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1. Introduction

Let

(r.I) l@):zaia,"z"

be a locally univalent analytic ,rn*rorr:.1,rth bounded boundary rotation.
Paatero [9] showed f'(z) has the following integral representation

2fr

(1.2) f'@):"*n{- il^r[-ze-t")d,a(0)l

where t:(0) is a finite, ,ro.-utir".i measlrre

,;
(1.3) | lclu(O)i < oo ,

J

2n

f(r.4) | d,u(O) - 2w .
t,

Any function f(z) of the form (1.1) having a representation form (1.2)
s,ith any finite non-normalized measure o(0) is also a function of bounded
bonnclarl, rotation. Denote by V(p, q) the class of functions of bounded
bounclary rot'ation satisfying

ta ,a

ff(r.5) ldu(0):?n, lldu(O)l<qn lplail.JJ

The class V(2 , q) is the ',r"ll iroltn class of functions whose boundary
rotation is at, most, qz (see [7] for basic properties of this class).

tr'or p)0 and qlmax (p,2) rve show thatif f(z):za)a^z'
n:2

belongs to l'r(p , q) lhen

I
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The above inequality (1.6) is sharp.

n'or p : 2 lhe inequality (1.6) was a,n open conjecture for functions

of bounded boundary rotation proved recently in [3] and til. X'or

q - 2 >p > 0 we obtain an integral representation of the closed conYex
2t

hull of V(p,q). X'inally we show that the maximal value of I if'trr'")i"d0

for any a ) O in the class V(p , q) is obtained for the furlction rvhose

derivative is of the form (1.7) with , : ry and t :'+ .

where

(1.7)

Let

(2. 1)

be an analytic function

The classical Hergl otz

2. Preliminary results

forrnula states that h(r) has a representation

(2.2)

where p(0) is an increasing function with p(0) : 0 and p,(2n) : L'

Recently Brannan, clunie and. Kirwan [3] established the follorving remark-

able extension of (2.2).

Theorem l. Let h(z) be of tke fornt, (2.1). Assume furtherm,ore th«t h(z)

l*cz
'i,s subord,i,nat" to fi on the unit disc for lci < t. Then' for any git:en'

ot ) I there en'ists an increasi,ng function, p'o(o) ott [0 , 2z] tL:itlt' po(O) : O

and' po(2n) - | such that

(2.3) lh(z))"

2:t

:{ dp"(o)

The followi*g result follows easily from (2.3)

a1l increasing normalized functions p(0) on [0 ,

p(zn) : 1. Denote

[3]: Let, I be the set of
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2:t

: {'r'\oo': I

2t

(2.7) f (z)- z exp 
{- 

2(1 r) I ,rr( I ze-"),tt,(0)} , tt e I

(2.1) 7 
^

Then

(2.8) 7,.,7^,c7t,+t"

for ).r> 0 and 1r) 0. X'ormula (2.5) means thatif hre 7^, and href 
^,then there exists a function h, in f ^,*r, 

such that hrhr:hr,
A function (l.l) is said to be starlike of order a for a ( t if

(2.6) Re {zf'(z)lf(z)) ) a

for all t,zl I l. Denote by §* the set of all starlike functions of order a"
By the Herglotz formula we obtain the well known representation of a
starlike function of order a (see for example [10]):

The followirg relations are easily established

(i) ,S,, c ,So for d. < p,\/ t"

(ii) if / €^S* then zlf@)lz)$-ilt(t-o) € §B,

(iii) if Å € §o, and å € §o, then frfrl, € to,*s,-r.

