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§ 1. TNTRODUCTTON

1.1. §ummary. This paper contains some generalizations of the results
of Wittich ([10], [2] and [13]) on the behaviour of the solutions of Riccati
differential equations. trYittich considered Riccati equations rvith rational
and specially with pol5,'nomial coefficients. We merely assume that the
growth of a given solution is large compared to the grorvth of the coeffi-
cients. Such solutions to a certain extent take the role shared by tran-
scendental solutions among all solutions of bhe equations with rational
coefficients.

X'oremost we &re concentrating our atterrtion on the following two types
of differential equations in the complex domain:

(1.1)

allcl

(t.2)

clw

7; 
:-= n'r(z) + ar(e)ut { u'r(z)*'

t (l lt' \" n-- Ä'

{ - I -. § e;(?)u{'i. u"here 1<k1n
\ 
. rlz i ,?o 

- "! \'-./'" i 
-

1.2. Notations. We suppose that the reader is familiar r,vith the concepts
of the value distribution theory of Nevanlinna. Our notations 'rvili follo'w
those of Wittich ll2l and Ha}.man [5].

Tlrroughout this paper §'e assume tbat ar(z); 0 in the equation (L1)
and a^*n(z) * 0 in (1.2). \1'e also assume all coefficients and solutions to
be meromorphic in the 'w-hole plane.

Important to our estimatiorrs are some cltrsses §(r, a') and B0(r, u)
of real functions, r'hose memlrers u'ill be denoted l-ith the same symbols.

Definition 1. If us: w(z) is a giaen tronscendental meromorph'ic

funct'i,on, then a recrl-aalu,ed funation defined, in the positiae real ails belongs

to S(r,w), i,f

(r"3)
S(r , LD\

litn sttlt ,.:-+ :_- 0
r-'- r) ['(r', 'u:)

outsid,e of a Ttassible e-rce,ptional set E with o, fini,te limear tmeasur", J' d, < *.
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A function S(r,w) speci,al,ly belongs to §0(r, L0) , i'.f (1.3)is aal,id withou,t

an ercept'ional set.
s

Let ) a;(z)wi be a polynomial in 'rz' . The smallness of the growth

of the cLäcients o;(a) compared to the growth of w : to(z) is defined
as follows:

Definition 2. A transcenilental meromorph,i,c function w : w(z) is
ad,mi,ssible (with respect to the coeffici,ents a;(z)), i,f

If specially

i rtr, ai(z)) - S(r, ta) .

i:0

,1r(r,at(z)) 
: So(r,w) ,

then w : w(z) 'is sai,d, to be strongly ad,mi,ssi,ble.

Remark. If w : w(z) is admissible, then trivially

T(r, ai(z)) : S(r, w)

for every function ai(z), a < d < s. A similar conclusion naturally holds,
if w(z) is strongly admissible.

1.3. Auxiliary results. Many considerations in this paper utilize the
following lemma which goes back to Valiron (Bieberbach [f], p. 99):

Lemma 1. Let R(w, z) be a rati,onal functi,on of the uari,ables w and,

?. If R(w, z) is of d,egree q in w and, if w : w(z) 'i,s any transcend,ental

merom,orphic functi,on, then

T(r, R(w(z), z)) : I T(r, w(z)) f O(log r) .

Equally important is the follorr-ing lemma originating from Clunie
([2], p. 20):

Lemma 2. Let P : P(z) : P(w,u',. . .,w@\,2) and Q : Q@ :
Q(w,*',...,1o(il,2) be polynomials in w and, its deriuatiues. If u: u(z)
is an ad,missible function wi,th respect to the coefficients of P cr.rtcl Q, i'f the

d,egree of Q counted, with respect to tlte argu,nr,ents 'tr, ra',.. . ,wk) is at
most n and, if w(z)"P(z) : Q@) after the su,bstiltLtioit LLt : Ll(z), then

m(r, P(z)) : B(r, tu).

Examinirrg that proof of lemrna 2 preserrted in l5], p. 68-69, we verify
Lemma 3. In the situation of lem,m,ct 2

m(r, P(z)) : Bo(r, w),

i,f w : w(z) is strongl,y ad,missi,ble and, of fini,te ord,er.
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s z. THE EeuATIoN # : ao f arw * a,w'

2.1. Global solutions. The equations ll'e consider in this paper are almost
all of the general form

(2.1) l#)": R(tu, z) ,

where R(w, z) is a rational function in w. The meromorphicity of all
coefficients and of the solutions we are treating is preassumed. If either
the solution w(z) or at least one of the coefficients of R(w, z) induce a
pole to the equation (2.1), then the equality ofboth sides is to be understood
in the formal sense.

2.2. The theorem of Malmquist. I'Ialmquist proved that the equations

of type (1.1) v'ith rational coefficients form a distinguished class among
the equations

du

where R(w,z) is rational in both variables ([7], p.3lI). We generalize

this result by proving
Theorem 1. Let

(2.2)

R(u,,2) -P-94 =-
QQu, z)

P

Z n,(")u'
i:0 *_

q

Zb,lz)wii:0

be an irreduci,ble rational funct'i,on in w. If w : w(z) is an ad,missi'ble

sol,ut,ion (with respect to the coeffi,ci,ents of P(w, z) and, of Q(w, z)) of the

equat'ion

tdu:\"
( .* ) : Ä(rr":) 

'

then R(w, z) i,s i,n w a polynomi,al whose degree is ! 2 n.

