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Biharmonic measure

The harmonic Green's function g is known to exist ou a Riemannian
manifold -E if and only if the harmonic measrue o of the icleal boundar5-
p does not reduce to a constant. This nleasrlre is a hartnouic function on

tlre complement 
^So 

: R - "Eo of the closure of a regular regiou fro, rvith
essentiallv the boundarv values I on äAo ancl 0 on B. The biharmonic
Green's function y on R, x'ith »boundary valuestt y: Åy: O on P,

exists if and only if co € Z2(§o) 1221. Tn the present paper we ask: can a
nonharmonic biharmonic function be introduced on §o with the propertr-
that its nondegeneracy characterizes the existence of y, in analogy ll'ith
the nondegeneracy of co characterizing the existence of g? We shall

show that this is possible. The function, which we will call the biharmottic
mea,sure o of p, is the limit of biharmonic functions oa orr subregiotls

So n B of ,Ss, s'ith the () regular subregions of -E containing -Ro. In
contrast u,ith approximating harmonic measures a-la with or.e : I on

ARo, @o:0 on AQ, the functiot on, wit'h /oo:o)et vanishes on

the entire boundary of §o O g, and spans ,S0 n p like an arc shaped

bridge. As f,J increases, the height of this arch o, iucreases. aud its lirnit,

o as (J exhausts -E is either an arch spamrilg ^So 
ol else the constant

co. We shall shorr that the finitenes-s of o is intlepenclent of the choice of
§n, and \ye can therefore introdrice the class O. of Riemannian manifolds
with bounclaries of infinite lrihalmonic rlleasrue.

\\-e fir-qt explore O- in its os-n riglrt. For radial spaces, which play
a central role iu biharmonic classification theory, we decompose o into its
biharmonic, hatmonic. cluasiharmonic, and constant components. The

biharmonic t1-pe of ,R can then be easily tested. fn particular, 6 < 6
if both the biharnonic and harmonic components of o tend to zero as

one approaches B. \Ye use this test to determine the type of a nunrber
of fundamental rnauifolds used in biharmonic classification theor)'. E.9.,
for the Poincar6 .I-ball
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we obtain the followirg complete charactedzations:

Bl-€O-,+ l"*t-3,1) , J[-3: " 

| 

"" F \ - ) *t )

After this study of o we establish its characteristic propert;.
original problem:

€R)

in our

o2: o7 
'

where O" is the class of Riemannian manifolds 'which do not carry the
biharmonic Green's function y. fn particular, the above values of a
exclude 7 on the Poincard ball B).

The role of O- in general bihamronic classification theorv n-ill be

discussed in another context.

1. The Laplace-Belt'rami operator J : dö - örl gives the class ä of
harmonic functions h , lh : 0, and the class Hz of nonharmonic bi-
harmonicfunctions u, lzu : 0, lu + 0. Let Ro, Q beregularsubregions
of R, with Bo c J2, and set §o : "B - Rr, e: }Ro, §a: 09. Take
o, € C(§o n A), a;o€ä(§o nJ2) , arlx:l,a,rlpo:0. The directed
limit r,r : limlr-p roo is the harmonic measure on So of the ideal boundary
pofR.

\4'e introcluce:
Definition. Tke clirected linit

o : lirr o.t,

where

oo € C(§, n O,1 n ä2(,\-o n r) . jo,,: (,)12, o,, t: oal/a:0,
i,s the bi,harmonic nteusure of tlte il-e{tl br'uiiiary d of the Riemannian mani-

fold, R.
The limit ahvar-s exists. In fact. if gr"no(r,y) is the harmonic Green's

function on §o fl g rvith pcle !/, then

I
o2(.r') : J gr"oo@,y)@o(a)da,

sono

u'ith d,y the Riemannian volume element at y. Since both gs,6p ancl

rr.ro increase with (2, so does oo, al:,d the limit o exists, finite or infinite.
at every # € §0. \Ye shall show in No. 7 that the finiteness is indepenclent
of r and of §0.
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2. We first study the biharmonic measure o on radial spaces, e.g.,

the /[-space and the ff-ba]I, each endowed with a radial metric
d,s : )"(r)ld,r,, : lrl. We choose R, : {r ( ro}, §o : {, ) rr\.