Let &,o, denote the class of all functions g(z) of the form (2.1)
such that g : hlfz where å € §o, and /, € §*,. We have

Lemma 2.1. If the class So,,o, r)s d,efined, as aboue then:

[ ,n l s(,) :"*n {- 
'i^r 

(t - ze-i'o)rtrt0)} , 
II

(2.S) So,,,,:l ,, 
o 

,., 1.s,r. 

li 
,rr,: 2(r: - ar) , i gutolt < 4 - 2(a1r a2) 

I

Proof . Let g(z) : frlf, rvhere each fi has a representation (2.7) with
d.:oq and p:pi for j:1,2 respectively. Let p:z(L-ar)h-
2(I - ar)p, then g(z) is of the form (2.8). Suppose now that g(z) is of
the form (2.8). Decompose p(0) into two non-decreasing functions pl.(0)
and pr(O). The rve obtain

p(0) - Ft(0) - pz(0)
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Let 
2t

fi : ".-n {- !"r 
(r - :e-in)il,,trli .

Then fr€§o- for i:1,2 and g:frlfr.

As a consequence of Lemma I we obtain by definition of the class

Y(p,q) ((1.2) and (I.5)) that if leV@,q) then /' is a ratio of tx'o

starlike functions of the appropriate orders:

Lemma 2.2. Let V'('p,q.) be the set of «ll functiotts f'(') uhere f(z)
belongs to V(p , q). Theru

(2.9) V'(P,q): Br-(r*oir,1-(s-p)tr'

Ior p : 2 thi,s was showed, in l2).

We now shor,v that any function belonging to t'he class Ir-(2 , q) is a
function of bounded boundary rotation. Indeed, let'

f'(z) :"-n 
{ - * { r,r 1r - ""-'1a,1ovl

where u(0) satisfies (1.5). Put

.(2.10) u(0) : u(0) - c0 .
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cl*
,-L

Since 
{--inoclT - 

0 for n-1 ,2,.. .} we obviously have

(2.n) f'(r): exp {- : f^r r, - ze-io1d,u(g)} .

p-2
Taking o : - 2 we see t'hat' f '(z) has the Paatero representation

(1.3), (f .4), i.e., f(z) is a function of bounded boundary rotation.

We close this section by another integral representation for a starlike
function of order a 'which v'as recently established in [5].

Theorem ll. Let /(r) e &. Then

2n

f zdu(0\(2.r2) f(z): J O=;-o-, (cr < r)
t,

,for some peI.

3. Integral representations

Lemma 3.1. Let fr(z) and, fr(z) be two starlike functions (of ord,er 0) "

Thentherati,o fr(z)lfr@) is subord,i,nuteto ((l{cz)l(r -z))' for some lcl: l.

Proof. Let a1(0):limargfiQei"), j: I ,2. It is well knou'n [11]

that the limit exists and al?) is an increasing function satisfying
c^i(2t) - z-1(0) : 2n. Consider the function

u(0) : arylfr(et")ifr(e")l : ut(o) - ur(0) ,

We claim that there exists a real constant rp such that

(3.1) ',u(0) - tpl 4n .

fncleerl

u(0) - u(?r) : ur(?r) - ut@) - (ur(flr) - ur(?r)) .

Assume that 0r 1 0r. Now as each ui(0) is an increasing function with
total variation 2n we obtain the inequality

- 2n 1u(02) - u(?r) 12n .
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This proves the existence of rp. The inequality (3'l) is equivalent to the
following:

I f,,(r*)\ 
1i2 

Iarslffil 'ptzi = 
ntz

rvhich shows rhat fr(z)lfr@) is subordinate to (l !-*\'

X'or the following we need some definitions and notations: Let X be

the torus t@,y) i * : eb,U : eiöI. Denote by "I the set, of probability
measures p(0 , ö) on X. Let co (V(p , q)) and co (&,e) be the closed

convex hulls of the sets V(p , q.) and §o,, respectively with respect to
natural topology of the analytic functions on the unit disc. Recall that a
convergence in this topology means the uniform collYergence on any compact
subset of the open unit, disc.

Theorem 3.7. Let So,u be the set of the ratio of two starl,i,lce functions of
oriler a and, § respectiuely.Thenfor x<P<$ co(,S",u) iseractlythe
set

{3.2)

Proof. Let

(1 ze-;d;z(t-B1
dp(ö,0),peJ.

