Annales Academise Scientiarum Fennicae
Mathematica
Volumen 33, 2008, 387-412

HIGHER INTEGRABILITY FOR WEAK SOLUTIONS OF
HIGHER ORDER DEGENERATE PARABOLIC SYSTEMS

Verena Bogelein

Universitat Erlangen—Niirnberg, Department Mathematik
Bismarckstrasse 1 1/2, 91054 Erlangen, Germany; boegelein@mi.uni-erlangen.de

Abstract. We consider a class of higher order nonlinear degenerate parabolic systems, whose
easiest model is the parabolic p-Laplacean system

m—1

/ (u- ¢y — |[D™uP~?D™u - D) dz = Z B*(.,D™u) - DFpdz
Qr Qr 1o

and show higher integrability for weak solutions, proving that D™u € LP implies that D™u € LPT¢

for some ¢ > 0.

1. Introduction

Let © € R"™ be a bounded open set and Qr = Q x (=7,0) (T > 0) the par-
abolic cylinder over . We consider weak solutions v € LP(—T,0; W™?(; RY)) N
L*(Qp; RY), with m, N > 1 and p > max{1, nfﬁ , of higher order degenerate
parabolic systems of the form

(1) / (u- ¢ — A(z,D™u) - D) dz = / B(z,D™u) - dpdz

Qp Qp
for all ¢ € C°(Qr; RY). Here and in the following we write z = (z,t) € R"™,
¢ = Oy denotes the derivative with respect to the time-variable ¢, whence Du,
respectively D*u denote the derivatives with respect to the space-variable x and
du = (u,Du,..., D™ ) is the vector of lower order derivatives. We note that

DFy = {Do‘ul}ﬁ'l: k « is an element of the vectorspace ®F(R™ R") of k-linear func-

tions with values in RY, which can be identified with R" ("%™"). We shall use the ab-
breviations A = N(nJr:z*l), M = N(n:f_l;l) = Z:()l M), where M), = N(nﬂlzfl),
which allow us to write D™u € R, D*u € R and du € R”.

We consider coefficients A: Qr x R4 x R — Hom(R" ,R) and B = (B, ...,
B™ 1) with B*: Qr x R x R — Hom(R:“% ,R) for k = 0,...,m — 1, fulfilling
p-growth conditions, which are allowed to be degenerate. To be precise, we assume
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that

(2) A(z,q) - q > v|qP — b,
(3) |A(2,q)| < Llg|P~" 4 by,
(4) |B(z,q)| < L|g["~" + b,

for all z € Qp, ¢ € R and some constants 0 < v < 1 and 1 < L < oo. Let

us mention that the restriction p > max{1, nigm} is necessary in the parabolic

framework, because of the embedding Wrikan s [2 (we always have to deal
with the L?-norm of u, coming from the time derivative u; of u in the Caccioppoli
inequality, i.e. Lemma 6). The functions b;: 7 — R are assumed to be measurable
for + = 0,1, 2 with bounded norm

1
16| Lo @) < o0 for some o >p, where b = (|bi] + |bo]) 7 + |b0|%.

The purpose of this paper is to show that D™wu is higher integrable, i.e. that
there exists ¢ > 0 such that u € LPYe(=T,0; W™P+e(Q; RY)), together with a local
estimate for the LP™¢-norm of D™u.

Initially, higher integrability results were achieved for elliptic systems, see |8,
11, 18|. The main point in the proof is to apply in turn a Caccioppoli inequality
for the weak solution and the Sobolev—Poincaré inequality to conclude a reverse-
Holder inequality. Then, the gain of the exponent is achieved with the help of
Gehring’s lemma, [10]. But, unfortunately in the case of parabolic systems neither
the Sobolev—Poincaré inequality nor the Poincaré inequality can be applied (even
in the case p = 2), since weak solutions are only assumed to be LP-functions with
respect to the time-variable ¢. Nevertheless, it turns out that the weighted means of
a weak solution (see (7)) are absolutely continuous with respect to ¢, which allows
us to show a sort of Poincaré inequality valid for weak solutions. This method
was introduced by Giaquinta and Struwe [12|, proving higher integrability of weak
solutions in the case p = 2. But this method could not directly be transferred
to the case p # 2, where we have to deal with the additional difficulty that the
parabolic system behaves “non-homogeneous”, in the sense that solutions of the
parabolic p-Laplacean system are not invariant under multiplication by constants.
On the other hand, reverse-Holder inequalities which are essential to apply Gehring’s
lemma, are indeed invariant under multiplication by constants. The key to come up
with this lack of homogeneity is to choose a system of cylinders whose side lengths
depend on the size of the solution itself. This idea goes back to DiBenedetto,
[5, 6] proving “intrinsic” Harnack estimates and C1*-regularity of solutions of the p-
Laplacean equation, respectively system. This method turned out to be fruitful also
when considering systems of more general structure and it was used in [13, 14| by
Kinnunen and Lewis to show higher integrability for second order parabolic systems
in the case p # 2. However, due to the fact that no uniform system of cylinders
is available, the proof is much more involved, compared to the case p = 2. For
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instance, the reverse Holder inequality (see Lemma 13) is valid only on cylinders
fulfilling certain additional assumptions.

In the present paper we extend this result to the case of higher order systems.
Regarding higher order parabolic problems, there had to be developed new tech-
niques to overcome the difficulties arising from the lack of regularity of the interme-
diate derivatives Du, ..., D™ lu with respect to the time variable ¢. In particular,
we cannot estimate those integrals in terms of D™u, since the general Poincaré in-
equality is not applicable. To show nevertheless a suitable Caccioppoli inequality
we use an interpolation theorem on the annulus (see Lemma 3), which preserves the
right scaling. Moreover, in a certain sense we have to “approximate” the solution up
to m-th order. For this aim we exploit the mean value polynomials of u, depending
only on the space-variable z. The advantage of choosing polynomials not depending
on t is that we need no regularity with respect to ¢ when estimating them. More-
over, we prove a suitable bound for the L?-norm of u which simplifies the proof of
the higher integrability in the case p < 2 also for second order systems.

Finally, we want to point out that recently Acerbi and Mingione [1] showed
Calderon & Zygmund estimates for a class of degenerate parabolic systems. In
the proof, higher integrability of the solutions plays an important role. For similar
results in the elliptic case see also the papers [15], [16] with the references therein.

2. Notation and statement of the result

In the case of parabolic systems it is convenient to show the estimates on par-
abolic cylinders of the form Q. (0,s) = By,(0) X (to — s,to +s) C R" where
20 = (z0,t9) € R"™ 0,5 > 0 and B,,(p) denotes the open ball in R™ with center
7o and radius o. In the case s = 0™ we write Q.,(0) = Q.,(0, 0°™). If zo = 0, we
abbreviate Q(o,s) = Qo(o,s) and B(p) = By(g). Moreover, if v: Q. (0,s) — RF,

k € N is integrable we write (v)..05 = (V)Q.y(0s) = szo(g,s)vdZ for its mean-
value on Q., (o, s), respectively for w: By, (o) — R" we write (w)zy;p = (W) 5, (o) =
foO (oW dz.