Let Q b: the class of quasiharmonic functions q, definedby lq: l.
The space of all radial biharmonic functions u(r) , lzu(r) : 0, is generated
by four functions: any uo@) e Hz - L /uo(r), an1- qo(r) € Q, and the
constant I. Thus every u(r) has a decomposition

u(r) : auo(r) | b/ur(r) | cqo(r) + d -

which depends on the choice of zro ancl qo. In particular. if the biharmonic
measure

J 
v so\^

§o

has such a clecomposition, and o(x) + 0 as

of the finiteness of o is facilitated hy the
is finite, it

Testing
criterion:

Lemma. If eaery rad,ial u € H2 on So is unbound,ed, then the bi,harmonic

mea;ure o i,s i,nfinite. If there erists a functi,on ur@) e Hz - I with
uo(r)-->O, /uo(r)-->0 ns r---> p, then, o < a.

Proof . The first part of the Lemma is clear, since Ao: a entails
o e H2. If uo(r)-->O, Auo(r) --+0 as tr->p for some uoe Hz - Q, then
a: Llluo(ro) gives /(au): at, and b: - auo(ro)f /uo(ro) provicles us

with the function o : a'uo I b/u, which has all the properties required
of the biharmonic measure.

3. n'or our first radial space \ye take the Buclidean l--space .U§. The
t).pe distinction is here fascinatinglr- simple:

Theorem l. The 'idea,l boundary o,f E); h,a,s

for o o. I'or the clecor]lllcsitiou

6r: Qotto(/') r- b,_,)uo?) ; c"Qo(r) -t- d,

\trre t ake

n --> p.

followirg simple

a fin'ite biharmoni,c TrLea,sure

by means of the clefinition

or1'-l -.{ -r-

u.here we have absorbed in bu the cctlsteirt
2 (Ä' 4)r- l-i 2, an d in c u the const ant
B-v the definition of 6 p,

cr" + dr,

' t2 (I- 4)l-' frorn :lr-- '\ { :
(2Å'1-t fronr lr2 - 21-.

U-
1)

b i'- \ -l
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I o"(t) : an * bo + c, * dn: 0,
I

.; 
o.(e) - anp-N+a * br9-'*' I cnQ'* du : o ,

I Zon(r) : 2(^' - 4)a, - 2§co: r ,
I

I lor(d: 2(^- - 4)o,g---2 - 2Nco: o .

X'rom the third and fourth equations rr-e obtain

ao: l2(N - 1Xl - g ''-')l ',
cr: g-'r+z;2^\-( I - o-'\'rr)]-1 .

If a,b ,c,il are the limits of ar,bo,cn, do as g* @, then

a:12(N -4)l-', c:0.

The first and second equations above then give

b: lim{- (1 - o--\'2;-t;a,,11 - s--' ') -..u(l - sr)ll : - L2(}- 4)l-',

d : lim l- (4, -- b" = c.)l : tl .

Thus we have the explicit expressiou

o(r) : lz(nf - 4)l-1(r-\-r -'-''-')
for the biharmonic measure of the ideal boundary of -EN for År > 4.

4. \Ye no§' deduce the same result for J 7 4 using the Lemma aucl

its proof. For 2to(r) :7'--\-;r , Ttto(r):2(-\'- 4)r-N+2, rre have

a : [2(-]- - 1)l-"b.-', b -- - t2(f,' - 4)l-"'o',

and for ro: I the functioll d - Qtto-- ÖJiro is the biharmonic measure

[2(]f - 4)l-1(r-'\-1 - r-'t=:)'
To prove that o : :c fol f < +. \\-e use the representation for o I r-

lnr2 logr-1, logr-cr!-,1 , J:2,
I

o(r) : I o, = 1,,r-7 = u2 - l. ^\' - 3.
I

Iologr , ttY-t-cr'2-i. f :+.

For .l[ : 2, this is unbounclecl un]es-. q : l,' : c : r't. atril o is constant.

For -ltr:3 or 4, itisunbouncleclunless q:c: l,r ancl o isharmonic'
However, by Ao : e) , o cannot be harrttortic. a corltl'acliction. The proof
of Theorem I is complete.

5. Can the biharmonic measure of the icleal bonnclary of f,N be made
tlre botrnd ary by replacing
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the Euclidean metric d,s : ld,rl by the metric (L { rz)"ld,rl, with a a

sufficiently small or large constant? Denote the resulting space by Ai,'*.

