a
K"~ Z fl+(n—1)a+p < 0.
Qo keN

Analogously, we can use Theorem 5.2 for the sequences

ap = ———— =———, Qp=-——= an =
S (A (S ) CL N S VT T (k+ 1)
to obtain a limit mapping ¢ such that
Dyl fa(y=9)
gt~ ? < Q.
Qo keN ke

From [8, Remark 5.6] we know that the mapping h = g o f can be obtained as

a limit mapping from Theorem 5.2 applied to the sequences
1 1 ~ z 1

ap = -———, bp=———"=, ap= and by = :

B e ) e N ST SRCESE

Therefore (5.18) yields

fo(p+e)(5-0)

pte ~ _— =
‘Dh’ kl+(n—1)a+p

Qo kEN

Q.

To obtain a real-valued function u as indicated in the second part of Theo-
rem 1.2, simply consider the coordinate functions of g. 0

6. Integrability of the distortion of f;o f;

In this section we give conditions which quarantee nice integrability of the dis-
tortion of fy o fi. The following example shows that even if f; and f; and their
distortions are very nice it does not follow that the distortion of their composition
is nice.

Example 6.1. Let n > 2 and p > 1. There exist homeomorphisms fi, fo: B(0,
1) — B(0,1) of finite distortion such that f, and f, are Lipschitz, exp(K?) €
LY(B(0,1)) and K, € LP(B(0,1)), but K ¢ L (B(0,1)) for any § > 0, where K

denotes the distortion of the mapping f = fy 0 f.
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Proof. Set
fi(z) = H ” exp( 10g1+2<"%1>1> H;”> for z € B(0,1) \ {0},
fa(x) = e—— exp(—||z[|"7) for z € B(0,1)\ {0}

]

and f1(0) = f2(0) = 0. From Lemma 2.1 we easily obtain that f is Lipschitz and

that .
/ Ké’(x)dxm/ T dr < oo,
B(0,1) Bo1) |z

Analogously we obtain that f; is Lipschitz and

/ exp(K7(x)) dx ~ / exp (Clog1 ) dr < oo.
B(0,1) B(0,1) edl

Since for every z # 0 we have

) 1 i e
f(ZL‘) = 6_ eXp(—e 1/p expl(— log 2(n—1)p )
2] G )

one can use Lemma 2.1 to obtain that

K(x) ~ exp(n —

1 14+ 1 (& 1
log 2(n—1)p logQ
o) 5 i
and it is easy to check that K?° is not integrable for any § > 0. O

Lemma 6.2. Letn > 2, p>n—1 and let {2 C R" be a domain. Suppose that
feW QR isa homeomorphism of finite distortion such that |Df| € L' (Q)

loc loc

and K € LP (). Then |Df~'|"log" 5 (e + |Df|) € Li (F().

Proof. Fix a compact set £ C . The fact that, under our assumptions, we
have f~' € W2'(f(Q2),R") and moreover that f is mapping of finite distortion

follows from [8, Theorem 1.2 and Theorem 4.1]. Therefore, analogously to [8, Proof
of Theorem 4.1], we obtain

p—n+
[ iprres
f(E)

e+ D)) dy

(6.1)
n—1 ZFTW e K<I) r
g/K(:z;) log » +—\Df(x)|)d :
Set S={re€FE: |Df(( ))| < exp(KP(x))}. For every x € E'\ S we have
K9(w) < C(p)log(e + )

and therefore we can split the integral in (6.1) into two parts and prove that it is
no greater than

/EK(yﬁ)”_1 (C(p) + KP"*!(2)) dz + C(p) / log(e + !

i i) @
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The finiteness of the first integral follows from K € LP(E). Analogously to |7,
Theorem 6.1], one can prove that log(1 + | 7; |) € Li . (Q) for every n > 2, which

implies that the second integral is also finite. (

It follows from the Example 6.1 that if we want to prove the integrability of
some power of the distortion of f; o f;, we must require some stronger condition
than the integrability of some power of the distortion of fs.

Theorem 6.3. Let n > 2, ) C R" be a domain, p >n — 1 and r > 0 and set
q= M:ffl—% Suppose that f; € W' (Q,R?) and f, € W2 (f1(Q), R") are
homeomorphisms with finite distortion such that |Df,| € L™ "(Q), K; € LP(Q)
and exp(2K") L (f1(R)). Then f = fyo0 fi is a mapping of finite distortion and

its distortion satisfies K € L{ ().

Proof. From Theorem 1.1 we know that f € W21 (2, R"). We claim that for
almost every = € () we have

(6.2) Df(x) = Dfo(fi(2))Dfi(x) and  Jp(x) = Jp, (fr(2))Jp (2).

From [3] we know that we can find a Borel partition of f1(2), {Ax}, such that
|Ag| = 0 and f» is Lipschitz on A, k > 0. We know that f; is differentiable almost
everywhere (see [14]) and that f; restricted to Ay is differentiable almost everywhere.
Since f; satisfies the Lusin (N 1) condition (see [10, Theorem 1.2]) it is not difficult
to deduce that (6.2) holds almost everywhere on f; *(Ag) for every k > 0. The
Lusin (N~!) condition also gives us |f;'(Ag)| = 0 and therefore (6.2) holds almost
everywhere. Since f; and f, are mappings of finite distortion and f, satisfies the
Lusin (N~!) condition, we can deduce from (6.2) that f is also a mapping of finite
distortion.

Let A CC Q be a fixed Borel set such that f; is differentiable at A (recall that
this happens almost everywhere in Q [14]) and that |Df(x)| > 0 for every = € A.
Set

p2

(6:3) T —n+t ) +plp+l)

and check that clearly 0 < s < 1. The definition of distortion, (6.2) and the Holder’s
inequality give us

U0 da |Dfa(fr(x)|™ g (x)*  |Dfy(z)Mats
/K( )dx < A Jp(fi@)e | Df()| T (2)ets

< (J it ) (f <o)

Clearly = q+s = p, which implies that the second integral is finite and therefore it is
enough to prove the finiteness of the first integral. By (2.1), Dfi(f; ' (v))Df; ' (y) =

dx
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I and (2.2) for a = B=1= ”+ we have

‘]f1( ) % n

(6.4) < C exp (2K (y))

f1(4)
p—n+l _
o [ s wrios e+ DA W)y
1

The boundedness of the first integral follows from (6.3) and our assumptions and

the boundedness of the second follows from Lemma 6.2. O
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