Now, we can state our main result:

Theorem 1. Let p > max{l1, nigm} and suppose that v € LP(=T,0; W™P((Q;

RM)) N L*(Qr; RY) is a weak solution of the parabolic system (1) under the as-
sumptions (2) — (4). Then there exists ¢ = ¢(n, N,m,p, L/v,c) > 0, such that

we LS (=T,0; Wi (Q; RY)),

loc loc

and for any parabolic cylinder Q.,(20) € Qr there holds

J

1+5
|D™uPtedz < e {][ (|D™ul? 4 b?) dz} +c ][ (1+0b7%) dz,
(0) Qz,(20) Qz,(20)

20
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where ¢ = ¢(n, N,m,p, L/v) and

2 ifp>2,
d= n(2 —p)

- if p < 2.
p om irp

3. Preliminary material

3.1. Technical lemma. In order to “absorb” certain integrals of the right-
hand side, we will use the following lemma, which is standard and can be found for
instance in [11].

Lemma 2. Let 0 < 9 < 1, A, B > 0, a« > 0 and let f > 0 be a bounded
function satisfying
ft) <If(s)+A(s—t)*+ B forall0<r<t<s<op.

Then there exists a constant Ciech = Ctech(a, V), such that

f(r) < creen(A(o — 7)™ + B).

3.2. Interpolation lemmata. We now state an interpolation lemma for
intermediate derivatives on the annulus, similar to [2|, Theorem 4.14. For the proof
in this particular situation, i.e. the right scaling on the annulus we refer to [3],
Lemma B.1. Later, we will apply this lemma several times on the horizontal time
slices.

Lemma 3. Let B(ry), B(r2) C R™ be two balls with the same center and radius
r1 respectively 1o, where 0 < r; < ry < 1 and let u € W™P(B(ry)) with p > 1.
Then for any 0 < k < m —1 and 0 < € < 1 there exists ¢ = c¢(n,m,p,1/e), such

that
Dkl
/ | u]( s dr < ¢ / | D™ ulP dx
Blra\B(r) (T2 — 11)P(" B(r2)\B(r1)

P
+c / L dx.
B(ra)\B(ry) (T2 — T1)P™

We now state Gagliardo-Nirenberg’s inequality (see [17]) in a form, which is
convenient for our purpose:

Theorem 4. Let B,,(0) C R" with 9 <1 and u € W™?(B,,(0)), m € N and
1<pd,r<ocoandf € (0,1) and0 <k <m—1withk—"2 <9(m——) (1-0)%.
Then, there holds

][ | DFulP dx
By (9)
0
Op (1-0)p

Diyl? E2 v
(7’L m p m@ k)p(z ][ ’ﬂ(mulj fL’) (][ |U|T dl’)
BIO(Q BIQ(Q)
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3.3. Mean value polynomials. In order to treat regularity problems for ellip-
tic respectively parabolic systems one usually needs to control oscillation quantities
of the solutions to measure in a weak sense its regularity. Therefore polynomials,
especially the mean value polynomials, will play an important role. In addition we
can estimate any polynomial in terms of its mean values.

Lemma 5. Let P: R® — RY be a polynomial of degree < m —1 and B,,(r) C
R™. Then for any 0 < k < m — 1 there holds:

ID*P(2)| < c(n,m) Y 17 (DI P)ayy|  for all & € Byy(r).
=k
Proof. We will only sketch the proof and refer to [3], Lemma A.1. for a more
detailed proof. From [7] we know, that P can be expressed in terms of its mean
values as follows:

Pa) =Y Y D) (o w),

la|<m Ja+B|<m

where
1, if |B] =0,
= b - 3
N Y R weadn itz
v Bz (r
0<y<p 2o (7)
We can show that |bs| < c¢(n,m) rlfl for all 8 with 0 < |8| < m. From the above
representation of P we then conclude the desired estimate. O

3.4. Steklov-means. Since by their definition, weak solutions do not require
any differentiability properties with respect to the time variable ¢, it is standard
to use some mollification in time. Therefore, given a function f € L'(Q7) and
0 < h < T we define its Steklov-mean by

(e, t) = %/t f(e.s)ds, te(~T,~h),
0, tE(—h,O).

For the Steklov-mean [u]y, of a weak solution u of (1), we get the following equivalent
system: For a.e. t € (=7T',0) there holds

(5) /Q (@[u]h(-,t)-w[A(-,Dmu)}h(.,t).pm@ dr = _/Q [B(-, D™u)], (-, 1)-0¢ da
for all p € L?(Q; RN) N WP (S RN)‘

4. Caccioppoli inequality

As usual, the first step in proving higher integrability is a suitable Caccioppoli
inequality.
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Lemma 6. Suppose that u € LP(=T,0; W™P(Q; RN)) N L?(Q7; RY) is a weak
solution of system (1) in Qr under the assumptions (2) — (4) and P: R" — R is
a polynomial of degree < m — 1. Then for all parabolic cylinders Q,,(R,S) € Qr
with0 < R<1,S5 >0 and forr € (R/2,R), s € (S/2,S5) there holds

., t) — PJ?
sup ][ Jut,t) = PI* dx —i-][ | D™ ulP dz
te(to—s,to+s) BEO (r) S on (1,3)

lu—PP?  |ju—PJ
ScCac n7map7L I/)][ <
( / QZO(R7S) S—S (R_T)mp

Proof. Without loss of generality we can assume that zy = (x,t9) = 0. We
choose r <7y <1y < Rand n € C°(B(rq)), ¢ € CY(R) to be two cut-off functions
with

+bp) dz.

n=1in B(ry), 0<n<1, |DFy|<c,(ra—ry)"foral0<k<m;
(=0on(—o00,-8), (=1lon (-s,00), 0<(<1, 0<¢<2(8—s)7h

Choosing the test-function ¢;, = n¢?([u];, — P) in the Steklov-formulation (5) of the
system we get for a.e. 7 € (—5,.5)

/ (OT[u]h-gph+[A(-, Dmu)]h-Dmgph)(-,T) dr = —/ ([B(-, Dmu)]h-dgoh)(-, 7)dx.
B(r2) B(r2)

Noting that ;P = 0 and ((—S5) = 0, we find for a.e. t € (=5, S) that

/ / Blra) | Ul S0’"‘d‘%d7_/ /B(T2 uly = PI*C*)n — |[uln — PP*n¢c’) dadr

[ e = PPt s - [ /(  ~ PPnC’ dedr

Therefore, integrating the above system over (—S,t) and passing to the limit A\, 0
yields for a.e. t € (=S, 5)

%/B(r Ju(-,t) — P> n¢(t) dl‘+/ /T ) - D™unC*dz
/ / )'LOTCQ—B(-,Dmu)~5g0—|—|u—P|27](('>dz

where ¢ = n¢*(u — P) and dz = dz dt and we have used the abbreviation

m—1
D™ = (n Dut Y <”IZ) D™ %y © DF(u — P) >g2.

k=0

J/

ELBT
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From the ellipticity (2) of A, the growth conditions (3) of A and (4) of B, Young’s
inequality and the fact that ¢’ < (S —s)™! and 0 < 7, < 1, we infer for € > 0 that