The answer is perhaps somewhat unexpected:
Theorem 2. The biharmonic measure o of the i,deal bound,ary of R! i,s

infi,nite for all, x if N < 4. Ior J > 4, o i,s infinite if and, only i,f
x 1- zL.

Proof . An explicit construction of o as the limit of os, as in l{o. 3,

is now not possible, and we make use of the Lemma. We know that' o
has the form

o(r) : auo(r) | bÅuo(r) | cqo(r) t d, .

First we shall fincl bounded functions %s, Aus for -l[ > 4. Choose again
§o: {r > I}. For h(r) € fl(,So),

Ah(r) : - r-§+r(1 + r2)-^"[rr-'(f + rz1(N-z)a7r'7r1]' : 0,
r

I r-N+1-z(iY**2)adr

l'\
Ia+blogr if l- -2 or 1-- +

Thus ft(r) belongs to the farnilr- B of bounclecl functions if and only if
.lr > 2 , a ) - *, arl assumption rre shall rnake for the present. Here
and later we disregard irrelevant multiplicative and additive constants,
and we choose an åo with

ho@) - r-(n-2X1*24) ,

which ->0 &s r-->@ if .n'r>2,a)- L.
For /u(r) : ho(r), we obtain

fr'-'(t i r2)('\*2)azc'(r)1' - r'-to .

Accordingly, in viet- of r ; - ]. s-e have [] - r'-t'. ancl. again by
virtue of a t' - l, s-e cau take rro s-ith

rro(r) - r-(\- rr(r-:r)

This ->0 as r--> oo if - 2(Ä'- 4)r < l' - 4. s-hich in turn, under
our assumption a > - +, holds if and only if f > 4. By the Lemma,
weconcludethat o<oo if N>4,x)- t.

In the discussion of the case o: oa, the nonuniqueness of the
generators uo , lun , Qo (and r) makes it necessarv to consider the un-
boundedness of all four components of o(r) € H2. X'or /q(r) : l, we
obtain

1
2
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[r*-'(t + ,,)(*-zloQ (r)]' ,--, rN-1*2r« ,

(r'-*o, xr +,
q'(r) -'' {L \/ 

[r-, logr, a: -+

and therefore

We choose

Therefore,

hn.,) -L'l' 
) \ * 2)

rr'\' 
t(togr)2, .\: +

lru'(r))' '- rL+ao log r , t] '- rTa+« log r , u'(r) n' rl4-4a rog r ,

so that w'e can take

( art='"logr - blogr -: crj-r' - d. . = - l
o(r) - I "

I a(log r)'+blogr!d, ": -$.
Bvvirtueof /o:o), wehave a+0,b 10, hence oCB, and o- oo.

For -l[:],s.+-*,
hoQ) - r-r-zo , uo(r) - v7+zu , Qo?) - v2*4a '

Since a+o anclhence b=0, lr'ehave oQ.B, hence 6-.n.
X'or J-: 3, r : - +, /ro1r) - Iog r ancl

[rr(1 * ,z;-t:rr'(r)J' -,'2(1 - .,)-"'log r - r-1 log r',

;1 - llog r)2, rr'(r) - r-1 (log r)2 . zto(r) - (log r)B .

Since qo(r) - (logr)2, rve have o(r) - (1og r)B 4.8, hence o: cc.

X'or N : 4,a + - !.ho1r! -r-r-{r.
td(l + r\zdu'(r))' - r1-1). ir'(r) - r'-1 , rro(r) - log r.

In view of qo(r) - v2t4u, o(r) gros-s trt least as lapiclll- as log r, hence

d: @.

X'or -l[ : 4,u : - +, äs(r) - lso 1.

[rB(1 * rz)-Lu'(r))' -r-rlogt , u'(r) -,'-r llog r')2, uo(r) - (logr)3.

Since qo?) - (log r)2, we have o(r) - (log r)B € B, hence 6 - oo. We

have proved that o: oo for -l[ ( 4, a]l "r.
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For -ly')4,d<-+,
hoQ) - r-(-r-:)(t;xr) , rro(r) - 7"-(\-a){r+za1 , Qo?) - y2t4u .

Therefore, o -r§, il'ith

p ) min t- (rr - UG I 2x), - (}- - 1)(1 * z")l_

The trryo quantities are both positive for a ( - å, ,o that o € B, hence
O: @.

