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INTRODUCTION

Consider a finite alphabet

I,-{*r,
and &n infinite alphabet

A* : {a, §' T, c,q, pt,/t, . . .)

such that, -I, and A* a;re disjoint. Regular expressions over 1" and A.
are defined in the usual way (cf. [7], p. 3).

If X and Y are regular expressions over the alphabet 1", we say
that the equation X : Y is valid iff X and Y denote the same language,
i.e., IXI : lyl . The set of all valid equations between regular expres-
sions over the alphabet .I, is denoted by Y, . Obviously

V1c V2s Vsc. . . ,

where all inclusions are proper. The union of all sets 7, is denotedlry V* .

Let X and Y be regular expressions over the alphabet A*. By
§,, r :1 ,2 , . . ., we denote the set of equations of the form X : 7
such that a valid equation alrra;,'s results ryhen each letter of A. appear-
ing in X or I is substituted by some regular expression over .I" . The
intersection of all sets B, is denoted by S,. It is known (cf. l7l, p. 128)

that
§r:&-. .:,S.

and §, is properly included in Br.
Let c be the operator defined for languages such lhaf c(L) is the

language consist'ing of all such words which are obtained by permuting
the letters in some v'ord belonging to Z . X'or regular expressions X and
Y over I, lhe equation X : Y is said to be c-valid iff the languages
c(lxl) and c(lIl) are equal. By C,, r: L,2,..., wo denote the set
of eqnations ofthe form X : Y , ryhere X and I are regular expressions
over A. such that, whenever the letters of A- appearing in X or Y
are substituted by some regular expression over I,, the resulting equation
is c-valid. The intersection of all sets C, is denoted by C. . Tt is proved
by Lepistö [2] and Linna [3], that
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§t:Cr-Cz:...:C*.
A basis of V1 is given by Red'ko in [5] and Salomaa in 17, p. 1301.

A basis of C* is given by Red'ko in 16l and Salomaa in [7, p. 139] and also
by Pilling in [4] and Conway in [1]. In this paper we consider a basis rS

of 7, and a basis T of. C- which are almost identical with those mentioned
above. The main purpose of this paper is to prove that the axioms in §
arrd T are independent.

§ 7. The basis § of VL

1.1. Let S be a subset of B, consisting of the follorving 11 equations,
called the axioms:

A1

A2

A3

A4

A5

A6

A?

A8

Ae

Aro

4,,

a(§y) - (*§)y ,

x§:§*,
e(p*y) -e§+eT,

ö*o:&,
$a- ö,

(*§*)* - ö* * ax* p* ,

(d*)* - ö* ,

(" * u):=[,1,0. 
* or * *a"-') , %-1,2,

It is assumed in A, and A, that A, and A, are satisfied and hence the
sum and catenations are written without parentheses. A' i. in fact an
infinite axiom-scheme.

By a substitution instance of an axiom we mean the result of substitut-
ing all letters of A. appearing in the axiom b1, some regular expression
over the alphabet -I, .

We give also the follorring inference rule:
R, (Replacement). Assume that I', is a l-ell-formed part of a regular

expression X, and lhat X, is the result of replacing (some occurrence
of) Y, by a regular expression Yz . Then from the equations Xr: f
and Yt: Yz one may infer the equation X, : Z .

An equation is generateil, by B, in sSrmbols F X : Y , iff. there is a
finite sequence of equations such that each of them either is a substitution
instance of an axiom or may be inferred from some equations occurring
earlier in the sequence by R, and, furthermore, X : I is the last equa-
tion in the sequence. The set § is a boszs of V, iff every equation in V1

is generated by §.
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1.2. The following lemma is an immediate consequence of A. and R,,
and it is used in subsequent proofs without being explicitly referred to:

Lemma l.l. Let X , Y , Z and, U be arbitrarg regular exgtressions
oaer Ir. Then I X: X. If F X: Y thert I y : X . If t- X: Y
anil, t- Y:Z then I X:2. If t- X:Z and i Y:tl then
FX+Y:Z+U, tXY:ZU and tX*:Z*.

Lemma 1.2. Let X be an arbitrary regul,ar erpression ouer I,. Then

(r.1) F- x + x: x
and,

(r.2) Fx+ö:x.
Proof.If we substitute a - fi : { in Ar, rye obtaiu by A,

(r.3) i ö*:ö*+ö.
ff we substitute a : ö* , § - ö in Ar, u-c obtain bl' Au ancl A,

(1.4) Fd*:ö*+ö*.
By An-Ar, (1.3) and (1.a) we can verify that the lemrna holds true. [.

Note. Only &-An are need.ed for Lemma 1.2.

As an immediate consequence of d, A., A, and Aro rve obtain

Lemma 1.3. Let X be att arbitrary regu,lctr erpressiott, ouer Ir. Then

(1.5) F (X+drt)x:Xx.

