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In [7] tu,o capacitv
The first is the outer

(1.1)

7. Introduetion

inequalities for quasiregular mappings are intr:ocluced .

dilatation capacitv inequalitv

I

u,here E : (A , C) is a normal condenser in the domain G of a non-
constant quasiregular urapping / rvith air outer dilatation Koff) and
N(f ,A):suPcard'(f-tf(r)nA) oYer r€4. The second inequalit5' is
the inner dilatation ffr(/) capacity inequality

cap fE a K,ff) cap E

u'here .&' is any condenser in G. In t'his paper lre show that it is possible,
under certain assumptions, to divide l{r(f) in (1.2) by I{(f , A) corre-
sporrding to the situat'ion in (1.I). We also give applications of this theorem.

The main results of this paller were presented in the Roumanian-Finnish
seminar on 'l'eichmiiller spaces aticl qua-,.icouformal mappings at Brasov
25-30.8.i969 (see l8l).

2. Notation and terminology

We shall use the same notation ancl terminologv as in [7.2.1. p. 5]
'r,r,ith a few exceptions and additional concepts.

tr'or A c R" rve let dim .4 denote the topolrigical clirneirsiou of ,4

(see [6]).
By Lo,bf ,a,beR", \yeme&ntheclo;'ecllinesegmeiit {ta-y (1 -r)öi

0 <, < 1) in -8". If la,bf c Rl, thenlve snppose b> ct,, and (ru, ö)

derrotes the correspond.ing opelr segment, the meairiirgs of la,b) and
(a, ö] being obvious. Apath u:la,b)--->R" ,1u,, b) c 81, is a continuous
mappirrg. A curve is an injective path. \\re let lxl:x(la,b)). If
:t:,ye AcR" and x:la,bl--->A is a path such that a(a): z and
u(b) : y, then or is said to join r and y.

A conl,inuum in .8" is a compact connected non-empty set x,hich is
not a point.

(1.2)
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3. Lemmas on discrete, open, and sense-preserving mappings

Suppose that f : G ---> R" is discrete, open, and sense-preservirtg. At,

first' we recall some notation and results in [7].
A domain D is called a normal domain of f if D is compact in G

and 7fD : fAD. A normal neighbourhood of a point r € G is a normal
domain D of / suchtha,t Dnf-|f(x):{r}. If r}0 and lr'e.G,

then r,ve denote by U(r,f ,r) the tr-component of 7-r3"1f@),r). We
frequently use the follo'w,'ing lemma.

3.1. Lemma. [7, Lemma 2.9, p. 9) If O1r,7,rf is compact iru G,

then U(r,f ,r) i,sanormald,omainof f. nurthermore,foreuery xeG
there eri,sts o, > 0 such that for 0 1r { o*

(1) U(r,f ,r) i,s a normal, nedghbourhood, of r .

(2) U(*,f ,r): U(r,f ,o*)11f-LB"(f(r),r).
(3) A@,f ,r): U@,f ,o*)1,l-rp"ff@),r).
(4) d(U(a,f ,r))--u0 as r--->0.

3.2. Lemma. dim Br: dim fBt { n - 2 .

The important inequality dim By'< n - 2 is due to Cernavskii [1, 2]

(for a simpler proof see [13]). The equality dimBl: dirir,fBt follorvs
from [3, Theorem 2.2, p. 530).

3.3. Rema,rk. If A is a subset of R'', then the inequality dim,4 { n, - 2

implies: ,4 does not disconnect anv domain in -R" 16, Corollarv I. p. 48].

If D is a normal domain of f then the topological degree p(y , f , D)
of / is independent of y €/D. This uuurbel is denoted by p(/,D). Fol
the next, lemma we recall lhat i,(rc,,f) i. the local topological degree of / at
c€G and N(f ,D):suPN(y,f,D) orer ye R" g-irere I(y,f ,D):
card (f-L(y) n D) .

3.4. Lemma. 17, Lemma 2.12, p. lll If D is ct normal clomctirt, of f,
then p(f , D) : I{(f , D). Iurthermore, if D is rt normal neiglfiou'hoocl of
r€G, then i(r,f):tff,D):N(f ,D).

From the second assertion in Lemma 3.4 x-e conclude that r e Br if
and only if i(r , f) > z.

