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A itensity estimate for tr-functions with a real character

1. The ilensity theorem. X'or any Dirichlet character y and for real
rx20, T> 0, define N(x,?,X) to bethenumberof thezerosof the
function L(s , il in the rectangle

Let d, be a fundamental discriminant (i. e. d + l, and either il : 1

(mod 4), d square-free, or d, : 4l{, y'f - 2,3 (mod 4), N square-free),
and write Xa(n): (dln), where (dln) is Kronecker's symbol. (fngeneral,
we shall write Io(n) : (Dln) provided (Dln) is defined). As is lrell known,
the characters ta exhaust all real primitive non-principal characters, and
the modulus of /a is ldl . I{ow, for X } 3 , consider the sums

(1.1)

(1.2)

(1 .3)

ldt <x
ll:

ldt<x
lt:

fff (o,T ,

Iv'i1m- , T ,

where .X* denotes & sum restricted to fundamental discriminants. It is
orr purpose to find estimates for these sums.

Various estimates are known for the sum

q<X 2rt x,T,r.{),
mod q,[

where Uo" ,or. over all primitive characters to the modulus g . (Bor an
excellent account of this subject, see }fontgornery [2], Ch. t2). Now, wanbing
to obtain non-trivial estimates for Årf (cr , T , X), we shall consider the
inequalities

Itrf (o, T, X) < Ä'*(o, T, X),
ItIf (o,T ,X) < li',(",T ,X).

In view of the known estimates for -ly'*(a , T , X), the inequality (f .2)
gives sharp and non-trivial results if a is near l, say o( ) f,, but near

" 
: $ the results become trivial. On the other hand, a recent result obtai-

ned by the author [l] on mean-values of character sums with real characters
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enables us to obtain for Ni@ , f , X) an estimate which is sharpest near
n : *. The density theorem to be proved runs as follows:

Theorem 7. We haae uni,formly for !r, ! o < l, T > 2, X > 3

N'"(o , T , X) u GPt* 7,21,'o68 6q .

Corollary l. There er'i,stsafunction f(r,y), d,efi,ned,for r > 0, y) 0

with
lim f@,y):0

(r,y) + (0' 0)

suchthatforanynumber§ €1 ) 0, e2)0 and,for X )X1er,er), theregi,on

o>$*f(et,ez),lrl <X"
contains no zero of any function, L(s,Xa) wi,th ld'i < X , w'ith a possible

eraept'i,on of Xt-"' functi,ons at 'most.

Corollary 2, We haae uni,formly for *lo41, ?>2,X >3
7 _6d

(1.4) I/I(*, T , X) <( min {xA r' , (xzyf"-'1t-a)} Iogae \xT) .

Corollary 2 is a combination of our theorern 1 and a theorem of ]Iont-
gomery (see [2], theorem L2.2).If 7 is »small» (fol example, ? < X')'
the first estimate in (1.a) is better than the second for or ( 0.8i14 . It rrould
be of interest to find an approach to NI(o , f , X) rryhich rvould give
estimates, better than those knorvn for .l[*(a , T , X), also floå,r a : I

The exponent of X in theorem I tends to $ as x ---> l. A better limit
would be a very deep result since it is possible that, for some d , there
exists an exceptional zero, giving to N',(o , f , X) a term > (Xldl-1)*
which tends to Xå as ldl decreases.

In the proof of theorem I we shall need some tneatt-value resuits for
.L-functions and Dirichlet polynomials (theorem 2 and lemmas l, 2, 1be-
low) from which the density estimate is deduced b1'the classical argurnents
of Littlewood and Ingham.

2. The mean-value theorem. To formulate the mean-value theorem,
mentioned above, define $ to be the set of the integers D satisfying
the following conditions:

(i) D is not a square,
(ii) D - I (mod 4), or Dt - 4IV ,

In [1] it is proved that uniformly

(2.1)

where

§r
.L

lDt<x
I l-

l{nSY

ation

-l[-1,2,3(mod4).