Using Lemmas 1.2 and 1.3, v-e mav conclude that the following theorern
is a coirsequence of the resulis of R:d'ko [5] ald Salomaa [7, p. 130]:

Theorem 1.7. The set S , consisttng of tlr,e equo,tions A, - Arr, is a bas,is
of Vr-

§ 2. Independence of the axioms in S

2.I. we shall now show that the axioms in B are independent. This is
done by construcbing models iir which ali the axioms a,re satisfied excepu one.
we p'ove only that the axiom-scheme 4., i. independent of the other
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axioms, i.e., we give a model in which Ar-Aro are satisfied but for some

values of n A* is not satisfied.
A. mod,el is an ordered quadruple (E , f, , fz , g), where .E is a finite

non-empty set called the elements, /, and f, are functions mapping the

Cartesian product E x E irrto E, called the sum and catenation, and
g is a function mapping the set E into Xl , called the iteration' l\[ore-

over it is assumed llnab E can be divided into two disjoint sets .D, : {ö , r) ,

where r e Ir, and Er, which is possibly empty, with the following
property. For any e e Er, there is a regular expression X over -8, suclt

that e: lXi. (Every regular expression X over E can be reduced,

interpreting fr, f, and g as rnappings, to an element e e E , denotetl
by e: lxl .) The elements of E, are denoted by d* , a and b .

.tn equation X: Y betrveen trvo regular expressions X and l-
over E is valid in the model iff lxl : lf l . An equation of the form

€: \, where 6 and T ate regular expressions over the alphabet ,4,".

is satisfied in the model iff an equation valid. in the model always results

whenever each letter over A- appearing in E ot rl is substituted b}'
some regular expression over .E.t

If the set E consists of za elements we say that the model is z-valued.
If the independence of an axiom can be established using an rz-r'alued

model but not using an (n -l)-r'alued model, \Ye say that the independence

model of minimum cardinality irr this case consists of ta elements. Ob-

viously n22 for each axiom.

2.2. To establish the independence of A, and Ar-Ar rve consicler 2-

valued nrodels consisting of the elernents $ and r . fn the first model
the sum and catenation of the elements are defined in Tables I aud 2, the
iteration is defined by o* : r . It the subsequent tables definirrg x. + P

and ap, the values of a determine the rorv and those of p the colurnn'

Table I Table 2

ap

It is easy to verif;' that Ar, A2 and An-Au are satisfied in this model'

t It, is assumecl that the surn and catenations occurring in A, and Au are performed
from left to right.

:rtt i 0 _:_:
I

ööö
I

I

I

frl
I

i

I

tlq
I

i
i
I

.t) i
i
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Because Ö**:Ö but r *Ö: r,A, isnotsatisfied in this model
and hence A, is independent.

2.3. Tn the second model consisting of the elements ö and fr the
catenation and iteration of the elements are defined as in 2.2, but the
sum of the elements is defined in Table 3.

Table 8

x*§ -i _!__:_l
I

ö:,.u|
I

- 
*--- -l I -,' I

Ciearly A-4, and Ao-Ao are satisfied in this model, but As is not
satisfied, because ö(ö + ö) : öx : ö whereas 4ö + öö : ö + ö : * .

2.4. In the third 2-r.alued model the sum and catenation of the ele-
ments { and r are defined in Tables 4 and 2, and the itelation is defined
by ax:6.

i

fr1.t,
i

Obviously Ar-& and Ar--A* are satisfied in this model, but Au is not
satisfied because ö*r : ö* : ö + r .

2.5. It the fourtir 2-valued model the sum and catenation of the ele-
ments f and r are defined in Tables 4 and 5. and the iteration is defined
by a*:oc.

Table 5

c§,ö ri
i
I

tl,EE
i
I

i
I

I

I

fri
I

i

In this model a1l

-n+ö, Aris

-*-:----. --l:: Y l
the axioms except A? are obviously
independent.

Table 4

a+§ ,, ö n 
Il------l

ö i6 tr 
i

$*:

satisfiecl. Because
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2.6. Suppose that we have an ra-valued (n>:2) model in which Au

and A, are satisfied. Let g + ö b" an element of the model. By Au and

A, v,e now obtain ö*U : y and ÖA : Ö. Thus w-e must have $* I $
in all models in which Au and A7 are satisfied.

'We now consid.er 2-valued models in rvhich Au, Au-A, and either At
or An and Ar1 are satisfied. Let $ and .u be the elements of the model.

Then {* : il, and the only possible wa;r to define the catenation of the
elements is given in Table 2.

Because ö(ö++):ö and ö++öö:ö+Ö, we obtain, by Au,

++ö:{. Since ö*+4ö*$*:*f { and (öö)"(ö* +d) :n+ö,
we obtain, byArand eit'herbyAgorbyA,, Ö + n: r I Ö: r. Because

ö* * ry* ö* :* * r*, r* : (d*)* and (**)* (ö* * r) : r* (r * r),
we obtain, either by & or by Ae and 41, x* : x and r * r - r. Thus
the only possible way to define the sum of the elements is given in Table 4.

We have thus obtained the model in'n'hich the sum and catenation of
the elements are defined in Tables { and 2, and the iteration is definecl br.

s4,* : s. In this model all the axiom.s are satisfied and hence the inde-
pendence of A1, Ar, An and Ar-År, catruot be establjshed using 2-r-alued

models.

2.7. To establish the independence of Ar, Ar and An we consider 3-

valued models consisting of the elements { , ö* and r . In the first
model the sum and catenation of the elements are defined in Tables 6

and 7. The iteration is defined by a* ": d* .

Table 6

__:rf -i 9_ -_f*- : I

iif io ö* 't: i
I

1.,+,!r.lö* iö* ö* Ö* I'1",_,.i
n ö*_, _l

Clearly AB and A6-Ar,. &re satisfied
If \Ye define ö1r<Ö*, then

conclude that, A1 is satisfied.
Obviously A, and Au are satisfied, if

N--=(*§)y and e{§*V) =a'*o-1'x
satisfied in this model.

