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INTRODUCTION

C. Srncrr, [7] considered the functions

_ (- z'l 4)"

nl(a{ 1) ...(a*n)'

the elements of every one

, Ar(o) or A;@)\

cc

K,(*)- 1 + >

satisfying the differential equation

2v*l
w'* , w'lw:0.

Srnonr proved that if r is a rational number not equal to half an odd
integer and a ;a 0 is algebraic, tr]nen K"(u) and. Ki@) are algebraically
independent over the rational number field q. IIe proved also some

generalizations of this result. In his proof Srncnr, [7], 18] developed a

method by which it is possible to establish the transcendence and algebraic

independence of the values at algebraic points of certain entire functions,
called .E-functions (for the d.efinition of .E-functions see p. 38).

A. B. Ssror,ovsrr [4], [5] generalized SrnGrcL's method and, in 1962,

Ire [6] proved a general theorem which states that if fr(z), . . .,f^(z) arc
-E-functions satisfying a system of linear differential equations with coef-

ficients that are rational functions of a, regular at the algebraic point
a * O, then the maximum number of function values lr@), . . .,1^@)

that are algebraically independent over the rational number field, is equal
to the maximum number of functions It@), . . . ,f^(z) that are algebraically
independent over the field of rational functions of z (see § 11). Srror,ovsrr
and his students have given many applications of this theorem (see [2])'

K. Menr,nn [3] gave a further application of Smor,ovsrr's theorem.
He considered. the functions

A,(z) : K,(r)1,:a,i:0, 1,;e)'
IflHr,ER, proves that if d. * 0 is algebraic, then
of the followirg four sets of six function values

tAo@) , Ao@) ,Ar(o) or A'r(") , Ar(o) , Ar(*)



Ann. Acad. Sci. Fennicre A. r. 5L2

are algebraically independent over Q. Ire gives, too, some transcend.ental
expressions involving Euler's constant y and the constant f(g). The
simplest involving y is

nYoP)
,h@-r '

where Jo@) and Io(z) denote Bessel functiorrs of the first and the second
kinds of suffix 0.

In his papex Mesron conjectures that these results could be generalized.
The present paper is such a generalization.

In § I we consider some preliminary properties of the functions At(z)
and Bt(z) (see (1) ) which are solutions of the following differential
equations,

L0'; + I
7

I
'L,L) i

1

Lo'; + i*', * wo: 0 ,

2

Let Q(n), n: Q,1, . . . , denote the system of the firsl 2n f 2 equa-
tions of these equations, and let the functions wr(z), wr(z),...,w2.+r(z)
form a solution of Q(n).

In § 2 we show that there are certain algebraic relations between the
functions wi, and u)'r, ,i, :0, 1, . . . ,2n { l.

Next, in § 3, we present theorem 1 by which we can, under certain
conditions, establish the algebraic independence of tlne 3n f 3 functions
'tDz;, 1t)zi+r and wir, ,i,:0,1,...,n, over the field. of rational functions
of z. This theorem is a generalization of l\Iesr,nn's theorem I ([3] p. 155).
As a corollary we obtain the algebraic independence of the functions Ar,,
Ar;4 and A'rr, d : o,l,. ..,n.

For the proof of theorem I we construct, in § 4, certain functions t;(z),
'i:0,L,...,fr. By using the properties of these functions u,e can proye
lemma 1 which states that the functions luz;, ,wzi+t and fi, ,i : 0, I, . . . ,%,
are, under certain conditions, algebraically independent, over the field of
rational functions of z.

We split the proof of lemma 1, which is a furrdamental step irr the
proof of theorem I, into a number of separate steps. At first, in § 5, n.e
consider some properties of the functions ,i needed in the proof. Then,
in § 6, we give two lemmas by Menr,nn and begin the proof of lemrna l.
The proper proof is given in § 7, § S and § 9. It follows the same main
features as the proof of MlnlrcR's theorem I in l3].
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Then, in § 10, we prove theorem I and, at the same time, the corollary
of theorem l.

In § ll we present Sruor,ovsxr's theolem. By this theorem we can

then, in § 12, establish the algebraic independence of the elements of every

one of 2"r1 sets of Sru * 3 function values

{Ao@), A'r("), Ar(o) or A!r("), . . ., Ar,(o), AL,@), Ar,+r(o)

or Air*r(o),, .,, Arn(o), A!r"("), Ar,+r(o) or A'r,*r(o)\,

'ir.here a * 0 is algebraic. When fi, : l, we have Mexlnn's result (p. Z).

Finally, in § 13, we obtain some transcendental expressions involving
Euler's constant, 7 and the values f(3) ,'.., e\n * l), n:1,2,...,
of Riemann /,eta fanction. These results generalize Meslnn's theorem

3 in [3].

§ 1. Preliminaries

Let c be the field. of complex numbers and c(z) the field of rational

functions of z over C. The ring of entire functions of a u'e denote by E.

Let z and y be two complex variables. Differentiation u'ith respect to
these variables will be denoted by a dash and by the symbol 0l0a , rcspec-

tivel;r.
In this paper

(1) A{z)

ll,Itere
CO

n-l

(- z'11)"

yL! (u + 1) (u + 2). . . (a * ra)

and
I

L,(z): ,(K,(z) - z-"K-,.1211 .

Between the functions .4; and. Bi there are the relations (see [3] p. 151)

I i-r Zh
(2) Bt(z): ,{.1'*'{") + (-1)'åät A,-1,at@)),'i:0, 1, "',

where Z :2 log z.

The function K,(z) € E and is a meromorphic function of rr. x'urther,

if J,(z) is the Bessel function of the first kind, then we have an equation

we shall mainly consider the functions (t3] p.

i : 0, 1, . . . 
2

I 50)
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hl2\'
J,(z): j,0 + I)----r--L-1 

K,@).

The functions K,(z) and, if z is not an integer, -L,(z) satisfy the linear
differential equation ([3] p. 150)

(B) *' +':y w' I w:0.

Let now

(4) w: w(z,r'1 :i*,,

be any integral of (3) which, for sufficierilr-.*r, lr,l, can be expanded, into
a convergent power series of z with coefficients zu; which are functions
of a. Then the coefficienbs wr : wt(z) satisfy the following infinite system
of differential equations ([3] p. 151),

1

*| -t ,*!, * nso: o ,

L2
*| *iw!, I w, * -w'r-t : o, i : !,2,. .. .

In this pa,per we shall consider the finite subsystems

I
n)'; + i*L * uo: 0,

Q("):{ ,, 1 21/\ 
lu| *;*: * u;, + i*i-r - o ,

i -LrTr...r2n+1)
'tb : Q,I, . . . , of this infinite system. We presetrt, the solutions of Q(n)
&s row vectors

W : (zuo rulr... rluzn+t).

Now, if irl is small enough, we have, by (1), the convergent series

K,(z) : i O,(")r', L,(z) : i 5,1"1r' .
i:0 i:0

Therefore, from the series in powers of l of the functions

K,(z)at, L,(z)ai, i : o, r, . . ., 2n I l,
we obtain immediately the following special solutions for Q(n),

t0



C. From

linearlr-
of Q(n\

s 2. The algebraic dependence of the lunctions wd and wl

Let W - (ws, wL, . . . ,11)zo4t) be any solution of Q(n), such that
wofr0, We prove norv that every derivate *'ri*r, :i :0,1,...,%,
can be presented as a rational function of the functions ?.0s2 'tfiy . . . ,uzi+r
and. w!0, L0;, . . . ,wi, witln coefficients in C(z)-

Let

å
A;(e) : (0 . . ., 0, Ao(r), AL@), .. ., Ärn*-l*,(z) ),

i zeros

Bt(z) tilIl,, Bor.), Br(r), .. ., Brn*r-,(a) ),
i:{)r1r... rln +1.

The Wrorrski rleterminant lf (Ao , Bo) is ([3] p. L52)

Therefore the vectors A0 and B0 are linearl1, independent over
the triangular form of the tll.o square matrices

(:)d(I)
independent. From this \4,e can deduce that everv solution W
has a unique representation

2n -i- I

(b) W : 
uä 

(ur, An + bn Bo) ,

where the coefficients Qr, alrd br, € C.

zj+t 2i

(6) r; (w) : "Zo1- 
t1'wtwr*,-, -l- ) (- l)iwiwr,-, , j : 0,1, " ',%'

By means of the equations Q(n) we get the following equations,

d zitr 2i (.

# "t 
t*l: 2 t- t1'w,w:*r,-, * ,å(- t1t 

lw',w',,*,-,+

* ,, (- l*',,*,-,- wzi+r-;-'r-r,-,)l - "(,;,*,*!o * *,i*,(-i-r-'J)

11
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2j

+ å 
(- L)t(taiwzi-i + r*rtt;'r.,-,)

2j +t
:: * 

Zr( 
-- I )t (ut',w'ri *r-, rL);'tl|.tii, -,)

2j

Hence
d

ArLi(W):0, ,:0, 1,. .,n.