If C is a non-empty and compact subset of G and y e fC, then 'we set

r €l-t(-v) n C

(3"5)
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The sum in (3.5) is finite since / is cliscrcte and C compact in G. Tht'
riumber lll(f ,C) : inf M(y ,f ,C) or,.er y e lC is called the Ttr,i'ni,mal

multiplici,ty of / on C.

3.6. Lemrna. Suytltose tlrut Å is open, a,nd ac A non-em,pty ancl

compact 'in G. Then N(f , A) > ll(f , C).

Proof. Let yefc and deuote i.,i,r'r,...,rr):f-'U)nC. Bi-
Lemma 3.1 there exists r'> 0 such that L:i: l'(ri,f ,r) is a normal
neighbourhood of ni and. L'i c A, L < i < k. By Lemma 3.2 there
exists Uo e B"k/, r)\,fBr. Lemma 13.-t impiies

N(f ,A)> f,-(yo ,l,A) =,åt,r, ."f , t',):å,t,.,', ,f)>M(f ,C),

and. the lemma folio'ivs.

3.7. Lemma. Suppose th«t D is tr norn(tl d,ontai,n, o,f f. Then

xl(f,D):p$,D).

Proof . Clearlv M$ , D) < p(f . //). Let A eIf) be suclr that J1(./ , D):
fuI(y , f , D;. Choose a neighbourhood t.r of D such that f-'U) n r\r :
g , and let r < d(y ,fAr-:) be sut'h that, the sets Lt;: [i(xi,f ,r) are

normal neighbourhoods of the poirrts ):1 1, r,2t...,;tk of l-'0) O D. Br-
Lemma 3.2 there exists a poirit y, e B''(y . r) fi fD\',.fBy. Lertrrna, 3.4 vieids

LK
Mff ,D) : )i@t,f) : 7 pff, I',) i card(,/-1(370) n D) -,,(f . D).

rhe temma ;;:-,.. 
i'-1

fn view of Remark 3.3 the proofi of the follol'iug le'urtra is ciear.

3.8. Lemma. Su,ppose tluLt D c ll" is « tlorti«in. .r: ttnd y nre clistinct
points i,n D, ancl A c -R" e.. « closei sei .such thrtt clin Å !-. rt -'). The'n

there is cL cllrue x : lct, . b) -, I) dticlt joi n.< t' trnd u. «ncl .such thut

a((a,b))fi4:4.

4. Path joinable points

Suppose thal f : G *>.8" is diserete, open, an<l sense-Iireserving. Let
DcG be adomain, y and I points in fD, aud p:lu,bl->fD apatb.
which joins U and y.\fesavthat, ref-'(y)flD and {ef-L@)nD
are (f ,D,p)-joi,nable poi,nts if there exists a pa,th r: [rt.lt]->D such

thab f oo-:fr anrl a joins r: arrd rl.

o.
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4.1. Lemma. 17, Lemma 2.7, p. 9l Su,,ppose thut D is a normal, d,o,m,ain

of f ,P:la,bl->fD isapath, a{tn{b, anrl, roe D swchthat §(to):
f(t:o). Thenthereisapatlt, a:la,bl--->D sl.r,chtha,t Lr(fo) : ro anil f .o: §.

The path a is called a lift of d. Tt 
" 

rreed. the abor-e lemma only for currres
in l,hich case it is essentiall), due to \Vh;'brrrn [i5, (2.1), p. 186]. Observe
that if p is a curve then its lift or is a ctrrl,e.

4.2. Here ll'e study the case \l.here y and y,A * y, belong to the
image of some normal domain D of f tr,nd p:lrt,,bf ->fD is a straight
line segment joining .r7 tr,nd il. Thest' are kept fixed in the following
discussion.

Let

{;?:, , ;i'! :

{,ar , .f* ,

,a, )

: i( sJ-

, ''f;)

u-here each point is counted according to its local topological degree. Then
.q: p(f ,D): §. Denote §: {l ,2,...,st\.

4.3. Lemma. There isabijectio?a 9:r§-->§ "qircla tltat if i€,\ then
rrncl i*1i1 ctre (f , D , B)-joinable poi,ttt,*.

Proof . B), Lemma 3.1 it is possible to cor.er i3i bf'balls B"(yi. , rr) C fD,
Å: 1 ,2,...,ffi, m) 2, such that (1) ykeip,, (Z) U: Ur,!:!,n,
g, l<kdm,-1, and (5) if ref*1(y*)fiD then U(r,f ,r1") is a
trormal neighbourhood of c. Let, J,' : U B"(yx , r*).