A4 is not, satisfied, because rÖ :

in this model.

&- ö*. If ,x +ö*
- ep + d.y . Thus

aij

Table 7

öö*
6

I

nlr?:

ö* ö"

öi,l
i.11
I

I.rl

and tÄ'e can

then x(§y) -
A2 arld A5 are

x whereas ö* - ö

Ann. Acacl. Sci. I'ennica:
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2.8. In the second. 3-valued model the sum, catenation and iteration
of the elements are defined in Tables 8, 9 and 10.

Table 8 Table I

- g -- )- 6 !-. --:--"i
I

Iö ö ö ö i..ltll
,l,i

6*öö*ri
:l

I
i.1.:iö;unj

Table 10

a*fr a

l:i
---*-,-*l

I

,

I

I

l

J:i
I

i

I
I

.i: i

I

t

i

".v I

ö*

d*ö*ö*

ö*

frfr

Obviously Ar, Ar, Ån, Au, A, and Ae are satisfied in this model.
It is clear that A, is satisfied if one of the expressions or , p or y is

either ö o, ö* . Because r(rr.) : s : (xr)r, A, is satisfied otherwise.
If 0+y+ö then x(§*y):.,::rcfi*ry.Tf §+y:ö, i.e.,

§:y-ö, then t(fr-y):ö:rP-+-ily. Obviousl-v Au is satisfied
also in the cases rvhere 'v is either ö o, ö* .

It is easy to verify that Aro and Är, are satisfied, because both sides
of these equations are simultanoush- either equal to d* o" equal to S .

Inthismodelwehave ö* * xx* ö*:4* + ö: {* and (rö*)*:ö.
Thus As is not satisfied.

2.9. In the third 3-valued model the sum and catenation of the ele-
me,nts are defined as in 2.8, and the iteration is defined in Table 11.

Table 17

ö*

a'-

For: the same reasous trs in 2.u, A1-A? are satisfied in this model.
It is easy to verifl' that \, Aro and A, are satisfied, because both sides

of t'hese equations are simultanouslr- either equal to d* or equal to z .

Because (d*)* : * * ö*, Ae is no'o satisfied.

2.10. Consider an a-r,alued (ra 2 3) model in which Ar-4, are satis-
fied. By the note following Lemma 1.1, rve must have x*a:* and
, * ö : ö + d.- &. We must also have u* *ö, because if a* : ö
1re obtain, byAr, 4*:d* -llt,**:d* + ö:ö* but, b;,2.6, ö* +ö.

x"f

Itu

telald"' t'l
__i-__ _

tii,
:

ö id. j::
'I

t,

ö* jd*i
i,l
t
I
,t

fr :,ö 
,
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We consider now 3-valued models in w-hich Ar--\ are satisfied. lvith-
out, loss of generality v'e may suppo-qe that the element's of these rnodels
are $, $* and r.

Suppose first that m* : n. Then, by Ar, n: iL*: d* + frx* - ö* + ** .

Thus we must have {rfr: fi and {* i r : r. Thus the only possible
way to define the sum, catenation and iteration of the elements is gir.en
in Tables 8, I and 12. But, it is easv to verif]' that all axioms are satisfied
in this moclel.

Table 72

7.*

I

Å*i
l

.

,

l&
d'*

Suppose no\r that fr* *._ d* . 'I'iretr.

Au, År änlct -\5, fr =: fr#* - x(ö* T- fir) :
the oi rly possible rl'ay to define the sunl

either blr Table I or l:y Table 13. In hoth

1r)- Ås. d'l< -L il- ö* . ancl, lr)-

r + {L:t Thus rc: + Ö* . }iou.
is gir:en in Table 6 and the onh-
The catenation can be definecl

cases a,ll the axioms are satisfiecl.

crJ

Table tB

' l i*q @'

Thus the independence of Ar, Ar. Aro and Årt cannot, be proved using
3-valued models.

2.11. To establish the independence of A, rve consider a 4-r'alued model
consisting of the elements ö , ö* , * and e : rn. The sum and catena-

tion of the elements are defined in Tables 14 and 15, end the iteration is

defined by o* : ö* .

ö":0ö*

1

,t' .t
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Table 14

1iil
ö i+ ö* n ct, I

:tYi
ll
'lö* id- ,i* ö* ö* i

I

il
,r,' : l-: ö* si fi 

I

Iil
ir,,Å*r(t,i

ö* ö"

Table 15

u§i+d*
t--

ö*

?

+

ft

*

I

.r.' dl, i

l

Iö 6l
i

I

. i.' (.1 
l
t

I

öö" d*

If wedefine $<a<n <{*, then a+§:max(a,B). Itisnow
easy to verify that Ar, Ar, An and d-Ar. are satisfied in this mod.el.

Obviously Au is satisfied if a is either ö ,, ö*; likewise if P : y
or either § o, y i. d . Au is also satisfied in other cases, as seen a's follows:

'u(0*y):r:rp+ny if either § o* 7 is d* and
.,:(l]*y):a:r0* z7 otherv'ise' ff either § o, y iseither $* or r
tlren a(B*il:a:a§luy and a(P+y):ö:a§-t aT otherwise.

Because r(ra) : fia : a, tvhereas (rt)a : oo : ö. A, i-* trot satis-
fied.

2.L2. To establish the independence of A, we consider a 4-valued model
consistingof theelements ö, +*, r and a:fr*. Thesum,catenatiort
and iterat'ion of the elements are defined in Tables 16, 17 ancl 18.