So there must be complex numbers

cj : cj(w) , j:0, 1... ., /a,

lyhich are independent of the variable a but cleyrend on tltc vector W,
such that

Li (W) - Oj, j: t), l. . . . .! tt.

The equation Zo(W): Co is due to Bnr,ocnrvor (lll p. 56), and the
equation Z, (W) : Cr is in Manr,nn's paper (l3l p. 153).

Tf wo g 0, then it follows from (7) that rve can express the functions
*Li*r, j:a,1,., -,n, as rational functions of the functions uzi, uz;+t,
w'ru d :0,L,. . .,j, where tlle coefficients <lf these rational functions
lie in C(z). Hence

(8) uzj+r : Drja.r(",'uts 1't01, ., ., I{,:i. r, aoi,, i('; . . .,, rn'4),

j: o ,1, "',%,
where the ftrnctions Drj+, are rational firnctions of their variables.

X'urther, rve shor,v that the constants Cj : C'j (W) ctr,n be expressed
by *o and bn, the coefficients of (5).

By (S) we have
h

(9) *r: 2 (atAo-,*b;Bn),h : tl, i,..., 2ii "f t .

The functiorr* aJo*rd. zA'0, h: 0, 1, . . . ,9n -|- l. ale r:lernetrts of E.
The functions Bn and zB'^, h:0, 1,... 2ir, 1- l, ille, by (2), poly-
nomials in log z with coefficients in E. Therefore, it is obvious that
also Zy (W),j : 0, 1, . . .,%, arepolyrromialsin logz rvith coefficientsin E.

If now P is any pollmomial in log z rvith coefficients in E, rve denote
by [P] that term of P u,hich has no ftretor log :. Theu it follows, by
(7), that the equations

3.1

I > (- I );rr';rr:f ;
i..0

(7)
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,i(w) : [rj(w)] , j:0,r,...,h,
must hold. The left-hand sides of these equations are independent of z.

Therefore, we can obtain the values of Z; (W) from the equations

(10),f,j(W):[rj(W)]":0,.i:0,1,.'.,n.

Let us detelmine rrott'

Lwof,:o, f"w'ol,:u, h : 0,1,...,2n I l.

It is obvious from the defirrition (I) of A;(z), lhat

r4o(0) :1,.41(0):r4z(0) : ...:1r,+r(0) :0.

X'urther, by (2), it follolrys that

I
lBt(z)l : 1@,r' (z) * (- r)'A,;, (r) ),'i : 0,1,...,2n I r,

and therefore

[B,(e)]:o : 0, i : 0, 1,...,2n I l.
From (2) and (9) it follolrs that

h

lwof :l(aiAn; * ä,[Bo-,]) ,
,:oo 

I
lzw|\ : zl1o,A'u-, + ib,(AL-,., + (- 1)'-',4i-,*r) ) *

h

+ ) t- l1h-ib;A,,-,, h :0, 1,. ..,2n I l.

rrence 
i*'o

(ll) ltanf,-o : {tt,, lr*'Å,-o : bt", h : 0, 1, . .,2n I l .

By (6),
ljil 2i

tr; (w)l : 2 (- r)r[ze,] l"*'ri rr_,f * å(- r)r[to;] lwri_,f ,

J:0,1r...,'tL.
Therefore, ty (7), (I0) and (I1), n'e get the follou'ing equations,

2j+.r 2j

(12) q (W) : /,, (W) : r (- t)iaib,,*1_; + z t- t\ia,ia2'_i 
'i:0 i:0

j : o ,1,.",h'

l3
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For example, if W : Ao, \\,.e have

(13) Co(Ao) ::-:1, Ct(Ao) --... E (l,,(An) ==,[) .

§ 3. Theorem 1

In the preoedirrg section we found that if W : (tou, uL, . . . ,IDzn+t)
is a solution of Q(n), such that ws * O, then the functions w'4+r, i : 0,
l, , . . ,fr, can be presented as rational functions of the functions wo,

wL,...,wrr*, arrd wl,w|,... dri 'r.ith coefficients in C(z). In theorem
I we prove that these later functions &re, under certain conditions, alge-
braically independent over C(z). This is essential for the later applications,
because we need this property in Snror,o\.sKr's theorem (see § 11).

Theorem 1. Let W : (2o6, %1, . . . ,1nzn+t) be any solution of Q(n)
such that Lo(W) +0 and, if n) 2. Z, (W) : Lu_t (W):0.
?hen the 3n * 3 functi,ons

(14) ,u)rr,'lDrr*r,rof,r, i:0,I,. .,n,
are algebra'ically i,nileltenilent ouer C(z).

n'rom theorem I follor»'s, by (13). the follou-irrg corollan-.

Corollary. The functi,ons

(15) Azi,Azitt,A;i, tl :0,1,.... rr (tt:0,1,...) ,

a,re algebra,ically ind,epenilent oaer C(a).
Theorem I is a generalization of the folloiriug theorem by Menr,nn

([3] p. 155).
Let W : (wo,loyro2>wr) beany solutiort,of QQ) suclt tha,t l,o(W) +0.

?hen the si,r functi,ons
lag ,l1\ 5 1.1)2 1'lLtg, ft'i ' ffj

are algebraically dndegtend,ent oaer C(z).
In his paper [3] Meur,nn conjectures that this kirrd of generalization

is possible.
In the following sections \ye pxoye lernrna I b1- u'hich the proof of

theorem I can be established.

§ 4. A lemma on algebraic inilependence

Let W : (wo, wL, . . . ;tuzo+r) be again a solution of Q(n). We define
the functio[s f; : tilz), j : 0, l, . . . ,?1,, as fo]loy,s.

14
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(16)
ti - z('U:,- r)iw;w',,-, -,å,(-_ L);tu;rst,-,)

j-2
+ 2>J- L)ius;us2j-L-i + (- 1)'-'n,-rr.r)1 ,i - 2,3,.. . ,n

The following lemma, which deals with the algebraic independence

of the functions u)zi, wz;+r and ti, i :0,1, . . . ,m, is a fundamental
step in the proof of theorem 1.

Lemma l. Let W - (r.oo, u!, . . . ,uzo+r) be any solut'i,on of Q(n) suclt,

that Lo(W) +0 anil,, if *22, LL(W) : Ln-t(W):0. Then the

functi,ons

a,re algebraically 'öndependent ouer C(").
Before starting the proof of this lemma

§ 5. Some properties of the lunctions t,

In the following we shall use the notation w(k) to denote the functions
'trsl't»1t...,'tDk in this order, and, respectively, w'(lt) to denote the func-
tions wio, w'r, . . . ,wl,n, and t(k) to denote the functions ts, t1, . . . ,tt".

Generally, r(k) denotes fise fr1t . . . ,frt" in this order, and according to
this notation we shall write

f(ro, h, . . ., nx) : f(r(h) ) .

Further, when we write that

f("(k) ) : 0

identicall;r in r(k), this means that

f(rs,q,...,cr) : g

identically in the indeterminates rq, ny . . . tnk.

X'rom the definition (f 6) of the functions f; we get, by (8),the equations

to : wL , \: z(wow', - *r*!o) I tt)orar ,

o. . r%,

we consider some properties
will be needed in this proof.

,%,

t
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where the functior. -P", are rational functions of their variables. From
these equations we get the recursive formulae

I to : wio , t, : z(wowl - *rto) * wowt ,(r8) {

Iti : zlwowi, - writo\ * Gi@,w(zj - L), t(j - I) ) , j:2,2,...,%,
where the functions Gr. are rational functions of their variables.

So we get, by (8) and (18), for the derivatives zoj the following formulae

l*li : Sri (", w (2j), t(j) ),
(19) 

l*L*r: §,j+, (z,w (2j+ l), t(il), j:0 ,\,...,,p,
rvhere the functions §; are rational functions of their variables.

Further, by Q(n) and (I8),

t;

t;

1t
- - Z 

*', - 1,u0, ti - w'oat - wow'r,

- 2wow'r,-1 + *Gi @ , u) (2j - L) ,t(j - 1) ),

we get, by (7) and (19) the recursive formulae

11
t;- - ;to - wo, t', : ; (*', Ci )

the functions f j are rational functions of their

Hence

(20) 

{
rvhere

j 
-2rB)"'rnb

'r% )

variables.

(16) of tj,

1,8 Cl,

ff we choose 'W : Ao, we have, by the definition

to - A;, tL - z(AoA; - AzA;) + AoAt,

ti- ,('i^r- L)tAiAi,-, -,ä,(- L)iAiAt,-,)+
\ r::'0 - i+l

j-2
+ ,,ä (- L)'A;Azi_t_i + (- r)i-'A,_tAi,i: z,

denote these functions by 4 (Ao) , j :0, 1, . . . ,?1.