Lemmas 3.2 and 3.8 shorvthat rve ca,n construct a curve y:lct,b7--T'
srrch that it joins y and t/, ,:t((u, b)) n f!iln D): fr, and i7l i B"(yr,r.t")
is connected for evely L'. lak{m. Let ze B"(A,rr)fl i7i\{y} and
z,e B"(y,r^)ff i7l\{r}. Then the locl,l topolcigical index at each point
of f-t(z) O D or f-t(2) fi D is one. hence. bl Lemua 3.-1, r-e rnav *-rite

rvhere all the points «,; and ali, I -. a := .s. :i,t'e clistinct.
Definethe mappirrg g:,S->§ asfollol-s:If ie,S then rutef-r(z)iD.

By Lemma 4.1 we lift tlie curve ,/ to a cur.".e 7,':lo,,bl--->D such that,
a;e ly'l and f "y':y.Then some djef-t@)nD belongs to ly'|,
Since d(r ,l): t for r e y'((a, ö)), thele is only one lift 7' of y such
that ar€.ly'1. Thus d; is uniquely cletermirred. Set q(:t: j.

tr'inall3, u,e constrncrt the requireci lift.fol the segment, B. Leb i', i, € B,

f[,."

i. ,"
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and y' h" as above. Fol each Å', I <lc3m, let Lrr": U@f ,f ,ro) be
the only normal neighbourhood of the normal neighbourhood.s [/(z ,f ,?'*),
u e f-t(yt")f\ D, which meets 'y';. For if there exist two such normai
neighbourhoods, say U* and L:'u, then, since iyl l1 R"(y* , rr) is cotr-
nected, te obtain

fly' i 11 Lt*) : y, fl B"(yt", ru) : fly') n aL)

which is impossible. Let itrr : U t -r. 'Ihe set I'[ is a domain v'hich contains

l7'l and the points r; a,nd ;r.,1;1. Pick points y'u e B"(yn , r*) f1 B"(yy1r , r*;r),
l;:1,2,...,ffi-1, so that they lie betlreen 'yk and !/r"qr o";t i1i.
Divide the segment t,§', into troir-overlapping segrnents lfJ'rl : ly , yr1,

l§rl : W|, yr), l\il : lyr, yr), . . ., t,[J,*t, : W**r, y)- Let, n;ef-t(y;)n ti n
Ur,1r and suppose that *r : lo, , b) -> t.'r (resp . a', : lu ,bl---> [I*) is a lift of pr
(resp. P;) such that, str,(rt):7:'r., for 2 lk !.ut, (resp. ,:r@): r| for
L<k{m-L). Since f-'(y,,)ft ti:{a'f}, nr(ö) :xlo1a1 :ri fot
2<k{m- 1 and t|(a) :.u;.r,,(Ö) :ii,r\;). Joining these curves, i1
the order o;1 ,e2 1c-27,.,2-Xm1 into one single curve and performing a:r

obvious change of the parameter n'e obtain the requiled lift of p. The
lemma follows.

5. Capacity inequality

Suppose that f : G - R" is il, llolr-constturt quasiregular mapping.
From Re§etnjak's results [9, Il)], / is discrete, ollen, and sense-preserl,ing,
hence u,e may rrse the results obtained in the sections 3 and 4.

Following 17, 5.2, p. 2al rve call a pair E: (A,C) a condenser if
A c R" is open and C is non-empt)- and compact in A. A cond.enser .E

is said. to be in G if Ä c t;. E is a normal condenser if -,1 is a normtr,l

domain of /. The image of a condenser .E in G is a condetrser /E :
(fA,lC). The capacit.v of E is rlefined as

cap il '--:- ca,Il tÅ , C'') ==:
, - lL'" (llllj\i

rvhere Wo@) : IYo(A , C) is the set of all non-tregative real-valued.
functions ueCo(A) such that 'u is ACL and u,iC 2L. It is not,

difficult, to show (see 17, Lemma, 5.5, p. 251) that

cilp ,u _-

Iin1' I
rr § IIIu(E) J

inf Iu€llr'r{E) I

rn here ll'f (il) : Tf o@) n C; @).

iV t, '," dn't,
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5.1. Theorem. Supltose that f : G --> R" is o non-constant quasiregular

nrapping. If E : (A , C) is a cond,enser in Cl and, N(f , A) < a, then

(5 2) capr' ={1H;' ti! eap z'

The proof of this result is closely'related to that of the formula (1.2)

[7, Theorem 7.1, p.29]. At first u'e ptove trro lemmas.