( 1 - ze-;e;z(t-cr)

2n 2n

{{

where

(3.3)

{h, gz € §0. so

For p>
Thus by

Combining (3.3)

{3.4)

Then

_ct Jz:

is a starlike function of order

e I such that

dr(rp)

Ze- i v';z(P- a)

above \rre obtain

dr(rp)

f,
f,

d. the function rlr
(2.L2) there exists v

Å€,S and

!
Jt - 

to

\,vith the

,f, € §'

(?)"-"'

(1

2t

Ig)'-"':

equality

It*)G-

z(?)"-''

(ä)"-, (?)"-,

-c) 1{x-p.

ft
f, (1 ze-ia'12(B-a)
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By Lemma ,., (f,)t'-') i* sr.bordinate to the functio" (ry, 
- )"'-u' ,o"

some [c] : I. Theinequality p <* implies thab 2(L - P)>- I. Thusby
the generalized Herglotz formula:

2n

(r")"-' : I ei:4, _,,;"'-" u,,ö, , o, € r

Replacing H--'0, n. integral representation in (8.4) we obtain

(L * cze-iö)z(t-B)

(1 - ze-;ö12(r-81 (1 - ze-it1t1z(B-o-)
d,a(y)d*(ö)

implies

l,
)io

o;:t

{,
(2.5)

f

Jz

The relation

1 r 'i dor,,,o(3'6) n=A:6F=n 0 _;;6tr-4 : ! O _;;ryo-a, or,*el

for anv pair (ö , rp). Introducing (3.6) into the equality (3.5) we ded.uce
that an)' function l'hich belongs to the class §o,u is of the form (8.2) for
a < fr < ll2. As the probability measures set "I is convex and closed
in the u* topology we obtain that 

"o 
(§",e) is contained in the integrals

(3.2). On the other hand any function of the form L-:fY:
(l - ze-ieyz$-a)

clearly belongs to the set Bo,r. This shows that the set (3.2) is exactly
co (So,r) for a < B < +. This completes our proof.

Let Ko,u be

l' | (l 
- ze-iö\2(t-P) I(3.7) K,.§:\O,O: , O1ö,0<hl .

Clearly Ko,p is a compact set. X'urthermore Theorem 3.I states that
co(Ko,u): co(§o,6) for a ( P <+.By the Milman theorem [6, p.440]
tlre extreme points of co (B*,u) are contained in Ko,p (n < p < *). fn
rvhat follorvs we partially characterize blne extreme points of the compact
convex set co (K",) for a 1 P 11. We note first that the functions

I
O=;6W:q (0 < 0 12w) ar.e not extreme points. fndeed, the equ-

ation
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2r

- f (t - ze-to\"'-ot dö
, : J \t _;;a) 2"

implies

' 
'i (l - ze-iö12(r-§) dö: 
! O=;;ayo=a G - ze-ryp*, rn '

Usrng the relations (3.6) we obtain an integral representation for the
function in question:

I- 
- i iy--ze-iö)2(t-P)

tt=;;YB*t: .! I dP(ö"P)

I
where p, € J and p is not a unit point, mass. This shows thuf 

,, _;=;p=A
is not an extreme point. The following theorem characterizes some extreme
points of the set eo (Ko,):

Theorem 3.2. Let co (K*,u) be the closed, conoen hull of the set Ko,u

itefined,bg(3.7).Let a 1P < l. Il P > $ thenallertremegtointsof co (ff",u)
are eractly the functions

11 - 2r-f(r-F)(3'8) ä=Fi=), lrl : lYl:t

for r + U. If P < * then the functions aboue are ertreme points ut least if
2n(3.e) Iarg (- ng)l < s _ ,p

Proof. Assume that

(1 -zxo1zt-a) f l-:.r;2(r-o),
G-.;rr--':1 n=';ft- dp(r'v)' tn*!s' Irol : iao :t

where X is a torus l-X l- and l- is the unit circle. Decompose the in-
tegration over 7-x7- into the integration over the set lx{yo} and
J"x,l-\{go}:

(l - zxo12T-a) f G - zx)2P-a1 r. ,.. ^.\g -Affo:a 
: 

,Jrr"r(r - "yo)u'*' 
dlt\]' 

' a)

f (l - zt\2(L-t)+ I d _;frF- dp(* ,y) .