Next we present lemma 2.

,7L3,

We

Lemma 2. If

to - froto (Ar) ,

Q - a\ti (Ao) +

W : eoAo * arrAzr * brr*, Br,= t, I ) 0,

% a,nd 2l + I > j, then

I.

solut'i,oru
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If W: ooAo* brlBrf i,s a solution of Q(n),0 <, < n and, 21,>i, then

1o : aof6(46) ,

ti : *?ti (Ao) * öi,{,,obzt, j >L.
(I{ere d denotes Kronecker's d-symbol.)

Proof . From (9) and (16) it follows immediatel;r that

ts: asts(Ao), t : *?oti(Ao), I < j <1,

for both solutions W: ooAo I arrÄ,rt * br,+rBr., and W: ooAo *
* brtB». Thus lemma 2 is true if j < l.

If j:l>l and W:aoAo*axLn*br,+rBr,+r, then we have,
bl. (9) and (16), ti : aiti (Ao)- If j :1> 1 and W : aoAo * bilB2,
then il, follows from (2), (9), (I3) and (16) that

ti -- a\ti (Ao) * aob»z(AoB'o - BoA'o) : *iti (Ao) | arbr,.

Next, let jS" satisfy l<j<21. Further, let ör,'where p isa
lational integer, denote

^._ll,ifpisodd,", - lO, if p is even.

Therr we obtain both vectors W : ooAo f ör,Bl and W : aoAo *
-7 t:,21Ä,21 * br,+,Br,+, fom the vector

\ill : 0oAo a öoar-t Ap-t + bpBp

[r;' choosing ? : 2l ot p : 2l + l, respectivel5'.
So ,for proving both cases of lemma 2 simultaneouslv, let

W : troAo a örao-Ao-, ! bpBp ,

x'lrere g :21, or p - 21, + l. Then we have, b1- (9),

I.r)p-r : asAr-r + örfrr-tAo ,

wr+r : 
!o^.0*: 

+ öreo-tAz + bpBl ,

So \ye get, by usi*g the definition (16) of tj,
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ti : atrti(Ao) * ö,aoao-r{, ("_ii- t)iAiA;i-p+t-i

2j \ zj-p I

- I t- t)tAt_p+LA;_,1+ z ) f- r)tA;A21_o_;l
i:p_l I i:0 )

* aobp{, (ä, ,- r)'A,B',i-o-, - i ,- t1'a,-oti,-,)

2j -p-r I
* , 

,Z_u 
(- l)tAiB2i-r-r-,i

: atrti(Ao) * *oon{"'7e \t(A$;j-p-, - (- L)pBA;j-p-)
I i:o

zi-p-r I
+ 2 > (- t),A,Bri_p_r_;[.

i:0 )

We now put 2j - p - m and.use (2). So we get the following equations,

^ [" ^ t / . n-itlzh
ti : alti (Ao) * ",u,1;2,(- r),1,4, (r;_,*, + (- l)--, Z,; AL_,_,*,

m-i+r 2zh-r \ /
+ (- r)--' Å 4h - r)rA^-,-^*,)- (- r)'A;-,[,4,*, *

+ (- ,),'ä,#o,-,.))*ä,,- t1,t,(d^-,+ (- r)- ,-ri,#o--,-))

- a,ltj(Ao) * aobp{|ärr- L)t(aA'^-,*r - (- L)rA:,-,A,a,,)+

*å, ,- L)tAÅm-il *

- (- L)oA;-,,:i, ff^,-

m-i +r Zh
L)*A, 

Ä HA;-,-å+I
zfn /

2,4(\(-

[*m-i
* aobpt å å (- I)-

or'r{

,.r) l

#,^,o*-,-ol - a1ti(Ao) *aobp

nt, I
+ )"f- \tAiA*-rj

zh

H A'A*-'-o +

(z m

1;> (- L)t(AAl*-,*,
[ ! i:o

+ ,ä, ä,,- r)--r

(- r)oA;-,A,*r)

I rn i+l
+ , za,obpå 

,Zr( 
(- L)*A*_,Ai_u*, (- L)rA*-iAi-h+r)z;
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I
: a,lti (Ao) -i- 

1örzoobo(Aoa^*, - A**rA'o)

(z ^ a\it Å Ä , * 
.r ta ör-{.lobetrå,- l)i(AiA,,-i r - A'^-,A,,,) f ) (- l)tAa^;S

| [ m iir 

t:' 

,o
+ ; (- L)e zarbrl > å (A^-,A',-o*, - A'*-,A,-o,) 

^ 
- (a,"+rA;

, li =_t[.0

I [ --r
- A^*rAo)l: 

"?,t, 
(Ao) * öo-$obt l') t- r)tAiA^ir-, f

) [i-o
m I I ,r+tffh m

+ >(- r)iAiA^,[ +t (- T)ezaobo >; > (A^ ,Ai-o,r-A'^-,a,-onr)',"0' 'i r' -'1'-itt!i-'f-1

: alti(A,) * ö,-$obr 
{,ä,- 

t)taiA;+,-i*,åt- \'A,A--,}

_lalt16,o1 , if p:21 +r,
- 

l"Zr, (Ao) t aoboLy(Ao) , if ,p : 21, .

We assumed that j > l. Ilence nut 0. Therefore, by (13), ,-(40) :0.

From this it follows that lemma 2 is true when 2l > i > l.
If. n22l: j>l and W:aoAo *aiAi f Ö;-.rB.;1r, then we can

deduce, in the same way as before, that the term with coefficient oob;a1

vanishes. Therefore,

ti: u?oti(Ao) * o,o,l"(=r, ,- r)tAtA;-t -,y*,e UA,-iai-,)

j-z 
1

+ ,,å (- rltAÅi_,_,- AsAir|

: a?oti (Ao) * ooai{z(Aoaj - AiAl a Aoai-}.

So lemma 2 is proved.
Lemma 3. Let n 2 2, anil let

W : aoAo { ö*a^-rL.-r + Ö"B" | ö^ar.-r[rn-,

be a soluti,on of Q(ru). If ao + 0, then

tr 'l 
-

t, : E(z) + (-r)" l^@(wr*'" - w^wL) * wow,-r) - b"lb"log z,

where E(z) is an enti,re functi,on of z. (Here, again, ä, : l, if rz is odd,

ä, : 0, if za is even.)
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(21)

Proof. \lte have, lr). (9),

lDO --:- A,gAg ,. . . t W,r--! : ff()J,, I :

w,,_t : &oAu__t + önfr,r_tAa ,

W,t, --: &04,, i- ånfr,, ,Å, -j- (l,r.fln .

aaa

wz,r_-.) -- eaÅ2rr*? -J- {),ro,,, tA,,. r -l- l},,li,,, i r),,fi,r,, lA,,

From this it follows, by (16), that,

t^ : EJz) 4 uob,{.( :' (- t)tAtR,:,, i ( - l)i/r,,,/1,,,)"'"[ \r, i n-] ')

+ ,",:;, (- r)iAiB,,-,--, * (- r;''';., ,ao)

+ (- I;'-1ö,a,.._,ä*{z(AoB, - BrA'r) -, JrBo] ,

where Er(z) is an entire functiort of :, Iict,ause t.lxr firrrcti<tns A;(z) and,
A:@)eE,.

By (z) and (I3).

z(ArB'r- BrAL) 1- AoBo: -{z(AoAi -;,.fol i Jii}tc,ge: - toge.

Therefore, b;,'using again (2), u.e obtairr

[ "-1t": Er@) -r aobu {r I t- l)i(AiB',, -; - B,-,1,)
[ ;.0

* ,ä ?- rYA$*-, , * (- L)'-lA,,-tl,o| - n,,,,,-,ö,, rog:
J

[2"-t { /n.i tzh: Ez@) * aob*j;) t-\tlL(- t)''l \ t - r'
[-,_o t \ 170 h!''» ih t

^-.:r ZZh-t \ "-.i t Zh Ir s 

- 

Å .,-o,rl_d:t_J;,,-; . .'_ s t' f, z(h - t)!--' I fu ltt. "', ; n t1

*å,,- r)'A,(- ry'-':l,fiAu ; n : ( r)"'-{,,,Ro}

- ö^an-rb^log z

_ IZ n--t n-i rt Zh:Er(z)*aob,i;å 
,ä (-t)"(AÅ:,., rr r .t',.f,, , n,) 1;

20
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rzh I
+ (- 1)"å ntA,,rl, o ,.i* (- L)"-tA,-r(Ara Aologz)J

- öna^-rbo 7og, z

: E(z) f (- l),auä, 
{;,å 

" 

nJ,'{r,r;_i_,, f 1 - A,,A,,_,_ *)';

- f,ro,oL -* Å:,Aiz 4- Å,A^ , ros ,) -- ö^a,,-,b,tog z

: E(")f (- 1),,a,ö"{;,:, {r" ,ä 1A,A',;, o.-,- A',A,,+r*r-;)

{ z(AoA, -- A,"A;) log z 1 AoA^.-.r,"* r} - ö,,a,,-rbnlogz

: E(z) f (- 1)',oob,,(z(ArA'- - A"A;) * AoA^-r) 10gz - å^«,n-rb,, log z.