Proof- Let us pick out a finite complex value n such that @(w, a) : g

m(r, a\ I
and 

,fhat )r: ,iö: 0. Substituting tt) : v f - rve get a modified
equatron

Pq

Z "7@)u':: 
j--

96s

2ur?)u'
i=- 0

f!#)"-(2.3)
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Since the new coefficients are obtained" from
rational operations a finite number of times,
of (2.3). Thus

Pu

) fftr, af)
i:0

Pst

the old orles by upplying onlv
u(z) is an admissible solution

a possible exceptional set of finite
u) that courrtirrg function induced

,- Åok) l- 
Il:i::' 

=)

Q ,{tt. z)

9st

< zZrV, a,?) + l\T(r,bi)
i:0

if r is sufficiently large and outside of
linear measure. Denoting nolv by Ä'r(r',

by simple poles of u(z) we have

I
N(r, u) S, (Nr(r, u) { N(r, u)) .

Since @(a, a) : @(w, *) : ö(u, oo) : ö(p, rc) : 0, then

N(r,u) - I _. i[r(r. tr) 1- l-(r'. u)
I : Iim sup TCq < ,liT,1",r 

- 7i; ,)

- | ,,-.- ---. 
r,('',') ]s t"11'P i1r,uy '' ;'

Il,b.u\ f-,(i'. z) t
Thus 

"::"' ,.rA : t and so |If ,i-,i ) , rot a sufficientl-v

large p. Thus there exists a r-alue ru srrcl-r that,

Ps Pa , 1\ 91 '71 L

,äff(ro,a?)+-2tr(,0 Ai -) §{,,,.t,)) -,lS[,, A,/ 
< r,(i'.. ru) .

This irnplies the existence of a point, 26, rvhere z has a simple pole and
where all the coefficients a! and, b| have finite, Ilon-zelo values. Iltil-
izing the Laurent expansion of u(z) at zo u'e no'r,r' get po: 8* { 2 n,
thus

P 
u(Y, ') :::

Qo(tr. =7

(#)":d2.4)

We furthe

{2.5)

r nrodify

ldu\"t-_t-'
\dz I

t2.4) to the fornr

Är,,(z)u,2" -l-" . i . -+- Jr(;)ru
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where the degree of the polynomia,l Pa in 1t, is at most, Io
the admissii:ility of 1t, is not' destroyed. Let us suppose

exists at least one non-zero coefficient of Po(u, z). Since
m{t", a)

l:t f U.@ 
-- o' we immediatelY have

m(r, u) : S(r, u) .

To estimate N(r,u) we proceed as follows. Tf u(z) has a pole of order fr,

then

Po@@), z)
r,(z): A*r@n

lras a zero of order )- lc at this point save that at least one coefficierrt of
Po has a pole or at least one coefficient of 0o has a zero at the same time.
Thus

N {r, u,) u)

1. Of course,
Irow that there

m(r, u)

,':: r?o :-

Since

/duh\\" 2n

F(z):\;) -)A,121u1"1"

a regular point of u.(z) can have a cont'ribution to the number of the
poles of "F(z) only if at least one of the coefficients Ai(z) has a pole at
that point. Hence

,; 1\
< n \.r,TJ -r §(r,

rn(r, F) * ff(r,l) - m(r, f) * S(r",

I t'du\" zn '\

nL \r,\;) - > -l i ?Li l ,s(r', ir)

OQn(r, tL)) -i- §(r'. zl) -'r ^S(,' , lL) .

we have a contracliction

T (r, u) : nl'(f , xc) +
Flence Po(u, z) _- 0 änd. ttrre modifiecl

ldu'\"
(2.0) 

\ ,t") : Arn{z)z}" +

T (r, E) :-.:- u)

T(r. F) --- S1r, u,) -:- §(r, to),

ff(i'.'u) := §(r', 'tt) .

equation (2.5) is of the form

. . - ÅtQlu, -t- Aok) .

Since
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I
Utilizing the inverse substitution u: ;*; we see that the original

equation has the asserted form. The theorem follows.
Corollary 1. Let

Q(r.a, z)

P

f an(z)u;t
rl :0

q

2b,(r)*'j:0

be an 'i,rred,uai,ble rati,onal, function 'i,n w. If w : w(z) 'is an ad,m'i,ssi,bl'e

solutiom (wi,th respect to the coffici,ents of P(w,z) and, of Q(w,z)) of the

equation

dus

d, - R(r.a, z),

tlt e Riccati d,i,fferent'ial equat'ion ( I . 1 ).
r.0 - w(z) be an ad,missi,ble soluti,orL of tlte equation