/n\ lz

(;/ i *xI'rogsx'

restricted to the set §»' d.enotes a summ
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Using (2.1) we shall prove that following mean-value result:
Theorem 2. We haae uniformly for X 2 3 anil for al,l, real t

>'lL(+ + it , xil l' < x( lrl + 1),loglo(X( Irl + l)) .
iDi<x

Proof.If IDI ( X then by partial summation and the Polva-Vinogra-
dov estimate we have

L(* + it,x,D)< ( Irl * r),=är',sr(n) ln- * + r,

where l[ - X( irl + IF log2X ,

se(n): 
,=*>=^H'

Hence b.y Sch.w.arz's inequality and (2.1)

iDl§x l(m§A- l§n§]Y lDl<x

<< X( l,i f I)2log1o (x( l,i + I)) .

3. Preliminaries for the proof of the ilensity theorem. X'irst note that
if D€ 9 then D isof theform D:d,az, where d isafundamental
discriminant. The non-trivial zeros of the functions Z(s,Ir) and L(s ,1()
coincide, whence a zero of -L(s,X6), lying in the rectangle (l.l), occurs
in the sum

iDIsx

>> (X ldi-,)å times. Hence

N',(" ,T , X) * ,Z; N(a , T , Xo) ,

and so it will be sufficient to find an estimate for the sum (3.1).
Let J, be the value of the sum (3.1), and let Dr,..., Q be the

rrumbers D in (3.1) for which År(n,?,2))0. Obviousll' jSJr.
Let u: Xb ,

M"(s): 
å 

p,(n)xe(n)rr" ,

-X'p(s) : L(s ,Xo) Mo@) ,

i
.II(s) : TJ xr, (r) ,

and let J be the number of the zeros of ä(s) in the rectangle (1.f). Then
Jr. 1 J , so that an estimate for J will suffice. '
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Since for Re s ) ]
L(s ,X,r) : ,äXo(n)n-" + O(X-') ,

where M:Xs(lrl +l)zlogzX, wehave

(3.2) f'p(s) :1+ > a*)(p(n)n-'*O1X-ttal
zlt!Mz

: I *.f"(s) * O1X-zn1 ,

say. The coefficients a,n are bounded by la"l ! z(n) .

X'or the proof of theorem I we shail need some mean-'i'alue resulbs for
.E'p(s) and /p(s) which will be proved in the next section.

4. Mean-value lemmas. We begin with a mean-value estimate for
l.t,r(s) | on the critical line.

Lemma 1.

(4.1) \'l?o(+ + i{l < x( l,l + 1)1og? (X(lfi + l)).
tDl<x

Proof. By Schwarz's inequality

(4.2) (I'lr"(* + u) l)'< >' lL(* + i,t , x,o) i'2' lMo(t + it) iz .

iDjsx lDlsx lDtsx
Now

(4.3) oz,\wrlt + ttl i2 (< x loga-x

by a simple application of the Polya-Vinogradov inequality (along the
lines of section 7 of []). Using (a.3) and theorem 2 in (4.2), rve obtain (4.1).

Lemma 2.

(4.4)

(4.5)

Proof. By Schwarz's inequality and (3.2) w* have

i
(,ä lf",(L + i,t) i)' <r"ä f" (L + i,t) i2

z{r,s3Mz

zz !nSMzrz

i

,), l/", 
(1 + i,t) I < i't' xria logu'(x( iri + 1))

;olsx

where

(4.6)

(4.7 )

bn:,å 'la'aÅ < - c(n),,å r(r)z(s)

ln\ i

ä\;)i§(r,) _



If n is a square, then §(ro) < X, so that the squares contribute to
(4.5)

(4.s) < jX > C(nz)n-z < jX > 16 (%)n-z < j&b (log X)z'-r.
n>z n>,

X'or a non-square integer n 2 2 we have by the quadratic reciprocity
law (Dln) : e(n'llDl) with n' e § , ln'l{ 4n, e depending on ?0 a,nd

sgn D only. The same value of za' occurs for ( log (X( lrl + l)) integ-
ers za in (a.5) at most. Hen':e by (2.1)

(4.e) 
åu'(") < Xy loge (X( l,l + l))
"7å,

for all y ! MW, for the sums

i;:-Hl./ .;'-*6) I

are easily expressed by »complete» D-sums.
Now, using again Schrvarz's inequality, we obtain from (4.5) by (a.6),

(a.8) and (a.e)

i

!ä l/", (r + dr) Dn <i'x logreoa * i'o=Z*o! (")"-',,=2,*,1'(n)n-'
n+a'

< j'X lo9126 (X( l,l + l)) .

Merlrr Jurrl,e., A density estirnate for L-fanctions

This proves lemma 2.