S RSO O N R

<g;/au/ | D™ chk—%c/ht/ QLOTP§—+M¢V Ju= PP | +bp>d4

where ¢ = ¢(p, L, 1/e). To estimate the term involving the terms of lower order,
we exploit the fact that Dy = 0 on B(r;) for k > 1 and apply the Interpolation
Lemma 3 “slicewise” on the annulus B(r9)\B(r1) to obtain for 0 < p <1

t Dk _ p
/ / ILoT|? 2 dz<cZ/ / |D(u - )_’k) 2 dz
—5 J B(r) B(ra)\B(ry) (T2 — 11)P(™

lu— PP\
w| D™ ulP 4 ¢(n, m, )—m (“dz
/‘/mwm( " (ry =)
Similarly we obtain

t m—1 k t
Sl de < ¢ / / Di(u— P)P [D*np ¢ dz
/—S/;(T’Q ZZ S B(r2)
Di(u — P)P
) / / D= P o,
spt Dk—in 7”2—7"1) p(k=J)

=0 7=0

lu— PP\ ,
| D™ ul? + c(n,m, 1)— ¢*dz,
/7«2 \Br1)< (ro —r1)™

where we have taken into account that ro — r; < 1. Inserting the two previous
estimates above, choosing p < 1 with respect to p, L and ¢ and noting that n = 1
on B(ry) we infer for a.e. t € (—S,.5) that

t
o -pPrewarty [ [ prapcas
B(r1) —-S JB(r1)

t — P _p 2
< 26/ / |D™ulP (2 dz + ¢ / ( u= PP = PP bp> dz,
~5 JB(r2) Q(r,s) \(r2 —11)"P S—s

where ¢ = ¢(n,m,p, L,1/¢). We take in the first term on the left-hand side the
supremum over t € (—s,s) (note that ( = 1 on (—s,s)) and take ¢ = S in the
second term. Then we multiply with % and take € = ¥ to obtain

sup / lu(-,t) —P|2dx—|—/ | D™ ulP¢? dz
(r1) Q(r1,5)

te(—s,s) J B

_Pp _ P2
R N N e e e L
Q(r2,9) Q(R,S) (rg —ry)mp S —s

IA
S w 3 w
H o
B II
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where ¢ = ¢(n,m,p, L/v). Applying Lemma 2 we get rid of the term involving
|D™u| on the right-hand side and recalling that ( = 1 on (—s,s) we conclude the
desired Caccioppoli inequality. O

5. Poincaré type estimates

Since a weak solution u is a priori only an LP-function with respect to the time-
variable ¢, the Poincaré inequality cannot be applied. Nevertheless, we can prove a
sort of Poincaré inequality, valid for weak solutions (see Lemma 8). It is shown by
considering the space and time direction separately. In z-direction we can apply the
general Poincaré inequality. In t-direction we will gain the needed regularity from
the parabolic system. Namely, in the next Lemma we will show a suitable bound
for the difference in time of the weighted means (D*u);(t) of DFu(x,t)—defined
below—proving that they are absolutely continuous.

We say that 1 € C§°(B,,(0)) is a nonnegative weight-function on B,,(g) C R",
if

6) n=>0, / fdr=1 and | D] < cio "9 for 0 < ¢ < 2m.
Ba(0)

Note that the smallest possible value of ¢; depends on n and m. Let Q,,(0,s) C

R be a parabolic cylinder and v € L*(Q.,(o,s); R¥), k € N. Then, we define
the weighted mean of v(-,t) on B,,(p) for a.e. t € (ty — s,to + $) by

(7) (0)3(t) = /B v

Lemma 7. Suppose that u € LP(=T,0; W™P(Q; RY)) is a weak solution of
system (1) with (3) and (4) and Q,,(o,s) € Qr is a parabolic cylinder with 0 <
0<1,5>0. Let € C§°(By,(0)) be a nonnegative weight-function satisfying (6).
Then for the weighted means of D*u, 0 < k < m — 1 defined in (7) there holds for
a.e. ty,ty € (to — s,to + s) that

S

—1
otk ]ézo(g,s>

Proof. Without loss of generality we assume that zp = 0. For i € {1,... N}
we choose ¢: R"™ — RN with ¢; = 7, p; = 0 for j # i as test-function in the
Steklov-formulation (5) of the parabolic system and for a.e. t1,ty € (tg — s,to + $)
we get

|(DMu)j(t2) — (D*u)z(t1)] < e(N, L, )

(1) ft2) = () yft0) = [ @u(lua),

t1

_ _/: /B@ ([4 D™)],, - D™+ [Bit, D™a)], - 67) .
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Using the growth conditions (3) and (4) for A and B, and the fact that || D77, <
co” ") < o= for 0 < j < m — 1 we find after passing to the limit A\, 0

|(ui)i(t2) = (ui)z(t1))]

t2
<[] (Dmap s ) D (D" ) 57 d
t1 JB(o)

< (L, cp) g(’”m)/ (|D™u| + b)p_1 dz.
Q(e:9)

Summing over ¢ = 1, ... N we infer the assertion for the case £ = 0. For the general
case we have for a multiindex « of order k£ with integration by parts that

/ Do mM—w—nﬁémumﬂD%sz«4ﬁwm%ay

Therefore the assertion follows from the case k = 0 by exchanging 1 with D7 and
summing over |a| = k. O

Lemma 8. Suppose that u € LP(=T,0; W™?(Q; R")) is a weak solution of (1)
with (3) and (4) and Q.,(0,s) € Qp with 0 < ¢ < 1 and s > 0. Then for all
0<k<m-—1and1 <4 <p there holds

JANLAUEY ST
on (0,9)

9
<c g(mkm{][ |D™ul? dz + (%][ (|D™ul +b)p_1 dz) },
on(@s) Q QZ()(Q7S)

where ¢ = c¢(n, N,m, L,9) and Py: R" — R denotes the mean value polynomial
of u (depending only on x) of degree < m — 1, defined by (6Pg)zy.0 = (0U) 29:0.5-

Proof. Without loss of generality we assume that zo = 0. Let 7 € C§°(B(0)) be
a nonnegative weight-function satisfying (6). In order to apply Poincaré’s inequality
“slicewise” with respect to z, we use the weighted means of D’(u — Pp), defined in
(7) and consider for k < j <m—1 and a.e. t € (—s, s) the following decomposition

]{9( ) D7 (u(-, t) = Fo)l” da
@)‘“ﬂf’” >—%%ﬂﬂww—%mmx

‘ ][ ((D7u)z(t) — (D7u) dT

=37 (I(t) +II()+I[I)

|

+ ‘ (DIu);(7) dr — (D7 Py);

—S

with the obvious meaning of I(t), I1(t) and I11.
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Estimate for I(t): Applying Poincaré’s inequality “slicewise” to D7 (u — Pg)(-,t)
we find for a.e. t € (—s,s) that

I(t) < e(n, 9) gﬁ][ DM (u(-, 1) — Po)|” da.