Ix.r\{Yo}'
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Now multiply this equality by (L - zyo)z(r-") and let a approach A,
radially from the unit disc. Then we get

(r - yo*o),G-il : J (L - gou1z(t'il dp(*, y)

(3.10) rx{'o}

IT

We claim that the limit in question exists and equals to zero. Indeed,

let e be an arbitrary positive number and let -ltr be a corresponding

neighbourhood of yo in T such that p(l-xN\{AoD < e. Then

,*lo L /'x t-\iyo)

(I -zuo)2(r-a) I ffidrr@,y)
,f x r \{yo}

(r zyo)z(,-a) I ffidrr@,y)/'x l-\ ]-

(r zyo)2(L-a) i ffidrr@,y)
J, x lr11yn1

. l(1 3.1';2(1-d)Asi@

ser rxir rhe fu,r . ltt 4lrtiotr 
i i, _ za)rr-*) I ll zuoi2(r-o)

(3.10) reduces t,o

where po(r) is an increasing ,rrrr.lron with total variation
than 1. In fact #o(§) - ,{/(^S X{Ao}) for any measurable set

( 1 - zno)2(l-P)
function is a fortiori an extreme point of therLtrrLLr\rrr 

(l 
- 

,Uo)'[-

if and onlv if a unit point mass concentrated ab ro satisfies
(3. 1 1).

n,hich maps the unit disc onto the convex domain D§. I{ote

m
,*fo

< lim
,nf,

+m
,*il

is uniformly bounded on the set, f x f\ff for

is zero. On the

is bounded by

22(r-P) for z: rflo. Thus the limit on J-x^Y\{yo} is less tr6an .22(t-F)-

This proves that the limit on the set l-x l-\{yo} is zero. The equation

not greater
in f. The

set co (K a, p)

the equation

vex function
that w- O
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lies on the boundary of Du. For fixed t ,0 4f ( I consider the follor.ving
set

(3. 12)

al/,:t

u-t IO n;o1z(t-P)dp@), peI.J\
Clearly this is the domain fDu. Thus if z' is a boundar5r point of the
domain Du and w * O then this point has a unique representation (3.12)
with the corresponding unit point mass measure p(0) and , : l, This
shows that if Aono * I then (3.fI) implies that po(z) is a unit point mass

measurewhichproveS,n^,ffi,isanextremepoint.
(ii) Suppose fhat p < $. then the domain Du is not convex anymore.

Consider the curve (l 1 s;e;z{t-el : u(0) | ia(g) for - n 10 <n:
012(r - Pl

,) cos (1 - §)o '

0 12(t- P)

,) sin (1 - P)0 '

(3. 13)

u(0) - 22(r- o)

v (0) - 22(t- P)

f.".

f 
."*

Clearly this curve is symmetric with respect to the real axis. Let { be
the first positive I which satisfies u'(ö) : 0. A straightforward calculation
shows that { : 2nl(3 - 2P). Now it is easy to see that the convex hull of
D is boundecl by the curves:

u(0) + i,u(O) for l0l < ö ,

u(ö) + iy for ',!tl < a(ö).

Therefore if irrg (- ilorr)i 3 ö then the point (I - Torr;2(I-,r) is an
extreme point of the convex hull of Du. In that case the equality (3.1I)
holds only if po@) is a unit mass point concentrated at no, i.e.
(l - zro12(r-a) .