(2.7)

then (2.7) reduces to

Corollary 2. Let

(2.8)
d',-*

dz

P

i:0
ai(z)wi

Then p!2.
Remark. Every transcendental meromorphic solution is admissible, if

all coefficients of (2.1) are rational functions. In this ca§e our corollary I
generalizes the theorem of Malmquist. Theorem l, on the other hand, is

a direct generalization of a theorem presented b;'Yosida ([la], p. 255)'

2.3. Deficiencies of ailmissible solutions of (1.1). Admissible solutions

of a Riccati differential equation have deficiency prcperties, u,irich to a
certain extent, coincide with those of the transcendeni,al solutiorrs of Riccati
equations with polytromial coefficients (see e'g. \\rittich [I2], p. 78-80).
We first proYe

Lemma 4. Let w : w(z) be an adrui,ssible functiott, rcith respect to the

aoffic'i,ents of P(w,z): ao@) | ar(z)w + ... I ao@)un. Then

N(r, P(w(z), z)) : P N(r, u) f §(r, z) ,

or ) rnore d,efini,tely,

p N(r, w) - S(r, w) ! l{(r, P(w(z), z)) S p N(r, w) | B(r, w) ,

where the quant'iti,es B(r,w) are non-negati,ae,

Proof. Let us denote by ,(f,a) the multiplicity of. f al a given a-

point. Considering a pole of P(w(z),2\ tve immediately have



Thus in any case

y(P, cc) Z pugt, co) - v(ap, 0) - p ! rp,, Q) - p'> v(ai, 0)

Summation over all poles of P(ut(z), ,) r;;'irr.gration ;; gives

pIV(r, zu) tr( ,,;) - på^',, , a;) - pår(r,;) < ir(r , P)

flro Latxu, On the behaviour of the solutions

t(P, a) S pv(w, *) *,å v(ai, a) .

On the ot'her hand, if aowP is the only maximal term in P, then

a(P, a) 2 pt(w, a) - u(ao, O) .

If the only rnaximal term is ar,wk with fu + p ot if there exist at least

two maximal terms, then we easily verify that

and

N(r, P) ! pI{(r, O + 2 N@, a;) .

*ä::;ffi:';:";;:;,:,1,T;':f i;'i;: 
* o''

p N(r, zc,) - §0(r, w) { I{(r, P(w(z), z)) S p I{(r, w) f §0(r, ru),

if w : w(z) i,s strongly ad,missible.

Theorem 2. If w : w(z) is an ad,missi,ble soluti,ott, of the equation (l.l),
then @(w, @) : 0.

Proof. Since 'rz(ortl) : u' - ct{tu -. au rve have

l r\
m(r, w) 1m(r, azw) * *\r,;-) + O(1) : S(r,w)

by lemma 2. Thus

T(r, w) : N(r, w) { S(r, w) .

n'rom (1.1) we deduce by lemma 4

N(r, w'): N(r, u) a N@, w) 2 2 N(r, w) - B(r, w) ,

hence 
NQ,w)e ff(r, w) - S(r,w)
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and so

T(r, w) 
-( 

Ä-(r, w) -y S(r, ro) .

Since B(r, u) is non-negative, we have

N(r. w\ I §(r, ir')\ S(r, w)I >limsup -r<rl,*ii >,,T,.,In \, - ,(" r)) : r - Iiminf ffir:t.
The theorem follows.

Corollary 7. IJ w : w(z) 'is an ad,mi,ssi,ble solution of the equati,on (L.l),
then ö(w, @) : 0. Thus (L.l) does not ad'mit an ad,missible integral, solntion.

By lemma 3 we also have
Corollary 2. If w : w(z) is a strongly admissible solution of fi,ni,te order

of the equation (l.l), then also the Valiron d,eficiency aanishes: /(tu, a) : g.

Theorem 3. If w : w(z) i,s an ad,mi,ssible soluti,on of the equation (I.L),
where the coeffici,ents a,re supposed, to be i,ntegral functions, then for euery
oc+@ wehaae

Proof. Substitutin g w : " + :we get,

v,t : - az'- (ch { 2xar)u - (oo * ofit + azar)uz .

Now ao *s%la2ar7A implies 0:@(u, oo):O(w,*.)2 ö(w,&):0
by theorem 2.

If, on the other hand, a,I xt,ia2uo:0. therr the equation (1.1)
has the special form

\2.s) l; : @ - o) (b ! u,to) ,

where b : dt * aaz. The uniqueness theorern for the solution of the filst
order differential equtions ([3], p. 31) implies that, u is a Pieard value of
u;(z). The theorem follou's.

Corollary. In the normctl case, ultere ö(Lo,x): l-t, 'u)e eten haue Å(u,a)
: 0, if w : w(z) 'i,s strongly admi,ssible and of finite orrler.

We will more closelv cotrsidel the admissible solutions ?r! : zrr(z) rriih
at least orre deficient value.

The equation (2.9) has trvo distinct deficietit vaiues nr and B if and
only if it has the form

(2.10) y : ar(rt, -rx) (r,,: 
..-- ,1) .