So we have

(22) t. : E(z) -1- i(- l)au(z(ArA',, - A,,A;) * AoA,*r) - d,,rc,-r) b,logz,

wlrcre E(z) is an errtire funct'ion of a'

Now, because n ä 2, it follorvs from (21) that

z(wowi* - w,ut'r1 f 'r.'.,tr',.. ,

: z(aoAo @oA:" + ö^a,,- rA| + ö,.B;) - rtuAo QroÅ, i öna,,-rA, + b"Bo) )

I aoAo(aoA^ ,, -l- d,,rl,-,r4u)

: cå{z(AoA:" -- Ä,,a;) -f lud,..,} { ttob, a östutt',,-r,

since, by (13),

z(ArBo - BrA'o) : z(AoAt -' ArA'u) + ,{i : ,o (A0) : I .

Thus 'we obtain

(- I)"oo @(AoA,- A,Ao) f iu/,-,) - ö,{{u.-1

: (- l) {u,u (z(ÅoA^ ^ A,,A;) * AoA*-.r) i- ö,,o,,-,}

rr I: (- t)'tA (:(rlorr', - rr',,rri) { tco'tr,,, 
') - b,,i .

By (22), this givts Iemma 3.
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§ 6. Two lemmas anil the beginning of the proof of lemma I

At first we present trvo lemmas by Menr, n and then begin to prove
lemma l.

Lemma 4. Let E be an extensi,on field, of C(z) whi,ch is closed, und,er
d,ifferenttati,on. Let f be an el,ement of some ertensi,on f,ield, F* of F such
that f ,is algebraic oaer F, while ,its ileriuatiae f' lies in F i,tsetf. Then
f i,s an element of F.

Proof. See [3] p. 155.

Lemma 5. Let W be any solu,t,i,on of Q0) such th,ot Lo (W) + O.

Then the functions
'lilg 2'lll1 1?.U2 7 hDg , [,g , t1

are algebraically ind,epenilent orser C(z).
Proof. From the proof of Merr,nn's lernma 5 (see [B] t,p. l5g-l6f)

it follows that l,he fiurctions L»y'u)1t 1t)2, ts, t1 are algebraically independent,
over C(z). By substituting the function u, by the function f, in the
proof of MaHLER's theorem t ([3] pp. f Gl - 163) r!-e see that lemma 5 is true.

Next we begin the proof of lemma I. rvhich .rvill he performed by in-
duction orL n.

ft follows from lemma 5 that lemma I holds rvherr n, : 0 and n: l.
We assume that this lemma is true v'herr ra : k - I > l. This means

that if
W : (.a,0, uL,,. ., ?rr!Ä,r)

is any solution of Q@ - 1) such that the conditiorrs

Lo(W) * 0, Z, (W) : L*_t (W) : 9

are fulfilled, then the functions w(Zh - l) an<l f(Å: - t) are algebraically
independent over C(r).

By using this assumption rve prove. in § 7, § 8 aricl § g, that if
W : (eoo,w!,.. ., ?ar,lt,r)

is any solution of Q@\ such that it satisfies the corrclitions

(23) Lo(W) + 0, Zr(W) : Lt_r (I[I) : 0,

then the functions w(2k I l) and t(k) are algebraically independent,
oYer C(z).

We split this proof into three steps. 'Ihe first, tlo of these steps we
state as lemmas and then irr the third step lve conclude the proof of lemma
l. In all three steps W: (zro. ,u,r,...,,uru,,r) tlenot,es asolution of e@)
satisfying the conditions (23).

22
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§ 7. The first step of the proot ot lemma 1

Lemma 6. The functi,ons w(2k - l) and, t(k) are algebrai,cal,l,y ind,e'

pend,ent ouer C(").
Proof . Because W : (?uq, uL,. . . ;t»»"+r) is a solution of Q@) such

that the conditions (23)

Zo(W) : Co * 0, Ir(W) : ... : Lr,_:(W):0

are fulfilled, the vectot (wo,'u)r, . . . ,wzt"-t) is a solution of Q@ - l)
satisfying the conditions

Io(W) : Co * 0, Zr(W) E ... : L*-z(W) : o.

Hence, by induction hypothesis, the functions w(zk - l) and f(k - 1)

are algebraically independent over C(").

Assume now that the assertion of lemma 6 is false. This means that
the functions w(Zk - I) and t(k) arc algebraically dependent over G(z).

Let F1 be the extension field

Fr : C (z,w (2k- 1), t (k - l))
of C (z).

Because the functions w(2k - 1) and t(k - l), but not the functions
w(2h - l) and t(k), are algebraically independent over C(z), the function
fu must be algebraic over F1.

By the relations (19) and (20) Fl is closed under differentiation.
X'urther, by (20), tl" lies also in F1. Hence, by lemma 4, t6 itself must
be an element of Fl.

Therefore, there exists a rational function

R : R(z,r(2lt - l), u(lo- I ) ),
wlrere r(zh - l) and u(k - 1) denote the indeterminates ny fiy . . . ,nz*-r
an:id uo,%!,...,?r&-1, respectively, in C(2, r(zlc - l),u(lc - 1) ) suchthat

(24) t* : R(2, w(2h - t), t(k - I) )

identically in z.

We now put (as Ml.rrr,nn [3] on P. 157)

AR AR AR
R*(",r(2k-L),u(lc-I) ): Ar+ a*oUo+ 

^h*..-*AR AR AR AR
+ a-r*ra»"-r * auooo + 

^\* 

... * 6uurao-r,

where, accord.ing to (19) and (20),
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(25)

Uz;+I : §z;+, (z , fr(zd + 1) , u(i) ) ,

i:0r1r...,k 1,

11

j : 2r3r...rk- 1.

further,Let,,

W : (#0,frL,...,frr,"+r)

be any second. solution of Q(k) for which

,o(W) : Co+o, rr§r-) :... :Lo*r(W) :0.
ff rve state, according to (16),

io : fr'o , lt: z(r7rr7; - orrvl) * frofr, ,

_ /i_L 2j \lj:" { 2 f- L)'fr,wii-,- ) f- \'r,,*iri_,\*
\ i:o i:lJr /
i-2

+ 2Z(-t)ifiifr2j_,_, * (- t1i',t2,_rrvi, j:2,8,...,k,

it follows that the equations (r9) and (20) hold for the functions er (2a)
and t1k7, where these notations mean the functions rZs, frr, , . .,z7ro altcl
ior-t1, . . .,it", respectively.

So it follows that if we set

r(2k - t) : rfr(2lc - t), u(k - r) : i(tt - t) ,

then we have

(26) R*(r,fr(zk - r),i(k- t) ) : *OO,u(2tt- t) , iltc - r11.

\Ve have, also,

R*(",w(zk - t),t(k- t) ) :*"OO,w(2k - L),t(k- r) ).
Ilence, by (20) and (24),

(27) R*(",w(2k-l),t(lc - t)):T*(z,w(2k - t) ,r(f - r) )

identically in a.

24
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The functions w(2k - 1) and t(k - l) are, by induction h5ryothesis,

algebraically independent over C(z). Therefore, it follows from the equation
(27) that

(28) R*(",r(2h - L),u(h - l) ) : Tx(z,n(2k - r),u(k - l) )

identically in the indeterminaLes z , x(2k - 1) aud u(k - l).
Now, by (20),

d'i*

i : Tn(z ,tt;(2lc - 1) , t(k - L)) ,

and so we have, by (28),

d,i*

i : R*(" ,t)(zk - L),i(k - l) ) '

From this it follows, by (26), that

ili* d -
i : 

a"R(z , 
fr(Zlc - I) , ,(k - I) )

identically in z. On integrating, we obtain the relatiorr

(2e) v,o: R(2,1v(2k - l) , i(k - L) ) + c (w),

u,here C (W) depens on the special solution W of Q(k), but is inde-

pendent of z.

We choose now

W : aoAo * a»"-rLro*, * b»,,-rBn"-r,

rvhere (.t,s t &zk-z and bro-, are complex numbers satisfying

eo : lC, t' 0, aobr*-, | Zaras-z : 0, btt -, * 0,

Hence, by (I2),

,, (W) : Co,'r (W) : L*-r (W) : o ,

and. so the equation (29) holds for this solution W.
It follows now from the choice of W and. from lemma 2 that

I,7o : asAs,...,frr*-t: &oAzt-t,fDr*-z: &gAn"-, i a21,-2As,

t_
(30) {r, : aoto(AJ, L : aZtr(Ao),. ..,1*-r: aåtr"-r (Ao),

I

[i* : a\t*(Ar) * ön,2ctsa2{z(AoA'r- ArA;) * ArAr}.