Table 16 Table 17 Table 18

x+p ö* a.§ ö*
I

;

I:)".-
l

1

6 id*

6*

ö*

ö*

ö*

6* d* d*

ö

If wedefine $<n<ö* (a, then "*§:max(",§).Itisnow
easy to verify that Ar-Ao, Au, A, and An are satisfied in this model.

Clea,rly A5 is satisfied if a is either ö o, Ö* or B :7 or either p or
y is ö. Au is also satisfied in other cases because r(p * y): t:: ufr * xy
if neither p nor y is a and r(B*y):a:n§lty if either B or
,7 is a, and e(§+T):a:a§*ay.

1t

rl tI

i

,röl

i

a'öa,
ri

!

i

uill
I
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AB and A* are clearly satisfied if N

other cases, because both equations are
'We have now (Ö* * r)* : (d*)*

Thus Aro is not satisfied.

is either ö or ö* ; likewise in
reduced to the form a - a,

- ö* and (d*)*rx - ö* ct,-_ {t

Z.tg. We now consider the 4-valued models in which Ar-Aro are satis-
fied. Let ö , ö* , r arrd o be the elements of the model. Because vr
must have $a:a$:{, ö*o:oö*:o and "*ö:ö+":x * or: o , there are three possibilities to define the fourth element rr. ,

namely, a::tfr, co:ö*+* or e,:s*
If n*:r, then, byAro, ft:s*:(r* r)*:fr*fr*:frfr and, bv

Ar, fi:s*:d*+ ru*-ö* +r. Henc: **:4* *r:r*:t
and we cannot define a . By 2.10, r* 7 S , and hence we must define
rx to be either $* or a.

If r* : ö*. we obtain, by Ar, ö* : r,x : ö* + rx* - ö* + 
^, 

,

and we must define a, : fr:t. By Au *" now obtain x : u4* :
"v(ö*+n):u*rr:r*a.

By Ar.o and Ar, we have then {* : a* : (r * a)* : s* q*: a* and

4* : ö* i aa* - ö* * a . Thus we must define the sum of the ele-
ments by Table 14, and the iteration by a* : ö* . But it is immediatelr'
clear that A, and A* are satisfied in this model.

If x* : {r , we obtain, by A, and A1s, o: ö* f ;rr* : $* | :t:ct, ,

(t:ccce , Q*: (d* + rx*)*: (*r*)*:ö* +m*r*:ö* + x&:«, and
e,:a,*:d*+ac#-ö*+a. Because o:ö**ra, fra is either
a or fr . 'Ihen, by A, and An, ra: *(ö* * xa) : r i r(ra) ancl
ar:&ct:(4*-ra)a:a*ru and thus in both eases rlrc:rr,.
Because (d* + o)*: a*: s, d* * r is either a, or r. Thus'lye have
two possibilities to define the sum, namely, those given in Tables lg and
20. fn both cases it is immediately clear that A, is satisfied. Obviousll,
A* is also satisfied if or is either ö , ö* ot a , or n:1 . If the sum
is defined in Table 19, Ö*+* +...:a, arrd A* is satisfied, becan"qe

ö* n : n, ancl (la : &. If the sum is defined in Table 20, .u -F d* : r'

Table 19 Table 20

_ " _ii1 t ö*_ *=0

ö*

ö*

ö*

ö*

6*

ö

ö*ö*

!

i

A:QCIG,A

,d*

,U
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and, by Au and An, ra : (* + ö*)a : ra { a: d and ru : (r * ö*)r :
xr | *. Thus rr is either fr ar a, and (r")* : o . Thus A, is satis-
fied also in this case.

In all 4-valued models in rvhich Ar-Aro are satisfied also A, and A*
are satisfied. Thus the independence of A, and A* cannot be established
using 4-valued models.

2.L4. In the following 5-valued models establishing the independence
of ArandArrwehavetheelements ö, ö*, fi, d:d*+ r and b:u*.
fn the first model the sum, catenation and iteration of t'he elements are
defined in Tables 21. 22 ancl 23.

13

a+ fi
Tabtre 21

öd" 4
Table 22

',ö ö*,c a b

Table 23

- ? -l :f-l-1
+*

ö*

6x

ö* d* ö* {t d*öx

ö

6

ö* .i,:

,,t' ,l:

rl,
; {t /! .{' tt lii tt 

16 
(t :t: .t' b,, ,, i,b 

j

,r,li
) l, l, lt tt lt lt 1 ö b b b b i ö iO i

It is easy to verify that Ar, An and Au-A* are satisfied in this model.
A, is obviously satisfied if one of the expressions a , § or y is either

ö , ö* or ö . trn other cases 
"(§y) 

: r : (*,P)y and A, is satisfied.
Au is clearly satisfied if ,r" is either ö , ö* or b ; likewise in the cases

where § o, y is either $ ar b. But so it is also in other cases, because
then e(p+y)- ff --j{19 -ey,

A, is not satisfied, because tr\'e hal'e rlol\-
rvhereas (ö* {- tr) -i- ,}-' :-: {t ,i' :- t: .

Table 24

ai- 13 ', ö d{, ., it i,

ö* + (x * n)---- ö* + ;u -- (t

,b* d* ,b*

Table 25

z§ :ö ö* :t {t, ()

I

l6 iö ö ö 4,
I

6''

ö* ö*

ö*

I

I
i

I

bl4bbb
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2.15. The sum, catenation and iteration of the elements are now de-
fined in Tables 24, 25 and 23.