B(e)
Estimate for I11: Here, we exploit the fact that fQ(Dj u—D?Pgy)dz = 0 and ap-

ply Poincaré’s inequality “slicewise” to D7 (u— Pg) completely similar to the estimate
for I(t) and infer that

111 5][ ][ DI (u— Po) — (D'(u— Pp)),|" dudr
—sv B(o)

< ¢(n, V) 919][ ][ | D7 (u — Py)|” dedr.
—s/ B(o)
Estimate for 11(t): The estimate for differences in time of weighted means from
Lemma 7 yields for a.e. t € (—s, s) that

S

s 9
110 < f 10050 = @)l dr <o (o f - qomaloyas)
s 0" JQ(o.9)
where ¢ = ¢(n, N,m, L).

Combining the previous estimates for I(t), 11(t) and 11 with (8) and integrat-
ing with respect to t over (—s, s) we infer for k¥ < j <m — 1 that

][ ][ | DI (u — Po)|” du dt
—svJ B(o)

s )
scof | e rlsae (S (omaseya)
—sJ B(o) 9" JQ(o.s)

where ¢ = ¢(n, N,m, L,9). Iterating this estimate for j =k, ..., m — 1 we find that

][ Dk — Po)[? d
Q(o,s)

9

<c gﬁ][ ]Dk“(u—PQ)]ﬁdszc( Wik][ (|D™ul —i—b)p_1 dz)
Q(e:9) 0 Q(e:s)

9
<c Qw][ |DF2(u — Pg)[" dz + ¢ ( ms—i-k ][ (|D™u| + b)p_ldz)
Qe:s) 0 Qles)

9
<c Qﬁ(m_k)][ |D™ul” dz + ¢ < 7:+k][ (|D™u| + b)p_ldz) ,
Q) 9 Qe:s)

where ¢ = ¢(n, N,m, L,v). This proves the asserted Poincaré type inequality. [

In the previous Poincaré type inequality we have the “wrong exponent” of | D™u|
on the right-hand side, namely (f |D™u|P~! dz)”. Roughly speaking, in the following
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lemma, we “compensate” this wrong exponent, introducing a special scaling of the
parabolic cylinders, which depends on the solution itself.

Corollary 9. Let u € LP(=T,0; W™P(Q; RY)) be a weak solution of (1) with
(3) and (4) and Q.,(0,5) € Qr with 0 < o < 1, A > 0 and s = \*P¢*™. Suppose
that there is a constant x > 1, such that

9) KL S][ (|ID™ul? +b%) dz < k AP.
on(g,s)

Then for all 0 < k <m — 1 and 1 < ¢ < p there holds

q

Lot rarazsesm(f qomadsra:)”
Qzo(0,5) Qzo(0,5)

where ¢ = max{d,p — 1}, ¢ = ¢(n, N,m, L, 9, k) and Py: R" — R" denotes the
mean value polynomial of u of degree < m — 1, defined by (§FPg)z.0 = (0U) 90,5

Proof. We can assume 2z, = 0. Applying the Poincaré type inequality from
Lemma 8 and noting that s/¢°™ = A\?7P we obtain

PAEACE SIS
Q(o,8)

9
< ¢ 'm=k) [][ |D™u|? dz + ()\2_”][ (|D™u| +b)P~? dz) } :
Q(o;s) Q(o,s)

where ¢ = ¢(n, N,m, L,?). To estimate the second term on the right-hand side we
use Holder’s inequality and the hypothesis (9) to find that

o f ey = ()T ()T
Q(e:9)

sv—p(][ (ypmu|+b)pdz> ' <][ (|Dmuy+b)qdz)q
Q(e,s) Q(o,3)

< ¢(k) /\2_p/\pp;2(][ (|Dmu|—|—b)qdz>q
Q(e,s)

— c(r) (]é(w) (10" + b)%)é.

Inserting this above to bound the second term on the right-hand side and using once
again Holder’s inequality for the first term, we conclude the asserted estimate. [

Corollary 10. Let u € LP(=T,0; W™?(; R")) be a weak solution of (1) with
(3) and (4) and Q.,(0,5) € Qr with 0 < ¢ < 1, A > 0 and s = \*P¢*™. Suppose
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that there is a constant x > 1, such that

(10) ][ (|ID™u|P +b%) dz < K AP.
QzO(Q s)

Then for all 0 < k <m — 1 and 1 < v < p there holds

][ |D*(u— Pg)[" dz < c(n, N,m, L,9, ) 0" I\’
QZO(Q s)

where Po: R" — RY denotes the mean value polynomial of u of degree < m — 1,
defined by (0Pg) g0 = (0U) 20,5

Proof. Once again we assume that zy = 0. Similarly to the proof of the previous
Corollary, we infer the assertion from Lemma 8 (note that s/¢*™ = A\*7P), Holder’s
inequality and the hypothesis (10):

DF(u — Pp)|Ydz
| Q
Q(05)

9
< ¢ "k [][ |D™ul"dz + <)\2_p][ (|D™u| + b)p_ldz) }
Q(e:9) Q(e:5)

<c Qﬂ(m—k) ()\19 + ()\2—1) )\p—l)ﬁ) —c Qﬁ(m_k)Aﬂ. 0

Corollary 11. Let u € LP(=T,0; W™P(Qp; RY)) be a weak solution of (1)
with (3) and (4) and Q. (R, \*"PR*™) € Qr with 0 < R < 1, A > 0. Suppose that
there is a constant k > 1, such that

][ (|D™ulP +bP) dz < K A.
on(R >\2 pRQm)

Moreover, let R/2 < r < R and P,, Pg: R® — R be the mean value polynomials of
u of degree < m —1, defined by (0P, )z = (0U) 9. r2-pr2m, Tespectively (0Pg)qzr =
<5U)zo;R,A2—PR2m- Then

|P.(x) — Pr(z)| < c¢(n,N,m,L,k) R"\ for all x € B, (R).

Proof. Applying in turn Lemma 5, Corollary 10 and recalling that R/2 < r < R,
we infer the asserted estimate:

(P, — Pg)(z |<CZ
=0
1

f  pe-r dy‘
Bg ()

=c)y 71’ ][ D’(u — Pg)dz
=0 Q=g (1, A2—Pr2m)
m—1

<c ZRj][ |D7 (u — Pg)|dz
= Q=0 (RA2-PR2M)

<cR™\,
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where ¢ = ¢(n, Nym, L, k). d

In the case p < 2 we cannot take ¥ = 2 in Corollary 10. Nevertheless, we will
have to estimate the L?-norm of u, since it appears on the right-hand side of the
Caccioppoli inequality from Lemma 6. Therefore we need the following Lemma.