So these functions are entire functions of z, brrt
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frz*_r : eoAr*_, * (arn_, * brn_r)A, * bro_rAolog z .

Thus the left-hand sid.e of (29) is an entire function of z and the right-
hand side of this equation has the explicit form

R(2,fi(2k - 2),&oArr"_r * (ar*_r*b»"_r)At*bro_rArlog z ,
t1n-11)+c(W).

The solution Ao:(1o,Ar,...,Aro_r) of q@- L) satisfies, bv
(I3), the conditions

Zo(Ao) : L +0, Zr(Ao) : ... : Lt"_z(Ao) :0.
So we can deduce, by induction hypothesis, that the functions

Ao, Ar., . . ., Arr-r, lo (Ao), f, (Ao), . . ., f*-, (Ao)

are algebraicall-r, independent over C(z). From this it follows, by (30),
that the entire functions

w(zk - 2) , Aro_, ,i1k - t1 ,

and. so also the functions

fr(zk - 2) , Art"_r,i1to _ t1 and log z

are algebraically independent over C(z).
I{ow, either -r? : 0 identically in z , r(2k - I) a,d u(k - t) or -E

can be presented in the form

7) Potlo_, * ... * Po

'n: Qjrg;-;a..*o;'
where p and q are non-negative integers, po,...,pp,es,...,e, are
pol;rnomials in z, r(2k - 2) and u(k - l), such that the pol;,rromials
Po and Q, do not vanish identically in these variables. If E has the
later form, then we have, by (29),

(ä - CtWl ) {Qr@,r0(ztc - 2),i1tc - 11 ) frlo_, + . . . +
Qo@ ,rv(2k - 2) ,, (/, - l) ) )
: Pp(2,fr(zk - 2),i1n - y)fror*-, + . . . +
Po@ , i;(2lt - z) ,i1tc - t1y .

Since ,-r - C(W) € E andthefunctions fr(2k - 2) and iltc - t1 together
with the functions -4ro-, and log z are algebraically independent over
C(z), this equation implies that p: q and
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ir-c(W) :'ffi
Hence,

R(2,il(2k- r), t(k - t), :ffi
identically in z. By the algebraic independence of the functions fi(2k - l)
and (e - 1) it follows that this equation must hold identically in z,

fi(2k - l) and l(k - L\. So the function R(z , r(Zk - l), u(k - I) )

does not depend implicitly on the variable rro-r.
Therefore, R: R(z,r(2k - 2),u(lc - 1)), and so the equation (29)

has the form

(31) i1" : R(z , fr(ztc - 2) ,l1tc - t1) + c (W) .

Now, if 2k-2>k+ I (If k:2, then we can continue from
the equation (35).), v'e choose

W : aoAo * bro-rBru-, ,

'w-here ao and boo-, a're complex numbers satisfying

"o 
: l/q + o, bz*_z * o.

It follows no'r,r', by (12), that

.to (W) : Co, .t, (W) : L*-r (W) : 0 '

By lernma 2

in: asts (Ao) , i, - atr\(Ao),. .. ,lr-r: a?otk-2(Ai ,

i*-t: afrto-, (Ar) * aobr*-r,i*: af;tx (Ai .

These functions and the functions

ttro : a,o1lo, . . ., frrk_, : aoA»_t

are entire funct'ions of a, but

fozr"-z: drAr*-, * b»"-rAt * bro-rAologz .

We can now see, as before, that the equation (31) can hold only if the
indeterminate fr21,-, does not occur in the function R. Hence R -
R(z,r(Zk-3), u(k - r) ), and so the equation (31) mustbeof theforrn

(32) h": R(z,n(zh - 3) ,l(k - L) ) + c(w).

27
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l(ow, if zlc - 3 > k + l, we take alternatively

W : fioAo * &r"-rAr"-, * br"-rBr"_r,
rvhere

(33) eo : {Co t' 0, aobr"-, { 2aoar"-2: 0, ö""-, f 0,
trnd 

W:croAo *br"-rBr"-r,
'rvhere

(34) "o:\/C, +O,bz"_2 +0,
s:ft-1, k-2,..., until 2s- 1_:k+1 or 2s-2:Ä;:1.

By (33) and (3a) these solutions satisfy the conditions

,r(W) : Co,rr (w) : ... : Ln_t(W) : 6.
Further, by lemma 2, the functions i1k1 are entire functions of z for trll
these solutions. rn the same way as before (see p. 27) lve can nol!- clecluce
that rrone of the indeterminates *ro-, , fizh-1 . . . ,frt"+t carr occru. irnplicitlr-
in l?.

Hence
R:R(z,n(k),u(k-1)).

So the equation (32) has the form

(35) l*: R(z ,,7(k) ,i1tc - t1) + C(Ur-) .

If fr is odd, we choose

W : a6Ao * an_rA*_, * a»"_rA»"_, I bt"Br,,

n-here ay a1"_11 arn_, and bt" are complex numbers satisfi-ino.

( 36)
a,k-rbn * 2aoa21"*2 + a,?k-r - 0 ,bn + 0 .

From these equations it follorvs, by (12), that

Ic- 1 k-L
z(r,u'or.ur, - wort:'n) - z 

å 
(- r)iw;w'1,-i -l > (- l)iu';r{'Ä.--1-

1r- r\
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uhere r is a rational function of its variables. It, follor,vs, by (37), that also

/tc-t\
e(rrirrr - rnoal): r(2,fr(k - tl , tl 2 /) .

Therefore, b1' lernrna 3, the left-hand side of (35) is

rr /r-r\ 'l

E(z) * 
{;; 

,r,. .it(h - t) , r\-z-/\ - tronr*,) +bklbklogz '

B"r. lemma 2

7o : ooto (Ao), [, : a\tr(Ao), . ..,i*-, : altk-z(Ao),

L-, : ofrtn-, (Ao) * aoar-r{z(AoA'*-1- A*-rAi * AoAr-} .

I-urther, it, follolr,s from (18) that

I* r - afrr*-,1A0; +T 6tL- Go-,(z,t,a(k - r),r(L;)'* r.-or-n-,,' .
woz2

Tlre functions Ao, AL, . . . ,A* and fo (Ao), f, (Ao), . . . ,fn-, (Ao) are, by
inductiorr hygothesis (see p. 26), algebraically independent over C(z).

Therefore, the entire functions

u-(k - l) , A*, (Å, - I)

arrd" the logarithmic function, logz, are algebraically independent over C(a).

Thus, sincc the right-hand" sid,e of (35) is

R(:.,7{k- I),rr,o:16f (ar-r*b-)Y +b}u-'ologz,ilk- 1) ) + c(W),
Lto uo

u'lrere R: R(z,e:(1."),u(lc- I) ) is a rational fuuction of its arguments,

the equation (35) cannot hold unless -E is an entire linear ftrrrction of the

argument rr. This means that

R(2, r(k\, u,(k - l) ) : Rr(2, r(lt- 1), tc(k - l) ) +
Rr(2, r(k - 1), u(k - | ) )m,

rvlrere rational furrctions -8, and E, do not depend o\t fr*.

The equation (35) becomes now

[r /lc-t\ I
E (r) * 

too 
tr{. ,u-(k - t1 ,i[ z )) - E'ofrk-,) + bnib;togz

: Rt(2,Iv(k _- 1),i(k - 1) ) * Rr(2,fi(lt-t),t(k - r) ) (aoar+

* (an-, { br")A1* b*Aolog z) f C(W)
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and requires that

R, (z , fi(k - t1 , iltt - 1) ) bl"aolog z

[t /tc-r\ ): 
l"@@ ,n(k - l1 , il z )) - aor,o-,) + ö'j b1,togz.

X'rom this it follows, because bt" = 0, that

Rr(z,w(lc- t) , i1* - t1):;r(z,u-(k- t), i(?) ) -ilr-,

, {cobn
l-uo'

the functions ,r(k - 1) and
algebraically independent over

frr this equation
duction hypothesis,

l(k 1) are, b), in-
C (r). So \r.e have

ln r\
'"\ , 7l ;u,--r

(38)

I
Rr(r,n(k 1) ,Le(k-1) )--r(z,r(k I)

;,t, g

*{couu.
fra

From the definitions of R, -8, and r it follor,r.s that these functions
do not, depend on the special choice of the constant br,. It is possible, on
the other hand, to satisfy the conditions (36) for infinitelv many ehoices
of. bn =* 0. Hence we have a contradiction in (38).

Next we proye that the same kind of contradiction arises in the evellcase.
We choose

W:eoAo *buBr",
rvhere

(39) ao:{Co*o,bx*0.
It follows, by (12), that I[ satisfies (37)

,o(W) :Co,rr(W) : ... : Lo-r(w) : o.