Because a : ö* | r it is easy to verify that Ar-Aro are satisfied in
this model. Because (r')* (ö* i t) : ö* o : rz whereas fr* : b, Arr i.
not satisfied.

Note. It can be shown that it suffices to suppose that ru is a prime
number in the axiom-scheme Arr. In this case the equations in the scheme

are independent of each other, as can be seen from the model belorr.
Consider a (k + 3)-valued model consisting of the elements

Uo, Ar, . , , Uh,, and 37n-, '

where Ur"+z:ö, Ao:ö*, Ur:t, !/t,:ö*1-;c, Ak-t:fr*, and

!/i:frUi-r for i:2,..., k-L. It is assumed that Ä: is a prime
number.

The sum, catenation and iteration of the elements are defined as follows:

Ui* A;: AtI Ut+z: U*+z* A;:A;, '!;* U*+r: Ut+ri U;: Unlr for
,i,:0,1, ...,ltf 2, and k*Ui:y*fori4jand 0<a, j<k.
Let max(i , j) : rn. Then UtUi: !^ i{ m 2 k, otherrvise AiUj: yt ,

where 0<r<k arrd l:i{y' (morl ft). (?trl*:(!tx.r)*:yo and
(U,)*:A*arfor i:1, ..., k+L.

In this model Ar-Aro are satisfied and so also is A, if ra + k (n prime) .

Because (y!)* (d* + Ar * . . . + y!-') : Wi* Ur, : Ur, = (y)*, A, is
not satisfied if n: h .

2.16. We have now obtained the follo'rving result:

Theorem 2.1. Each of the axi,oms in the basi,s of V, i,s indegtend,ent. Ior
A, and, Au-A, the i,nd,epend,ence mod,el of m,i,nim.unu crtrdinolity consists of
two elements. Ior A,n, Arand, An it consdsts of tltree elements. For Åranil Aro

'it consists of four elements. For Ä, «nd Årr'it cott.'sist.o of fire elements.

§ 3. The basis T of Cn

3.I. Consider a subset 7 of §, consisting of the follo'rving ll equa-
tions: Ar-Ae and Arr, given in l.l, and

A., (u * §)* : (x* + ll*) (l'0)* .

Equations Ar-&, A, and A* are called the axioms.
By a substitution instance of an axiom \ye mean the result of substitut-

ing all letters of A- appearing in the axiom bv some regular expression

Ann. Acad,. Sci. ,F-ennica,
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over the alphabet A, . The replacement rule and the notion of generation
are defined as in § I with B replaced by T. The set f is a basis of C*
iff every equation in C. is generated bl 7.

3.2. Lemma I.l holds true with the set .f, replaced by the seL A*,
and it is used in subsequent proofs without being explicitly referred to,
and exactly as in 1.2, we obtain the following:

Lemma 3.7. Let X be an arbi,trary regular erltrestion o?;er Au. . Then

FX+X:X and FX+ö:X.

Lemma 3.2. Let X and, Y be arbi,trary regula,r e:rptressi,ons aaer 4..
Then

(3. 1)

(3.2)

{3.3)

(3.4)

Proof.t By A, rve obtain the follorving four erpations:

(3.5) F (Xd*)*:d*+IX*d*.
(3.6) F ({*Xx;x : d* + d*(dx)*rr* .

(3.7) F (X*d*)* : d* + X*(Xx)*d{' .

(3.8) F- (XxYr';x -- Ö* + Xx(I*)*l"I .

By (3.5), Au and Lemma 3.1, we can conclud.e that

(3.9) FX*:d*+XX*=:d*iIx:-\ -I*
and

(3.10) i X* I/x: X* + y* ' X*1'* : ö* + I*)''t: II'- lf*y*'.
Using Ae, (3.6) and (3.9), u'e obtain the equation (3.1). and hence, by (3.7)

and (3.9), also the equation (3.2).
The equation (3.3) is an immediate consequerlce of (3.1), (3.2). (3.8)

an<i (3.10).
Because, by Au and (3.2),

F (d* * XX*Y*)Yrt : Y* + XX*y*I''o : I-x 1 XX*f*
:- (ö* + xx*)I'*

lir

t lieferences to Ar-44 and A* are not rnentioned in th* follorving proofs.
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the equation (3.a) follows, by A, and (3.9). tr.

Lemma 3.3. Let X and, Y be arbitrary regular erpressi,ons ooer A*.
Tlte,n

(3. I 1)

a'nd

(3. 12 )

Proof. By Ar, Årr, (3.2) and (3.10) we obtain first

(3.13) - (X * l-)* : (X + r)* (X + r)*
: (x* + 1'*) (xy)* (x* + y*) (xIz)* : (xlz;x;gxyx .

Then, by (3.3), (3.I0) and (3.13),

(3.14) - X*Y*: (X*Y*)*: (XY + X*y*)*
: (xI,)* (x*Y*;* (xYx*y*1x

: (xr)x(xY(xxrxl*;*(x*y*)* : (xy)*(xY)*(xxfxlx : (xI)*f,*]zx.
(3.11) now folloy.s by (3.13) and (3.14).

By A, the equation (3.12) is an immediate consequenee of (3.11). tr.

By Lemmas 3.1 and 3.3 Theorem 3.1 follows from the results of Red'ko
16l, Salomaa [7] and Pilling [a].