F_ .iSO=Ais 
an extreme point of the set co (K",e). This completes the

proof of Theorem 3.2.

The case P : Llz lvas proved in [a] and our proof actuallv extencls
the proof given there. Returning to the class of functions of bounded
boundary rotation V(p , q) u'e obtain

Theorem 3.3. Suppose that 0 < p 1q - 2. Then the closed, coruter hull,
of the set V(p , q) of functi,ons of bound,ed, boundary rotcttion ,is eractly the set

z 2a2r l=

(3.r4) [u.(s s0-we-ö)1 ar,(ö,o)\J \/ / (L _ ws_iu1T I
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where p ranges oaer all probabi,lity rneasures i,n J. nurthermore i,f 0 and,

$ sati,sfy the cond,i,ti,ons

(3.I5)

an d ei'

(3. 16)

4n
lo_ö*wl < r+q_e

* e'ö tlten the funct'ion
rP

6'

(1 - we-tö)
dwg*p

(t - r,oe-ie1 z

'i,s a7?., efrtreme point in co ( V (p , q)).
q*p

o-n
§ : L - t . Using Theorem 3.I we obtain the integral representation

(3.14). Noting that the linear transformation / -->f' of co (V(p, q)) onto
co (V'(yt , q)) is one to one we realize that the set of the extreme points of
co (V(p , q)) is transformed one to one on the set of extreme points of
co(V'(pt,q)). Using now Theorem 3.2 rve have that the function (3.16)

which satisfies condition (3.15) is an extreme point of co (Y(p,q)).
In [3] the theorem was established for the special case p - 2.

4. Coefficient estimates

I
0

4'

Let h(z): i o,r* and

neecl the followirg [1]'

H (z) : 
2o§,,r* 

be analytic

rvhat follou-s \\-el§"1 for %- 0,1, fn

Theorem [ll. Let lci : I and, a ) l. Tlten'

(4 ') (l:,;i * (ry,_ )'
Theorem 4.1. Let o 1§ 1l anil, "* § 11. Thenang g(z) belonging

to the set co (§",B) sati,sfies sharp i,nequaliti,es:

(4.2)
(1 + z)z(t-u's(z)<ffi

Proof. Clearly it is enough to show $.2) for g(z) belonging t'o §o,r.
As a { p by @.q g@) has the representation
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s(z)

rn here gt , gz € §0.

W, vel,J \s,l

rrl,r* the

/g, \('-
V;)

variable €

-p)

the
p)

dr(rp)

(1

orem follows if (4.2) holds for

I
(1 

- 
ze-irtt)2(§-") '

- ze-i'p we reduce the inequality (4.2)fntroducing a

the inequality

(4.3)

new to

for gr , gz € §0.

§r_ ry we see

/gl\(r-e) I (t+z)z{r-ut

;C*belo,g to

that the functions

h,(,)_:l,E)(l-p)#]

6t4i(

rh rlL+cze-iu)r-(cv+o) dtr@), rreI.

belong t" Su.". Therefore the inequality (a.3) is equivalent to

hr I (llz)2(r-§)
hg-4F:a< G-}G:o'

As the function - '
1r _-1G- has nonnegati'i,e coefficients in its expansion

about the origin the inequalitv abor-e is certainlv true if we show the
inequality

(1.4)

By Lemma (3.1) it follows that htlh, is subordinate to the function
| | + cz\z_(d+p)
t--:l forsome lcl :1. Nowtheassumptionr-fi< l enables
\L - z I
us to use the generalized Herglotz formula
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Finally the inequality (a.r) implies (a.a). This proYe§ $'2). To show that

this inequality is sharp we simply.- note that (I jf,r-6 € §" and

z (I f 2;2(t-o)

(t +;itG:6 
€ §B and thus ä;-r(L-') 

€ &,e' This concludes the proof

of the theorem.