Suppose that u e Wf @). Define u : fA -'> fit b)'

(5.3) a(v) : o() , C1".I,,,,,,..' , f) u(*) .

The sum in (5.3) conta,ins only a firtite numbel of non-zelo terms since /
is discrete arrd spt r,t, is compact in C;.

(1)

(2)

(3)

5.,+. Lemma. I'lte f u,ncti,on

sptr ?, 'i,s co?rlpact itt ,fA,
u(y)=1, yefC.
u is cottti'tt uo1ts .

u ll(l.q tlt e p rclpertie.s

Proof. Set {' - {,r: € ä i tr(.t') ; t)j äll}tl I' == {.r

f Lt : V. 81'the coutinuitv of f , /(sirt tr) - ff -that slrt t; is cornpact in f A.
To pror,e (2) Iet y e ,fC and dettote l.t:1 , .t:,

'Fhen

1l
,(y) : M0 , at"..I,,,,,(,' - f) u(;r) > titf , Cl ) i(.rr ,71 u(r)

1a

= sttf , t, ), itr',,,f) > I ,

since every u(r) 21.
I'or (3), let y e fA and e > tl. \\-e rnas suppose that y € spt'u since

otherrvise (3) is trivial. Choose a neighbourhoocl [- of spt'zr such that t
is compact in A and y elALT. Let, {,r, ,.r'2,.. . ,.r,r}: f-'(a)n U. B1-

Lemma 3.1 and the contirruity of z, there exists a nutnbel r such that
0 { r { d,(y ,f7U) and the normal neighbourhoods L-i : L-(u,f ,r),
| <i < k. satisfy the conditions: (i) Lr,c t' and (ii) ,r(..) -'zr(r;)l < e,

.veLii. Denote [to:UUi. Let zeB"(y,r), Theu l-'@)nLrcLTo.
Fix ,i, L<i<k, arrd Iet 7-t1z)fi|J,:{z\.:!....,rir,,].

Since / is discrete, there cxists C, ) 0 -qut'h that

: 2'(,t'.,1') 
= 

('l
r € .f'__r (:, ) Ct { i,,

Ann. ;lcad. §ci. I'ernniczp



for all zre R". Because Lr; is a normal neighbourhood of fii, -wa obtain

(,)
i,(:t; ,f) : t,ff , LI,) :2i("i ,f) '

This ,riields
(t) (i) (,)

i(,,, .,f) u(ri) - 2t(;;; ,flu(z)l: l>i(rj,f)tt("r;) ->ik:,f)u(zj):j: i j:t j:t

=2oo; 
,f) lu(r) - u(z).' I cr .

Sr:rr:mir:g these inequalities over rl gives

r If (i) -l

,t)(y) - u(z)' : il;,-c)'å 1,,*, 
./)?{(,r'i) - ?,or=j 

,f) "(4)),
lc C, Ci

< fl(f , C)' = ,U(f , Ci''
The inequality holds for every z e B"(y, r), hence the lemma is proved'

5.5. Lemma. a is ACL.

Proof .It is enough to prove Lhat u is ACL in a neighbourhood of each

point of sptu. Fix yo € spt u and let f-'(yo)l-l sptz : {nr,rz,. . .,n,t}.
Choose ro such that 0 ( ro < d(yo,1fA) and such that the domains

LI(q ,f ,ra) are lrormal neighbourhoods of a:y' Next choose a positive

number r, S 16 such that

B"(yo ,rr) fl /(spt ,r\..å frlr; , f , ,o)) - A .