Theorem 3.1. 'l'hp .;et T , cons,isting of the equutiorrc Ar-An, A, amil
Arr, fs a bq.si.s o.f (',,.

§ 4. Independence of the axioms in T

4.1. To prove the independence of the axioms in T lye use models
defined as in 2.1 rvith the following exception: \Ye demand only that the
set E consists of elements one of rvhich is / .

It is easy to verify that A, is satisfied in the models of Ar-Ar, A, and
A, given in § 2. Thus it suffices to prove only the independence of A, and
Arr. The cardinality of every model mentioned above is not, however,
minimum (because now the additional restriction concerning the set E
is not made and Aro need not to be satisfied), but rve do not, give nerv models.

4.2. We now consider the model given in 2.I2. In that, model Ar-4,
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ånd A, are satisfied. Because
((d*)* + r*) (ö**)* .: (d* * u)u - ca ,

independent.

4.3. To prove the independence of
consisting of the elements ö , #* , n ,

and iteration of the elements are given

:-r (d*)* :-= ö* and
satisfied and it is

(ö* + .r)n
A* is not

A8

CI,

in

\\re consicler a 5-valued" model
and b . The sum, catenation

Tables 2ö. 27 and 28.

Table 26

x--t] i + ö* r
Table 27

"E i ö--ti i --: - i; Irll,tlö io 4, ö ,$ ö 
]

Table 28

d,*

d* ö*

ö*

ö*

öö*
ö* ö*

I
)

i
iö* io ö*:{,
I

I

I

.r'å.)'ir:
li

i

e,ö(tq,

Ib 1ö b b b b
l

i

bl

CI

_ !_

If wedefine ö<ö*<n<a<b, then ot*§:max(a,f) .The
catenation carr be defined as follows: If a I $ and P + ö, then
a§ : max(u, p) , otherwise x§: { . Now it is easy to ,rerify that Ar-A,
and Ae are satisfied in this model.

ObviouslyArrissatisfied,if a*x or: n--1. Butif n)1, then
(CI")*(d* *r*...+ ro-L):Q,r:a,.:s*. Tim-q Arr is satisfied also in
this case.

Because ö* * rr*r*:ö* +nq,a:ö* + n: a but (rr*)*:(ra)*:
a'* : b, As is not satisfied.

4.4. We have nolr obtained tlte follo'riuE i'esult:

Theorem 3.2. Each of the arionts in T is ind,ependent.

4.5. We give one further model rvhich estaLrlishes the independence
of &, in such a wa,y that besides the axioms Ar-4, and Arr, the additional
conditiorrs mentioned in Lemmas 3.I arrd 3.3 are satisfied (i.e. all the equa-
tions given in the original formulation of Red'ko and Salomaa).

We use a l6-valued model and the numbers 1,2, ,.., 16 are used to
designate the elements of the model (d : I , ö* - 2) . The sum, catena-
tion and iteration of the elements are giveu in Tables 29, 30 and 3I.
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Obviously Ar, An, A., Ar, As and the equations mentioned in Lemma 3.1

are satisfied in this model.
A, is cleariy satisfied if a is either L,2,7,13, L4, I5 or 16, and also if

d* : 16 , That A, is satisfied is B* : 2 can be seen from the table below:

.t,
a I."'

If p'r - 10, we obtain after some calculation that, if a is either 3, 4,8,
9 or 10, A, is reduced to the form l0 : 10, and if a is either 5, 6, ll or 12,

then (aB*)* : 16 : {* * ***F* . If p* : 12 , 'we can similarly verify
that, As is satisfied.

It is easy to verify that (o' + B)* : e*P* if oc* : 2 or p* : 2, i.e.,
a or § is either 1,2 or 8. Hence we have in this model (o * d*)* : 64* .

Wesupposenowthat ** t'Z and §*+Z.If a*§*:16, theneither
max(a*,f*) :16 or max(or*,fi*)-L2 and min(a*,F*):10. fn
the latter case we suppose that a*: 10 and §* : 12. Then a is either
3, +, g or 10, and B is either 5, 6, 11 or 12. flence c( + P is either 7, 13,

t4 or l5 and (" * §)*: 16 . If oc*fr* - I0, then a* : §x : l0 and
hence a and B must, take one of the values 3, 4, I or 10, and also " * §
assumes one of those values. Hence (, * f)* : I0 . If a*§* : 12 we
can in a similar manner establish that (* * d)* : oir!* .

Table 29

c( -i ij

x i 3 4 5 6 8 9 10 11 L2
I

L211i s to tt Lz 8 e Io

r615l413I2I110

14 15 16i
14 15 t6 I

,,

1+ 15 16 
i

l+ 15 t6
t4 15 16 i

14 15 16 
I

14 15 t6 
i

1+ 15 16 i

I14 15 16 
i14 15 16 
i

15 l5 t6 
ili 15 16l

tD lrr 16 i

14 l;-r t6 I
I

15 15 16 
i

Iri tri 16 
I

lJ t0 1I
Itt 10 lJ
e 10 13

10 r0 13

14 14 11

1+ L4 L2

14 11 13

rl 10 11

tt 10 15

Ir.t lU 15

i5 15 1I
1; 1; 12

1; 15 13

1,1 1+ 1;
l, 1; 15

i{'i 16 16

L2315(ii
22446ri1
3131i-i7
4,L1+iii
A0lt.lUt

6677ri6i
i77717i
8231561
I 10 I I0 l,+ 1.1 1+

10 10 10 10 1-1 14 1+

1l L2 13 13 11 L2 13

t2 t2 t3 13 L2 L2 13

13 13 13 i3 i3 13 13

L4 L4 L4 14 1.+ 14 1+

15 15 t5 15 15 15 l5
16 16 16 l{i 16 16 t6

I
2
5)
a)