The left-hand side of (35) is thus, by lemma 3 and (18),

lr _ lr \ I
E(z) *1;(lo-G*(z,w(lc - I) ,tt; - tll+ fr,iu-n_,) _ bnlbr"tog z.

lwo, n \z I )

The right-hand side of (35) has the explicit form R(z , asAs, . . . ,

6oAo-r, aoA* * bnAl I b*Aolog z, i1k - 1) ) + C(W), where, by lemma 2,
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lo: noto(Ao), rr' : *?ti (Ao) * öi,4zaobr, j : L ,2,...,lc - L.

Here, by induction hllothesis (see p. 26), the functions As, AD . . . ,A*
and fo (Ao), f, (Ao), . . . ,t*-, (As) are algebraically independent over C(z).

Hence also the entire functions

Ifr(k-L),A*,i1tc-t1
and the logarithmic function, log z, are algebraically indepe.ndent over
C(z). X'rom this it follows that the equation (35) cannot hold unless -B is
an entire linear function of the argument rr. This means that

R(2, r(k), u(l§ - 1) ) : Rr(2, r(k - I), u(k - l) ) +
i Rr(z , n(lc - ll , u(k - L) )ro ,

where rational functions -Br and J?, do not depend on nÅ.

Therefore, the equation (35) has the form

ft -ltc \ I
E(") *[a(r+- G*(z,rv(k - l) ,rb - I/) + E'oE'*-,) -bt"lbt"tog z

: Rt(2,fi(lt - l),i(k - 1) ) * Rr(2,fr(lc - l),t(k - l) ) x
(aoA* * b*A, a br,Aologz) + C(W) .

This implies that

R,(z ,n(k- r) , tlrc - 11) : *$5 cÅz,n(tc - t1 ,i(!z- r), ) * n*-,.worr

_\/cobo
fro

Since, by induction hypothesis, the functions fi(k - 1) and i1n - q
are algebraically independent over C(z), -8, has the explicit form

Rr(z,r(tc- r), u(k -r) ): *^*r- Go@,n(t§ - r),"(+- r), ) * r*-,EOTT

_ t/cooo
fro

31

Rr(, ,rr(lt 1) ,i(k 1) ) bnAolog z

[r -ltt \: 
ta $y- G1z ,n(tt I) ,tG ,l ) + nonn-,) ur\urlog e.

Because bn + 0, it follows that,
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X'rom the definitions of the functions R, R, and G,2 it follou,-s that
these functiorrs do not depend on the special choice of the constant ör.
By (39), it is possible to choose bt * 0 arbitrarily. So we har.e a con-
tradiction rvhich proves lemma 6.

§ 8. The seconil step of the prool of lemma 1

Lemma 7. The functions w(2k) and, t(k) are algebraical,lg ,ind,ependent

oDer C(").
Proof . Assume, against lemma 7, tlnab the functions w(2lc) and f(fr)

are algebraicrallv dependent, over C(z). Further, let J,rbe the extension
field

Fz : C(z ,w(2k - 1) , r(fr) )

of C(z). The functions w(2k - 1) and t(k) are, by lemma 6, algebraicallv
independerrt or.er C(z). Therefore, wr," arrd hence also

g: w»" I wo

are algebraic over F2.
By the relations (19) and (20) F2 is closed under differentiation.

Further, b1- (18),

11(40) q' : 
wi(utrr*i1"- wl"w'i:m$r" - Gr,(z,u(2k - I) , f(f - 1) )),

where Gr is a rational function of its argumerrts. Hence q' lies in F2.
This implies. by lemma 4, tl:rat, q itself is an element of Fr.

Ilence there exists a rational function

R:R(z,x(2k-t),u(k))
in C(2, r(2k - l), u(k) ) such that

(4I) 4: R(z , w(Zlc - l) , ,(k) )

identically in ?,.

We put again

R*(* , n(zk 1) , n(k) )

AB AR AR AR

- C * 6*Ao -r 6*'!/t -f . . + A** .U*-r 
-r-

AR AR AR

arrooo * 6o% +''' + aunuk 
t

I)it i - 0, 1, . . . ,k 1, denote tlr.e expressionsr,vhere glzi, Uzil-r and
(25) and
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a6: llp(z , r(2k - l) , u(h - 1) )

according to (20).

Let 
w:(d0,frL,...,frr,"+r)

be any second solution of Q@) satisfying

,o(W) :Co*o, Lt(W) : ... : r,,-r(W) :0.
Then the equations (I9) and (20) hold for the functions t7(2/r) and i(ft).

If we now choose

r(zlc - r) : fi(2k - I) , u(k) : i(k) ,

we have, by the definition of R*,

d
(42) R*(",w(21§ - l) ,i(ft) 1: *R(2,fr(zlc - I), (tu) ).

This equation holds, of course, for the solution VI, too. Therefore,

by using the equations (a0) and (al) we get the equation

R*(", w(zk - t), t(k\ ) : *Qx - G*(2, w(2lc- I), f(i, - l) ) ) .

Here the furrctions w(zlc - 1) and t(k) are, by lemma 6, algebraically

independent over C(z). So this equation implies that

(43) R*(r,r(zk - L),u(k)) ::@x - G*(z , tc(2k - r) ,u(k- l) ) )
veo

identically in z, r(2lt - L) and, u(k).
We put, in analogY to q,

d: fr* I 6o'

Then we evidently have, in analogy to (40),

E'- I
q : z?vl(in- G*(2,fr(2lc - l) , i1f - t;1;,

whence, by $2\ and (43),

dod-
d": d"R(z , w(2k - l) , l(f) ) .

Srhen we integrate this equation with respect to z, we obtairr the relation

(44) d: R(2,fr(ztt - 1),(r) ) + c(w) ,
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where C1W; aenotes a quantity that depends e1 W, but is ind.epend.ent
of the variable a.

The proof of lemma T will now be concluded" by deducing a contra-
diction from this equation (44).

We choose, therefore, the special solution W u. follows

W:aoAo *br*B»",
where oo and ö,p are complex numbers satisfying

ao:{Co+o,b2h*0.
This choice, b;. (12), satisfies the conditions

.Lo (W) : Co, r, (W) : L*_t (W) : o

and so also the equation (aa) holds for this solution.
The functions ttrs:_aoAn,w1 : tr,sA1,,..,fi»"_r: aoAzt_r and, b1.

lemma 2, t]ne functions i(å), too, are entire functions of a. Hence the
right-hand side of (aa) is a meromorphic function of e, while the left-hand
side of this equation,

§ 9. The end of the proot of temma 1

we nou' conclude the proof of lemma I b;' proving that the functions
w(2k | 1) and t(k) are algebraically independent over C(r).

Let us assume that these functions are algebraicarlr dependent over
C(z) and denote by F, the extension field

Fa : C(z , w(2lc) , t(k) )

of C(z). Then it follows, b}r our hypothesis and. Iemma 7, that wtk_t
and so also the quotient

Q: wz*+r I wo

are algebraic over FB.

By the relations (19) and (20) Fs is closed und.er differentiation.
X'urther, because Z, (W) - C*, we have, by (6) and (Ig),

- Aru brolA, \q: ;; * ä(ä r tog z),

where brn * 0, has a logarithmic singularitv at z : 0. This contradictiorr
proyes that lemma 7 is true.
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z(wowlro,, - *L*rn*r) : r(2, w(2k), t(k) ),

where r is a rational function of its variables. X'rom this it follorvs that

I1
(45) ,' : ;?(w'*+,.wo - wz*+rwi) : 

mr(z , w(2k) , t(k) ) ,

and tlris implies lhat q' lies in F3. On applying once more lemma '1, it
follows then that g is an element of F3.

So there exists a rational function

R : R(z , r(2k) , u(k) )

irr C(2, x(zk), u(k) ) such that

(46) 8:R(z,w(2k),t(k))
identically in z.

Put again
AR AR AR AR

R*(r, x(Zlt),u.(k)) : A" + A%yo + A*rAt l . . . * 
^U.x 

-r

AR AR OR

* V^ao+ 
^arl...l 

*ar,

where Azi, Uzi,,.t and 't);, 'i : 0, L, , , , ,k - !, denote the expressions

(25) and

U»": S»"(z,r(2k),u(k)) ,'t)h: T{z,r(2lt - 1) , u(k - l))
accord.ing to (19) and (20).

We now proceed as in the proofs of lemmas 6 and 7. Let

w:(&0,fr!,.,.,ilrr+r)
be arr arbitrary second solution of Q@) satisfying

(47) ,o(w) :co+0,r1 (w) :L*.I(w) :o,Lh(w):ck.

From tliis it follows that, the equations (19) and (20) hold for this solution.