Lemma 12. Suppose that max{1, ni’;m} <p<2andue LP(=T,0; W™P(Qr;

RM))NL2(Q; RYN) is a weak solution of (1) with (2) — (4). Let Q.,(20, \* ?(20)*™) €
Qr with 0 < o <1, A > 0. Supposed that there is a constant x > 1, such that

(11) ][ (|D™ulP +bP) dz < K NP,
QZO (297>‘2 p(29)2m)
then there holds

][ lu — Pg|2 dz < e(n,N,m,p,L/v,K) 0" \?,
Q2 (0,X27Pg2™)

where P,: R" — RY denotes the mean value polynomial of u of degree < m — 1,
defined by (6P,)uy:0 = (01) 29:0. 12— g2m.
Proof. Without loss of generality we assume that 2z = 0. Let ¢ = max{1, - +2m}

We choose o < r < R < 2p and denote by P,, Pp: R* — R" the mean value poly-
nomials of u of degree < m — 1, defined by (dF,)o,, = (du)o, r2-pr2m, Tespectively
(0Pr)o.r = (0u)o,rr2-rrem. Applying Gagliardo-Nirenberg’s inequality, i.e. The-
orem 4 with (p,9,0,r, k) replaced by (2,¢,%,2,0) “slicewise” to (u — P.)(-,t) we
obtain:

][ lu — P,|* dz
Q 7")\2 pT.Zm
)\2 pT.2m, |D 1—
dx(][ lu — PT|2dx> dt
][/\2 PTQmJ[B(r Z Tq(m k) B(r)

| D*(u -
ccompf SIS

NS

where
J = sup ][ lu(-,t) — P.|*dx.
te(=A2—Pr2m X2-pp2m).J B(r)
We note that the assumption (11) is also valid for r instead of 2o, with a possibly
larger constant, since |Q(20, \277(20)*™)|/|Q(r, \>"Pr*™)| < 27+2m  Therefore, we
can apply Corollary 10 on the cylinder Q(r, A>"Pr*™) to estimate the first term in
the above inequality and obtain

(12> f |u_P7‘|2dZ§C(n7m,N,L,/Q) rmq)\q.:]1,%'
Q(r,\2—pr2m)

Estimate of J: Applying Corollary 11 (enlarging the involved cylinder just as we
did above, we see that the assumption of the Corollary is fulfilled due to hypothesis
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(11)) we can bound the difference of the mean value polynomials by
|P.(x) — Pr(x)| < c(n,N,m,L,k) R"X for all x € B(R).

From the Caccioppoli inequality in Lemma 6 we get for a.e. t € (—A\27Pr2m \27Pp2m)

[u(-,t) = P|” ][ | — Pa|” |u— Prl”
————————dx < Coqc b? ) dz,
]{B(T) D N e I (e L ’

where coge = Coac(n,m,p, L/v). From Young’s inequality (note that p < 2) and
hypothesis (11) we get

][ (—'u_PR|p +bp> dz <][ [u~ Prf* dz +c N,
Q(R,\2—PR2m) (R - T)mp — JQ(RA2-PR2m) )\g_p(R — T)zm

with ¢ = ¢(n, m, k). Inserting this above and noting that p < 2 and r < R yields

2m
][ u(-1) — Pyl de < e () (][ \u—PR|2dz+R2m>\2).
B(r) R—r QRX2-PR2m)

Combining this with the estimate for the difference of the mean value polynomials
above, we obtain the following estimate for J:

2m
J <c(n,m,p,L/v, k) (RIE 7"> (]{2(}2,\2 . )\u— PR\2d2+R2m)\2).

Using this estimate for J in (12) and applying Young’s inequality, we obtain
(note that R < 2p and % > 1)

2m(2-1)
][ lu — P> dz < %][ lu — Pgl*dz +c (L) B SO
Q(r7)\2—p7,2m) Q(RyAQ—pR2m) R - T

where ¢ = ¢(n, N,m,p, L/v,k). Applying Lemma 2 we obtain the desired estimate.
O

6. Reverse-Holder type inequality

In order to prove higher integrability one typically first shows a reverse-Holder
inequality. In the case of parabolic systems which are degenerate (p > 2) or singular
(p < 2), a general reverse-Holder inequality is not expected to hold. The reason for
this is, that the Poincaré type inequality from Lemma 8 has an integral involving
|D™ulP~1 on the right-hand side. Consequently we would end up with the “wrong
exponent” of |D™u|, namely with (f|D™u|P~! dz)? on the right-hand side. There-
fore, we exploit the scaling of the parabolic cylinders, introduced in the previous
chapter, which depends (via hypothesis (13) and (14)) on the solution itself, to
“compensate” the degeneracy.

Lemma 13. Let p > max{1, 25—} and u € LP(=T,0; W™?(Q; RN)) N L*(Qr;

RY) be a weak solution of (1) with (2) — (4) and let Q.,(100, \*"P(100)?*™) € Qr
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with 0 < 0 <1, A >0, s = \>7Pp>™._ Suppose that there is a constant k > 1, such
that

(13) NP < H][ (|D™ulP +b%) dz
QZ()(Q7S)
and
(14) ][ (|D™ulP +bP)dz < Kk NP.
Q= (100,102m5)

Then there exists a constant ¢ = ¢(n, N,m,p, L/v, k), such that

P
q
][ |D™ulPdz < ¢ (][ |Dmu\qdz> +c][ b?dz,
Qz0(10Q7102m5) (P (20,22™ms) Qzg (20,22™ms)

ifp > 2.

where ¢ = max{1 if p<2and g=max{p—1

9 +2 ) +2m

Proof. Without loss of generality we assume that zy = 0. For convenience of
the reader we set B = B(p), Q = Q(0,s) and aB = B(ap), aQ = Q(ap, a®"s) for
a > 0. By P,g: R" — R" we denote the mean value polynomials of u of degree
< m — 1, defined by (0P,0)as = (01)aq-

From the Caccioppoli inequality, i.e. Lemma 6 we obtain

— P2 — PP
| D™ ulP dz < ceac [ el + [u el + b | dz
Q 2Q § o™

= cCac(nam7p7 L/V) <12 +Ip +][ bde) ,
2Q

(15)

with the obvious meaning of I; and I,. We now distinguish the cases p > 2 and
p < 2.

In the case p > 2 we first estimate the term I, by I,. Therefore we note that
s = A2Pp*™ and get from Young’s inequality (with exponents £ T) for ¢ > 0 that

— P2
I, = /\p_2][ ‘UZ—mwldz <eXN+c(p,1/e) I,
2Q 0

We set ¥ = max{1, — +2 }. In order to estimate I, we apply Gagliardo-Nirenberg’s

inequality, i.e. Theorem 4 with (r,6,k) replaced by (2, 2,0) “slicewise” to (u —
Pq) (-, 1):

22m p—9

D — P 9 2
I,<com ﬂp)J[ Z‘ e ;Q” dx ][ lu— Py dz)  dt
22mg 2B 2B

DF(u — P. p—
< c(n,m,p) """ p)][ Z' S;(m_SQ)’ dz - J'2"
2 —
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where

(16) J = sup ][ [u(-,t) — Pygl|* da.
)/ 2B

te(—22mg,22mg

We note that due to (13) and (14) also hypothesis (9) of Corollary 9 is fulfilled on
2Q) with 5"k instead of &, since [10Q|/]2Q| = 5™ and [2Q|/|Q| = 2"">™. The
application yields that

q p—1

) s N o) ¢ f (o oaz) s
2

Q

Estimate of J: Applying Corollary 11 and assumption (14) we get for the dif-
ference of the polynomials

(18) |Pag(x) — Pio(x)| < ¢(n,m,N,L,k) "X forall x € 4B.