J:L

Then tlre components of f-rB"(yo , rr) r'vhich meet spt zl ale the sets

lJi : L:(*i ,f ,rr). Set L: : U Ui. fi'e have

u(v) - #,ur-I) nLi(t:'f)tt('t')

O. I\'I-tnrro, A capacity inequality for qr-rasiregular mappings

for every yeB"(yo,rr).
Let A be an open rz-interval rvith closure in B"(Uo , rt). \\-rite

Q : QoxJ where Qo is an (rz - l)-interval in -8"-1 and J is an open

segment in some r;-&Xis, | 3 i, ! n. For each Borel set .F' 6 Qo put
,p(P): m(I nf-L(XxJ)). Then rp is a completell- additive set, function
in the family of all Borel sets in 00. By Legesgue's theorem ,t'@) < *
for almost all ze Qo. Fix such z and set J,: {"}x./. It is sufficient to
shou- that o is absolutelv continuous on i.

(5.6 )
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Let @ denote the set of all continuous mappings g :J, - U such that
l. g is the identity mapping of J,. Observe that every gJ, is contained"
in some Uj.

Let Wr,Url,lyr,Ar),...,lUo,Urf be a collection of disjoint closed
segments on J,. X'ix r, I (r < p, and j, L < j Sq.Usingthenotation
of 4.2 ttitln D:Uj, U:A,, A:A,, lfil:ly,,A), and

l-,(y,) n Uj : {"7 I i : l, 2, . . ., s(r)},

f,(y,)n Uj: {fr'! 1i,:1,2,..., s(r)}

lvhere each point is counted according to its local topological degrec', u-e
obtain

xef-L(-r,\n ui ,€"f-,(I.) n uj i:l

'nhere g : g,j is the mapping given by Lemma 4.8. Since ;r:i/ and Jif1,
&re (f ,Ui. B)-joinable points, there exists gii e@ such that gii@,): *
and S'l(y,):*i!,O. Summing over j and r in (5.7) we have by (5.6)

p p s"(j)(5.8) Z lr@,) - u(y,)l 
= > I I l"@?(y,)) - u(s?@,))! .

since ur'rrro, there is ;;J;;, c, sucrr that z,(.r) - u(y)'s
Crlr-yl for all r and A in U. Then (5.8) implies

pq"(j)p(5.e) Zlo(y") - u(y,)t, !C,: > > ls?@,) - sil@)i.

By 17,""*-*1.r0, p. 3Bl ro" "rr"*r'1='o:rn"r" exists ä > 0 sucrr trrat
foreach j, L{j{q, and i, 1<d{s(j),

f.,ln\t ,) - s?(il)l < rlqs(l) cr

if ZlU" - A,l < ö. Hence the left side of (5.9) is smaller than e if
Z)a, - Y,l < ö. The lemma is proved.

5.10. Proof for Theorem 5.1. Lemmas J.4 and ö.5 shol- tliat for each
ueWff@) o belongs to WoffE). Let yo espt,,-\(sptzr O By). By bhe
same methcd as in [7, Lemma 7.15, p. 35] we ean find a neighbourhood
l/o of y, such that, for every connected neighbourhood Y c Vo of y,
the following conditions hold:
(l) 7 n f@pt un Bi: g.
(2) The components of t-ty which meet spt,zr form a finite collectiorr

Dr,Dr,.,.,D*.

IO
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(3) / defines a homeornorphism fi: Di -> \r, i.e. f, : f D; is a qua,-

siconformal mapping, L < i < k.
l'urthermore we may suppose that
(4) d(Dt) (d(sptu,0A), L<i<k.
Set o; : f ,'. Since i(r ,f) : t for r e G\Br,

1+
a(v) : tm cl Z,u(s,U\)

for all y eV. Thus

t3(5.1r) iYa(y)l = aU .ql.lv"@,ta») is:@)i

a.e. in 7 because e.rety gi is a.e. differentiable in 1'.

There is a countable number of open disjoint cubes Q, , Q, , .. . such

that /.4\/(spt a n Bi : U 8j and such that if Qi meets spt u then
the conditions (t) - (4) are satisfied l'ith T' : Qi. By 17, Lemmu 2.27,

p. 151 m(fBi: 0, helce

(5.12) capfl5) [',r7r'iorr.
1:,Joi

tr'ix Qi. If it does not, meet' spt a, then

l" -,"'rlm :0 .

t,

If Qi meets spt e, let gi i Qi ---> Di, L < i < k, dt'Ilote the inverse
mappings given by (3). Ifinkorrski's inequalitv vields l:v (5.I1)

lf \r/" I a,f \r/n

\J V,f a*7 { *ct,qå U . u(s,@)) " u,@) " ttn(y!)