I ao@) { aar(z) * xzuz\) - 0 ;i> @('u;,,.r):- ö(ut, 'r\ .== :l(u:. -a) -: 1

I au@) { xar(r:) * o',rtz@) * 0 j> O(w, r) --= ö(2c,, a) __ 0.
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Since for all

p. 22), we have a

Corollary. If u
coefficients, then

ö(ta',0;:1.

In the special case of (2.I0) we are easily able to reach a small improve-
ment to a result of Wittich who proved that any transcendental mero-
morphic solution of the equation (1.1) with rational eoefficients has the
order i. > å (ltzl, p. 76). Norr u-e have

Theorem 5. If ut : w(z) is ctn admissible solution of the equati,on (2.10)
wi,th i,ntegral coeffici,ents, then ).," i.s either ru positiue 'integer or i,nfi,ni,te.

Iurther w(z) is of regular grouth, i.e.

11

By theorem 2 and theorem I l@1w,@):2 in this case. Thus by Singh

and Gopalakrishna ([9], p. f29) it is possible to omit the assumption of
strong admissibility in corollary 2 to theorem 2 and in corollary to theorem 3.

We utilize the following notations in the sequel:

/ r\lr(r,-l\ w/
@": lim inf f ?A

and

,(,, +)
@" : li^ sup -;\ 

w t

t+u. I(r, w)

Since @, * ) a1w, co) ! 2, n-e have the followirrg trivial
a*@

Theorem 4. If w : w(z) i,s an admi.s.si,ble solution of (2.10), where the

cofficients are ,integral funct,ions, then

@ril,,ä'(w,c's) -z'
rneromorphic functions 2ö(w', 0) 

= > ö(rt, ot) ([12],
[t)=f &

- u(z) fr cnl adm,'iss'ible sol,ution ,f (2"10) uith i"ntegral

Proof. The function

I
g(z).-: fi1,i-l

is an integral function rrith : ö(g, c,t) :--

log T (r, ut)j"": ]lr -=a* ';'

rJ

l)

ö(s,

I
__fi

o) .- l. Thus
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0 < K(f) - lim sup

,( ,,*)+ r{(r,w)

T (r, w)

+ritsup;*#:o

r-> @

r,, (,, f)
\ tul

= 
litsu, r?,*)

Since ?(r, w) : T(r, g) | O(log r), the assertion is a direct consequence

of corollary 6.I in [4], p. 298.

Remark. The order ).. can be any positive integer or infinite. X'or

example the equatiovl 11s' : qzt-|(w -ru2) hasasolution w: e"l(e" - l)
of the order 1*: I with two deficient values: d(u, 0) : ö(w,1) : 1.

On the other hand, 'u): d'l(""' - l) with Xp: @ satisfies the equation

'u)':e'(xo-uF).
If now an admissible solution of (2.9) with integral eoeffic ienbs has

*e)exactly
or Å -

(2. I 1)

one deficient value (x., then either A + 0, lt'here A ....=

0 and (2.9) has the special form

dus

dr:ez(w-x)z

Actually, it is not known, whether there exists an admissible solution of
(2.1I). \Ve can assume ar(z) to be a transcendental integral function,
because all solutions of (2.11) are rational, if ar(z) is a polsT romial' Taking
now a regular point, as, v'e see that the solution z'(a) has the represent'ation

w(z):, - ---+
, * J a,(t)dt

,0,

for a conveniently selected C. Since T(r,w): r(r, 
| "rUrOrlf 

O(logr),
,o

the admissibility of w(z) depends on whether there exists an integral
,

function az@) such that T(r, ar): U (r, | "<,lOr) 
. If ar(z) is of finite

order or if. f @(ar,ar) ) 0, this is not po.*iLl" ([6], p. 98 and [9], p. 123),
a*@

but in general the question is open. ff, however, an admissible solution of
(2.11) exists, then a theorem analogous to theorem 4 is valid:
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Theorem 6. If w : w(z) i,s an ad,mi,ssi,ble solution of (z-lt) wi,th integral

coffici,ents, then @" +_Lö@, @) : l.

Proof. We immediately get

/ r\ / l\ / t \ / t\n\,,;) s r(,,a) + lr(r,,,, - ayz/ 
: n\',A): s(r,w),

thus @": 0. The theorem follows.
Without any regard to the admissibility of w(z) we state t'hat X..:

1a,: ),o", where er: 
J 

ar(t)dt, since every meromorphic function has

zo

the same order as its derivative. Thus we have

Theorem 7. If w : w(z) is a non-constant meromorphi,c soluti,on of
the equati,on (2.1f ), then 1. - ),o,.

Tf / + 0, the equation we axe considering has the general forrn (2.9),

where bla, is not a constant. In this case the following analogies to theorem
4 have a somewhat weakened form. We first prove

Theorem 8. If w : w(z) 'i,s an ad,mi,ssi,ble soluti,on of (2'9) wi'tlu integral,

coffici,ents and, wi,th / + O, then 6,2 l.
Proof . The factor I : b * azw in the equation (2.9) satisfies a Biccati

differential equation

d?
d":co*c1X*I',

where

Thus

13

["i
I t': o, - aL - 2xa'

I co : ezy'.

Since co + 0, "ive have by theorem 2

*(,,;): s(r, r') - s(,, ri)).