From the Caccioppoli inequality in Lemma 6 we infer for a.e. t € (—2%™s, 2?™s)
S
][ |u('7t> - P4Q|2 dx S CCac][ <|u - P4Q|2 + —|'LL - P4Q|p + pr) dz
2B 4Q o™mP

=c(n,m,p, L/v) (Jg +Jp+s][ bpdz) :
4Q

with the obvious meaning of J and J,. For J, we use Corollary 10, which is
applicable due to the hypothesis (14) and since 10°™s = A\?>7P(100)?™. Therefore,
we have

Jo < c(n, N,m, L, k) 0®™ N2

Similarly, we get for J,
Jp <c ﬁ 0PN = ¢ SAP = ¢ 0" NTPNP = ¢ 0" \2.
Combining the estimates for J,, J, and (18) we arrive at:
J<c (Qme\2 + s][prdz) < c(n,N,m,p,L/v, k) 0°™\?,
4

where we again have used that s = A\?7Pp*™ and the assumption (14). Inserting
this in (17) and applying Young’s inequality (with exponents &, I%), we obtain for
>0

q

9
I, <c <][ (|D™u| + b)qdz> N <N e (][ (|D™u| + b)qdz) ,
2Q 2Q
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where ¢ = ¢(n, Nym,p, L/v,k,1/u). Inserting this in (15) and using once again
Holder’s inequality (note that ¢ = max{p — 1,9}) we arrive at

][ | D™ ulP dz < coqe (5)\’9 + (c(p,1/e) + 1)1, +][ bpdz)
Q 2Q

< i)\l’—l—c(n,]\f,m,p,[//u,ﬁ)((][ |Dmu‘qdz)4 +][ bpdz),
2Q 2Q

where we have chosen ¢ and g small enough in the last line. Combining this with
the assumption (13) we obtain

A< n][ (|D™ufP + ) dz < SN + ¢ (][ meu|qdz) "y c][ bPdz.
Q 2Q 2Q

Now we can absorb $\? on the left-hand side. Exploiting once again hypothesis (14)
we conclude the desired reverse-Holder inequality.
In the case p < 2 we estimate [, by I5 in (15). This is achieved using s = A\*7?p*™

and Young’s inequality (with exponents %, 2%])) and we obtain for € > 0

Sp/2

p(2—p —P p
I, = \"% )][ = Poal® N fep1)e) 1
2Q

To estimate I, proceed similar to the case p > 2, i.e. the derivation of (17). In
turn we apply Gagliardo-Nirenberg’s inequality, i.e. Theorem 4 with (p, 4,7, 0, k)
replaced by (2, ¢,2,2,0) “slicewise” to (u— Paq)(,t) and and Corollary 9 to conclude
that

22m

DF(u — P, -4
L <c slgmq][ ][ | o)l dx (][ lu — PQQ]2da:> dt
22ms.)2B | 1(m=h) 2B

(19) gcs—lgmq][ <|Dmu|+b)qczz.J1—%,
2Q

with J defined in (16).

Estimate of J: For the difference of the polynomials | Py — Pig| we can once
again use (18). From the Caccioppoli inequality in Lemma 6 and the assumption
(14) we obtain for a.e. t € (—22™s,22™s)

][ |u('7t>_P4Q|2dx§CCac][ <|U_P4Q|2+i|u—P4Q|p+pr> dz
2B 4Q omP
Sc(n:mava/V) (J2+Jp+/‘€5)\p).

For .J, we obtain from Lemma 12 (note that the assumption of the Lemma is fulfilled
by (14), enlarging the domain of integration from 4@ to 10Q)

Jo :][ lu — Pyo?dz < ¢ 0™\ = ¢ sV
4Q
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Jp is estimated exactly as in the case p > 2 with the help of Corollary 10 and we
obtain using once again the assumption (14)

s
J, <c —pgmp)\p =c(n, Nym,p,L/v,K) s\P.
Qm

Thus, we infer that

N

JU3 <o (sAP)173 = ¢ sAP(sAP) 72 = ¢ sAP(0P™A2) 73 = ¢ — NI

Inserting this in (19) and using Young’s inequality, we obtain for x> 0 that

IL<c ][ (|D™u| 4+ b)7dz A\P74
2Q

q

< pX +c(n, N,m,p, L/v, K, 1/ 1) (][ !DmU\qu>
2Q

Thus, we conclude from (15) that

][ |D"ulP dz < ccae (6)\p + (c(p,1/e) + 1)1, —i-][ bpdz>
Q

2Q
g
< 5= A +c¢(n,m,N, L,p, /4;)( ( |Dmu|qdz) —1—][ bpdz),
2Q 2Q
where we have chosen ¢ and p small enough in the last line. Now, we can pro-
ceed completely similar to the case p > 2 to conclude the desired reverse-Holder
inequality. U

7. A version of Gehring’s Theorem

We will conclude the higher integrability of |D™u| from a version of Gehring’s
Theorem (see Lemma 15). It is a consequence of the one dimensional Gehring
Theorem (see [11|, Chapter V, Lemma 1.2):

Lemma 14. Let p,w : [0,00] — [0,00), ¢ non-decreasing, limy ., ¢(A) = 0
and

_ A () < AP0 + w(N)

for all A > X\, where 0 < ¢ < p < oo, A > 0 and Ay > 0. Then there exists
e =¢(A,p—q) >0, such that

oo

_/ NPt dp()) < —2)@/ NP~ dp(N) — 2A/ A" dw(N).
A1 A1 A1

Lemma 15. Let \y > 1, k > 1,1 <g<p<oand f € L} (Q2), k € L] .(Q2)
> A

with Q, = Q(2,2%™). Suppose that for each A\ > \; and a.e. Z € Qy with f(Z)
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there exists a parabolic cylinder Q) = Qz(o, s) around Z such that

(20) /fl)\pg][ fpdzgka(][fqdz)q+/i][ kP dz < K2NP,
5Q Q Q

where 5Q = Q:(50,5°™s) denotes the 5-times enlarged cylinder around Z. Then
there exists g = co(k,p — q) € (0,0 — p) such that f € L *°(Q,) and

loc
fPredz < c ) fpdz~|—c/ kKPtedz Ve e (0, &),
Q2 Q2 2
where ¢ = ¢(k,p — q).

Proof. Let A > A1 and suppose that Z is a point in Qo with f(Z) > A. Then,
from the assumptions we know that there exists a cylinder ) around Z such that
(20) holds. We now will infer an estimate for the LP-norm of f on the cylinder 5Q).
For n > 0 we decompose the domain of integration into the lower and upper level
set Q\ P, and Q N D, of f, where

Pp={2€Q2: f(2) >nAl.