\ai

=#lä2,(i Yun't'o\"'
siej

ryhere we have used the quasiconformality of g;'s in the last step. It follor,'s
from (4) that k < N(l , A), hence Hölder's inequalitr gives

( | w,r o*)''" =ry;#å I i: u' a,n)'"

a1 - 
eiQi

=f'VI:]i({ :!t': ( I -,,' d",)"M(f,c) \J I
f-'ai
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capfE - al(L{ff' A1"-t

itGT),,- -

K,( f\
c,ayJ'E ; nt', )lcap E .

The next r:orolla,rr- gir-es a. rerv precise estimate for the variation of the
capacity.

By (5"r2)

5.15 . Renittrk. \\'e girre all
Let f : G -> R" be discretc,,

å,]lcl b). Lemmas 3.4 and 3.7.

open, and sense-preserving. Suppose tltat

,,f) - !{(f ,A) --- lt(f , C)

:r- r
j-:r J

f-'Qj
/l

I

I iVr, " clm
Ii

This holds fol everv u,e ll-{'(E), hence the formula (5.2) is proved.

ft is easv to give a,n example of a quasiregular mapping f : () ---> R,,
and a condenser D: (A,C) in G suchthat l[(/,A)"-rlM(f ,C)] 1.
For example. consider the analytic function f : R2 --> R2, zr-> a2, and the
condenser (A,C): (F2,{ll2}), both given in complex notation. Then
NU,A)lM(l ,C)r:2lI:2> l. Hence the inequality (5.2) may be
worse than (1.2). We also remark that by Lemma 3.6 the inequalitr-
N(f , A) > l[(f , C) is satisfied for an;, condenser (A , C) in G. Hou.ever.
in some important, cases the conditiorr of the follorving corollarv holds.

5.13. Corollary. Suppose that f : G --> R" is ct, non-constcr,nt quasiregular
mappi,ngand E:(A,C) ctcond,enserin G suchthat N(,f ,A):ll(.f ,C).
Then

5.14. Corollary. Srytpo.se tltqt f : G -u R" is , non-cottsttmt qu«,si,regulur
ma,pping and E : (A , C) « norma,l conclertser in G sucit tttut -t-(f , A) :
M(.f , C). Then

-D,-- rn, Ii'(f)
ri[fl N(f , A)c:aP 

E ! caP fE 
= :trf , o caP' 'E '

This follo'ws imrnediatelv from (1.1) and Corollar.r' ö.13.

12
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6. Applications

The first theorem generalizes the well-knov'n fact: If f : C] -> R2 is
an analytic function, then /'(r) : 0 for r € By.

6.1. Theorem. Suptgtose that f : G -'> R" is quasiregular and, x e (-']. If
K,(f) < i(* ,l), then f is di,fferentiable at r anil, f'(r) :0.

Proof. We mav suppose fhat f is not a constant. Let Uo: Li(r,f ,ro)
be a normal neighbourhood of r e G. Suppose that r, ) 0 is so small
that Uo)B"(r,rr). By Lemma 3.1 there exists a positive number r,
such that for 0 <r {r, tl(*,f ,r)c B"(r,rr). LeL y eu@,f ,rr)
ard" suppose y I r. Set r: ll@) -f(y)l> O. Define a condenser E
in G as (tlo,e@,f ,r)). By Remark 5.15 rve have

i(:t.f): l[(f ,F(r,f ,r)): I{(f ,Uo).

Suppose tliat the condition Kr(f) < i(" ,f) is satisfied. By Corollarl-
5.13

(,,,_1 K,(f\ I(6'2) 
trog trr,rlir 

: capf4 =fficap E : 
o' 

caP E

'w'here cr) 1. Let

L*(r): inf {B } 0 jB'(.u , F) = U(r,f ,r)},
1*(,') : sup{P } o jB"(r , B)c U{r,f ,'))

(see [7. 4.1, p. I7]). Since the condenser (8"(* ,rr) , B"(r , L*(r))) separates

E. i.e, L-r)8"(t,rt) and u@,f ,r)CB"(r,L*(r)), u-e have

cap E f catr (B^(rc , r) , B^(t , L*(r))) : (trgå;A)"-, .