X'or .Iy' ) 4,e: - + ,ho(r) -logr,
[r'-'(t + r\-(N-2)l'u'(r)1' -r-1 log r,u,(r) -r-1 (log r)z,uo@) - (logr)8,

anil go(r) - (log r)2. Consequently o(r) - (iog r)s e. B, and o : oo .

Wehaveshownthat o:@ for I{>4,a/-- $. Theproof of
Theorem 2 is complete.

6- Next we consider the Poincard Å'-ball B|, which plays an important
role in general biharmonic classification theorv. Bv ctefinition,

BJ: {r: (rr,...ir-r) ,l"-. : r,t q l.rls: (l - r2)o,cla:,,,c.€ R}.

we shall give a complete charactsrization of the finiteness of o:
Theorem 3. The bthcomonic rueesure of the id,eal bound,ary of the poi,ncar6,

ball Bj is fittite if and, only i,f

Proof. For lt(r) e II ,

and \4re choose

Ito(r) ...-/

r)t"lto (r ) ,

)t'ho@)dr .r
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uo(r) - | l(I - s)'o +Ld,sd,r

tr'ore Å,' - 2, \\'e take

I'or Å' - 3, \\re obtain

u(r) Ar-/

(1 r)'"+'d,r ^'r, (1 ,)'ou' , ,x + 1

312

log ( I r)dr ^-, (1 r) log ( I r) ,

ssivelr-

[l
-1,

STTCCE

I-
r

A

J (r

jr
jr

r
^

J (l

(1

(1

(r

log (l

,s)'" +tdsdr 
,

s)B log (1 s) d,sdr

,x.+ I )

) x =: I )

r)" i'dr 
,

r)3 log (l r)clr ,

x+ 1) 1)

u(r) ^.-,

uo(r) /\'i-/

,)o*' ,

r')a log (l

r)2 log (1

r) ,

l- r)-" l, s)"''rls

rr

ft D-Llo s)2rog(1

dr , ,x+*,

^, 1Lr Z)

u(r) r\hr

s)dsdr



Lno S.q.nro

u,o(r) ,-v'

(1 r)3 ,

(1 r)B log (1

(1 - r)B log (1

1'r
2,rj
1
2)

I

x*

l'or

u(r)

u,o(r) '^-,,

.F or

q'(r)

Irt

-, 
{

.\{Qo(r)

As r --> T,

(t r)'"*' ,

(1 r)@tr 
*z)/x tog

Iog (1 r) ,

ho?) * 0 if

uo(r) + 0 if
Ir-2,
Jr-8,
l/v''-1,

a thatLemm

ooif

\\-e conclude by the

as claimed.

11
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?to -+ bluo Q B +.

except, that we shall return
Here for 

^' - 
2, we have

,to(r) 
^rJ

:

Qo(r)- (1 -r.;s'-r, 1{ -312.
Thus the rates of grot-th of zro ancl g0 are different for r ( - 3,,2. ancl
rve have o G.B, hence o: oc as claimecl.

For l-:3 , hoeB, uoe B if x.) l, x-ith

t(I-r)-c+t, d)1,
ho(r)- 

trogtL- r), x:r,

We harre obtainerd

It'hereas

whereas

I

i J - 3 1 e (- 3. 1) :

hoe B, uoeB, with

t log (1 r) , N- 312

lretrce o- T. ]Iore-

oö

oö
uo(r) r\L/ 

i log (I r), 1 -
r,vhereas
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The rates of grorvth are
For r\':4, hoGB, vlrith

A'1(* 2)
ho(')

whereas

The rates of

ho(')

whereas

8o(r) t\)

Thus the rates of
hence o- oc. lI

Ito(r'

uo(r ) ^..,

whereas

qo?) - (l - y12"+2, e ) 3(irr - +;-t.

The rates of growth are all different for a ) 3(N - 4)-1, hence o : d).

The proof of Theorem 3 is herewith complet'e.

7. trVe proceed to the proof of the funclamental prop:rtv of o' referred
to in No. 1. Let .R be an albitrarv Rierlannian manifolcl. -Bo its regular
subregion, ancl e' a pciut of ^S,, 

: R - Eo .