Then we use the chain of inequalities from (20) to find that

p

(][ /e dz) < 2’3‘1(m)p+25‘1(@/ £ dz)
Q qu:'n)\
L1
<25 P 4 25 (][ fa dz) (5' / f4 dz)
Q QNP

Scnp(][fqdz>q+cnp][k;pdz+c)\p_qﬁ/ fldz,
Q Q Qm(bnk

where ¢ = ¢(p — ¢, k). Similarly we see that

][ kP dz < (n\)P + 5'/ kP dz
Q qu)n)\

§c77p(][fqdz)q+cnp][kpdz+cﬁ/ kP dz,
Q Q QNPyx

where ¢ = ¢(k). Adding up the last two inequalities we obtain

P

(]éfqdz)q+]ékpdz
Scnp<(]{2fqdz)g+]ékpdz> +cé|/m (N0 f9 4 k) d,
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where ¢ = ¢(p — ¢, k). Choosing n = n(p — ¢, k) > 0 small enough, we can absorb
the first two integrals of the right-hand side on the left-hand side and conclude that

<][ fqdz>q +][ kPdz < c(p —q,K) é'/ ()\pquq+/<:p) dz.
Q Q QNP5

Together with the second inequality in (20) this yields:
(21) / frdz<clp—aq.r) / (NTUfT+ kP) d.
5Q QN®,»

For A > A\; we find a family .% of parabolic cylinders that fulfill (21) and cover
®,. From Vitali’s covering theorem for parabolic cylinders (see [4], [9], [3], Theo-
rem C.1) we infer that there exists a countable subfamily (Q;)2, = (Q.,(0i,5:))2, C
Z of disjoint parabolic cylinders, such that the 5-times enlarged cylinders 5Q; =
Q.,(50i,5"™s;) cover the set @y, i.e. there holds (note that 5Q; C Q, by assumption)

o, C | J5Qi € Qa.

i=1
Covering @, with (5Q;):2, and recalling that the cylinders (Q;)$2, are pairwise
disjoint, we infer from (21) that

/q)fpdzéi/f) ‘fpdzéci/ (AWP79f0+ kP) dz

im‘bn)\
<cp—gq,K) / (/\p*qfq—i—/{:p) dz.
Cpnk

Moreover, from the definition of the level sets we have f < A on ®,,\®, and

therefore
/ fPdz < )\p_q/ fldz < )\p_q/ fldz.
D0\ pa\ P Py

Together we infer the following reverse-Holder inequality on the level sets @, of f,
valid for any A > \;

/ fPdz<c(p—gq, /{)/ ()\p_qfq—l—k:p) dz.
(I>77>\ (I:'n)\

Replacing nA with A and recalling that n = n(p — ¢,k) < 1 we obtain for all
A > 77)\1 = )\2 that

(22) fPdz<c nq_p/

Dy Dy

(W09 4 kP) dz < ¢ / (\P=9f9 4+ kP) dz.

D

where ¢ = ¢(p — ¢, k). Setting

e(N) = fidz and w(/\)E/ kP dz
5%

D
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we can reduce the problem of higher integrability to the one dimensional case.
Inequality (22) can then be rewritten as

- / ") < ofp — g, 8) (WI0(N) +w(N)

for all A > Ay, Because ¢ fulfills the conditions of Gehring’s Theorem 14, i.e. ¢ is
non-decreasing and limy_,, ¢(A) = 0, Gehring’s theorem ensures the existence of
g0 = €o(p — q, k) € (0,0) such that for all € € (0,e0) there holds

[e.9]

- / NP0 dip(A) < 20 / N1 dip(A) — 2¢(p — g, K) / X ().
A2 Ao A2

By the definition of ¢ and w this inequality can be rewritten as

/ frredz < 2)8 / fPdz+c(p—q,kK) / EPte dz.
o), ),

Dy,

Decomposing Q3 = Q2\ Py, U @), we obtain

frredz < )8 / fPdz + fPredz<3X5 | fPdz+ c/ kPte dz,
Q2 2

Q2 Q2\2), D,
with ¢ = ¢(k,p — q). Recalling that Ay = nA; < A; and the definition of A; this
proves the assertion of the lemma. O

8. Proof of the higher integrability

As we have seen, in the degenerate respectively singular case there is no gen-
eral reverse-Hélder inequality available. We only have Lemma 13, which needs the
additional conditions (13) and (14) to hold. Therefore, the main task in the follow-
ing proof will be to find such appropriate disjoint parabolic cylinders, covering the
upper level sets of |D™u|. For this we will use the “stopping time argument”. It
exploits the continuous dependence of the integral on the domain of integration to
“find” (see (24)) the right cylinder radius between a point and a too big cylinder.

Proof of Theorem 1. Without loss of generality we may assume that o = 1 and
2o = 0. Otherwise we consider v(z,t) = o~ ™u(xy + o, to + 0*™t) on Q(1,1) and get
the general result by rescaling to Q. (o, 0*™).

We set Q; = Q(1,1) and Q2 = Q(2,2?™) and define the parabolic distance of
z € (Y2 to the boundary of ()5 by

(23) de(z) = inf min{|z—z|, /|t —t]}.

zeR"+1\Q2
Furthermore on () we define the function
g=|Dmu|+0b.
In the case p > 2 we set

f=o n+2m

d3 g, witha= 5
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where ¢ > 1 is some constant, which will be chosen appropriately later. We also
choose

1
A > A\ = max{), 2%}, with A\ = (][ gpdz> .
2

Suppose that Z is a point in Q2 with f(Z) > A\. We then we set r; = d%(Z) for the
parabolic distance of Z to the boundary of ()2 and define as scaling factor for the
parabolic cylinders (note that r¢ < 2% < A\; < X and p > 2 imply that (r;*\)*7?
= (rgAT 2 < 1)
vy=~(%) = (r;o‘/\)%p <L

With the help of the stopping time argument we now want to find an appropriate
cylinder around Z on which we may apply Lemma 13, i.e. on which the conditions
(13) and (14) are fulfilled.

Therefore we first note that for R with g—é < R < r; and ¢ big enough there
holds

[o3
gPdr < ——————
]éz(R,szm) Q(R,vR*™)| Jq,

< 40n+2m T—(”+2m)7—1/\2 —¢P (rg—a/\)p :

z

gp dz = 2n+2m Rf(nJer)fyfl )\g

where we have used the definitions of A, 7, a and A > A¢. This fixes ¢ = é(n, m, p).
Furthermore the Lebesgue differentiation theorem ensures that for a.e. Z € ()5 with
f(Z) > X there holds

lim GPdz=g(Z)? =cP dup(Z)"Pf(2)P > P (r;o‘/\)p,

"0 Qs (ryr2m)
where we have used that ds(Z) = r; and the definition of f. So the last two
estimates yield on one hand a cylinder, namely Q:(R,yR*™), which is too large,
and on the other hand a cylinder which is too small. By the continuous dependence
of the integral on the domain of integration there must be at least one cylinder in
between, for which equality holds, i.e. there exists a radius ¢ = p(Z) with 0 < ¢ < 55
such that

(24) ][ ¢’ dz = ¢éP (T;O‘)\)p and ][ P dz < P (Tg—a)\)p
Qz(eve*™) Qz(RyR>™)

for all R with o < R < r;. We now set s = s(2) = 70> and Q = Q:(o,s) and
a@Q = Qs(ag,a®s) for a > 0. Then 10Q € Q.. From (24) we conclude, that
the assumptions (13) and (14) of Lemma 13 are fulfilled with (r; %\, ¢?) instead of
(A, k), i.e. (note that ¢ > 1)

(25) (T,;a)\)p S][ ¢’dz and ][ g’ dz < ¢ (r;o‘)\)p.
Q 10Q

The application of the lemma then yields the following reverse-Hélder inequality
e

(26) ][ |D"MulPdz < ¢ (][ | D™ u|? dz) e c][ b?dz,
10Q 2Q 2Q
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where ¢ = max{p—1, -2} and ¢ depends on n, N, m,p, L/v (and k). Since ¢ < 55

and v < 1 we have for all z € 10Q) that d»(z) < min{r;+100, *{/r2™ + v(100)?™} <

%7“5 and consequently

(27) f=¢1d% g<cn,m)rig on 10Q.