*(,,;) + 
^r 

(,,+) * s(r , u,)- iv'(,,+) * ,s(r ,10)

< r,r (,,*) * s(r ,1.0).
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The assertion lrow follows, since S(r, u;) is non-negative:

6" 2lim sup
r-+ co

T(r,w) - §(r,w)
T (r, u;)

Corollary 1. If w : w(z) i,s a strongly ad,missible soluti,on of (2.9) wi,th

integral coffici,ents anit wi,th, / g 0, then ö": l.
Proof. This assertion is obtained at once, since

S(r. w\

- 1 -,tllj,rt t?$ - I

T(r,b*azrD) +O(1)
T (r, w)

So(r, w)

Corollary 2. If w : w(z) is a strongly ad,mi,ssible sol,ution of finite
order of (2.9) with integral coffici,ents anil with A + O, then (D": 6" : t.

Proof. Since T(r, a;) ! T(r, w), i : 1,2, for a sufficiently large r,

then ar(z) and ar(z) are of finite order and we t uu" *(r,+) : so(r, u)

by corollary 2 to theorem 2 as in the proof of the main theorem. Thus

r(,r,,**)< Lr (r,*) * so(r ,Lt))

and

@, ä limj"t
T (r, u) - So(r, w)

T (r, ut)

Corollary 1 now implies | < @.1 (D.: 1.

By theorem 3 and its corollary we have
Corollary 8. If w: w(z) ,i,s a strongly ad,missible solut,i,on of finite

ord,er of (2.9) with i,ntegrul, coeffi,cients and, with Å + O, th.en @" * | å(w, o1

- O"+>A(u,r) - 2.
co* q)

Corollary 4. If w : w(z) ,is a strongly adru,issi,bl,e sol,ution of fi,ni,te
ord,er of (2.9) wi,th integral coeffi,cients and, wi,th / + 0, then ö(w',0) : *.

Proof . Since @" : I by corollary 2, we camutilize the double inequality

I _ ". -2-@(us,a)-@"; ) ä(4,, o) { ö(w',0) < 

--

- a*q 2 - @(w, a)

of Wittich ([12], p. 22-23) to have the assertion.
Remark 1. We specially note that the previous corollaries contain

those deficiency relations obtained by Wittich for transcendental solutions
of the equation (2.9) with polyrromial coefficients ([12], p. ?8-80).
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Remark 2. We are not aware whether it would be possible to omit the
additior:al assumptions, the strong admissibility and the finiteness of the
order, imposed upon the solutions in the corollaries.

2.4. Non-atlmissible solutions. We first state that there does not exist
any bound to the number of the deficient values for non-admissible solu-

tions. For example the equat'ion u)' : s-'q1az has a solution w : -
t f \-1

( | "-. 
at\ with 4 f I deficient, values for any integer q (15), p. 46).\/ I

0

We also state in this connection that w(z) is almost admissible for suffi-
ciently large values of q in the sense that

/
lim ( ti* sup
g-> co \ r--> u)

T (r. e-'q) \ I
T(r,a) I ;r; q

Further, let g(z) be an integral function rvith infirritely many deficient
values. Then the equation

clu g'(z)

E : i"Y*'
has solutions with infinitely many deficient values.

Examples of Riccati differential equations given in a pa,per of Rogai [8]
contain some special types of non-admissible solutions. We can verify that
the following lemmas presented in [8] retain their validity also in the com-
plex case.

Lemma 5. The equation (L.l) toi,th ar(z) fi 0 has a soluti,on of the form

(2-12) 6:(Ce'-ao)la,
if and only i!

ar(Ce' - a;) - al1Ce" - eo) : ar(Ce' - eo)z * Ca\e' .

Lemma 6. ?he equation (l.l) uith ar(z) + 0 has a solution of the form

(2. r 3)

df ara,d only ,f
Lo - Ce'f a,

Care' - Cuie' - Czarez' { Cale' { ao«,1 .

Lemma 7. The eguation (1.1) ha,s a solution, af the form

(2.11)

if and, only ,f
Ltr-cr*ozo'

O2e' - az(Cr + Cze')' + ar(Ct + Cre') * ao

15
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Other special cases presented in [8] have in general non-meromorphic
solutions in the complex case.

Theorem 9. If a soluti,o??, '/u) : w(z) of the equation (1.1) tis of the tgpe

(2.12), (2.f 8), or (2.14), then w(z) 'i,s non-ad,mi,ssible.

Proof. Suppose contrary to the assertion that w(z) were admissible.
We immediately see that the classes S(r, w) and §(r, e') are identical.
Thus in the first case

2 T(r, e') - B(r, e') ! T(r, ar(Ce' - %)z)

: T(r, ar(ce' -a;) - a'r1ce' _ar) - ca\e')

: T(r, Ce,(ar-ai -ai) + &o&r - aloar) { T(r, e') f §(r, e') ,

hence

2 T(r, e') { T(r, e') { S(r, e'),

a contradiction.
fn the second case we get, a contradiction by

2 T(r, e") - §(r, e') 1 T(r, Czarez') : T(r, Careo - Caie' - Cale' - aoa!)

: T(r, ce'(ar- "i - "?) - aoal) { T(r, e') { s(r, e')

and in the third case b-v

T(r, e'): T(r,Cze') * O(1) : T(r,ar(Cr* Cze')z + aL(CLlCre')la) + O(1)

)- 2 T(r, C1*C2e') - §(t, e') : 2 T(r, e') - S(r, e') .