On choosing nolr

n(2k) : fr(2k) , u(k) : i(k) ,

we get,, by the definition of -B*,

d_
(48) R*(",1.0(2k),i1*71 : a"R(",w(zlc),t(k)) -

Also,
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R*(2, w(2k), t(k) ) : *rO, u;(zk), t(k) ) .

This implies, by (45) and (46), that

R* (2, w(2k), t(k) ) : fire, wpk), t(k) ) .

Because the functions w(zk) and f(fu) are, by lemma 7, algebraically
independent over C(z), this equation requires that

(4e) R*(" , r(2h) , u(k) ) : )rO , r(2k) , u(k) )

iderrtically in the indeterminates z, r(2k) and zc(k).
If we put, in analogy to Q,

Q: tV21a1 | frs,

then, by (47), the equation (a5) holds for the solution W. tt i* means that

I
q' : 

"a1r(z 
, u'(2lc) ,l(k) ) ,

u'hence, by (a8) and (49),

ddd
* : * R(2, i.(2k),-t(t ) ) .

Wherr we now integrate with respect to z, we find that

(50) 4 : R(z , rv(2k) ,l (k) ) + C(W) ,

rvhere c(W) again d.enotes a quantitv that depends orr W, but is in-
dependent of z.

Next we choose

W : 0oAo * aroAet" * br,,1rBro;, ,

n'here ds, &210 and äro*, are complex numbers satisfving

oo : {Co t' 0, aobr6*, | 2croa,1" : Cr",blk-l + o .

This choice implies, by (f2), that

,, (W) : Co,r, (W) : L*_t(W-) : o, & (W) - Cr".

Hence the equation (50) holds for this solution.
Because the functions
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Io: eoto(Ao) ,i, =-_ Q?*tL(Ao) ," ' ,lr: a?ott' (Ao)

are entire functions of z, the right-hand side of (50)

function of z. On the other hand, the left-hand side

q - +' )-!!!+Lvt+ ob''" ros
Ao ' o, Aot oo

has a logarithmic singularity at the point z :0. This contradictiou
proYes that the functions

w(2klI) ,r(ft)

are algebraically independent over C(z).

So lemma 1 is true when z : k. From this we can deduce, by inductiou,
that lemma 1 is generally true.

§ 10. The proof ot theorem 1

We can lrorv at, Iast prove theorem I itself.
Let, 1y : (zoe, w!, . . . ,wzn+r) be a solution of Q(n') such that

Io(W) :Co+0, Zr(W) :Ln-t(W) :o'

n'rom lemma I it follov's that the functions w(2n I l) and t(n) arc

algebraically independent over c(z). To prove theorem I we show now

that, tlris implies the algebraic independence of the functions w(2n -7 l)
and w'(n) oYer C(z).

Weprovethisbyinduction on lt, thenumberof thefunctions w'(k - l)'
From the algebraic independence of the funct'ions w(2tt, | 1) and f(n)

it follows that the functions w(2n I L) and w[ are algebraically in-

dependent.
Assume now that the functions w(2n f 1) and w'(k - 1), 1 < k { n,

are algebraically independent.
Let the functions w(2n ! l) and w'(lt) be algebraically dependent.

Then there is a polsmomial P: P(z,u(2n { L),A@) ) which is not'

id.entically zero in z, r(2n f I) and gr(k), such that

(5I) P(z,w(Zn + 1), w'(k)):g
identicallv in z.

85' induction hypothesis,

P-P*UT +

aoArt, * a,2pA* ,

is a meromorphic
of this equatioll,

kq



where Po, . . . ,P^ are polynomials in the indeterminates z, u(2n I l)
and y(b - I), and P- does not vanish identically in these indeterminates.

From the equation (51) it follows, by (18), that

/ tn\*
(b2) R^(z,w(2n+.t),t(k - »l\"*;) r'.. +

Ro@,w(2n + r) ,4k - L) ) :0,

where Ao, . . . ,R* ate rational functions of their variables. Particularlv,

(53) P^(z,w(2n {L),w'(k - 1) ):R^(z,w(2n + l) , t(h -L))
identically in z.

The algebraic independence of the functions .*^(2tt, t l) and t(ru)

implies, by (52), that

(54) R^(z,u(2n I L),u(lc - I) ): 0

identically in the indeterminates z, r(2n I L) and .u(ft - l).
From the equations (53) and (54) it follorvs that

P^(z ,w(2n { l) ,w'(k - 1) ) : 0

iderrtically in z. This is impossible, since the functions n:(2n f 1) and
w'(k - 1) are, by induction hypothesis, algebraically independent.

Therefore, the functions w(zn I l) and w'(k) are algebraicallv
independent. This prorres theorem 1.
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§ 11. Shidlovski's theorem

In the following section we apply Snrolovsxr's theorem, rvhich he,
generalizing Srpcnr,'s work [7], [8], presented in 16l (pp. 898-899). This
theorem deals with the transcendency and algebraic independence of the
values of ,E-functions, which Srnorr, d.efines in the follorring way ([S]
p. 33, [5] p. 339).

An enti,re funation

f@:å^#
i,s called, an, E-functi,on, if it satisfdes the following three cond,itions:

L) all coffici,ents co belong to the same algebraic number field, of fi,ni,te
d,egree oaer the rati,onal, number field, Q;
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3) there erists a sequence {q"} of natural numbers such that the numbers

enc*, lc:0, l, ...,tu, arealgebrai,c,i,ntegers,and, q^: O(n'") foreuery e) 0.

§hiillovski's theorem. Let wr: ft@), . . . ,,u)tu : f^(") be finitely
nruny E-functi,ons satisfying a system of d,i,fferential, equations

Qio+ åj:L
where the coeffici,ents gij, ,i,:1,...,ffi, j:0, 1,...,ffi, are rat,i,onal

functions i,n C(z), say with the least common d,enominator d(z). Let a be

any algebra'i,c number such that

ad,(x) I 0 .

Assume that Ny, but no more, of the functi,ons fr(z), . . . ,f^(") o,re algebra,i-
cal,l,g i,nd,eytenilent ouer C(z), the field, of rational functi,ons of z, and, that
N2, but no n'Lore, of the numbers fr(u), . . . ,f^(o) are algebrai,cally ind,epend,ent
oaer Q, the field, of rat,ional, numbers. Then

Xr : fl2.

§ 12. On the transcendence and algebraic inilependence of the numbers
Ar(o) and ,4j(a)

Menr,rcnproves (t3l pp. f 63-165)that the functions Ai(z),i: 0, 1, . . .,
are -E-functions. Since the ring of E-functions is closed under differentiation
([S] p. 33), the derivatives A',(z), i,:0, 1,..., too, are -E-functions.
Further, the system of 4n f 4 functions

At(z), A!("),,i, : o,l, .. .,2n, i l,
is,by Q(n), a solution of the following system 0" of differential equations,

Q*: 1

- Wi, W:- - -Wi - wi
ry
(J

t
wi

2

iW'-'"

functions in C(z) and
the least common deno-

The coefficients of these equations are rational
in each system (for every value of ??,- 0, I, . . .)
minator of the coefficients is the same function

d(r) - z
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It, follos.s that we ca,n use Snrnr,ovsxr's theorem, when we now begin
to investigate the algebraic independence of the function values

Ar(a), A!("),'i, : o,l, . . .,2n { | .

We prove the following theorem which is a generalization of llfenr,nn's
theorem 2 (l3l p. 167).

Theorem 2. Let a be any al,gebraic number d,i,stinct from zero. Then
the elements o! each of the follouing 2"+r sel'r of 3n ! 3 function aalues

Uo("), Ao@), Ar(o) or Ar(o), . . ., Arr(o), A'rr(o), Arr+r(o)

(55) or AL,. r(o), . . ., Ar^(o), Ar"(n), Ar,+r(o) or Ai^*r("))

(n:0,1,...),

are algebraically ind,eltend,ent oaer the rational number fi,eld, Q. In parti,cular,
4n14 funationaalues

A,(a), A"("),'i, : o,l, . . ., 2n ! l,
are transcend,ental nwmbers.

Proof . X'rom llILnr,mn's theorem 2 it follorvs that our theorem is true
u.hen lL :0 or %: L. Therefore, in particular, the numbers Ao@)

and, Ao@) are transcendental and so distinct from zero.

From the equations (8) it follows that all functions Ar1-r(z), j :0,
l, . . . ,11, can be expressed rationally by the functions Ari@), Ari*r("),
Ar(z), j : 0,l, . . . ,%, where the coefficients of these expressions lie
in C(z). The later functions are, by the corollarv of theorem 1, algebraicall-v
independent over C(z). X'rom this it follorrs that the integer Ä-, in Snro-
LovsKr's theorem has for the system 0" the r.alue irr : 3n * 3. There-
fore, by Snr»r.ovsrr's theorem, also -l[, : 3n i 3.

Let us assume now, in contradiction to theorem 2, that the rrumbers
ofat least one of the sets (55) of 3n { 3 function ralues are algebraically
dependent, over e.