'Ihe inequalitl" (6.2) )-ields

(6.3) r {CrL*1Y1'r"("-r

lylrere C, -- ro1r7't"*') . By the metric characterization of quasilegular

mappings [7, Theolern 4.6, P. 19]

!*?) . ,-,
l*(r) = ",

for: $<r4rr. But

L1!_. 
31Q = .,1,r-yl- lx1v1 

:-"
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u'hich ineplies, by (O.B),

Sirrce this holds for every y e LT@ , f , rr) ancl o'ilt-') -->

A.I. 474

(n-1) 
.

I. / i*clifferentiable

6.4' Remarlc. The inequality Klf) <i(",f) i, 'r'heorem 6.r is best
1-rossible, i'e. there exists a quasiregular mapping / such that Kr(f) :
i(.r , f) and / is not differentiable at r. The winding. mapping f : Ra J flt,
(r , q , z) r-> (r ,2p , z) in cvlindral coord.inates, gives an example sincei(0,f): Kr(f):2 and it is not differentiable at 0. similar examples
exist in all dimensions n 2 2. A question arises: Does there exist any
quasiregular mapping f :G-->R", n2B, such that Klfl <i,(r,.f) fir
some iu € G? Horvever, the example of Rickrnan [r1] shows that i(x,f)
Iras no upper bound in terms of Klf).

6.5. corollary. supgtose that f : G --> R" is a non-constant qu,asiregtolcu.
na,plting and, a:fa ,bl---> B7 a recti,fi,abte curue. Then

Ktf) > ;;,\;(u ,f) .

The bound, is best possible.

Proof. rnfugrate /'(r) alorrg lal ar:d use Theore*r 6.1 and Remark 6.4.

6.6. corollary. If f : G ---> R" is a non-constan,t qu,asiregular mappirtg
u,rtd, a:la,bl->By ,i,s a rectifiable cu,z,e, then K,(f)>2. The botmd,,i,s
best possible.

6.7. The author conjectures that corolrarie:s 6.5 aiicl 6.6 jrojd if ,r is
trnl continuum in 87. Anyu'ay, v.e obtain the folloring rreaker. result,.

6.8. Theorem. Bugtpose tltat f : G ---> R, is cr ttr,,tt-t.on.*tctttt rlttctsiregtilar
tttcr,gtgling and, I is a compact set i,n By suclt th(i _|,,(.fI-) > O. Tlten

K,(f) - tp\"-'

Proof " Follorving 17, 1.1 , p. L7l we set for
afG)

i' < d(f(r),
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over ze1U@:,f ,r) andfor 0<r<d(r,0G)
L(*, f , r) : sup if@ - f(A)l

over j;i: - y1 : r. B]- [7, Theorem 4.6, p. 19] there exist-o a ] 0 such that

(6.e) H*(.r',1):,q "n*#r] ."
for all re F. By [7, Lemma 4.8, p.20] we may find an interval (0,t'r)
such tlrat the mappir: g (r , r) r> L*(r , f , r) is lower semicontinuous and the
mapping (r , r) v-> l*(r . f , r) is continuous on "F x (0 , rr). Hence for
lli <r, the sets

Ci:{x €11-L*(r' ,f ,r)ll,*(n,f ,r) ! o for all 0 <r <lli,)

are c,ompact. Furthermore U C;: !, thus itispossibletofix i, suchthat
AoffC) > 0. Since the mapping e, + i(" , f) is upper semicontinuous, the
sets C4: {x € C; i i(;u ,f): j}, j :2,3,.. ., are Borel sets. Fix j
guch that AoffC) ) O. Pick q e C;1 and t; 'r'ith the properties (i)
0 { r; <Lli, (ii) L-o: U(ro,f ,ro) is a normal neighbourhood of .c;0.

and(iii) Ap(f(Cin U)) )0 forall U-[J(ro,f ,r),0(r(ro. Choose

rn ) 0 such that B'(*o , zr'01 c tJ, and then r; > A such that
C (*n , .f , r';) c B"(rn , ro).

B;' the conbinuitr" of /, the function

o(r) :::,H ,(, , f , r) ,

r € (0 , cl@ , iG\. has the liropertr o(r) -> 0 as r' --> 0' Suppo-*e that
/1 € (0 , cl(I' , 0G)) is such that r € (0 , trl iurplies

Åssunlc.