Theorem 70. If o, rneromorphi,c functi,on w : w(z) is a solu,ti,on of the

Ri,ccati, d,i,fferenti,al equation (I.l) and, satisfi,es the condi,ti'on

N(r, w) : O(iT(r, a)) f O(log r)

outside of a possi,bl,e erceptionar'J ,f finite l,inear !ruea,s'trre, then outsid,e of
a possi,ble erceptional set of the same kind,

T(r, w) : O(iT(r, ai)\f o (log r).

Proof. In the following prool utt estimations are valid. outside of a

possible exceptional set, of finite linear measure. Subst'ituting ru : u - $
we get the followir:g modified equation: " Zaz

,u,' ,tL' [t a, a^ tla,\21u,: nr*ä: a- L*at- fr";+;- ^\;))
Thus
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2

T(r, R) : O(>T(r, ai)) f O(log r)
i:0

and so
2

m(r,uz):2m(r,u) 1m(r,u') + O(Zf(r,a)) * Ollogr)

2

!m(r,u) + O(2fO,a,)) * O(logr) f O(log T(r,u))
i:0

implying
2

m(r, u) < O(>T(r, a)) f O(log r) f O(log T(r, u)) .

i:0

Hence
2

m(r, w) I m(r, u) + O(f T(r, a))

, ':o
< O(>T(r, a)) * O(log r) f O(log T(r, u))

and further
2

T(r, w) : m(r, w) { N(r, u)) < o(2r(r, ar)) * o(logr) f o(log T(r, u))
i:0

o

<O(>T(r,a)) f O(logr) f O(log T(r,w))

,':o 2

I = Tb.w) + O(2f V, ar)) * O(log r)
-2 i:o

for sufficiently large values of r. The theorem follows.
The estimations above are valid rvithout any exceptional set, if all

functions used a,re of finite order. Thus rve have

Corollary 1. If w : w(z) i,s e, n?erornorphic soluti,on of fi,ni,te ord,er of
the equati,on (l.l), whose coeffici,ents are also of fi,nite orilrer, anil i,f N(r, w) :

O()oT(r,a;)) * O(logr), thenwehaae T(r,w): O(Z^T(r,dr) + O(logr).

The following corollary 2 contains as a special l*" un earlier result,

due to Wittich ([2], p. 76).

Corollary 2. If the equati,on, (L.l) whose ooeffi,cients are of fini,te order,

has u meromorphi,c solut'i,on w: w(z) of fi,ni,te oril,er such, that w(z) has a

fi,ni,te number of poles, then

)"* { max (Lon, io,, 1o,).

t7



Remark. The previous main bheorem does not' imply any upper or
lower bound for d(u, oo). tr'or example the equatioll 1,1s' : e-u'wz lnas the

solution w - - ( [ n"Or\- with no deficien cy at z: q: ö(w, @) : 0.\JI
On the other hanJ the equatio yy q,1s' : - e3' + w { e'uf has the solution
x1l : e' with ä(u, @) : 1 .

m,(r, w) { m(r, 
;) { nr(r', a, trs)+ o(L) - s(r, tu)

Since by lemma 4

I N(r, Q) 2 q N(r, w) S(r, u)

t \te, P) a p .}'(r, ?D') * §(r , w) ,
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s B. rHE EquArroN Wf :i*,*'
3.1. Characterization by admissible solutions.
Theorem ll. Let w : w(z) be a merom,orphic solution of the equati,on

p ldut\i ,r

(B.r) Zot,t )\*) : Zoo'{"1*' .

If w(z) is ad,mi,ssible wi,th respect to the coeffi,ci,ents of both sid,es of (3.1),
then q 12 p.

Proof. Let us denote the left-hand side of (3.1) by P and the right-
lrand side by Q. We can assume that p < q. Write (3.1) in the form

(aow)6e-r :,åu,\#)' -'å",*, .

Then by lemma 2

we get

The theorem follows.
Corollary. Let w - u;(z) be nn admissi,ble solution of tlt e equat'iont,
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(3.2)
i dtn\p q

\d :,ä a'(=)tu''

Then q{2p.
3.2. Deticiencies of ailmissible solutions.
Theorem 12. If w : w(z) i,s an ad,mi,ssi,ble sol,ut'i,on of the equati,on

t dPut\" "'th(3.3) \*) 
:)a;(z)wi,where t{lc{n,

then ö(rz, oo) : g and @(w, a) 
=, - *, . If w : w(z) i,s strongl,y

ad,m'iss'i,ble, then @(w,oo) : I - -Lnr)

Proof. Writing (3.3) in the form

,,)otb_,(&n*^^: \r#)" 
_"*fo, o,*, ,

we get, by lemma 2

I r\
m(r, w) 

= 
*\r, 

"*_) 
+ n1,(r, e,n*ow) t O(L) : S(r, w) .