4

5

6

7

B

I
r0
11

L2

13

l4
15

I6

t2 13

Il 13

13 l3
13 13

lJ 13

12 13

13 13

12 13

t5 15

l,t Ic
lJ 13

ll 13

13 13

15 15

15 15

16 16
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Table 30

"p lj 3_ 16t5L4r3L211IO

I
2

3

I
5

6

7

8

I
10

11

L2

r3
L4

t5
t6

lttl
1,23+
l3;]3
14;34
,Y
l-J5,)

1*j37
173V
t88r
I I I 1l

ll{fIlU
1 ll 11 l1
I t2 13 t3
l131313
11.1 911
1151515
1 16 16 16

1,1

14

II
1l
11

t4
15

I6

i

I

I

I

I

I

I

l

i

I

i

I

I

i

I
l

I

I

I

!

I

I

I

I
I

I

tr"1
{:7
D5)rid

'ia
tt

it :)

t) t

7i
5E
99

14 L4

11 11 I
L2 13 I
13131
t4 L4

15 15 1

16161

1I111
8 I l0 11 L2

s I I 11 13

I t) 10 11 13

8 I L1 lt tl
13 I 14 11 12

89141113
I I I 11 1r
9991616
I I r0 16 16

1 16 16 11 11

1 16 16 11 L2

116161r13
9 I 14 16 t6
5 16 16 16 16

616161616

11
13 14

13 I
13 L4

}t L4

t3 t4
13 t4
rl I
16 I
16 L4

11 16

13 16

13 16

16 1,1

16 16

16 16

1t
15 t6
t5 16

15 t6
15 16

15 t6
15 16

15 16

t6 16

16 16

16 16

16 16

16 16

16 16

16 16

16 16

Table 31

15L113r21110 16 
I

I

i16 I

I

r61616L2121010t6L2t21nltt0(*

Arrisclearlysatisfierlif n: f . U n)l and ocl15 then 4n:g.
and (a")*({**a +...*or"-t) :o*(ö* *a) . It is now easytoveri{y
that a*({* * a) : or*. If n} | then 15": 16 and A, is also satisfied
in this case.

The fact that Ar, A, ancl A, are satisfied in this model is in principle
easy to verify, but it neecls uruch rrork. Hence rve have done it by using
a computer. The progran used and the results obtained are given in the
appendix.

If a:3 and P : 5, we have in this model (a f B)* : 16 and
(o* * §*) ("§)* - l5 . Thus Ap is not satisfied.
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Appendix

1C
2 C I'ORTRAN IY PROGRAII ITENTIONIID IN 4.it
3C
4 INTIIGtrR SUI\I (16, 16), CATtrr\ (t(i. l(ji
5 LOGICAL 41, /,.2, A5
6C
7 C SUM Otr TIIE ELEMENTS
8C
9 WRITE (2, 10)

10 r 0 FORMAT (4H0I r* J)
11 DO l I :=: L, 16

12 RtrAD (3, 1l) (,SUM (r, J), J --: t" 16)

13 11 FORMAT (1612)

11 WRITE (2, t2\ (SIIM (1, J), J :::: t, 16)

15 t2 FORMAT (1613)

16 1 CONTINUtr
L7C
18 C CATENATION OT' T}IE trLE]ttrNTS
19C
20 wRrTE (2, 13)

2L 13 FORIVIAT (4H0I*J)
22 DO2J-1, 16

23 RtrAD (3, 11) (CATtrN (r, J), J - 1, }u)
2+ 2 WItITtr (2, t2) (CATEN (r, J), J : 1, 1.6)

25C
26 C ARII Å1, A2 Å]iD Aii SATISFIED
27c
28 AI - .TRUE.
29 A2 - .TRUE.
30 A5 - .TRUtr.
31 DO 5 r-1, 16

32 DO 5 J-1, 16

33 DOSK:L, 16

34C
35 C IPJ:I-'-J JPI(-J[+I(
36C U:I*J II{-I*I{ JI(-J*I{
37C
38 IPJ : SUII (I, J 

1

39 JPr{ - SU}I (J, Ii)
40 IJ : CATEI{ (I, J)
4L rK _- CATEN (I, K)
42 JK == CATEN (J, K)
43C
44 C ISI,(J+I{) -(I-J) -r-I{
45C
46 IF (SUM (r, JPI{). EQ. SU},I (IPJ, i{)) C+OTO 3

47 AI - .F-ALStr.
48 L- 1

A. I. 5L7
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49 WRITE (2, t4) L, r, J, K
50 t4 FORMAT (2]I0A,12, L7II rS NOT SATTSFIED, 3I3)
5tc
53 C IS I*(J*K) : (I*J)*I(
53C
54 3 rF (CATEN (r, Jr{). EQ. CATEN (rJ, K)) GOTO 4
55 A2: .FALSE.
56 L:2
57 \4/RITE (2, 14) L, T, J, K
58C
59 C IS I*(J + K) : I*J + I*I(
60c
61 4 rF (CATEN (I, JPK). EQ. SUM (IJ, IK)) GOTO 5
62 A5 : .FALSE.
63 L:5
64 WRITE (2, t4) L, I, J, K
65 5 CONTINUE
66C
67 C OUTPUT IF 41, A2 OR, A5 IS SATISFIED
68C
69 L:r
70 IF (Al) \I-R]TE (2, tö) L
7t 15 FORIIAT (2H04, 12, l3H IS §ATISFIED)
nq T o