Proposition. The finitettess of thz biltctrmonic ntp-ctstte o(*) o'tl S, is

ind,epend,ent of Ro cntd of r.
Proof. For any region G, let gc\.t , y) l.re the harmonic Green's function

on (), with pole gt. Denote the halmonic tneasute on §o lry *. The
biharmonic measure on §o and the biharmouic Green's function on .R.

if they exist, are

o s,(r) gs,(r' , y)(,)(y)dy ,

g a@ , u)g n(y , q)dy

8o(r) ^' (I

growth are different
4, hrQB, uoeB

[ (1 r)-(rr-2)c* 1

.-L 
l log (I r) ,

(1 r)2u+2, x€t(}-
growth are different
oreover, ho q. B , i{o

) --, (1 /')-(-\-')''-' ,

I(1 ,)-(t-{)r-3 i

I log (1 r) ,

q)

so

:{v(p ,

1:l
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'We are to prove:
I. If os,@)<oo forsome §o,z€§0, then y(p,q)<a forany

'p,qeR.
II. If y(p,q)<a for some p,QQR, then or"(r) <oo for any

§0, r €,Ss.
Proof of l.Given or"(z) ( oo forsome ^So,r€§6, choosearry p,qeR

and regular subregions RL, Q of R l-ith
FoUrUpuqc.Rrc Rrc9.

Set cro : ORo, a1 : OR1 , 0o:09, 51 : R - Rr, ancl take

areC(OnÅl nä(-On§;) , (Dpao:1, otnt,po:g.

We shall use the follorring constants:

flLta: min gr.no(A , fr) , Mrc: max gr,,no(y , r) ,
y€ur y€sr

'tttzo : 
Tl" 

," , Mr, : rt7äx 0)e t

rtlta : rnin go(y , 7t) , M.to : max g r,(y ' p) -

!Eq, .r'€ f,r

ftlaa : IJlin go(y , c7) , )I & : lrnax go(y , q) ,
,€c, t€ot

rtl; :l)\*,o, M,:rri1,o*,r,'i : 1,2,3,4,

M^Mo MrM,t,-"*t"---*'- 
*r*, t tu2 - ffisffi+

\\-e obtain

)I
go(y,p) <::.:! \s,nrJ!/ "t') on t, U d, ' Iieuce o, O n 's1 ,

llt 1n

)1"
galy , lt) < ---' 9,,(y .',') orr ,S1 ,

illl

-lL^
go1 .,i < ---!! t,t,,l!.ll or) -0 n ^§, .

ilLa6

-1L
ga@ , rl) 3 *r,.1'',rr, on ^§r .

Therefore,

§t 51
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(y , r)co(y)dy

(r , y)r,t(y)cly

{k' 
{ 

,,su

s1

tn f n*, 
J 9S,

s1

so

ancl ä fortiori

n,f:Ir'J o^tn'Y)g*@'q)dY
-{,

- ('r - Ä'ro..(.r') < v- .

Proof of 11. Suppos. y(p,q) I q for some p ,q e R. Take anr
reg'trlar region -R, and an r € Bo : ,R - .Eo. For Rr, Q chosen as before,

1s"na(A, r) S ff lrfU ,nl on arl) Bo, hence on S-, n O,

tt,
gs^(y , r) < --: gn(y , p) on & ." rtuB

M,
,',,r(A) 322 go(y .,il orl r, U /,,. lretrce on S, n O,

lll 1r2

v.,
"t(Y) 1 

,,trTn(a ,ll oll ':-r '

'l'herefore,

r
y(p , q) : 

I 
ea(p ,u)sn(a ,ildv

,'r,(tr) -- {,nr,(*, 
y)ot(ilrta

:- Cz+ [ nr,(*, y)co(y)d,A

s1

{ Cr+ kz I sa{ ,P)r,n(a ,ildy
§1
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(y , q) ur)

8. In view of the Proposition, \r'e mar- introcluce the class of Riemannian
manifolds ,E with ideal boundaries of infinite biharmonic measure

Or: {A o: x)'.

The class of Riemannian manifolcls rrhich clo not carrl- biharmonic Green's
functions 7 is denoted b1- O. (cf. [22]). Properties I ancl II of o and y
provide us with our main result:

Theorem 4. O:: O.
As a consequence, e.g. tha r-alues of x in Theorem 3 characterize lhe

Poincard balls in O". )Ioreover, known properties of O, carry over to
O-. E.g., parabolicity implies o': co.

The author is indebted to Professor Cecilia Wang for a careful checking

of t'he manuscript.
A bibliography of recent work in the field is attached.

University of California, Los Angeles
Department of Jfathematics
Los Angeles, California 90 021, USA
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