Thus the first part, of the assertion is established.
By lemma 4 rve further have

(z f ä)-l-(r, tr,) - §(r, w) 1l{(r,"!a;u:')

: Il(r, (w@t1', : n N(r, w) * n O'i'(r, *) ,

hence

lc T(r,20) -- §(r', rt) : k N(r, w) - §(r, w) I rr, p N(r, w)

and 
.N(r. ir') s(r. tc )

z p lim sup TO.A > Ä' - lim ini TVA : k .

Thus

@(w,@) : 1 - Iirn.,rp#+ =, - ^+.' ,-* * a'\t, tt') ntr)

Supposing nou, u(a) to be stronglSz admissible we have by corollary
to lemma 4

n N(r,w) * np fr(r,w) : N@,§ai,wi) { (rt * k) N(r,u;) f §0(r, to) ,
i:0
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thus

n p N 1r, w) { k N (r, w) * §o(r, w) { h T (r, w) f §0(r, ur)

arrd 
Nb. w\ / so(r. rz) \

n' p lim sup Trr*) = "-,*r'n \k + r?a ) 
: k

yielding
k@(w,a)>l- ne.

The theorem follows.
Corollary 1. If w : w(z) is an qd,missible solution of the equati,on (L.2),

k
then d(u,oo):g and, O(w,a) {I-;. If w:w(z) i,s strongly

'u lc
ailmissi,ble or if lc: n, then @(w, a) : | - - .

Corollary 2. The equati,on (3.3) does not admit an ad,mi,ssi,ble i,ntegral,

solut'ion.

Theorem 13. If w : to(z) 'i,s an ad,missible solution of the equation
(I.2) wi,th i,ntegral coefficients, then ö(w, a) : @(w, d) : I if and, only tf
e + @ ,i,s a root of multi,plici,ty p 2 n of the equation

(3.4) ao@) * aar(z) !. . . + a^+k ao*o(z) :0 .

If a i,sarootof multiTiici,ty 0 { p 1n of theequati,on (3.4),then ö(w,a): g

,t)

and, O(us, u) < :- . If add,i,tionally w : w(z) i,s strongly ad,missi,ble or i'f'-n
?:o, then O(w,"1:?.'nl

Proo.f. Substituting 1D : x. f - we get

/du\^ ntlt / f\r

\i) :) t-t)" a1@)\" + ;l "'" 
:

n-llo i: ) (-l)"o;(")ZCid 64i-t uz"-P
j:o P:o
nlk nlh n]-h

: I ( 2 (- t)" a1 @)cid oi-p) uz"-P : Zbr^-o@)u,'"-t .

p:o j:P P:o

Thus rve have for p :0,. . . ,fr-l
I br-("): (-t)"(ao(z) {uar(z) +... *u"+od,+r"@))
I(3.5) { "+l" (- 1)"

lu,"_,(") 
: 

*>,; i(i-r) . . .(i-p*t)ui-P ai@) ,
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where all functions ör(z) are integral functions. Since z : u(z) is an ad-

missible solution of the modified equation, we have by corollary 1 to theo-

rem 12

%-p p

%n

if the highest coefficient, not vanishirrg identically is br.-r(z) with 0 < p < %.

Considering the right-hand sides of the equations (3.5) we observe that the
functions 7tl(_l)"br"-r(z) for g: L,...,fr-l are successive derivatives

of the pol5rnomial ao@) I aar(z)|. . . + u'+han*1"(z) in the polpronrial
ring cllTla], where <7'11" is the field of meromorphic functions. Thus br,-o@)

is the highest coefficient, not vanishing identically if and only if a is a
root of multiplicity O 1 p 1 n of the equation (3.4).

If gt:0 orif w(z) ii strongly admissible, the inequalit'y @(w,4 
=*evidently changes to an equality.

To complete the proof we have only to consider tl're case rvhere the
modified equation has a reduced form

b;{z)ui,rvhere r{n
ldu\" r
l-l _ \i
\dz I 3o

This is the case if and orllv if & is a
equation (3.1).Srpposing u(z) has a
at sorne point z lve get

root, of multiplicity p 2 n of the
pole of multiplicity v(u,, @) 

= 
1

n(u(u, @) + 1) : Y((u')", cc)

which implies a cohtradiction

bi ni, co) { ru(tt,. co) )

| ! n I (n - r) v(u, co) f ta < 0.

Thus

[ ö(u, a) : ö(w, a) : I

I o@, q) : @(w,d) : I .

3.3. Equations of type (1.2) with constant coetficients. lVe first, note

tha,t in the case of constant coefficients any transcend.ental solution of
(1.2) is strongly admissible, thus the equality in theorem 12 and theorem
13 is valid.. Let us first consider two specific examples.