Let
/l L\t @

(4.5) ::I+)b^1s,t12".(l - z)' ,i:t

Combining Lemma 2.2 with Theorem 4.1 u'e obtain

Theorem 4.2. Let f(z) : ' +; anzn be a function of bound'ed' bound'arg

rotat'ion bel,ongi,ng to the set V<e )il'. Il p > 0 and, q ) max (p ,2) then

(4.6) en', 1'=o^-,('=", t+) , ,L -- 2,... .'tL'- -\ z z /

Equalitg hold,s i,n $.6) for the functiott

15

(4.7)

(5.1)

and its rotat'iotr,s.

For p : 2 the class 7(2 ,4) is the rvell known class Zq of locally
univalent analytic functions that, map lzi < I conformallv onto a clomain

nhose boundaryrotation is at most qn. In that case the inequalities (4.6)

l'ere established recently in l3l ancl []1.

5. Inequalities for in

Theorem 5.1. Let g(z) belong to

1_B)

gral mean

3. Tltenrxr p

11 + reiel2t(

te

s

I possdble.

TA:

-?Leg a,t'iu e f unct ions

rcst

nm

on-

d0
)

bes

)mn

non

l1 - rei'i2'(1-ry)

'inequctli,ty 'is

e followirg le

e n, period,ic t

,s

bh

b

I
'lr;i,rh

)d

(0)

1. t
Ilee(

, %n(

values

j tsun")'; do

To prove this theorem we

Lemma 5.1. Let %r(0) ,. . .
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on l- n , nf. Assume furthermore that each ut(O) is symmetric on l- n , n)
and, decreases on lD,nl. Then

(ö.2)

for any 01,...,0n.

Proof . Clearly ut(O - 0;) is equimeasurable to ut(O). Furthermore
ut(0) , , . , , u"(0) arranged in the same order. It now follorvs from a result,
of Lorentz [8] that

-:t

a2@
If * > 0, j: ),... ,%, i: I ,... ,j - l.

OW;OUi 
d

Obviously the furrction @(ur,...,%.)-fru, satisfies these con-
clitions. This proves (5.2)

Proof of Theorent,5.l. Let g €Bo,p. Then g :frlf, rvhere /r€§o, and

å € Bo, (or,: o , de: F). The functions f, and /2 have an integral
representation:

a,i>0, ;aj:2(L-ez)j:1

fL

Ic: 1

(;r
fi@): zexp {-2(r-a) I log(r-ze-")dp1\0)1, tie L

r.Jo)

F,acln p4 can be approximated by step functions from tire set ,I. Therefore
g(z) can be approximatecl by the functions of the forrr.

(5.3) g(z): Ii tt -'- ze-'öifi n tt - ze-i"'*)-b*
j:r &:I

where

if:f 
l1 + rei'le-iöit"J-I II reioe-i'tk|-'urd0

So
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ui@ an(O - Vx)d0 ,

rvhere

q(0) : lL + rei"l'"i , ut"(0): 11 - ,rie;tbx .

By Lemma 5.1 rve obtain the inequality (5.1) for g(z) of the form (5.3)"

As any function in &,p can be approximated by functions of the form
(5.3) we deduce the inequality (5.1). The sign of equality holds for the

(I 1 2;'(r-01
function ö-u-"1 which belongs to 8",p.

Noting that for ä ) I the functional

a

(5.4) ({ wv,"tfou)
-fr

is convex on the set co (§,,u) we get

Corollary 5.7. Let t > l. Then any fun'cti,on g(z) front tlte set co (§*,r)
sati,sfi,es the i,nequal,ities (5.1).

I)sing the connection betl-een l'(p ,ci ancl §r,, rve easily obtain
from Tireorem 5.l

Theorem 5.2. Let f belong to the set Y(p , q). Then

« \ t(.q. P)(5.5) f v'{,"")r*=Jfför,

for any, > 0 and, 0 < r < l. The eErctlity sign, holds for the function
(4.7) and its rotcttiotts.
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