Lemma 3. Let the functions gr(s) , . . . , gn(s) be regular and, bound,eil'i,n
thestri,Tt qSo{or. Let

h

c(r) :åls"(s) i ,

M(a): 
lly ct,l .

Then for o, { o I o, we haue

M (o) < M (or1@ "- ") tb'- d 114 1orlb - 
o)|(o2- o1'.

n'or a proof of this convexity result, see [3], p. 401, Satz 9.3, where the
lemma is stated and. proved for squares g'"(s) . However, exaotly the
sa,me arguments work in the case of lemma 3, too.

Lemma 4. Let ä 3 o 3l , anil, let

i
v@):T?äållo,@*it)l-

Then
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g(o) < X7F-3ot2 T2-2o Jo-+logs2 (XT) .

Proof. Use lemmas 1-3 noting that j 
= 

J, that ifre + iö 
I

<1+ V"(b+it)|, and that the boundedness condition in lemma 3

will be satisfied if we multiply each 
"fo, 

(s) by a suitable function tending
rapidly to 0 for 7 < llm sl -+ oo (see [3], p. 309).

5. Proof of the ilensity theorem. It is sufficient to prove theorem I in
the case d > å + 2ö with ö : (log Xfyt, since otherwise the asser-
tion is trivial. The number J of the zeros of the function ä(s) in the
rectangle (1.1) will be estimated by a combination of lemma 4 with the
following two well-known lemmas.

Lemma 5. Srytpose that T ,i,s not the imaginary part of a zero of H(s)
i,n the critical, stri,p. Then

T

r <ö_1 f wrw@
-T

ö + i,t) I - los lH(5 + i,t) l) dt

5

ra-1f-r u - I {urg H(o * i,r) - aryH(o - i,T)}do,
o!u

where arg H(o T i,T) i,s iletermi,neil by a conti,nuous aari,ati,on front, arg H(5)
: 0 along the lines o : 5,t : I T .

This follows from a classical theorem of Littlewood (see [3], p. 397).
X'or the following lemma, see [4], p. f80.

Lemma 6. Let O { y < p < 5, let f(s) be an analytio function, real,

forreal s, anilregularfor o2y. Let

A,nd

Then i,f T 'is

lR*f(5 + it) i> nx> 0

not the 'imag'inary part of a zero o.f f (s)

lu"s f(o + ir) I S rogt(5-y)l$-§)) (log II ,,,r+5 * log m-L)

for 5)6tt

'i,n Lemma
§ (wi,th arg f (o + i,f ) be'ing determi,n ed, ,in the wa'A ind;i,cated,

Turning to the proof of theorem l, we apply lemma 6 with /(s) : ä(s)
Note that ä(s) is real for real s, and that

3n
I

"c) 2

=5).
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i_
lRe f/(5 + it) l: lRe Tl /r, (5 + i,t) 1 : lRe (r f O(X-sr';;i 

1

i:l

:1* 06-\>+
for X sufficientlylarge.Choose /:a-2ö, §:u-ö toobtain

(5.1) lary H(o + i,q I < d-, (log Mo_ru,r+s * l)

for ola-ä.
n'urther, by (3.2) we have for o 2a - 2ö, itl <T + 5

tosl7(o + iil l: j ro* llo,@ + i4l
i:1

= i,o* (1 * 1.f,, (o t i,t)l + Iolx-v'y1,

< xtt4 + i l/r, (o I i,t) | .

Using this in (5.1) and in lemma 5, we obtain
j

J 4 5-zyrtaT I T5-z sup sup 2 lfo, @ { it) | .
oäa-2d lrl<"+s i:l

The first term can be neglected, and using lemma 4 we then have

J <<f X1F_sat2 Tz_za,1.a_*logu(X?) .

This yields theorem 1.

6. A ilensity eonjecture. In conclusion, we state the following
Gonjecture. Uni,formlyfo, *la4L, T>2, X>B

tli@,T, X) 4 a3t2-a+c 72,

the constant in K d,epend,ing on e only.
A proof of this conjecture rvould requite a satisfactory estimate for

the sum

z' lt (ä + ,i,t , xD) I\ID(* + ;'t) l, .
lDl<x

For example, the validity of the generalized Lindelöf hylothesis

L(+ + i,t, x) K (( l,l + I) IDI)'

would suffice.

University of Turku
Turku, X'inland
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