Example 1. The Weierstrass elliptic function 9(") satisfies the
equation

i:0



(9'), : (e - ") 
(e - §) (9 - y)

([5], p. 44) or, equivalently,

('.?'), : - e|y * ("§ * §y * yo)':P - (" * fi + y){?, +9t.
The distinct complex numbers a, p and 7 are simple roots of the equation

- a§y I o(ap * §y * yo.) - oz(u' | § * y) f or8 : 0,

thus by theorem 12 and theorem 13

I o(9, q) : @(9, u) : @(?, fr) : @(?, y) : +
I

I O(?,@) :0 foy a * @,x, §,7
I

I a(:P' «i) : I for all co '

Example 2. Let us consider the inverse function w : lctz) of

; t 
-l '-, '-,

": I (t-")^ (t_ p)" (t-y)o ttt,
J

1rI
ryhere the positiveorrr"*"r* nt,%,p satisfy the conditio \t- -;- p :,
and wåere or, §,1 are distinct complex numbers ([5], p. a5). The inl-erse
function catr be cont'inued over the whole plane as a olte-l-alued rnero-

morphic double-periodic function by Schwarz's reflection principle. This
continued function w : zo(z) is an admissible solutiotr of the differential
equation

/1,t»\^"0 2mnp

\d 
: ko - 64)nw-n' (w - fi)*"'-'"e (11, - y)mnP-mtt: ) -r; r4i.

22 Ann. Acad. Sci. Fennicre A. r. 497

The roots of the equation'Y or*':0 are o<,, p and, 7 'nith respectitc.

multiplicitie s m?Lp - np, *iå - myt and. m'np - mn. Thusbl- theorem lS

@pt-'..,) : W-_1 1
?nnp ]]L

1?tllp Ji,

mnp p

O(u;, e*) : 0 for 0) * x, §, T

Ö(tr, r,-r) - 0 for a,ll an .
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Generally we have
Theorem 14. Let w : w(z) be an ad,missible soluti,on of the equation

(1.2) with constant coffici,ents anil, let n * p be the hi,ghest multipli,city
appeo,ring finxong the d,isti,nct roots of the equat'i,on $.$. Then

max (0, p)

4"@' 
e) : 2

Proof. When applying theorem 13 and corollary I to theorem 12 irt
this proof we naturally have the case of strong admissibility.

l'. p > 0. Since now all but one of the roots of (3.4) are of multiplicit5r
8t <'tL, We get

k =.''
7"@, 

a) : @(w, a) +,\@(w,a) : | - - + I + ? ;

:2_L *?t]-::-!:2-p-.n'%n

2". p : 0. If there exist two distinct roots of (3.a) with the multiplicity
n, then m: k and

1"@,x) --*)@(u,a):2.

If, on the other hand, there exists exactlv one toot of (3.a) with the highest
multiplicity, then all other roots have a multiplicitl* s, < ra and so

k s, k n)-lt-rr,

3". p < 0. l{orr all roots of (3.a) are at most of multiplicitl' h - l,
he,nce

k - §; k n1k
Zr@,a): r- ;+4 ;:L-- .- n : r.

By Singh and Gopalakrishrra ([9], p. 125) u'e get the following
Corollary. Let w : w(z) be an admi,ss'ible solution of finite ord'er of the

equation (1.2) wi,th constant coeffici,ents and, let s1, . . . , sp be the multi,pli,c-
i,ti,es of the disti,nctroots ap...,&h of tlteequation@.\.I/ max(s,,...,§r.)
{ n, tlten
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k

%

k: L +--
%

§ 4. CONCLUDING REMARKS

4.1. Meromorphic coefficients. In many of the previous theorems we
have restricted our attention on the equations with integral coefficients.
It seems to be evident that most of the results retain their validity in the
general case of meromorphic coefficients, possibl5r in a sorne\r,hat rreakened
form. We omit these considerations.

4.2. Ailmissible integral solutions. It is obvious that the concept
of the admissible solution is useful also for other t;ryes of differential
equations. As.an example we consider here a theorem due to Wittich ([11],
p. 22L).

Theorem 15. Let P(w, wt, . . . , uo, z) be a pol,yruomial in the aariabl,es

w,'tu1t... ,'u)n w'i,th'i,ntegral coeffi,ci,ents b*(z). If w: w(z) is an ad,mi,ss,i,ble

integral sol,ution, of the equati,on

(4. 1)

u:lr,ere f (n)
Proof .

P(u,'wG), , u("), z) - f (w) ,

'i,s a transcendentctl integra,l functiotl of 10, then u)(z) as a constant.
According to Clunie (t51, p. 51) \\'e har-e

T(r,f(w(z))) ^m(r,f(u(z)))

since f(*) alld w(z) are transcendental functions.
On the other hand, writing (1.L) in the form

P(*,wG),... ,w@),2)- br,(z) . wko . (eo(l);k' . . . Qts@)1t'"1

(+)r"
f u1)'tto'

toko . \.;) 
-?Dk,\i

.L
k

bn(z) 'll)kn
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we see that

m(r, P) : O(rn(r, w))

outside of a possible exceptional set of finite linear measure. Thus

m(r, f(w(z)) : O(m(r, w(z) ) )

outside of a possible exceptional set,, a contradiction. The theorem follows.

University of Joensuu
Binland
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