By (13) we have

*(Ao@)A'r(") - A;(e)Ar(a) ) + Ai@) - I,
2j

( - 1 )t At(a)A'ri rr-,(a) + > ( - L)' A;(a)Ar, -i@) - 0,
2i +t

"rä

j

Hence, because d. + A, Ao@)

recursive relations,

,2 r... r??r.

and AL@) + 0, \r,e have the followi*g+0
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A'"tal rAi@):ffitrt") + 
"h@g - 

e'01a11'

A.(x\:ry, I
aosl ai@) - ;16 g - el1a11 

'

Al"tal r
A'r,*r(a): ffi Ari+r@) + *Ar@R*ri+r(*) ,

A,i*,(o) :ffi o;,+,(o) - ;Mfi*,;n,(*),j : t,2,' ",%'

rvhere R*rj*, is a rationa] function with rational numerical coefficients
in variables (*), which are the numbers of one of the sets

{a, Ao@), A'o@), Ar(o) or A'r(a), . . ., Ari-r@), A'r,-r(a),
(56)\- -/ Ari-r@) or Arr-r(a), Ari(o), Aii@)j .

There are 2i sets of these numbers and, respectively, 2i function. A*rj+r.
Therefore each of the functionvalues .4rr*r(*) and Ait-, ("), j :0,1,...,n,
can be expressed rationally in terms of the other one and the numbers of
any of Zj sets (56).

Hence, our assumption implies, against Snror,ovsxr's theorem, that
Nr<3n * 3. This contradiction proyes the truth of theorem 2.

§ 13. The transcendence anrl algebraic indepenilence of some expressions
involving Euler's constant 7 anil the constants i (d)

Let now e - log (zlZ). Let, further,

fn analogy to A;(z) and Bi(z), we defirre further fuirctions C{z)
by the formulae ([3] p. 167)

1 / a\ I

(57) C'121:a\A) J,(")|,:o,i:0,I,...,

where J"(z) denotes the Bessel function of the first kind. Particularly,
we have

Co@) : Jo@) , Cr(") : 
1, 

ror", ,

lrhere Y,(z) denotes the Bessel function of the second kirrd.
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denote Euler's constant. The values of Riemann Zeta f'unction will be
denoted by

s; : 6(i) :in-t,i : 2,8,... .

Moreover, we put
itj

(58) e,:27,.i;,i:0,1,...,
j:0 J.

where the coefficients 7; are connected with s; by the recursive formulae

i
(59) To:r, (? + 1) Ti+r: f (- t)"**rTi_i,,i:0,1

j:0

From the equations (58) and (59) it follows for rl 2 I that

i ri ; ri-j9 '6 s
L €i:.t y'oh_i jl:,,4oyi $ _ j)!

' 
''-t 

i e'-i:2 t;, - i) yi C=ji * Z,i ri 1t _ tt"j:0

i-r e'-'-i ,_ C,-r-i
-r§n,. ' rs/;-Lr\^, e_5LrJ

j:o '(i - I -J) 
+ zou * l) Yi*' 

1r - r ,1r

- '-2- -? ('-'-' (,: sti-r +fi6 
- r -rX 2o\ - I)Ä'sa-rJz; r

i-r i-l C,-,-i: 6i,_, + ) l_ l)osn+,2y,_ _
,,:o i:k o(i-t-i)l

?? 
ri-l i-k-t Ci-h-r-j

k:o i:o'O-k-I-l)l
i-I: i"!';_r + > (- l)os**,6,_o_,
r:o

_ "r I Z t_ r)i-rs;6;_; ._ , r,_, 
,:,

So we have the recursive formulae

i
(60) 6o: I ,,i8,:6(,_, * ) (- r;i-'s;C,_i, i: t,2

j:r
If we set

X:C*y:log(zl2)ty,
we have, b5, (60),
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(61) is : I , ,r: y,iC;: XC,-, *) (- r)'-'r, C,--1,i:2 ,3, . . . .
j:2

From this it follows lhat * is a poly'nomial of degree i in y with coef-

ficients that are polynomials in the values C(2) , C(3), . . . ,C(i) of Riemann
zeta function rrith rational numerical coefficients.

X'urther, we have /,' ::. Therefore, by (61),

1l
f; :o,i't: 

":iCo.
Now, let us assume that

Iel:;f,-,,I <i<k.

Then we obtain, by (6f), the following equations,

1 e+l
(k + r) €1"+,:.rt * xC; + ) t- 1;,-1s;4i-r-;

i:2

I I h fu+l: tr,l ; Qe*-, + >^ (- l)'-'s;C*-;) : 
" 

eo .z z .-- j7z

Hence, we have

(å:0, ci:)c,-,, i :r,2, .. .

It can be shown (see [3] p. 163) that between the functions A;(z)
and C{z) there is t'he relation

(62) Ci(z):)C,-,o,{"),i,:0,1,...,
j:0

where the coefficients 6; can be determined by (60) or (61).

n'urther it follows that

(68) C'0121 : A'o@\,C',(z) : ZC,-jA;(z) + !C,-r("),,i, : r,2,. ..,
j:0

(for the explicit formulaes, when i : 0, l, 2 or 3, see [3] p. 169).

By using the equations (62) and (63) we get, the expressions

i

A;(z) == ; (- L)i xi@)C,*i@), i : o, 1, . . .,
./ -,- 0
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{/r(*) , A{ (*) , Ar(o)

Azi_.r(*) or Afr rr(*) ,

(- L)ixi@)ci-i 1 -:Ai-,(e) ,

is
-L-l:0

where )h(z):L, th@):X,:log(zl2)*y and n@), j:2,8,...i,
are polSrnomials of degree 7 in Xt@), with coefficients that are poly-
nomials in the values eQ), C(3), . . . ,e,U) of Riemarur Zeta function s'ith
rational rrumerical coefficients.

Now, by theorem 2, we get some results concerning the transeendence
and algebraic independence of the values of the expressions /;(z) and
A',(z),i: 0 , 1 2n { l. Ifere we can omit the terms A,_r(a)lafrom
the expressions of A'r("), because a is assumed distinct frorn zero and
the numbers A{a) can be expressed rationall5, by the elements of any
set (55). Let A!(a) be the expressions obtained from A',1"ry in this
w'av. So we have

( 6+)
(- L)t7§ s@) ,

-i- (- t)iTrCog) ,

'nhere Xi : Xi@), j : L,2,...,'i.
X'rom theorem 2 it follows now the following gener.alization of Jlurr,nn,s

[3] theorem 3 conjectwed by Manrrn.
Theorem 3. Let o( be any algebrai,c nuntber clistinct front, zero. Let

Zr:log@lZ) *y, where y is Euler's constant. Let, fu,rtker, the nuntbers

A;(a), A!("),'i :0,L,...,2n iI (ri : rl. 1.. .).

be defined, by $\. Then the elements of each of the follott,ing 2" | .sets of
3n * 3 num,bers

a,re algebrai,cally ind,epenilent ouer the rational nuntber field e. In purtiuclut,
all 4nl4 numbers

A,(x),A!("), i:0,1, '. ' .2tt - 1 ,

ttre transcend,ental.
The coefficients p in (6$ are polynomials of <legree j in Xr:

log (al2) * y, with coefficients that are polynomials in the values of ((2) ,

a(3), . . . ,C(j) of Riemann Zeta function with rational rrumerical coef-
fieients. For example,



Knr.ro \rÄÄxÄNnl§, On å, conjecture of' Ma,hler 4ö

xr:ru1,+ ee)), xs:, (zi + BC(z)n+ 26(3) ),

1

)h : ii(xl :- 0 C@x? *8 6(3)zr + 6 6(4) + 3 eQ)).

Because of the fact

c(zj):(- I)j-' 9-*8,i, j: | ,2,...,
4\4J I I

where B, are Bernoulli numbers, the transcerrdence of l(2), C(4), . . . ,

[(2n), n,:1,2,..., is due to LrNnnmaNr. We have now got transcen-
dental expressions At(a) and. A! (") involving Euler's constant y and
the values ((3), ((5),...,C(2n+l), n:1,2,..., of Riemann 7,eta
functiorr. I'or example, t,he expressions

lt
Ar(2) : z}'o!) - TJ,P) ,

Az(2) : c,(2) - f,rv,(z) * i(r,. f) ro(2) ,

As(z) : c,(z) - yc,(z) * !n(r,+ 
f,) r.try -

tl r \
o (r' + in'Y + zeq) 

)ro7) ,

A4(z) : cne) - rc,(z)* I (r, +t)c,1r1 -
itl t \

aä (," * i"', + 2r(3) ) ''t'l *
Ll 3#\
Alr^ + nzY'+ s6(3)z + 

^)'t,121
are transcendental.

University of Oulu
Oulu, Finland
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