73 IF (42) WRrTE (2, tö) L
74 L:5
75 IF (45) WRITE (2, t5) L
76 CALL EXIT
77 END
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Input data

0 r0203040506070809 10r I 12T31 4 I 5 I 6

0202040406060702 I 0 L0L2L2L31 4 r 5 I 6

0304030 107 07 070309 I 0r 3 1 3 1 3 1.+ 1 5 l 6

0404040 407 07 07041 0 101 3 I 3 I 3 r 4 I 5 I 6

0506070705060705 r4141 I 1 2 I 3 r4 I 5 1 6

0606070706060706 I 4 L1r21 2 1 3 14 I 5 I 6

07070707070707 07 L1l 4 r 3 I 3 I 3 I 4 I 5 1 6

080203040506070809 10r I 12 I 3r 11 5 1 6

09 1009 10 141,1I,10909 101 5 r 5 1 ö 1.1 I 5 I 6

10 1010101 1t1L4101010 r 5 I 5151415 1 6

LrL213131 I r2131 I 15151 I 12r3151516
L2L2r 3 1 3 L2L2L3L21 5 t 5 L2L21 3 I 5 I 5 I 6

131313131313r3131515r31313151516
L 4L4L 4L 4L 4L 4L 4L 4L 4L 41 5 I 5 1 5 I 4 I 5 I 6

15151515151515151515151515151516
1616I6I6161616161616I6r 616161616

0101010101010I0 10 1010 I c) 10 I 01 0 10 1

010203040506070809 10 I I I 2 I 3 1,+I 5 I 6

01030303080303080909 r I r 31 309 r5 16

01040304c507070809 101 I 1313 1415 16

0I0508050505050809 r41 1 I 1 I 1 14r516

010603070506070809 14r I I 2 I 3 141 5 I 6

010703070507070809 I 41 I 1 3 I 3 141 5 1 6

01080808080808080909 I I I 1 I 1091 ö16

010909090909090909091 6 1 61 609 I 6 I 6

0I 1009101414 r 409091016 I 6161+ 1616

0t 1t 1111111111 11 16161 I I 11 r 161616

01 121313LLL2131 I 1616I I 121 3 I 6 r 61 6

011313131113131 I 16161 1 13131 61616

01 I409L4L4L4L40909 141 6 1 6 r 6 14 r 6 I 6

01 1515151515151516I616r 6161 61 6r 6

0rI61616161616161616 16161 6t 61 6 16
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Results obtoined

I+J
I 2 3 4 5 6 7 8 I 10 11 t2 13 t4 15 16

2 2 4 4 6 6 7 2 10 I0 L272 13 L4 15 16

3 4 3 4 7 7 7 3 I 10 13 13 13 L4 15 16

4 4 4 I 7 7 7 4 t0 t0 t3 t3 13 L4 15 t6
5 6 7 7 5 6 7 5 14 L4 11 t2 I3 L4 15 16

6 6 7 7 6 6 7 6 L4L4t212 t3 L4 15 16

7 7 7 7 7 7 7 7 t4 t4 13 13 13 L4 t5 16

8 2 3 4 5 6 7 8 I 10 rI t2 t3 t4 15 16

I r0 I 10 14L4Ll I I 10 15 t5 15 t4 l5 16

t0 10 10 t0 14 L4 L1 I0 10 r0 15 15 15 L4 15 16

tI 12 13 t3 I1 L2 t3 11 t5 15 tI 12 13 15 15 16

12 12 13 13 12 t2 t3 t2 15 t5 t2 t2 13 15 15 16

13 t3 13 13 13 13 t3 t3 t5 t5 13 13 t3 t5 15 16

L4 t4 L4 14 t4 14 t4 L4 t4 14 15 t5 15 t4 15 16

15 t5 t5 t5 15 15 t5 15 15 15 15 t5 15 15 15 t6
16 t6 16 16 16 16 16 t6 16 16 16 t6 16 16 t6 16

I*J
1111111111111111
I 2 3 I 5 6 7 8 I t0 1I 12 13 t4 t5 16

I 3 3 3 8 3 3 8 I I 11 13 13 I 15 16

I 4 3 1 5 7 7 8 I t0 11 13 13 L4 15 16

I ö 8 5 -c 5 5 I I L4 11 11 11 L4 15 16

I 6 3 7 5 6 7 8 I L4 11 L2 13 L4 15 16

I 7 3 7 5 7 7 8 I 14 11 13 13 L4 15 16

1 8 8 8 8 8 I I I 9 It rl 11 I 15 16

I I I I I I I I I I 16 16 16 I 16 t6
I 10 I r0 L4 t4 1,1 I I 10 16 16 t6 14 16 16

I 11 11 11 11 ll tl 11 t6 16 1r It rl 16 16 16

T 12 13 13 lt T2 13 11 16 16 Il t2 13 16 16 16

r 13 13 13 tl 13 13 11 16 16 rr 13 13 16 16 16

I L4 I 14 14 14 14 I I r+ 16 16 16 14 16 16

1151515151515151616161616161616
I 161616161616161616161616161616

A I IS SATISFIED
A 2 IS §ATIST'IED
A 5 IS SATISFIED
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