Moreover, from d(z) > min{r; — 10g, *{/r?™ — v(100)>™} > +r; we infer that

(28) g=cdy" f<c(n,m,p)r;*f on 10Q.
We now define k = dg, b and show that there exists a constant ¢ = ¢(n, N,m,p, L/v)
such that
IO (®) . © ,
(29) c N < fPdz <c ][ fldz —1—0][ kP dz < c© NP.
10Q 2Q 2Q

The bound (a) follows from (25), the fact that [10Q|/|Q| = 10"™*™ and r¢g < ¢ f
on 10Q by (28):

AP §][ (r¢g)Pdz < c][ fPdz < 10" fPdz = c(n,m,p) fPdz.
Q Q 10Q 10Q

We infer the second bound, i.e. (b) from (27), (25), the fact that [10Q|/|Q| = 10""*™,
(26) and (28):

frdz < c][ (rég)Pdz <c NP < c][ (rég)Pdz = ¢ rgp][ (|D™u| + b)" dz
10Q 10Q Q Q

Scr?p((][ \Dmu\qdz)qu][ bpdz>§c(][ fqdz>q+c][ W dz,
20 2Q 2Q 2Q

where ¢ = ¢(n, N,m,p, L/v). Finally, (c) follows from Hdlder’s inequality, (27), the
fact that [10Q|/|2Q| = 5"*™ and (25):

(][ fqdz)q—l—][ kpdzg][ (fp+kp)dz§c][ (r¢g)” dz < c(n,m,p) .
20 20 2Q 10Q

Hence, (29) holds.

Thus, for a.e. Z € Q2 with f(Z) > X there exists a parabolic cylinder @) with
center Z such that (29) holds. Therefore we can apply Lemma 15 with (¢, 2Q, 10Q)
instead of (k, @, 5Q) to infer that there exists €9 = eo(n, N,m,p, L/v) € (0,0 — p)
such that f € LIF°°(Q,) and there holds

loc
(30) / fredz <c XS / fPdz+c / kPt dz  for all € € (0, 2],

where ¢ = ¢(n, N,m,p, L/v). Using in turn that |[D™u| < g < ¢ f on @ (since
de(z) > min{l, /227 — 1} > 1 for z € Qy), |Q2]/|Q1| = 2™, f < 2°¢7'g on Q,
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(since dp(z) < 2 for z € Q,) and that A, < 2(1+ A\2)2 = 2%(1 + f0. 9" dz)z by
the definition of A\; and )\, we obtain

| D™ ulPte dz < c][ frtedz<c )\i][
@1 Q

Sc/\i][ gpdz+c][ e dz
2 2
gc(l—l—][ gpdz) ][gpdz+c][ bPe dz
2 2 Q2
1+5
§c+c(][ gpdz) —I—c][ bPTe dz
2 2

1+
- c(][ (|D™ul +b)pdz) +c][ (b7 +1) dz,
2 2

where ¢ = ¢(n, N,m, p, L/v). This shows the assertion in the case p > 2.
In the case max{1, nigm} < p < 2 the proof is very much similar to the one for
the case p > 2. But now, we have to choose the exponents in a different way, since
the scaling factor of the parabolic cylinders y—defined below—is larger then 1. We

set

fPdz+ c][ kPte dz
Q1 2 Q2

o|m

2m(n + 2m)
p(n+2m) —2n’

f=é¢td% g, with a=

where ¢ > 1 is a constant which will be chosen properly later and the parabolic
distance d to the boundary of Q2 was defined in (23). Moreover, we set

1
a
A1 = max{\g, 2%}, with Ao = (][ g’ dz) ,

where d = p— ”(22—;73) was defined in the statement of the Theorem. We now consider
A > A;. Suppose that Z is a point in Qo with f(2) > X\. By r; = d»(2) we denote
the parabolic distance of Z to the boundary of (). Furthermore, as scaling factor

for the parabolic cylinders we choose (note that r;*\ > 27%.2% = 1)
vy=7(2) = (r;a/\)z_p > 1.

Now, once again we have to find a suitable cylinder around Z for which the conditions
(13) and (14) of Lemma 13 are fulfilled and which is contained in Qs.

Initially, we show (14) for radii R € [%’y_ﬁTg,%’y_%ng]. Then, we have
Q:(R,YR*™) C Q. Since yR*™ < (%)™ < 1, by the definitions of A, v, «,d
(particularly that n +2m = ad and (2 — p)5~ +d = p) and due to the fact that
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R1< 207#@1 we obtain

2n+2m 2n+2m
][ g"dz < = 2m gz = e N S — ’
Q:(RyR2m) |Q(R,vR*™)| Jo, YR 7 (L zrs)reem

n —

—c 7%7“2 (n+2m)>\d — ¢ (T;a)\) (2-p) 5, (T;a)\)d — P (r;a/\)P .

This fixes ¢ = é(n, m, p). In order to show (13) we infer from the Lebesgue differen-
tiation theorem for a.e. Z € Q9 with f(2) > A

lim g"dz = g(Z)P = (¢ dp(2)"“f(2))" > & (r;*N\)",
"0 Qz(rrm)

where we have used that d»(Z) = r; and f(2) > A. By the continuous dependence
of the integral on the domain of integration there exists o = o(2) with 0 < ¢ <
21—07’%7“5, such that

][ g'dz = c? (r;o‘A)p and ][ g*dz <& (rzN)”
Qz(070°™) Qz(RyR?*™)

for all R with p < R < %V_ﬁfrg. These estimates correspond with (24) and
therefore we are now in completely the same situation as in the case p > 2. Pro-
ceeding as we did there we finally conclude the estimate (30), i.e. there exists
g0 = €o(n, N,m,p,L/v) € (0,0 — p) such that f € L *°(Q,) and there holds

loc
][ fredz <c )\i][ fPdz + c][ kPtedz  for all € € (0, ).
2 2 2

From the definitions of f, g and A\; we infer with the same calculation as in the case
p > 2, that

145
][ ID™u|Pedz < c (][ (ID™ul? 4 b7) dz) d 4+ 0][ (bP* +1)dz,

where ¢ = ¢(n, N,m, p, L/v). This finishes the proof of Theorem 1. O
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