(6. r 0)

o(r') < ,l(/S"-' (r:o . ri) , B"(/(r',,) , r'r)) > 0

1]0\1: t ]rat the conditiotr

holds. Denote Ir : Cii fi t|(r'o , f , r'i). \\-e shot- that Ar(f|r) : 0. Let
t > 0 and e ) 0. By [7, Theorem 8.3, p. 38] m(B) : g, arrd so

.4"(Ir) : g. Hence it is possible to cor-el It by balls B"(ith ,1'k).

k:1,2,..., such i,hat (1) 16€ ?1, (2) r* /-t1, (3) o(r*) <tlz, aucl

(4) Iri < u. I'ix /u and define En : (Uo, e @'* ,f , Lo)) where Lr,:
L(r6,f ,rn). Then ,Or is a coridenser in G sirice. by (2), A@*,f ,L,,)c
B'(*r,r'o1ctlo. Because i,(*o,f):i'(a",f), the set U(rv,f ,L6) is a

norrnal neighbourhoocl of rr. Thus Lemmas 3.7 and 3.4 vielcl

1;
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a6 . O1r*,f , Lo)) : pff , Li(r,", f , Ln)) : i(rr,,f) : i(,t''. f): N(/, t'o) .

Corollarv 5.13 and (6.10) imply

cap fE* = 
-:$+ cayt Ea 

= 
(::ä)*' cali .&6 .

On the other hand

cap fnx > ,,s#;hf_,
sirrce the condenser fE* separates the condenst,l (8"(f (x1,) ,2rr),
B"(,f(e:k) , Lk)) and

@ n_1
caprEa 

=1t* O;,tlt»"_,
since (8"(** , r'01 , B"1rn , Lf)), Lf : L*(r* ,f , Lr), sepalates Er,. But
Lt(r6,f , Ls) is a normal neighbourhoocl of ep, he,ce rve co'cl,de fronr
[7, Lemma 4.3, p. 18] that lf :l*(ro,f ,L*): r.i.. Tlns the above t|r:ee
inequalities yield

(6.Ir) L* < Y: Lf" p <2"-1"'
= ,,;,0 

Lii"' 1-*7p lf'' n : h ,'i''

The set ff is covered by U fB"(*p,r1) and, by (i)), d(fB"(t1,,rr,)).tt,
herrce w-e obtain from (6.11) and (4)

Ir(flr) <-)a17n"1e'r, r'r))p < 2P > LP^ l z16r ),'il < 2pbpe.

Tlrrrs ,10(f?r):0, a coltra,dictiol of (iii). The theorem {bllo.v's.

ti'I2. Corollary. Suyrytose that f : G ---> R" i.s cr ntin-rr,tttstrrnt clttcr,sit'egttlct
mupp,ing and, I c fu is a continuu,m. Then

K,(f) \ ,_,,irfil&,f)''"

Proof. Since / is light, Ar(fI) ) 0, hence the corollar.-; follorvs frorn
'Iheorem 6.8.

6.13. Def,inition,. A non-constant, quasireg,lar mapping is said to be of
minirnal multi,plicity q if B7*A und i,(r,f)Z,t for all re By.

6.14. Theorem. Buppose that f :G--->J?3 tts of ntittimcil nntltipli,r:ity 11"

Then l{lf) > ql\.
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Proof . By [I2] dim By : t, hence there is a continuum F c B7

([6, II a, p.20]). Thus the theorem follows from Corollarl'6'12'

6.15. Remar,k. 1['e have been able to provethat Kr(f)> c1(rt'l(n - 2))t-"
for every quasiregular mapping f : (1--> R" of minimal multiplicity q

in any dimension n Z 3. The authors of l7] inteld to return to related

questions in a later paper.

6.16. Remarfr. Theorem 6.14 gives a rather good asvmptotic estimate

for the growth of Kr(f) in terms of q. fn fact, the $-inding mapping

./ : -EB -+ RB , (r , g) , z) *> (r , qE , z) in cylindrical coordinates- is of minimal

multiplicity q and Kr(f) : q. Hence

q 2 inf K,(f) Z qle
Jew'q

u,here LIz, is the family of all quasiregular mappings iuto 1?3 of minimal

rriultiplicity q. If the conjecture in 6.7 is true. tiren

inf K,1f1 -q,
Jewc

in particular, there would. not exist a non-constant, quasiregnlar mapping

f :G->-Bs with non-empty ,B7 such that K,(f) <2.

Univesitl'of Helsinki
Helsinki, Finland
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